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1. Introduction to the theme 

1.1 General description and reading guide 

Demographers and health statisticians frequently encounter a problem that involves 

comparing the results of populations that have different structures with respect to 

background characteristics. But, of course, it also occurs in many other disciplines. 

An example of this is comparing mortality figures from cardiovascular diseases for 

populations with a different age distribution. Given a similar health care system, 

countries with a young population will usually have lower mortality rates than 

countries with a much older population. In this case, a country’s gross (crude) 

mortality rate is therefore not a good indicator of the health of its citizens. Only 

when the data are examined for age effects, by only comparing individuals in the 

same age class, is it possible to make a fair comparison. To this end, we can 

determine age-specific mortality rates for each population. We can also determine 

averages that are adjusted (corrected) for age: standardised mortality rates
1
 or, more 

generally, standardised averages. Standardisation methods have been developed for 

this, for which we distinguish: 

1. a target variable (Y);  

2. populations, i.e. 

a) the populations to be compared, and 

b) a ‘standard population’ (reference population); 

3. variables by which we standardise, the so-called ‘distorting characteristics’ (or 

‘confounding characteristics’); 

4. a target function (average, Y ) or target parameter (expectation, )(YE ). 

In the example mentioned, Y is dying/not dying from a cardiovascular disease in a 

certain period and population, and μ is the underlying mortality probability. Further, 

the countries distinguished between are the populations, and one specific country, 

for example, can be chosen as the standard. Finally, we perform standardisation by 

the variable of Age (in classes).  

Target variable Y can be a binary (0/1) variable, such as death/no death, but it can 

also be a quantitative variable, such as annual wages or the number of pregnancies. 

The type of variable has an impact on the determination of confidence margins and 

on the modelling. It is also possible to standardise a complete frequency distribution 

or all the scores from a frequency distribution. 

                                                      

1
 Statistics Netherlands defines mortality rate as the number of deaths in a certain period per 

1000 or 10,000 residents. In this report, we define the mortality rate as the average number of 

death per resident.  
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The standard population can be one of the populations to be distinguished. 

Oftentimes, however, the union of the populations studied is taken as the standard 

(‘sum population’). A hypothetical reference group can also be used as the standard. 

If we want to monitor the differences between populations over time, we can 

introduce a standard year. For example, people have constructed a hypothetical (i.e. 

simplified) population for Europe in 1950 and Europe in 2000. 

We standardise by ‘distorting variables’, which would otherwise prevent a fair 

comparison of the target function for different populations. Mortality rates and 

morbidity rates (prevalence, or the average number of care contacts) are virtually 

always standardised at Statistics Netherlands by age and gender, or by age per 

gender. However, to compare absentee percentages between different groups of 

employees, the scale level of the employees may also be understood as a distortion, 

for which adjustment is required. Distorting variables are variables for which the 

effect on the target variable is well-known. Our goal is to ‘calculate away’ the 

effects of these distorting variables to make the remaining effects or changes visible. 

Because describing the standardisation in general terms involves tedious 

formulations, this will be done as far as possible using the example of mortality rates 

that must be standardised by age. The use of the formulas will provide the general 

explanation needed. 

Standardisation has been used for actuarial calculations since the mid-18
th
 century 

(see Keiding, 1987), a time when neither the pocket calculator nor mechanical 

calculation tools were available. Other applications of standardisation are mortality 

figures by cause of death (as stated previously), the number of hospital admissions, 

fertility rates, disposable income for different target groups (e.g. adjusted for 

differences in the size and composition of the household), etc. 

Traditionally, there are two methods of standardisation: direct and indirect 

standardisation. In direct standardisation (chapter 2), for each population, the 

distribution of the distorting characteristics in the standard population is used. In 

indirect standardisation, for each population, the mortality rate is compared with the 

mortality rate that would be obtained if the age-specific mortality rates were equal to 

those of the standard population (chapter 3). Linear regression can also be used to 

adjust mortality rates for distorting characteristics. For mortality rates, the obvious 

choice is therefore to use logistic regression, because Mortality is a binary variable. 

This and other forms of regression analysis are discussed in chapter 4. We also 

discuss the link between these forms and direct and indirect standardisation. For the 

sake of simplicity and due to the fact that less data are needed for standardisation, 

mainly direct and indirect standardisation were used originally. Finally, chapter 5 

takes a look at some relationships between the different methods. Naturally, the 

report also describes advantages and disadvantages of the methods in various 

situations. 
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1.2 Scope and relationship with other themes 

As stated above, standardisation methods are frequently used to compare mortality 

rates of different populations, where adjustments are made for differences in the age 

structure. Life tables (see the Methods Series document ‘Life Tables’ by Van der 

Meulen, 2009) can be used as the basic material for direct and indirect 

standardisation. 

Standardisation methods have a strong similarity to composite index numbers; see 

the theme “Index numbers” from the Methods Series (Van der Grient and De Haan, 

2011). For both topics, this concerns the presentation of summary measures, where 

weighting is performed on the categories of the ‘distorting’ characteristics. We 

discuss this similarity in the subsections 2.5.1 and 3.5.1.  

1.3 Place in the statistical process 

Standardisation can be viewed as a further analysis of the data. At Statistics 

Netherlands, however, many health statistics and some population statistics are 

published in both a standardised and unstandardised form, because the presentation 

of only the unstandardised figures can easily lead to incorrect interpretations. 

Calculating standardised figures is therefore often a standard component of the 

output.  

1.4 Definitions 

Concept Description 

Mortality rate  
(Gross mortality rate) 

Number of deaths in a certain period per number x of the 
population. Often, x is given the value of 1, 1000 or 10,000. In 
this report, we use x=1. 

Mortality ratio Quotient of the gross mortality rate of the population studied and 
the standard population. 

Mortality figure Any figure that involves mortality. It may be used for the 
absolute number of died persons. 

Standardisation Adjusting aggregate figures for the influence of distorting 
(confounding) characteristics. 

Standardised average Average after correction (adjustment) for the effect of distorting 
characteristics 

Standardised mortality 
rate 

Adjusted gross mortality rate, by correcting for the effect of 
distorting characteristics (example of a standardised average). 

Direct standardisation Standardisation method in which mortality figures (especially 
rates) of one or several populations are weighted by a 
characteristic of one particular ‘standard population’.  

Indirect standardisation Standardisation method in which an observed mortality figure 
(especially a rate) is compared with the corresponding figure 
(rate) that is obtained by adopting the age-specific mortality 
rates of an external population. 

CMF Comparative Mortality Figure 
. It is a direct standardised mortality ratio; see formula (2.2). 

SMR Standard Mortality Ratio; It is based on indirect standardisation; 
see formula (3.1). 
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1.5 General notation 

We use the subscript i for the classes of the distorting characteristic (i=1,…,I), j for 

the populations considered (j=1,…,J) and s for the standard or reference population. 

Furthermore, in a certain period,  

Nij  = number of people in age class i, population j, 

Dij  = mortality (number of deaths) in age class i, population j. 

The above data are the basic data from which the following can be derived: 

N+j = ∑i Nij = size of population j, 

qi|j = Nij/N+j  = age distribution for population j, 

D+j = ∑i Dij = mortality (number of deaths) in population j, 

Yij = Dij/Nij = 
ij

D  = age-specific mortality rate in (i,j) = average mortality per 

resident in (i,j),   

Y∙j = D+j/N+j = 
j

D
.

 = (gross) mortality rate = average mortality per resident in j. 

A mortality rate Yij, can be seen as a realization of a mortality probability μij, such 

that
ijij

Ŷ .
 

The gross mortality rate is a weighted sum of the age-specific mortality rates: 

 


i

ijjij
YqY

|
 .                  (1.1) 

For the standard population, the subscript ‘j’ in these formulas is replaced by ‘s’. 

Often, the union of all populations j (=1,..,J) is used for the standard population. In 

that case,  

 


j

j

j

sijis

j

j

j

sijis
NNNNDDDD ,,,  .     (1.2) 

If the mortality rates relate to a certain period, we can use the average over a number 

of dates from that period as the population size Nij (for example, the average of the 

population at the start and at the end of the period), or the population size on the 

median date. In practical terms, it is rarely necessary to work more precisely, but we 

can also define Nij as the number of person years in a certain period, i.e. the sum of 

the individual risk periods for all people, expressed in years. 

Dij is an aggregate statistic. We can define the underlying variable D (Mortality) 

with person as the object type. D is then a binary variable with values 1 (deceased) 

and 0 (not deceased), and Dijk is the score on variable D of individual k from age 

class i and population j (k=1,…,Nij).  

More generally, we can assume a quantitative variable Y with individual scores Yijk 

where k = 1,…,Nij. Yij is thus defined as the average of these individual scores. We 

can also see Yij as an aggregate of individual scores Yijk. If Y is binary, then Yijk = 

Dijk, because Nijk ≡ 1. Standardisation methods are derived in terms of Y and N, but 
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because they are often applied to binary variables, we will represent most of the 

formulas in terms of D and N.  

Finally, we define ratios. The age-specific mortality ratio for population j compared 

to the standard population s is  

is

ij

isis

ijij

i
Y

Y

N/D

N/D
R    (i=1,…,I) .                (1.3) 

The gross mortality ratio for population j compared to the standard population s is  

s.

j.

ss

jj

Y

Y

N/D

N/D
R 




.                   (1.4) 

For the sake of convenience, we have omitted the subscripts j and s from these rates.  

As a result of different age distributions, the gross mortality ratio R does not 

necessarily fall between the maximum and minimum Ri. Standardised mortality 

ratios (CMF and SMR), however, do satisfy this requirement. 

To help the reader become more familiar with the notation, we have provided a 

specific example in table A and B of appendix 2; see columns (1)-(10). A number of 

standardisation methods will be applied to this table in the following chapters. 

Section 2.4 sets out the original goal of the analysis. The table covers the period 

from 1979 to 1986. The numbers of deaths (Dij and Dis) therefore relate to an eight-

year period. The population sizes (Nij , etc.) in this table are sums of the year totals 

for these eight years, as the approximation of the number of person years; we could 

also have used the averages over the years instead. The year total in year t is 

calculated as the average of the population size on 1 January of year t and 1 January 

of year t+1.  



9 

2. Direct standardisation 

2.1 Short description 

In direct standardisation, for each population j, the age-specific mortality rates Yij are 

weighted using a standard age distribution (age distribution in the standard 

population) instead of using the individual age distribution as in the gross mortality 

rate in formula (1.1). This results in the direct standardised mortality rate for 

population j: 

 

i

ijsi

DIR

j
YqY

|
 .                  (2.1) 

Dividing by the gross mortality rate in the standard population results in the 

Comparative Mortality Figure: 

s

i

ijsi

i

issi

i

ijsi

Y

Yq

Yq

Yq

CMF










|

|

|

 .                (2.2) 

So CMF is a measure for the ratio of the mortality in populations j and s, adjusted 

for age. The calculations of (2.1) and (2.2) are both called direct standardisation. 

2.2 Applicability 

1. The CMF makes it possible to compare the mortality in a population j with the 

mortality in the standard population. Because a fixed standard is used, the CMFs 

also enable the comparison of the mortality rates in multiple populations j, as the 

denominators are the same. In indirect standardisation, comparison of mortality 

rates from different populations is problematic (chapter 3). For this reason, 

direct standardisation is generally preferred if we want to compare the mortality, 

for example, in multiple countries or regions, for multiple years or for various 

ethnic groups. 

2. Formula (2.4) in section 2.3.1 will demonstrate that the CMF can be written as a 

weighted average of the age-specific mortality ratios Ri from (1.3), where 

weighting is performed using the fraction of deaths in the standard population. A 

discussion has arisen about the application of direct standardisation if the Ri 

differ strongly from one another. Some authors think that, in this case, only the 

age-specific mortality rates and/or ratios should be published, and that the CMF 

is only a useful summary measure of the Ri if these are reasonably 

homogeneous. On the other hand, we do publish simple average scores (for 

example, a gross mortality rate), without requiring everyone (or every age class) 

to score that average. For other authors this is a justification for calculating a 

CMF, also if the Ri differ strongly from each other. However, in this case, one 

must be aware of the effect that the weights of Ri have on the outcome, and it is 
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therefore a good idea to also present the Ri. More information about the 

advantages and disadvantages of determining standardised figures can be found 

in Fleiss (1973, chapter 13).  

3. Selecting a fixed (non-stochastic) or very large standard population increases the 

accuracy of the CMF and simplifies the calculation of standard errors (section 

2.3.2). Often, the selected standard is the union of all populations j=1,…,J, i.e. 

all the countries, regions or periods to be observed. Sometimes, international 

agreement must be obtained about the choice of the appropriate standard 

population. 

At Statistics Netherlands, direct standardisation is also used for long time series 

of mortality and morbidity rates, for which not just different years, but also 

different populations (for example, ethnic groups) are compared to each other, 

by standardising by age (separately per gender, or together); j is then a 

combination of population and year. In this case, there are more choices for the 

standard population. Sometimes, standardisation is performed by selecting the 

sum population (for example, all ethnic groups) in a certain base year as the 

standard. But we can also choose to only standardise within the year (with, each 

year, the sum population of the ethnic groups of that year as the standard), as is 

done in the standardisation of general practitioner contacts, where there is not 

yet a long time series.  

4. Applying direct standardisation (or, in general, applying ‘propensity score 

weighting methods’) is not recommended if, for one or more age classes, qi|j is 

very small and the associated qi|s is much larger. Yij = Dij/Nij is then based on 

few observations and still counts heavily in (2.1). The variances of 
DIR

j
Y  and 

CMF, which are presented in section (2.3.2), are consequently very large. In 

table B of appendix 2, we would already have difficulty with this if we were to 

include the age class 65+, but certainly if we were to split this class. Here, the 

ratio qi|s/qi|j is equal to 9.95/0.16 = 63, which means that the contribution for this 

age class to the standard error in direct standardisation is 63 times as large as for 

the gross mortality rate Y.s. This is only minimally compensated for by the other 

age classes. Obviously, besides the q ratio, the number of observations, Nij, also 

has an effect on the standard error.  

The problem can also arise for countries with fewer older people in an 

international comparison of mortality rates. Due to the risk of large variances in 

the case of direct standardisation, we should avoid to split the higher age 

categories if this causes a strong increase in the q ratio while the number of 

observations (Nij) is small. For the same reason, we must restrict the number of 

distorting characteristics used for standardisation purposes. Notice that all 

interactions between these characteristics are included; see section 4.5.1 for 

more information.  

A practical example at Statistics Netherlands is the Dutch National Medical 

Registration (Landelijke Medische Registratie). In this register, the number of 

hospital admissions by patient’s country of origin is directly standardised by the 
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age distribution of the total Dutch population (per gender and in total). To obtain 

reliable standardised figures, the population was initially limited to people aged 

0 to 50 years, and later included people up to 60 years of age (when the ethnic 

minority population in older age groups had grown).  

It also occurs that Yij is unknown as mortality rates are not available in each age 

class for some of the populations. In that case, direct standardisation is 

impossible, and indirect standardisation is often performed instead. 

5. Standardisation is not only applicable to dummy variables such as death/no 

death, but also to quantitative Y-variables. For example, in Israëls and De Ree 

(1981), standardisation was applied for a comparison of wages between different 

economic business sectors, for which standardisation is performed by employee 

age and education. 

2.3 Detailed description 

2.3.1 Determining the CMF 

By multiplying the numerator and denominator of formula (2.2) by N+s , we can 

write the CMF as 

s

i

ijijis

i

isis

i

ijis

D

DNN

YN

YN

CMF










)/(

 .               (2.3) 

The denominator is now the number of deaths in the standard population, and the 

numerator is the direct standardised number of deaths in population j, i.e. the 

number of people that would have died if population j had the age distribution of the 

standard population.  

The CMF can also be written as a weighted sum of the age-specific mortality ratios 

Ri with weights 
sisis

DDw


 / : 

 













i

iis

i

is

i

iis

i

isis

i

iisis

i

isis

i

ijis

Rw
D

RD

YN

RYN

YN

YN

CMF .             (2.4) 

We can therefore see the CMF as a summary measure for the age-specific mortality 

ratios Ri, with weights wis proportional to Dis. In section 2.2, item 2, we already 

questioned the presentation of the CMF when the Ri are too heterogeneous. In 

section 3.5, we show the similarity of formula (2.4) to the Laspeyres price index. 

2.3.2 Standard error of 
DIR

j
Y  and CMF 

When determining the standard error of 
DIR

j
Y  or CMF, Nij and Nis are usually known 

population sizes and therefore have zero variance. Also when these are estimated 

population sizes or sample sizes, it is justifiable to work conditionally on these 
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numbers, as we are comparing mortality probabilities. The numbers of deaths Dij and 

D+s (i=1,…,I) are also population figures. However, the Dij are generally treated as 

stochastic. In this situation, dying or not dying is seen as the result of a probability 

mechanism that could also have had a different outcome. For example, it is assumed 

that the number of deaths Dij is binomially distributed with parameters Nij and 

mortality probability pij, which means that the variance of Dij is equal to
2
 

)1()(
ijijijij

ppNDVar                    (2.5) 

and the estimated variance is equal to 

)1()1()var(

ij

ij

ij

ij

ij

ij

ij

ijij

N

D
D

N

D

N

D
ND   .                (2.6) 

If the mortality probability is small, i.e. if Dij << Nij (or Yij << 1), then Dij is Poisson-

distributed by approximation, as a result of which 
ijijij

pNDVar )(  and 

ijij DD )var( .  

Based on the binomial distribution of Dij , the estimated variance of the direct 

standardised mortality rate is 

)1(
1

)var(
1

)var()var(
2

2

|2

2

||

ij

ij

i

ij

ij

siij

i ij

si

ij

ij

i

si

dir

j
N

D
D

N
qD

N
q

N

D
qY    .  (2.7) 

Here, it is assumed that the estimated mortality rates for different age classes are 

independent. Traffic accidents or epidemics disrupt this assumption, but this 

disruption will usually be relatively small. For the variance of the standardised 

number of deaths, we must multiply the variance from (2.7) by 
2

s
N


. The 95% 

confidence margin of the direct standardised mortality rate is 1.96 times the square 

root of (2.7), assuming the normal distribution. 

Strictly speaking, for the variance of the CMF, we also deal with the stochastic of 

D+s; see formula (2.3). This stochastic is neglected in the literature, because the 

standard population (usually the sum population) is almost always extremely large. 

Chiang (1984) even states that only Dij should be considered as stochastic. The 

variance estimator of the CMF according to formula (2.2) is therefore 

 )1(
1

)var(
1

)var(
2

2

22

ij

ij

ij

i ij

is

s

dir

j

s
N

D
D

N

N

D
Y

Y
CMF  



 .              (2.8) 

Chiang (1961, 1984) bases the variance calculations on a slightly different situation, 

namely that of life tables (Van der Meulen, 2009), which does not involve annual 

mortality, but death in a certain age class.  

                                                      

2
 We underline the stochastic parameter Dij in the variance formulas, to distinguish this from 

the realisations Dij. 
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If Y is a quantitative variable, the variance formulas must be adapted. In this 

situation, either a theoretical distribution is assumed for Yij, or its variance estimation 

is based on the observed distribution.  

To determine the 95% confidence interval of the CMF, we can base ourselves on the 

normality of the CMF and use )var(96.1)(96.1 CMFCMFSE   as the margin. 

Because rates are asymmetrical, Breslow and Day (1987) recommend a log 

transformation. This gives CMFCMFSECMFSE /)}({96.1)}{ln(96.1   as 95% 

margin for the natural logarithm of CMF, after which the interval can be back 

transformed using the exponential transformation. The same transformation can be 

used to test ‘CMF = 1’.  

The test of whether the CMFs of two different populations j and j’ compared to the 

same standard population are equal can be easily derived from this (Breslow and 

Day, 1987), as this test boils down to the fact that the quotient of the two direct 

standardised mortality rates (or of the two CMFs) is equal to 1.  

If population j is a part of the standard population, as is the case if the standard 

population is the union of all considered populations j, then we can test slightly more 

accurately by comparing the mortality in population j with that in the union of the 

other populations, s\j; see Yule (1934). 

2.4 Example 

Example 1. Mortality figures of Turkish and Dutch men, 0-44 years of age: direct 

standardisation  

In Hoogenboezem and Israëls (1990), analyses were performed of the differences in 

mortality rates between Turkish, Moroccan and Dutch residents of the Netherlands 

by various causes of death in the years 1979-1988. The reason behind this was the 

fact that questions had been asked in the Lower House of the Dutch Parliament 

about high death rates among Turkish and Moroccan children in the Netherlands, 

compared to Dutch children of the same age. In Hoogenboezem and Israëls (1990), 

indirect standardisation was used. In this example, for comparative purposes, we 

present the results of direct standardisation on the data of table A in appendix 2, 

while we will discuss the results of indirect standardisation in section 3.4. Please 

note that the data from table A deviates slightly from the data in Hoogenboezem and 

Israëls (1990); we limit ourselves here to the years 1979-1986 and to ‘men < 45 

years’. 

The direct standardised mortality rate according to formula (2.1) is equal to 0.00137, 

i.e. 13.7 per 10,000 people; see column (11) in table A in appendix 2. The CMF 

according to formula (2.2) is therefore equal to 13.71/8.71 = 1.575; see column (12). 

Multiplying the numerator and denominator by Nis / 10,000 = 38,287,704 / 10,000 

shows that the direct standardised number of Turkish deaths in the period 1979-

1986, the numerator of formula (2.3), is equal to 52,501, which is 1.575 times the 

number of deceased Dutch men of 33,336. The conclusion is that the standardised 

mortality among Turkish men up to 45 years of age is somewhat more than 1½ times 
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as high as the mortality for the Dutch nationals. The fact that the higher death rate is 

not constant over the age classes is demonstrated by the values of Ri in table A. For 

children, the mortality ratio is much larger than 1½.  

If we had applied ‘reverse standardisation’, i.e. a comparison of the mortality of 

Dutch nationals (j) with that of Turkish immigrants as standard, then this would 

have produced a CMF of 0.619. This differs only minimally from the reciprocal of 

1.575, but this is not generally true, because different standards are used.  

We could have also included the age classes 45-65 and 65+ (table B). In that case, 

we would have obtained a CMF of 0.611 instead of 1.575! Not only is the mortality 

in the higher age classes among Turkish immigrants lower than among those of 

Dutch origin, these classes, by far, have the largest weight, because the most Dutch 

nationals die in them. The number of Turkish immigrants aged 65+ is even so small 

that a further split by cause of death is not possible, because the variance of the CMF 

by cause of death would increase too much. For this reason, indirect standardisation 

was used in Hoogenboezem and Israëls (1990); see section 3.4. 

Assuming normality of the CMF, the 95% confidence interval for CMF is (1.462; 

1.687), symmetrical around 1.575. If we assume normality of ℓn(CMF), which is a 

better option, then we obtain the asymmetrical confidence interval (1.466; 1.692). 

The difference is small. Due to the low mortality probabilities, we assumed that the 

Mortality variable is Poisson-distributed.  

2.5 Characteristics 

2.5.1 Relationship with the Laspeyres price index  

The Methods Series report ‘Index numbers’ (Van der Grient and De Haan, 2011) 

presents the following formula:  
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 .               (2.9)  

Here, 
0,t

L
P  is the Laspeyres price index in reporting period t compared to base 

period 0, 
t

i
p  is the average price of article i in reporting period t, 

0

i
q  is the 

consumed ‘quantity’ of article i in base period 0, and 
i iiiii

pqpqw
00000

/  is the 

weight of the single price index number 
00,

/
i

t

i

t

i
ppI   of article i in the Laspeyres 

price index.  

The same as for us, the qi are relative contributions (consumption patterns for 

articles instead of age distributions), and the wi are weights. Average prices pi take 

the place of age-specific mortality rates Yi, and index 
0,t

i
I  takes the place of ratio 

i

sj

i
RR 

,
.  
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However, the interpretation of formulas (2.9) and (2.4) is somewhat different. For 

index numbers, we are always comparing average prices in two periods with one 

another, weighting the prices with quantities q. The populations are articles in two 

periods, between which an average price increase is defined. In demographic and 

health statistics, but also in other fields, the standardisation usually involves 

differences between populations at the same point in time. However, for long time 

series, Statistics Netherlands does standardise over time, with the population of a 

base year as the standard. If more than two populations are involved in the analysis, 

for price indices, there is always a time ordered series of price index numbers; for 

the standardisation of populations at the same point in time, the union of all 

populations is often used as the standard population.  

For price index numbers, both the average prices and the quantities are stochastic, 

unless there is complete observation of prices and/or transactions. Individually 

measured prices are realisations of a quantitative variable. In standardisation for 

mortality or morbidity, the sizes (N) are usually fixed and only mortality is a 

stochastic variable, which, moreover, is binary. This simplifies the calculation of 

confidence intervals. 

Prices can also be compared spatially/geographically (between countries) instead of 

over time; see the last paragraph of section 3.5.1 for more information.  

2.5.2 Standardisation of nominal variables 

Up to this point, variable D was the binary variable Mortality. We can calculate 

standardised averages more generally for each category of a nominal variable using 

a multinomial distribution; see De Ree and Israëls (1982). Per category, the same 

formulas are applicable as for ‘death/no death’. For example, in Hoogenboezem and 

Israëls (1990), the formulas are also applied to mortality by cause of death, even if 

indirect standardisation was ultimately selected in that situation (see section 3.5.2 for 

indirect standardisation for nominal variables). It is easy to show that the direct 

standardised mortality rates per cause of death add up to the direct standardised 

mortality rate for all causes of death together, and that the CMFs per cause of death 

add up in a weighted manner, with the number of deaths in the standard population 

as weights. Indeed, the denominators of the CMFs per cause of death also add up to 

the denominator of the CMF for the total mortality.  

2.6 Quality indicators 

 Besides calculating standard errors and performing tests (section 2.3.2), we can 

also study the stability of the solution by conducting a sensitivity analysis. For 

example, we can examine how the standardised figures react to combining age 

classes. If this leads to large differences, we have a problem: the solution is then 

apparently instable. A solution with more classes will have a greater variance, 

but less bias. The bias is only measurable if we assume a certain model, for 

example a linear relationship between age and the target variable. It therefore 

cannot always be determined whether the mean square error (mean quadratic 
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deviation) increases or decreases due to the combination of classes. As a rule, 

the choice will be made to combine classes if it gives a large reduction in 

variance.  

 It is a good idea to not only compare the standardised mortality in population j 

with that in the standard population at an aggregated level, by determining the 

CMF and associated margin, but also to test whether age-specific mortality 

probabilities are equal; in other words, whether
isij

   for i=1,…,I. See 

appendix 1 for this test. 
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3. Indirect standardisation 

3.1 Short description 

In indirect standardisation, we calculate the Standard Mortality Ratio (SMR), which 

is also called the Standard Morbidity Ratio,  
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i
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ijji
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Y

Yq

Yq

SMR

||

|

 .                 (3.1) 

The difference between this and the CMF is that the weights qi|s are replaced by qi|j 

in both the numerator and the denominator. The numerator is the gross mortality rate 

of population j; the denominator is the mortality rate in population j if the age-

specific mortality rates were the same as those of the standard population. The SMR 

thus indicates proportionally how many more or fewer deaths there are in population 

j than in the standard population, if this had the age distribution of population j. 

3.2 Applicability 

We have seen in section 2.2, item 4 that direct standardisation leads to large standard 

errors if one or more age-specific mortality rates are based on small numbers and, 

despite this, still weigh heavily in the calculation. Indirect standardisation is not 

sensitive to this and is therefore preferred in this situation.  

A second reason to use indirect standardisation is when direct standardisation is not 

possible because the necessary data are missing. Often, the age-specific mortality 

rates Yij (or the number of deaths Dij) are not known for all populations j, and this 

means that the 
DIR

j
Y  cannot be calculated. In indirect standardisation, the age-

specific mortality rates are only needed for the standard population, and these are 

often still provided.  

In summary, unreliable or missing age-specific mortality rates Yij are a reason for not 

using direct standardisation. 

In indirect standardisation, the mortality per population j is compared with that of 

the standard population. However, comparing multiple populations j with each other 

can lead to interpretation problems. Direct standardisation is more suitable for that, 

because fixed weights are used, namely that of the age distribution of the standard 

population. Section 3.5 contains more information about this subject.  

3.3 Detailed description 

3.3.1 Determining the SMR 

We can also write the SMR as 
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 .           (3.2a) 

Here, the numerator is the observed number of deaths in population j, and the 

denominator the expected number of deaths in population j if the mortality 

probability per age class would be equal to that of the standard population. The SMR 

is thus also represented as  

jj
EOSMR   ,                 (3.2b) 

where 
jj

DO


  stands for observed count and  

i

isij

i

ijj
YNEE  for 

expected count, a more frequently used notation in statistics. Actually, this is an 

elaboration of a model-based approach, in which a Poisson model is assumed for the 

number of deaths Dij with expectation 

 
isijijijijijijij

YNNYENDEE  )()(  .             (3.3a) 

The )( ijij
YE  are parameters for the age-specific; in other words, μij is the 

mortality probability for people from cell (i,j), with Yij as the realisation. Breslow 

and Day (1975) assume a multiplicative model for these mortality probabilities, 

 
jiijijYE  )(  ,                (3.3b) 

where φi is the effect of age on the mortality probability, and θj the effect of the 

population. This multiplicative model thus assumes that the mortality probabilities 

do not depend on the interaction ‘Age x Population’, which means that the observed 

age-specific mortality ratios Ri are reasonably homogeneous; see comment 2 in 

section 2.2.
3
  

Substituting (3.3b) in (3.3a) means that it is assumed that the random variable Dij has 

a Poisson distribution with parameter (Nijφiθj). Model (3.3) can be seen as a Poisson 

regression (McCullagh and Nelder, 1989). A specific estimation of the parameters 

leads to the SMR as estimator for θj; see Breslow and Day (1975). We will come 

back to this in subsection 4.5.2.  

An alternative form for formula (3.2a), comparable to formula (2.4) for the CMF, is  

                                                      

3
 The parameters φi are the effect of Age on Mortality, but may also be the effect of several 

distorting characteristics, such as Age x Income. One may also exclude interactions between 

such characteristics or use other kind of regression models for the estimation of the Eij. For 

example, a logistic regression model without interactions has been used for the Hospital 

Standardised Mortality Ratio (HSMR) in Israëls et al. (2012). One still speaks about SMR 

and indirect standardisation. 
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where 

i

isijisiji
YNYNw

*
. Therefore, like the CMF, the SMR is a weighted 

average of the age-specific ratios Ri, although the weights are more difficult to 

interpret. It is therefore not surprising that a number of convenient characteristics 

that apply to direct standardisation do not apply to indirect standardisation. We will 

discuss this further in section 3.5. 

A third representation of the SMR is: 
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where 
jijij

DDw


 / . In section 3.5, we demonstrate the similarity of this to the 

Paasche price index. 

Like for direct standardisation, the ratio (SMR instead of CMF) can be brought to 

the level of (standardised) mortality rates by multiplying by 
s

Y
.

, the gross mortality 

rate in the standard population: 

s
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j
Y

Yq

Y
YSMRY

.

|

.




  .               (3.6) 

INDIR

j
Y  may be called the indirect standardised mortality rate. Likewise, multiplying 

the SMR by D+s leads to the indirect standardised number of deaths in population j. 

Usually, however, we limit ourselves to the SMR. The other indirect standardised 

figures do not provide any additional interpretation, and are not recommended. 

Fleiss (1973, p. 169) demonstrates that 
INDIR

j
Y  can be larger (or smaller) than all Yij, 

which is undesirable. 

3.3.2 Standard error of SMR 

We could assume that D+j is binomially distributed with parameters N+j and 

mortality probability
j

p


, where
jj

Yp


ˆ . However, mortality probabilities differ 

strongly between age classes. For this reason, analogous to section 2.3.2, we assume 

a binomial distribution of Dij with parameters Nij and pij (i=1,…,I) . In this situation, 

in each age class, everyone has the same mortality probability. Making use of 

formula (2.5), the variance of D+j is 
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The estimator of this is  
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According to formula (3.2a), this leads to  
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2
 ,               (3.9) 

where Ej is the expected number of deaths. We assume here that Ej is not stochastic, 

which means that Dis is understood to be non-stochastic. This can be justified by 

looking at the issue in a model-based way, as Breslow and Day do (see formula 

(3.3)), or when the Dis are so large that their effect on the variance of the SMR is 

negligible. Without the model assumption, the variance of the SMR will be larger, 

because Dis is then considered to be stochastic.  

Just as in direct standardisation, the formulas become simpler if we assume that Dij 

is Poisson distributed. From formula (3.9), it then follows that the variance of SMR 

is equal to SMR
2
/D+j. For confidence intervals and for the test of whether SMR = 1, 

a log transformation must first be performed on the SMR, like for the CMF in 

section 2.4 (Breslow and Day, 1987).  

3.4 Example 

Mortality figures for Turkish and Dutch men, 0-44 years of age: indirect 

standardisation  

We will now apply indirect standardisation to table A in appendix 2. The results can 

be found in columns (13) and (14).  

The number of deaths per 10,000 Turkish men, Y.j, in the period 1979-1986, was 

equal to 14.6 (column 8). This is the numerator in formula (3.1). The denominator, 

the mortality figure per 10,000 Turkish men if the age-specific mortality rates were 

the same as those for Dutch men, is equal to 9.05 (column 13). The SMR for Turkish 

men compared to Dutch men is therefore equal to 14.6/9.05 = 1.616, which is 

slightly higher than the CMF of 1.575 from section 2.4.
4
 This is the case because 

there are relatively more Turkish people than Dutch people in the age classes with 

high mortality ratios Ri, namely the 1 to 14-year-olds; compare formulas (2.2) and 

(3.1).
5
 The difference with direct standardisation for the population up to 45 years of 

age is therefore not very large. If we had limited the case to this age, direct 

standardisation could also have been used. Hoogenboezem and Israëls (1990) used 

indirect standardisation, because direct standardisation would have led to large 

                                                      

4
 Note that both standardised mortality figures are smaller than the gross mortality rate of 

1.68 (column 10). This means that age explains part of the higher mortality among Turkish 

men. 

5
 

INDIR

j
Y , the indirect standardised mortality rate according to formula (3.6), is equal to 

1.616 x 8.7 x 10
-4

 = 0.00141, i.e. 14.1 deaths per 10,000. 
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standard errors for other ethnic groups, especially for Turkish and Moroccan 

women. Furthermore, the study was comparing immigrants with native Dutch 

people, and not the different immigrant groups to each other, as was explained in 

section 2.4. 

If we consider all the ages, according to the distribution of table B in appendix 2, 

then direct standardisation does deviate strongly from indirect standardisation: CMF 

= 0.611 and SMR = 0.920. This difference is caused by the much smaller share of 

the age categories 45-64 and 65+ for Turkish men compared to Dutch men. 

Relatively few Turkish men died in these categories.  

The ‘reverse standardisation’, i.e. the mortality of Dutch men (j) compared to the 

Turkish men as standard, generates an SMR of 0.635. This differs only very little 

from the reciprocal of 1.616, but this is not generally true, because different 

standards are used.  

Assuming normality of the SMR, the 95% confidence interval for SMR (1.507; 

1.726), is symmetrical around 1.616. If we assume normality of  ℓn(SMR), which is 

a better option, then we obtain the asymmetrical confidence interval (1.510; 1.730). 

The difference is small. Due to the low mortality probabilities, we have assumed 

here that the Mortality variable is Poisson distributed.  

3.5 Characteristics 

3.5.1 Relationship with the Paasche price index  

The Methods Series report ‘Index numbers’ (Van der Grient and De Haan, 2011) 

presents the following formula:  
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where 
0,t

P
P  is the Paasche price index in reporting period t compared to base period 

0, 
t

i
p  is the average price of article i in reporting period t, 

t

i
q  the consumed 

quantity of article i in reporting period t and 
i

t

i

t

i

t

i

t

i

t

i
pqpqw /  the weight of the 

single price index number 
00,

/
i

t

i

t

i
ppI   of article i in the Paasche price index. We 

see here the similarity between formulas (3.10) and (3.5), analogous to the similarity 

between the CMF and the Laspeyres price index number which is described in 

section 2.5.  

Prices can also be compared spatially/geographically (between countries) instead of 

over time. Such international ‘purchasing power parities’ (Van der Grient and De 

Haan, 2011) are determined using both the formulae of direct and indirect 

standardisation, after which an average of the two is taken. Such a procedure is not 

often used in standardisation methods, as it complicates the interpretation.  
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3.5.2 Standardisation of nominal variables 

In subsection 2.5.2, we discussed the situation in which the total deaths are split by 

cause of death. The same formulas apply for each cause of death as for ‘total number 

of deaths’. Because for the SMR, like for the CMF, both the numerators and the 

denominators for the causes of death add up to the numerator and denominator for 

all causes of death together respectively, the total SMR is also a weighted sum of the 

SMRs per cause of death. The expected numbers of deaths per cause of death form 

the weights. 

3.5.3 Comparing the SMRs of two populations with the standard 

In section 3.2 we already stated that a comparison between two populations using 

indirect standardisation is problematic. Fleiss (1973, p. 161) gives an example of 

two populations j and j’ with exactly the same age-specific mortality rates, i.e. 

Yij=Yij’, but with different age distributions. This leads to SMR{j:s} ≠ SMR{j’:s}; 

see, for example, formula (3.4). Hence, in indirect standardisation there is no 

complete adjustment for age differences between the populations (Rothman, 1986). 

However, in practice, the differences are usually small. The two SMRs are the same 

if s is the union of the two populations j and j’. In that case, Yij=Yij’=Yis and both 

SMRs are equal to 1. More generally, if Yij/Yij’ is constant, the ratio of the SMRs is 

equal to that constant. Formula (2.4) shows that if Yij=Yij’, then it is always true that 

CMF{j:s} = CMF{j:s}, because a fixed standard is used.  

3.6 Quality indicators 

See section 2.6. 
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4. Regression analysis 

4.1 Short description 

In regression analysis, a dependent variable Y is written as a function of one or more 

explanatory variables. We usually use the linear (additive) regression model 

Y=Xß+ε. For each X-variable included in the model, the associated ß-parameter 

indicates its effect on Y, after adjustment for the effect of the other X-variables on Y. 

Qualitative explanatory variables can be included by creating dummy variables. 

With regression analysis, we can adjust effects for one another; therefore, in our 

case, we can also adjust the effect of a population j on the mortality rate for age 

effects. We can also calculate averages for the populations, adjusted for such age 

effects. If Age and/or other distorting characteristics are categorized, we may call 

this ‘regression standardisation’. Because the explanatory variables are qualitative, 

we could also call this method analysis of variance instead of regression analysis. In 

our case, it is an analysis of variance of Mortality on Age (classes i) and Population 

(classes j).  

4.2 Applicability 

In the case of multiple distorting characteristics, all interactions between these 

characteristics are automatically included in direct and indirect standardisation 

(however, see footnote 3). Combinations of these characteristics can be considered 

as a single ‘product variable’. Regression analysis can also deal with models without 

interactions. These models are much more economical in the number of parameters. 

Quantitative X-variables (covariates) can also be included in the regression equation. 

In this sense, regression analysis can do more than standardisation. But 

standardisation methods are conceptually clearer for our objective (section 1.1). This 

is due mainly to the fact that, in direct and indirect standardisation, each population j 

is directly compared (in pairs) with population s, and because only one age 

distribution, Nij or Nis, is used for this purpose. In ‘regression standardisation’, in the 

case of a sum population, all (two or more) studied populations are jointly analysed, 

and the age distributions of all populations have an effect on the end result. That this 

is less simple already follows from the fact that an inverse must be calculated to 

obtain results. Intuitively, regression analysis seems to be similar to standardisation, 

as demonstrated in section 4.1. In section 4.5, we will further address the 

comparison between regression analysis and standardisation. We will then see that 

direct standardisation is equivalent to a weighted form of regression analysis 

(section 4.5.1) 

It does not matter whether the target variable Y with scores Yijk is quantitative or 

binary (dummy variable). In the latter case, logistic regression is an alternative; see 

section 4.5.2. The regression analyses can often take place in an aggregated manner, 

just as for direct and indirect standardisation.  
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4.3 Detailed description 

For the regression analysis, we can assume, on the one hand, a situation in which the 

standard population s is the union of all studied populations j, such that formula 

(1.2) applies. This means that all populations j are compared to one other, but are 

also implicitly compared with their complement s\j. On the other hand, population s 

can be an external population of which population j is not a part. In this case, a 

regression analysis can be performed in which only populations j and s are included, 

with sj   as the sum population. In this section, we assume the first situation with 

respect to notation, which means that, for example, Nis is the population size in age 

class i for all populations j together. In section 4.4, we will present an example with 

the second situation.  

Because regression analysis is an individual model, we here use the notation at the 

individual level, as presented in section 1.5. Dij is thus a dummy variable (Mortality) 

with the score Dijk=1 if individual k from age class i and population j has died in the 

study period, and otherwise Dijk=0 (i=1,…,I; j=1,…,J). We can use the notation Yijk 

instead of Dijk to generalise the theory to quantitative variables. As stated in section 

1.5, 
ijkijk

DY   for dummy variables, because Nijk =1. 

Analysis of variance of Y on the qualitative variables Age and Population can be 

represented as  
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 .              (4.1) 

Here, 
A

i
X  is the dummy variable for age class i (or more generally for the i

th
 class of 

the distorting characteristic) and 
P

j
X  for the j

th
 population. Thus, 1

A

ik
X  if 

individual k is in the i
th
 age class (and otherwise 0

A

ik
X ), and 1

P

jk
X  if k is part 

of the j
th
 population (and otherwise 0

P

jk
X ). In addition, the ß’s are regression 

coefficients and the 
ijk

  are disturbances.  

To identify the parameters, we impose constraints. For this purpose, we utilise the 

constraints used in a multiple classification analysis
6
 (MCA): 
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6
 Multiple classification analysis (MCA) is a procedure of SPSS that can only be performed 

in the syntax mode, using the ANOVA command. However, the MCA parameters pertaining 

to constraints (4.2) and (4.3) can also easily be derived afterwards from an analysis of 

variance in which other constraints are used. Section 4.4 explains this using an example. 
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This means that there is no specific reference category, but the parameters for each 

variable (distorting characteristic and population) have a weighted average of zero 

over the categories, using the category frequencies as weights.  

Due to these constraints, ß0 becomes equal to μ, the expectation of the number of 

deaths, and the ß-parameters are deviations from this. We can now see 
P

j
   as 

the expected (average) score for population j after adjustment for the distorting 

characteristics. We can consider its estimator as the mortality rate standardised by 

means of regression analysis. 

Minimisation of     
i j

ijij

i j k

ijk
eNe

22
, the sum of squares of the residuals, 

leads to constraints for the parameter estimators 
A

i
b  and 

P

j
b , which are analogous to 

(4.2) and (4.3). From this, it follows that the general average is equal to  
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̂  .                (4.4) 

The regression-standardised average mortality rate can now be defined as  
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Instead of using formula (4.1), which is based on individual observations, we can 

also estimate the parameters at aggregated level,  
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where 
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ijk
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ij
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1

 . 

Minimisation of  
i j

ijij
eN

2
 by the parameters leads to the same parameter 

estimators, when using the same constraints. 

In regression analysis, it is rather uncommon to add the average ̂  to an estimated 

parameter, whereas this is usual for standardised averages. In SPSS – General Linear 

Model, there is an option comparable to (4.5), namely the Estimated Marginal 

Means procedure, but this option is not particularly useful.  

4.4 Example 

Mortality figures for Turkish and Dutch men, 0-44 years of age: regression 

standardisation  

We now apply regression analysis to two populations: Turkish men (j) and Dutch 

men (s). The sum population is therefore sj  , and the total size in age class i is 

Nij+Nis. For this, we use the numbers from columns (2) and (3) of table A; the 

columns (6) and (7) from this table indicate how many of them have a score of 1 on 

the target variable of Mortality; the others have the score of 0.  
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The estimation of formula (4.1) under the MCA constraints (4.2) and (4.3) leads to 

̂  = 0.000879 and 000548.0
P

Turk
 , as shown in column 1 of table 1. The 

mortality figure standardised by regression for Turkish men is therefore equal to 

00143.0ˆ 
P

Turk
 . In direct and indirect standardisation, our figures were 

00137.0
DIR

j
Y  and 00141.0

INDIR

j
Y  respectively; the difference is minimal. 

Note that, in indirect and regression standardisation, the same weights Nij are used: 

this means that all individuals from population j count the same (see section 4.5.2). 

However, in the regression standardisation in this example, we are forced to use 

slightly different overall weights, because we are working with the union of Turkish 

and Dutch men Nij+Nis. Because Nis is large compared to Nij , that makes little 

difference in this example. 

Table 1. Parameter estimates for regression standardisation with Turkish men (j) 

and Dutch men (s) as populations 

Variable Parameter estimates  

 
0ˆˆ
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(MCA constraints) 

0ˆˆ
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PA
  

(reference categories) 

Constant term 0.000879 0.00162 
    

Age   

  0 0.003464 0.002720 

  1-4 -0.000358 -0.001103 

  5-14 -0.000610 -0.001355 

15-24 -0.000151 -0.000896 

25-34 -0.000052 -0.000797 

35-44 0.000745 0  

   

Population   

Turkish men 0.000548 0.000556 

Dutch men -0.000008 0 

 

The last column of table 1 shows the parameter estimates of an analysis of variance 

in which the last category of Age and Population is omitted. As stated in footnote 6, 

we can easily calculate the parameter estimates of the MCA solution from this. This 

can be done by subtracting the corresponding weighting average (weighted with the 

numbers of people) from each parameter, for each variable. The subtracted averages 

are then added to the constant term. Note that the differences between estimated 

parameters associated with the same variables are the same in column 1 and 2.  
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4.5 Characteristics 

4.5.1 Direct standardisation and regression  

Israëls and De Ree (1981) demonstrate that the direct standardised mortality rate 

DIR

j
Y  can be obtained as the result of a weighted linear regression, when comparing 

a number of populations j with each other and with their sum population s. Direct 

standardisation uses the same additive model (4.6) as regression analysis, but with a 

different loss function for the estimation of the ß-parameters:  
i j

ijis
eN

2
 is 

minimised instead of  
i j

ijij
eN

2
. This means that the squared deviations 

2

ij
e  are 

not weighted with their actual cell frequencies Nij, but with the frequencies Nis from 

the standard population. The constraints from (4.2) and (4.3) are adapted as a result. 

Constraint (4.3) now becomes  

j

P

j
0 , which is easy to see when replacing Nij 

by Nis; the weights are no longer dependent on j. Using this loss function and these 

constraints, the estimator for 
P

j
   will now be equal to the direct standardised 

average. 

Because, in unweighted regression analysis in the case of a sum population s, all 

individuals count the same, ‘regression standardisation’ has smaller standard errors 

than direct standardisation, and therefore leads to more efficient estimators for ß, if 

the model applies. Whereas in regression standardisation the parameters for all 

populations j must be simultaneously estimated, in direct standardisation this can 

also be done separately for each population j. As a result, direct standardisation is 

simpler and more transparent.  

4.5.2 Indirect standardisation and regression  

In contrast to direct standardisation, indirect standardisation uses Nij for weighting 

the mortality rates Yij, as can be seen in the formulas from chapter 3. All individuals 

therefore count the same. In this perspective, indirect standardisation is more similar 

to regression standardisation than direct standardisation is. On the other hand, 

indirect standardisation is not based on an additive model for the mortality 

probability, but on a multiplicative model for the denominator of the SMR, as we 

saw in formula (3.3b).  

There, we demonstrated that the model behind the SMR can be considered as a 

multiplicative regression of Yij on the variables of Age and Population. We can write 

formula (3.3b), 
jiijij

YE  )( , analogously to formula (4.1) and (4.6) with 

parameters μ, 
A

i
  and 

P

j
  instead of φi and θj. If we take the standard population as 

reference group j’ (= s\j), 
P

j
  becomes the ratio of the rates between population j 

and the reference group, adjusted for age. In general (also for quantitative Y-

variables), we could estimate the parameters by taking the logarithms to the left and 
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the right of the equals sign and applying the least squares method. However, if the 

numbers of deaths Dij are Poisson distributed with expectation parameters 

jiijijij
NN   , then Poisson regression with maximum likelihood (ML) 

estimation is possible. Please note that this ML estimator deviates slightly from 

SMR{j:s}, as Breslow and Day (1975) demonstrate. The same thing happens when 

logistic regression is applied. 

If Y is binary, as for the variable of Mortality (D), logistic regression on Age and 

Population is an alternative, making a distinction between the populations j and s\j. 

We have performed that for the example from section 3.4. The logistic regression 

model is Xp)}-n{p/(1  or )exp()1/( Xpp  , where )exp(
P

j
  

represents the effect on the odds ratio “death/no death” for population j compared to 

the reference population j’, after adjusting for age. If (1-p) is almost 1, this is a 

reasonable approximation for the SMR. ML estimation gives 616.1ˆ 
P

j
 , which, 

when rounded, is identical to the SMR in example 3.4, and it also leads to nearly the 

same confidence interval. If the standard population is large and p is very small, this 

is a good approximation. If the standard population is much smaller, then the value 

of 
P

j
̂  changes, which is undesirable if we want to really standardise. In that case, 

the SMR obviously remains equal to 1.616.  
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5. Comparison of the methods 

In this theme report, we discussed the two best known standardisation methods, 

direct and indirect standardisation. The related indexes for the ratio of the mortality 

rates between the population under study and the standard population are the CMF 

and SRM respectively. From a theoretical perspective, the indices are equal if the 

ratio of the age-specific mortality rates in studied population j and the standard 

population s is constant; in other words, Yij=c.Yis for i=1,…,I, or Ri=c. The weighting 

of these age-specific mortality ratios Ri is irrelevant in this case. Large differences 

between the CMF and SRM only arise if the Ri are strongly heterogeneous. 

However, in that case, the more obvious choice is to publish age-specific mortality 

figures than of standardised figures. Standardised rates will still be published if there 

is an obligation to do so, e.g. if standardised figures must be delivered for a lot of 

different populations (for example, for all 20 causes of death from a certain 

classification or for all European countries).  

The CMF and SMR are obviously also equal if j and s have the same age 

distribution (qi|j=qi|s). In that case, no adjustment for age is necessary. Finally, they 

are equal in expectation if the differences in mortality rate and age distribution are 

uncorrelated. 

Kilpatrick (1962) sees the CMF and SMR as estimators for the same parameter, 

assuming a perfect homogeneity of mortality rates. In that case, it is possible to 

indicate in which situation the CMF is more efficient than the SMR, and vice versa; 

see also Van der Maas and Habbema (1981). It can be efficient to take a weighted or 

unweighted average of the two. However, in practice, the homogeneity will never 

apply exactly, and this type of combined index for descriptive statistics is less 

transparent. 

In that sense, regression analysis is somewhat more problematic in that the 

standardisation is less transparent if there are multiple populations with the sum 

population as standard. Direct and indirect standardisation can always be determined 

in pairs (j,s), whereas the regression result also depends on the other populations, j’. 

If only one population j is compared with the standard s, a sum population must be 

created in order to perform an unweighted regression analysis. 
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Appendix 1. Equality test of age-specific mortality probabilities  

We want to test whether two age-specific mortality probabilities, 
ij

  and 
is

  (or 

ij
 and

'ij
 ) are the same for a certain i. For this hypothesis, their estimators 

ijijij
NDY /  and 

isisis
NDY /  do not differ significantly. We can also formulate 

the hypothesis as 1/ 
isij

 , for which 
isiji

YYR /  is the test statistic. 

For the sake of generality, we assume that Dij and Dis are parameters subject to 

chance and therefore presuppose a superpopulation. We assume that Dij and Dis are 

binomially distributed, with the mortality probabilities pij and pis respectively. We 

can now test our hypothesis using the ‘Fisher exact test’. The required statistics, or 

actually the realisations thereof, are included in table A; the number of survivors is 

indicated by ‘A’. Conditional to the total row and total column of this table, the 

number of deaths Dij is then hypergeometrically distributed with parameters Nij, Di+ 

and Ni+. If Dij deviates too strongly from 
 iiij

NDN /  , this leads to the rejection of 

the hypothesis 
isij

  . 

Table A. Frequency table for the Fisher exact test  

 Number of deaths Number of survivors Total 

j (Turkish people) Dij Aij = Nij-Dij Nij 

s (Dutch people) Dis Ais = Nis-Dis Nis 

Total Di+ Ai+ = Ni+-Di+ Ni+ 

 

The probability that the hypergeometrically distributed D (unknown number of 

deaths in population j) is smaller than or equal to the realisation Dij, i.e. P[D  Dij], 

can be approximated by a Poisson distribution 

 ]
)1(2

)2)(2(
|[][










iis

ijiijij

ijij
AN

DDDN
DvPDDP   

where v is a Poisson-distributed statistic with parameter . Another approximation 

for P[D  Dij] is  

 ]
1

)1)(1(
2[][






i

isijisij

ij

N

DAAD
uPDDP  .  

where u is a standard-normal distributed statistic. The best way is to use the Poisson 

approximation if  is smaller than 30. See Molenaar (1973) for more information 

about these approximations. If the sample is large enough, a Chi-squared test can be 

used for table A instead of the hypergeometric test.  



33 

For the simultaneous test of 
isij

   for all age classes (i=1,…,I), we can use the 

Chi-squared test for an Ix2 table, with the number of deaths and the number of 

survivors as columns. For quantitative dependent variables, the t-test and F-test can 

be used. 

 



34 

 

Appendix 2. Use of standardisation on mortality figures of Turkish men (j) compared to Dutch men (s), 1979-1986  

 

Table A.  Age up to 45 years 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)  (11) (12) (13) (14) 

i Nij Nis qi|j qi|s Dij Dis Yij = 

Dij/Nij 

Yis = 

Dis/Nis 

Ri = 

Yij/Yis 

 qi|sYij CMF 
formula (2.2) 

qi|jYis SMR 
formula (3.1) 

   % %   per 

10,000 

per 

10,000 
  

per 

10,000 
 per 

10,000 
 

0 18 298 671 538 3.20 1.75 138 2 863 75.4 42.6 1.77  1.32  1.37  

1-4 68 183 2 700 772 11.94 7.05 87 1 372 12.8 5.1 2.51  0.90  0.61  

5-14 138 922 8 270 650 24.33 21.60 103 2 168 7.4 2.6 2.83  1.60  0.64  

15-24 135 924 9 777 094 23.80 25.54 158 7 054 11.6 7.2 1.61  2.97  1.72  

25-34 87 608 9 299 700 15.34 24.29 110 7 625 12.6 8.2 1.53  3.05  1.26  

35-44 122 078 7 567 950 21.38 19.77 239 12 254 19.6 16.2 1.21  3.87  3.46  

Total  571 013 38287 704 100 100 835 33 336 14.6 8.7 1.68  13.71   1.575 9.05 1.616 

Key: (1) Age class; (2) Size of population j by age; (3) Size of population s by age; (4) Age distribution j; (5) Age distribution s; (6) Number of deaths j; (7) Number of deaths s;  

(8) Age-specific mortality rate j; (9) Age-specific mortality rate s; (10) Mortality ratio of population j compared to that of population s; (11) Calculation of numerator of CMF; (12) CMF;  

(13) Calculation of denominator of SMR; (14) SMR 
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Table B. All ages 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)  (11) (12) (13) (14) 

I Nij Nis qi|j qi|s Dij Dis Yij = 

Dij/Nij 

Yis = 

Dis/Nis 

Ri = 

Yij/Yis 

 qi|sYij CMF 
formula (2.2) 

qi|jYis SMR 
formula (3.1) 

   % %   
per 

10,000 

per 

10,000 
  

per 

10,000 
 

per  

10,000 
 

0 18 298 671 538 2.82 1.23 138 2 863 75.4 42.6 1.77  0.93  1.20  

1-4 68 183 2 700 772 10.51 4.94 87 1 372 12.8 5.1 2.51  0.63  0.53  

5-14 138 922 8 270 650 21.41 15.12 103 2 168 7.4 2.6 2.83  1.12  0.56  

15-24 135 924 9 777 094 20.95 17.87 158 7 054 11.6 7.2 1.61  2.08  1.51  

25-34 87 608 9 299 700 13.50 17.00 110 7 625 12.6 8.2 1.53  2.13  1.11  

35-44 122 078 7 567 950 18.81 13.83 239 12 254 19.6 16.2 1.21  2.71  3.05  

45-64 76 838 10 982 309 11.84 20.07 345 105 593 44.9 96.1 0.47  9.01  11.39  

65+ 1 031 5 443 711 0.16 9.95 39 364 872 378.3 670.3 0.56  37.64  1.06  

Tot. 648 882 54 713 724 100 100 1 219 503 801 18.8 92.1 0.20  56.24 0.611 20.41 0.920 

Key: (1) Age class; (2) Size of population j by age; (3) Size of population s by age; (4) Age distribution j; (5) Age distribution s; (6) Number of deaths j; (7) Number of deaths s;  
(8) Age-specific mortality rate j; (9) Age-specific mortality rate s; (10) Mortality ratio of population j compared to that of population s; (11) Calculation of numerator of CMF; (12) CMF; 

(13) Calculation of denominator of SMR; (14) SMR 
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