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1. Introduction to thetheme

1.1 General description

1.1.1 Problem definition

This document describes estimation methods that are suitable for data files with
representative outliers. An outlier is an extreme observation. Only outliers in the
sample are discussed in this document. In the introduction, as an example, we keep
in mind the estimation for a population total that is based on a smple random
sample. The estimators that are described later in this document are also suitable for
more complex sampling designs and other population parameters. The total based on
asimple random sample y;,..., ¥, with n elements is estimated as

~ N
Vo=
n =
where N isthe number of elements in the population. Each element in the sample
isthus multiplied by N /n. Thisfactor is called the weight.

If an estimator is used that does not take account of outliers (such as the sample
mean or the abovementioned total estimation), then an extreme observation has a
large influence on the estimation result. A representative outlier is an outlier for
which it is assumed that it has been correctly observed and that additional similar
elements can be found in the population. For a genera description of representative
outliers, see also Smeets (2005).

In practice, even after editing, not all errors will have been eliminated from the data
Therefore, thisassumption is not fully satisfied.

The situation where a single observation has a large influence on the estimation
result is often not considered desirable. In this case, the variance of the estimates is
often large, which in practice leads to unstable estimates. In other words, the
estimates in different periods for the same target variable differ more than expected
for the population.

1.1.2 Solution approach

As a solution, the decision is made to reduce the influence of the representative
outliers. Consequently, the variance becomes smaller, but biasis introduced in most
cases. The treatment of correct outliers therefore boils down to a consideration
between the smallest possible variance on the one hand, and the smallest possible
bias on the other. The mean square error of an estimator is defined as the
expectation of the square of the difference between the estimator and the actua
value of the population parameter. This can be calculated as the sum of the variance



and the square of the bias. A small mean square error means that the estimator
accurately approximates the actual population parameter. Minimisation of the mean
square error is therefore a formalisation of the consideration between a small
variance and a small bias. This means that a biased estimator is constructed. The
small bias is accepted because the variance decreases. Figure 1 illustrates that the
biasislarge and the variance is small if many outliers are designated. If only a few
or no outliers are designated, the opposite is true. The optimum situation is at the
minimum of the mean sgquare error.

Figure 1. [llustration of the effect of outlier treatment on variance, bias and mean
square error

many outliers designated few outliers designated

Mean square error ‘

In most cases, the more elements designated as outlier (which decreases their
influence), the smaller the variance and the larger the bias. For small samples, the
loss of accuracy from the bias that arises by designating outliers is relatively small
compared with the gain from the smaller variance. For larger samples, the bias
weighs heavier than the gain from a smaller variance. For this reason, for larger
samples, it is better to designate relatively fewer outliers. This document elaborates
various methods to demonstrate how thisis specifically put into practice.

If the data are symmetrically distributed, no bias arises from the designation of
outliers (at least, if both exceptionally large and exceptionally small values are
designated as outliers). In that case, it can be convenient to designate a relatively
large number of observations as outlier. This situation occurs in the Structural
Business Statistics (SBS) estimator (see Chapter 4).

There are different options to reduce the influence of representative outliers:



*  The observation can be ignored.
» Thevalue of the observation can be adapted.

* Theweight of the observation can be reduced. Setting the weight to 1 means
that the unit only counts for itself and that weighting is done using the other
units. The value does not necessarily have to be unique. Even if the valueis
not unique, or if nothing is known about it, it can be a good solution to set
the weight to 1. Note that, based on the sample, it can never be determined
whether a value is unique. If the weight is set to 0, then the observation is
ignored.

It is often possible to write an estimator in two ways. by adapting values or by
adapting weights. The estimation result is then the same in both cases. Chapter 2
contains an elaboration of an estimator that can be used both by adapting the values
and by adapting the weights.

Until a number of years ago, the weights or the values were aways adapted
manually in practice. In recent years, an automatic procedure was introduced for
several dtatistics. In manual outlier detection, the final estimation result depends on

the — potentially subjective — considerations of the staff member in question.

1.1.3 Robust estimation

Raobust estimators can reduce the influence of outliers. Two simple robust estimators
are the a-trimmed mean and the a-winsorised mean. In the a-trimmed mean, the top
Y50, percent and the bottom Y20, percent of the observations are ignored. In the a-
winsorised mean, the top Y20 percent and the bottom %40 percent of the observations
are adapted. They are given the same values as the largest or smallest non-adapted
value respectively. Another well-known but more complex robust estimator is the
M-estimator. The three robust estimators mentioned here are not specifically
intended for representative outliers and are therefore not further described in this
document. For more information about these estimators, see, for example, Huber
(2981). In the literature about robust estimation, for which the three abovementioned
estimators are intended, it is often assumed that the data are contaminated because
of outliers. For example, 90% of the population may be normally distributed with
mean 4, and variance 0, and the other 10% is normally distributed with mean
U, and variance o7 . This 10% is also correct, but is considered as a deviation and
not interesting. In robust statistics, we are generaly only interested in the non-
contaminated part of the data, thus, for example, in g, and 7. At Statistics

Netherlands, the data are not considered contaminated. In fact, we are interested in



the mean or the totad of the entire population, in principle including the
exceptionally large or small elements. Another disadvantage of these robust
estimators is the dependence of a parameter, for example, a in the a-trimmed mean.
The value 5% is often selected for a. However, there is no good way to easily
determine the parameter.

These estimators are therefore not suited to representative outliers.

1.1.4 Methodsin this document

At Statistics Netherlands, three estimators have been devel oped that are suitable for
representative outliers. These three estimators are described in this document.

* Theone-sided censored estimator, with the goal of optimally determining
the winsorisation in which only the largest (or only the smallest) values are
adapted.

* Thetwo-sided censored estimator, with the goal of optimally determining
the winsorisation in which both the largest and the smallest values are
adapted.

* The SBS method. In this method, the weights of the observations that
deviate the most are set to 1.

Chapter 11 discusses the considerations that play a role when choosing among these
methods.

Whether a deviating value has a large influence on the estimation depends not just
on the value itsalf but also on the weight. An exceptional value with a small weight
does not have to have alarge influence on the estimate.

Whether an observation is deviating and has a large influence on the estimate aso
depends on what is being estimated. In a sample of al the companies in the
Netherlands, a turnover of 10 million euros per year is not exceptiona. In the
subpopulation of companies with one person employed, this value is indeed
exceptional and, depending on the sample size, probably has a strong influence on
the estimation result.

Whether an observation is deviating and has a large influence on the estimate aso
depends on which egtimator is used. The company with a turnover of 10 million
euros a year has a strong influence on the sample mean of the subpopulation of
companies with one staff member. However, if the regression estimator is used with
VAT as auxiliary information, and the company also has a large VAT value, then
the company’ s influence is less significant.

The three estimators described in this document are intended for a relatively simple
situation: a level estimate must be made for a single population and for a single



target variable, for which arepresentative sampleis selected. The estimators are also
suitable (or can be made suitable) for complex sampling designs.

1.1.5 Open problems

However, Statistics Netherlands often has to deal with complex situations. For
example, instead of level estimates, often accurate estimates are needed for
developments, the goal is to make consistent estimates for different target variables
or different target populations, or the estimate is based on a register instead of a
representative sample. For these situations (and combinations thereof), no valid
methodology has been developed yet. If such a methodology is developed in the
future, its description can be added to this document. Chapters 5 to 10 are reserved
for this purpose, and additional chapters can be added if necessary.

A provisional and pragmatic solution for these more complex problemsisto use one
of the methods described in this document. This also occurs in practice, such asin
the Structura Business Statistics, where the treatment of outliers focuses on
industries and turnover. In this case, the estimates for all of the Netherlands and
other aggregation levels and for other target variables are not optimum. The
estimates for al of the Netherlands and, for example, the business sectors, are
obtained by adding up the estimates of the associated industries. The bias for the
estimates per industries is acceptable in relation to the rather large variance. The
bias of the estimatesfor al of the Netherlands and for the business sectors, however,
may be unacceptably high in relation to the rather small variance of these estimates.
This pragmatic solution therefore does not take sufficient account of different users.

1.2 The concept of therepresentative outlier

As stated in the previous section, it is assumed for a representative outlier that
additional similar elements can be found in the population. The outlier is therefore
representative for these eements and that explains the use of the term
‘representative’.

When estimating with representative outliers, the influence of the representative
outliers is reduced, for example, by reducing the weight. Reducing the weights has
nothing to do with an assumption about how many similar elements are found in the
population. It istherefore not assumed that the outlier is not fully representative.

The objective of reducing the influence of representative outliers is to reduce the
variance. However, by reducing the influence, bias is introduced. This document
elaborates the different ways that the influence of representative outliers can be
reduced.



1.3 Scope of thetheme and relationship with other themes

As stated above, this document discusses estimation methods for data files with
representative outliers. The methods that will be described in this document are
intended for situations in which a parameter must be estimated for a single target
variable and for a single target population. The methods are suitable if level
estimates must be made that are as accurate as possible, and if these estimates are
made based on random samples, both for smple and for more complex sampling
designs. More research is needed for more complex situations. Space is reserved in
Chapters 5 to 10 for this purpose.

Ouitliers play arole not just in weighting, but also in other phases of the statistical
process. During editing, outliers are adapted, where it is determined or assumed that
these exceptional observations are incorrect. In imputation, a suitable value is filled
in for unit and item non-response. This value is often based on the part of the sample
that was observed. This value may have been influenced by outliers, which is not
desirable. In addition, outliers can have a disruptive influence in the analysis phase.
Finally, outliers can aso occur in the auxiliary information and have a disruptive
influence.

The methods described in this document are only intended for problems relating to
representative outliers in the weighting phase. For techniques that discuss outliers
during editing, see Hoogland et a. (2010), and for dealing with outliers during
imputation, see Israéls et a. (2007).

1.4 Placein the statistical process

The treatment of representative outliersis part of the weighting process. The process
can be interpreted such that the values or weights of outliers are adapted after the
data file has been edited and the missing val ues have been imputed, and just before
the sample is weighted. It can also be considered as part of the weighting process.
The concept of weighting is discussed briefly in Section 1.1. For more information,
see Banning et al. (2010) or Sarndal et al. (1992).

1.5 Definitions

Concept Description

outlier An outlier is an extreme observation. This document only
discusses outliers in the sample.

left outlier A left outlier isan extremely low observation.

right outlier A right outlier is an extremely large observation.

representative outlier A representative outlier is an outlier in the sample, for
which it is assumed that it has been correctly observed
and that additional similar elements can be found in the
population.




non-representative outlier

A non-representative outlier isan outlier in the sample,
which has not been correctly observed or is unique in the
population.

o-trimmed mean

The a-trimmed mean is the mean of a number of
observations, for which the top Y2o percent and the bottom
Y0, percent of the observations are ignored.

o-winsorised mean

The a-winsorised mean is the mean of a number of
observations, for which the top Y2a percent and the bottom
Y0, percent of the observations are adapted. They are
given the same value as the largest or smallest non-
adapted val ue respectively.

1.6 General notation

The following general notation is used:

i - an element (such as a company or a person)

n: the samplesize

N : the population size

h : index to indicate a certain stratum

L : the number of stratain the population and sample

y : thetarget variable

X: the auxiliary variable

Y1, Y, - the observations of the target variable in the sample

W,,..., W, : theinclusion weights of the observations in the sample

Yias++s Yo, : the observations of the target variable in stratum h in the sample

Y : estimator for the mean of target variable y (with superscript and subscript to
specify the estimator and, if desired, the target population).
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2. One-sided censored estimators

2.1 Short description

The censored estimator was developed several years ago at Statistics Netherlands;
see Renssen et al. (2004) and Krieg et al. (2004). By applying the censored
estimator, the influence of outliers is reduced by means of the winsorisation
technique (see section 1.1). That means that the influence is reduced by replacing
the value of the outlier by a cut-off value. By reducing the influence of outliers, the
variance will decrease, but bias will usually be introduced. For the censored
estimator, a formula is explicitly derived for the cut-off value that minimises the
mean square error (MSE) and, in this way, finds an optimum between a small
variance and a small bias. This is the optimum for estimators with such a cut-off
value; it is possible that other types of estimators are better. If nothing is known in
advance about the optimum cut-off value, this can be estimated using the sample.

If only outliers with an extremely large or an extremely low value are adapted, i.e.
only on one side of the distribution, this is referred to as one-sided censoring. One-
sided censoring is therefore useful for an asymmetrical distribution with extreme
values on only one side. For two-sided censoring, both left outliers (extremely low
values) and right outliers (extremely large values) are adapted, and two cut-off
values are determined. The left outliers are replaced by the smallest cut-off value
and the right outliers by the largest cut-off value. Two-sided censoring is discussed
as a separate method in Chapter 3. In this chapter, we elaborate the one-sided
censored estimator, for which the cut-off value is estimated using the sample.

If the population were known, then it would be possible to find a better estimator by
calculating the cut-off value from the population. However, this is not a redlistic
situation. At Statistics Netherlands, many surveys are carried out per month, per
guarter or per year. In this case, it can be useful to use datafrom the past to calculate
the cut-off value, especialy if the population does not change much. However, it has
not been studied how much a population may change so that this remains useful. As
long as this has not been determined, this idea is not a valid methodology, and it is
not described here for this reason.

2.2 Applicability

Using the one-sided censored estimator can be interesting if extreme values in the
observations occur on one side of the distribution. In that case, the one-sided
censored estimator is expected to produce better results than an estimator that does
nothing with outliers.

11



We elaborate the one-sided censored estimator for simple random samples and
stratified samples, where in each stratum simple random sampling without
replacement is applied. In other situations, the methods discussed cannot be used
unconditionally, and further adaptations are necessary. To illustrate, variations of
the one-sided censored estimator are discussed for severa specific situations at the
end of section 2.3.

At present, the one-sided censored estimator is used in two Statistics Netherlands
surveys: the statistics International Services (Internationale Diensten, Krieg et al.,
2008) and Building Objects in Preparation (Bouwobjecten in Voorbereiding,
Smeets, 2008).

2.3 Detailed description

2.3.1 One-sided censored estimator for ssimple random samples

First, we discuss the one-sided censored estimator for a simple random sample.
From a population with N elements, a simple random sample of n elements is
drawn without replacement. Suppose that, for target variable y, we want to
estimate a population mean, such that the influence of outliers is reduced. For this
purpose, the target variable y is observed in the sample for all elements i, where
1<i<n.Theobservationsare sorted suchthat y, <y, <--- <y, . A cut-off value
t must then be calculated.

We first explain how censoring works if t is given. If an observation y; is larger
than the cut-off value t, the observation is adapted and replaced by this cut-off
value. Next, the population mean is estimated by cal culating the sample mean of the
adapted observations. Suppose that there are r observations smaller than or equal to
cut-off value t. The mean isthen estimated by

2. Y +(n=nt
yoe =2 , (2.3.2)
n

where y, <t for j =1...,r. Thereare therefore n—r observations designated as
outlier. The r observations smaller than or equal to t are also called non-outliers.

Before formula (2.3.1) can be applied, t must be calculated. The objective isto find
a cut-off value that minimises the mean square error of (2.3.1). Thisis the optimum
cut-off value. Renssen et a. (2004) provide a formula for the mean square error as
sum of the variance and the square of the bias.

The variance, the bias and the M SE can be written as
—cens 2 - 2
Var(Ye™) = (1- f)PIm* p?](”m 0 (23.2)
Bias(Y: ") = —q(u, —t), (2.3.3)
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MSE(Y:"")=(1- f) +0%(u, —t)°. (2.3.4)

Here, q isthe fraction of adapted values in the population, p the fraction of non-

adapted values in the population, Uri the population variance of the non-adapted

values, 1, the population mean of the non-adapted values, 4/, the population mean
n ,

of the adapted valuesand f = N the sample fraction.

pog + pa(u, —t)*
n

Note that, for the variance, an approximation formula is used that does not take
account of the factor 1/(N -1) for simple random samples without replacement.
The factor 1/ N is used instead of this. In practice, N isvery large, such that both
factors are almost the same.

The cut-off value that minimises equation (2.3.4) is a solution of the following
equation:
P (= 1)(t ) -t =) =0. (2.35)

An estimate for the optimum t is then found by using the parameters based on the
sampleinstead of the population parameters in equation (2.3.5).

This means that an estimate for the optimum cut-off value can be found by solving

equation (2.3.5), where q = n

is the fraction of outliers in the sample, p = r
r n

EZ y; the sample mean of the

n r j=1

Zyj the sample mean of the outliers and f =N the

n-r s N

the fraction of non-outliers in the sample, =

non-outliers, u =
sample fraction.

Solving equation (2.3.5) is not straightforward, because the parameters p, q, 4,
and 4 also depend on t. The value of t determines which observations are
designated as outlier. From this, r and the values of the stated parameters follow.
Renssen et a. (2004) demonstrate that there is ways a unique solution for equation
(2.3.5) and that this is smaller than (or equal to) the largest value Yy, . There is
therefore always at least one element designated as outlier, except in the extreme
case of complete enumeration. In this case, it is not useful to designate outliers; after
al, all observations have a weight of 1. In that case, t = 4, is the solution for
(2.3.5). This can be interpreted as a single element being an outlier, for which,
however, the value is not adapted. The interpretation that no outliers are designated
is also possible in this case. If t is minimally smaller than Y, , then the censored
estimate differs minimally from the estimate in which no outliers are designated.
Renssen et al. (2002) have algorithms for samples that are drawn with replacement,
for simple random sampling and for stratified samples. In the appendix of this
document, these algorithms are adapted to the situation of drawning without
replacement, and algorithms are provided for additiona situations. Algorithm 1
calculates the optimum cut-off value for smple random samples. In this agorithm,
t from equation (2.3.5) is calculated for every possible number of outliers, and it is
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then checked whether the correct number of outliersis associated with this t. Thisis
repeated until the unique solution of equation (2.3.5) isfound.

This algorithm can be used for a sample size of at least two elements. For very small
samples, however, calculating estimates is not recommended at all, because they
have avery large variance. Thisis also true for censored estimators.

By inserting the estimated optimum cut-off value t~ in equation (2.3.1), we find the
one-sided censored estimate Y. for the population mean.

As stated before, known population parameters are assumed when deriving the
formulas for the censored estimator, but ultimately estimates based on the sample
are used. If the optimum cut-off value were calculated based on the population, then
the estimator based on this would be more accurate. However, even if the optimum
cut-off value is estimated based on the sample, then the estimator is usually more
accurate than the estimator without outlier treatment. This was demonstrated by
various simulations, such as Krieg and Smeets (2005). In Renssen et a. (2004),
approximation formulas for variance and bias are derived. It can aso be concluded
based on these formulas that, in most cases, the censored estimator is more accurate
than the estimator without outlier treatment. An exception is a population with
multiple outliers with an approximately equal value, in combination with a large
inclusion probability. Other exceptions are possibleif the approximation formulasin
Renssen et al. (2004) are not sufficiently precise. The approximation formulas may
not be sufficiently precise for very small samples, small populations or extreme
distributions. In the exceptional cases, the accuracy of the censored estimator is
comparable with the accuracy of the estimator without outlier treatment. Extreme
artificial situations can be constructed where the accuracy of the censored estimator
is much lower than the accuracy of the estimator without outlier treatment.

Writing a censor ed estimator with weights. The censored estimator can be written
as a weighted mean of the observations, where the outliers are given alower weight
and the non-outliers a higher weight:

\/ cens 1 d n
Y= [Zﬁhyy+ZkLm}wmae
j=1

vt
n j=r+l

g, = 9 1, for thenon - outliers
p+/) and
1 .
= 1- —— <1, for theoutliers
;="M g (2.3.6)
@- f)p

It is easy to figure out that the weights add up to n; in other words
rg,, +(n-r)g, =n.
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Using a simple example, we show how algorithm 1 works.

Example 2.3.1. The sample size is n =12, the population size is N =120 (so
f =0.1), the observationsare 1, 2, 3, 4, 4, 4,5, 5, 6, 9, 20, 25. The sample mean is
equal to 7.33. In Table 1, for al of the possible values of r, the associated
parameters p, K., 9 and W, are calculated. The value of t in the seventh column
is determined using equation (B.1). Thevaluesof y, and Yy, are shown in the last
two columns.

Table 1. Example of calculating cut-off value t

r n-r p q Hn H, t Yy Ya
11 0.92 008 573 2500 1629 2
10 0.83 0.17 430 2250 17.54
0.75 025 3.78 18.00 15.39
0.67 0.33 350 15.00 13.50
0.58 0.42 329 13.00 12.08
050 050 3.00 11.67 11.06
042 058 2.80 10.57 10.18
0.33 067 250 9.75 9.49
025 075 2.00 911 894
0.17 083 150 850 8.40
0.08 092 100 7.91 7.86
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Algorithm 1 goes through al of the rows of Table 1 one by one, and checks whether
the t-value found is between the values of y, and Yy, ;. In the second row, two
elements have been designated as outlier, and r =10. The cut-off value in this row
satisfies the condition and the estimated optimum cut-off value of t* =17.54 has
thus been found. The one-sided censored estimator for the population mean is then
equa to Y& =6.506. Note that the algorithm actualy stops at r =10, but the
table gives al the possibilities for 1, to show that the solution for equation (2.3.5) is
unique.

Note: In the example, two elements have been designated as outlier. In practice, in
most cases, only a small number of outliers are designated, and often only one. This
also applies to larger samples. If more elements are designated as outlier, then the
bias becomes increasingly larger. This soon plays a greater role than the gainsin the
variance. Interested readers are invited to calcul ate the estimated optimum t and the
number of outliersin additional examples.

2.3.2 One-sided censored estimator for stratified samples

In a stratified sampling design, the population is divided into L different strata,
which consist of N,,..., N, elements. The total population size is therefore equal
to N=N;+---+N_. A sample of size n is divided among these strata with
samples sizes n;,...,n_ . We assume that a simple random sample without
replacement is drawn in each stratum. Let Yy,,..., Y, be the observations of the
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target variable y in stratum h such thaty,, <y, <---<y,, istrue A cut-off
valueis calculated for each stratum. Let t = (t,,...,t,,...,t, ) bethe vector with the
cut-off values to be calculated with t,, the cut-off value of stratum h.

If the cut-off values are given, then the censoring per stratum is done in the same
way as for a simple random sample. In each stratum h, the values of the target
variable are then compared with the given cut-off value t, . If an observation is
larger than the cut-off value, the observation is adapted and replaced by this cut-off
value. Next, the stratum mean of the population is estimated by calculating the
sample mean of the adapted observations in stratum h. Say that r, observationsin
stratum h are smaller than or equa to cut-off value t,, then the stratum mean is
estimated by

Z Yy t (M, =)ty

geens _ j=1
Yo =1

, (2.3.7)
r]h

where 'y, <t, for j=1...,r, and h=1...,L. In stratum h, n,-r,

observations have been designated as outlier.

The mean of the entire population is subsequently estimated by

L
Yfe”5=§,z N,Yi " ,wheret =(t,,...,,t.). (2.3.8)
h=1

In the dtratified stuation, the objective is to find a vector of cut-off values
t" =(t;,...,t.), which leads to a minimum mean square error of the estimator
(2.3.8). The stratified estimator is therefore optimum for the mean of the entire
population and not for the mean per stratum.

Before formula (2.3.7) can be applied, t" =(t;,...,t;) must be calculated. The
optimum cut-off value can be found by solving a system of equations. This system
is derived in Renssen et al. (2004), based on the formula for the mean square error.
The derivation is based on population parameters. An estimate for the optimum
t" =(t,,...,t) isfound by using the parameters based on the sample instead of the
population parameters in the equations. The system is given by:

N,(1- ) p.(t, — 44,) —ZL: N, (4, —t,) =0

nl h=1

(2.3.9)

N @-f)p (. —Hm) —ZL:Nth(/Jh -t,)=0

n|_ h=1

n, —r,

: . o : r
is the fraction of outliersin stratum h in the sample, p, ="

h n h
is the fraction of non-outliers in stratum h in the sample, f, = N—h the sample
h

Here, q, =
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fraction in stratum h, f4,, = (Y +-+ Y, )/T, the sample mean of the non-
outliers in stratum h and £4,, = (Yyany +++ Yo, ) /(N = 1) the sample mean

of the outliersin stratum h.

As for simple random samples, an approximation formula is aso used for the
variance in the equation for the mean square error.

Algorithm 2 in the appendix finds the unique solution for system (2.3.9). In
principle, the unique solution of (2.3.9) could be found by systematically calculating
al possible combinations of numbers of outliers per stratum. However, these
calculations would be very time consuming. For this reason, a starting point is first
determined using a transformation of the original data. This combination of outliers
is then adapted step by step until the solution is found. The starting point is
determined by transforming the origina data, which simplifies the problem to
simple random selection. In practice, based on this starting point, the unique
solution of system (2.3.9) is found within severa iterations. To determine the
interim steps, the strata must be sorted. The selected order does not have any
influence on the ultimate solution, only on the interim cal culations.

Equation (2.3.8) with the optimum vector of cut-off values t” =(t, ,...,t, ) found
using algorithm 2 gives the one-sided dratified censored estimator for the
population mean Y.

Writing a stratified censored estimator with weights. The stratified censored
estimator can also be written as a weighted mean of the observations, where the
outliers are given alower weight and the non-outliers a higher weight:

__Zh =1 {Z O Yy Zghr yh,},Where

j=rp+l

_ o
= 1+— " >1 for thenon-outliers
ghm ph(l A) :L
_ 1 .
Oy = 1 ') <1, for theoutliers
and
—_ nhqh
>0. 2.3.10
Zh 1(1 f )ph ( )

It is easy to see that the weights in each stratum add up to n,; in other words
M9 + (N, —1,)9, =n,. If no outliers are found in a certain stratum, then
g, =0 and g,,, =1 for that stratum and all the elements count the same in this
stratum.
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In principle, agorithm 2 can be applied for a minimum sample size of two elements
per stratum. However, using a minimum sample size of approximately ten elements
per stratum is recommended. Outlier detection can become unstable in very small
strata. Sampling theory often recommends a minimum sample size of five to ten
elements per stratum.

2.3.3 Variants of the one-sided censored estimator

This subsection discusses several variants of the one-sided censored estimator.

One-sided censoring with left outliers

Section 2.3.2 discusses the one-sided censored estimator, in which only the
influence of extremely large observations is reduced. If the data are asymmetrically
distributed with outliers on the left side (extremely small observations), a variant of
the estimator discussed can be used, in which the observations on the left side are
reduced by a cut-off value. The objective of this variant is to minimise the mean
square error as afunction of a cut-off value s of the estimator

—cens (n- f)S"' Zy]

Ys = jmer (2.3.11)
n

Here, 1 isthe number of observations larger than or equal to cut-off value s, and
Nn- r observations have been designated as outlier. Furthermore, the method works
in the same way as the one-sided censored estimators discussed with a right cut-off
valuet.

Drawing with unequal inclusion weights

In practice, samples are regularly drawn based on a complex sampling design, where
the observations are drawn with unequal inclusion weights. By implementing a
simple change, the one-sided censored estimators discussed can take unequal
inclusion weights into account. Suppose that the observations y,,Y,,....Y, are
drawn with inclusion weights wW;,W,,...,w,, such that w, +w, +---+w_ = N.
The censored estimator will then be used based on the values z, = w,y,; instead of
Y, . The result of incorporating the inclusion weights in the values of z =w,y, is

that the equations (2.3.1), (2.3.7) and (2.3.9) must be adapted.
Equation (2.3.1) is then replaced by

Zr:zj +(n-rt

2 , 2.3.12
t N ( )
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but equation (2.3.5) and algorithm 1 stay the same. Part of the formulas must be
adapted because the weight is incorporated in z; . Note that the parameters p, q,
M., and 4 arecaculated using z; instead of ;.

In the stratified situation, equation (2.3.7) is replaced by

Th
Z Zy, + (nh -, )th
Yo =22 . (2.3.13)
N,

The system of equations (2.3.9) is replaced by

A=) Pt — thy) _Z(nh =) (U —t,) =0

(2.3.14)

1- fL)pL(tL _/JLm) _Z(nh _rh)(,uhr _th) =0

where the parameters are calculated as a function of z, . The solution of (2.3.14)
can be found using algorithm 2, the algorithm that is aso used to calculate the
solution for (2.3.9). Only the starting solution is calculated in another way: using
algorithm 3.

Note: If a sample element Y, is close to the stratum mean, but has a very large
inclusion weight w,, this element may be seen as an outlier. That does not seem
logical. In that case, the estimator is still good, only the weight was unnecessarily
reduced. In practice, this situation is not very likely.

Use of auxiliary information

If, for each observation y;, a (column) vector of auxiliary information X; is
available, and this information is also known at population level, the generalised
regression estimator can be used. In this case, the censored estimator is applied on
the resduals e; =y; —xtjfi instead of on the observations themselves. Consider,
for example, the generalised regression estimator, represented by

Y™ =¥ + (X pop — X sampie) B = X popf + (¥ = X sarpieP) == X popfp +E .
where Y is the sample mean of the observations Yy, , Xtmrmle and tiop are the
sample mean and the population mean of the auxiliary information X; and E isthe
sample mean of the residuals e; = y; —xtj[i . The generalised regression estimator
is described in more detail in Banning et a. (2010) and Sarndal et al. (1992).
In this case, the censored regression estimator is given by

S regeens <o

Y = X+ EL. (2.3.15)

19



2.4 Example

As an example, we discuss the application of the one-sided censored estimator in
International Services (Internationale Diensten). A report was a so published on this
application; see Krieg et al. (2008).

International Services estimate quarterly figures for the import and export of
companies for several services, including transport, computer and information
services. A large part of the response is from companies which do not report imports
or exports for any services. These are the so-called zero observations. Therefore, a
single large value in the response will have a large influence on the estimates, which
means the application of an outlier method is useful.

A dratified sample is drawn, and the strata are classified according to, among
others, the standard industry classification (SIC) and the size class. A telephone
survey by BES established that the zero observations often involve measurement
errors. To correct for this, the inclusion weights are adapted and different inclusion
weights occur within a stratum. For this reason, a decision was made to use the one-
sided dratified censored estimator with adaptations for the unequal inclusion
weights.

Another adaptation concerns not including the zero observationsin outlier detection.
Theoretically, these observations should be included, because they are part of the
sample. For practical reasons, it was decided not to do this. Explicitly, the complete
file with the zero observations, which is very large, is not available in the production
process when the outliers are detected and would have to be specially retained for
outlier detection.

We will use the first quarter of 2007 as an example. The sample frame conssts of
39,523 companies and the sample contains 4108 companies (without erroneous zero
observations). The censored estimator is used in the manner described above on 11
services, with each service divided into import and export (import and export are
called ‘flows’). The estimates are therefore optimum for these 22 target variables,
but not for aggregates or other breakdowns. The total trade is estimated to be EUR
5.88 hillion. If the influence of the outliers is not reduced, then the estimate is EUR
6.14 billion. The mean of the reduction in the estimates over all flow-service
combinations by taking outliers into account is therefore 4.22%. In total, 30 outliers
were found. For most of the flow-service combinations, one outlier was found; in
some cases, there were two to a maximum of four.
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2.5 Quality indicators

Given that the objective of the censored estimators is to minimise the mean square
error, the obvious choice is to investigate the mean square error of the censored
estimator. Renssen et a. (2004) present an analytic approximation for the estimate
of the mean square error, in which the variance is estimated using influence
functions. The influence function is a measure of robustness, which describes the
influence of a specific observation on the estimate. The variance of the estimator can
be approximated by taking the expectation of the square of the influence function
(Hampel et a., 1986). The accuracy of this approximation formula depends on the
sample size. This is comparable with the accuracy of variance estimates for other
estimators, such as for the generalised regression estimator. In Renssen et a. (2004),
the influence function is derived for several variants of the one-sided censored
estimator, and a formula is derived for the estimation of the mean square error for
simple random samples.

The mean square error of the censored estimator can be compared with that of
estimators that do not take account of outliers, which are also caled direct
estimators in this context. Besides looking at the mean square error, it is also
advisable to examine the bias of the censored estimator. In practice, this can only be
approximated as the difference between the estimates that are obtained using the
direct estimator and the censored estimator. It is up to the user to assess whether the
bias is acceptable. It should be noted here that this is a very inaccurate
approximation of the bias (but the only possible one without external information).
Nevertheless, a large approximated bias of the censored estimator indicates a large
variance for both the direct estimator and the censored estimator.

Another good way to investigate whether the censored estimators have alower mean
square error than the direct estimators is by conducting a smulation study. In this
case, it is important to work with realistic population data to obtain reliable results.
Section 4.5 offers more information on the requirements for realistic population
data.
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3. Two-sided censored estimators

3.1 Short description

A two-sided censored estimator can be used to estimate a population mean, such that
the influence of both extremely low and extremely large observations is reduced.
The two-sided censored estimator was developed at Statistics Netherlands several
years ago; see Renssen et al. (2004) and Krieg et a. (2004). The two-sided censored
estimator serves to adapt both the very large and the very small extreme
observations. This is done in a manner similar to the one-sided censored estimator.
However, the formulas and algorithms are more complex.

3.2 Applicability

Using the two-sided censored estimator can be interesting if outliers occur on both
sides of the distribution. Like the one-sided censored estimator, the two-sided
censored estimator only designates a small number of observations as outlier. This
has aso been demonstrated in practice. If the distribution is more or less
symmetrical, it may be more advantageous to designate more observations as outlier
symmetrically on the left and the right, than is done by the two-sided censored
estimator.

We elaborate the two-sided censored estimator for simple random samples, which
have been drawn without replacement. For stratified sampling designs, the two-
sided censored estimator is more complicated, and there is no proof that the
algorithms discussed are guaranteed to converge. In practice, the algorithms usually
do converge to an egtimated optimum cut-off value. More research is needed
concerning the use of two-sided censoring on stratified and other complex sampling
designs.

At present, two-sided censoring is not used at Statistics Netherlands.

3.3 Detailed description

3.3.1 Two-sided censored estimator for simple random samples

In this subsection, we will discuss the two-sided censored estimator for simple
random samples. From a population with N elements, a simple random sample of
N elements is drawn without replacement. Suppose that we want to estimate the
population mean of target variable y, and we want to reduce the influence of both
left and right outliers. For all elements i in the sample, where 1<i < n, the target
variable y is observed. The sample elements are sorted in such a way that
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y,<Y,<---<Y,. We are going to calculate two cut-off values, a left cut-off
value s and aright cut-off value t.

If both cut-off values s and t are given (s<t), then the two-sided censoring is
done in the following way. An observation y; larger than the cut-off value t is
adapted and replaced by t, and the observations smaller than s are replaced by s.
Next, the mean of the population is estimated by cal culating the sample mean of the
adapted observations. Suppose that there are r non-adapted observations, that there
are n, observations smaller than s and n, observations larger than t. The mean is
then estimated by

r
zyn,+j +nIS+nrt

Yo =12 , (3.3.2)
n

where s<y, ,; <t for j=1...,r. There are thus n—r =n, +n, observations

that have been designated as outlier.

Just like for the one-sided censored estimators, we can choose to minimise the mean
square error of (3.3.1) asafunctionof s and t. Butif s and t are taken as equal to
the popul ation mean, then both the variance and the bias of (3.3.1) are equal to zero.
The best estimate is therefore found by taking both s and t as egua to the
population mean. If the population mean were known, then this would indeed be
optimum. In practice, however, the population mean is not known, and these
optimum cut-off values must be estimated using a sample. In this case, the sample
mean is taken for € and t, and the censored estimator corresponds with the sample
mean. This estimator does not offer any added value.

Instead, Renssen et al. (2004) propose minimising an adapted expression of the
mean square error. In this expression, one term from the formula for the mean
square error is omitted. An estimate for the cut-off values s and t*, which are
optimum for this adapted expression, can be found by solving the following system
of equations:

1- f

[P, =9 +q,(t-9)]-q(s—4)=0

1Df , (3.3.2)

T[p(t—um)+q|(t—s)]—q,(ﬂr—t)=0

n r n
here f=—, p=—, q =, , o ,
werelnr NPT G G Zyn,, M= nljZ:;y,
M = yn—nr+J
r]r ]:1

There is dways a unique solution for (3.3.2), and in all cases at least one left outlier
and one right outlier is designated (see Krieg et al., 2004). Like for the one-sided
censored estimator, the application of the two-sided censored estimator is not useful
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in the case of complete enumeration. Formula (3.3.2) would then produce cut-off
values that are equal to the smallest and largest observation in the sample.

It was noted above that not the mean sguare error, but another expression, is
minimised. At first, this seems like a stopgap measure. The result, however, is an
estimator that is similar to the simultaneous use of the one-sided censored estimator
on the left and the right. In other words, it is comparable with censoring on the left,
while the result of censoring on the right is aready known, and, simultaneoudly,
censoring on the right, while the result of censoring on the left is aready known.
This estimator does not make any assumptions about symmetry and is therefore
suitable for situations where the data are not symmetrically distributed. The
influence of outliers is not too strongly reduced, and consequently the bias caused
by this remains small, comparabl e to that of the one-sided censored estimator. If it is
known that the data are symmetrically distributed, then this choice is not optimum.

The two-sided censored estimator can be used for a sample size of at least two
elements. For very small samples, however, caculating estimates is not
recommended at all, because they will have a very large variance. This also applies
to the censored estimators.

Algorithm 4 in the appendix finds the solution for (3.3.2). This agorithm
systematically tries out al possible combinations of numbers of left outliers and
right outliers until the unique solution for (3.3.2) is found. In principle, the order of
the attempts is arbitrary. However, it is useful to start with a smal number of
outliers (such as in step 4 in the algorithm) because then the solution will be found
rather quickly.

Equation (3.3.1) with the optimum cut-off values s* and t" found using algorithm 4

\/ cens

gives the two-sided censored estimator for the population mean YS, o

Writing the two-sided censored estimator with weights. Like the one-sided
censored estimator, the two-sided censored estimator can be written as a weighted
mean, in which the outliers are given a lower weight and the non-outliers a higher
weight; in other words

< cens 1 il e n
YU =2 Doy Dday 0.9,y | where
j=1

st A
n j=n+1 j=n-n +1

g < 1fortheleftoutliers
g, ° Lforthenon-outliers and
g, < Lfortherightoutliers

ng, +n,g,*+ng, =n. (3.3.3)

The exact expressionsof g,, g,, and are given in Smeets and Krieg (2004).
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3.3.2 Two-sided censored estimator for other sampling designs

If the two-sided censored estimator is used on other sampling designs, the estimator
must be adapted for this purpose. Additional methodological research is needed on
these adaptations for the two-sided censored estimator. Krieg et a. (2004) elaborate
the two-sided censored estimator for stratified samples without replacement.
However, there are still open questions for this estimator. For example, it is not clear
whether and under which conditions the system of equations, which must be solved
to find the estimated optimum cut-off values s and t, has a unique solution.
Furthermore, no algorithm is known that is guaranteed to find the optimum sol ution.
However, the agorithm found works in most cases. If one would wish to apply the
two-sided censored estimator in practice, then this algorithm could be programmed
with a control to see if it works. For the rare case that this does not work, the
algorithm for one-sided censoring can be used, first on the left side and then on the
right side. This proposal must first be studied in depth before it can be used in
practice.

To date, insufficient research has been conducted to use the two-sided censored
estimator in other situations.

3.4 Example

At present, the two-sided censored estimator is not yet used at Statistics
Netherlands. The simulation study of Krieg and Smeets (2005) investigates an
application of the two-sided censored estimator on the Structural Business Statistics
(SBS). In this simulation study, the two-sided stratified censored estimator is used,
and the cut-off values s and t are estimated using the sample. Here the generalised
regression estimator is used and the censored estimator is used on the residuas. This
variant of the two-sided censored estimator must still be studied in more depth
before it can be described in the Methods Series. This estimator is compared with
the one-sided censored estimator (Chapter 2) and the direct estimator. The direct
estimator does not adapt any weights or values of outliers. For the one-sided
censored estimator, the stratified one-sided censored estimator is studied, in which
the cut-off value t isestimated using the sample.

For the smulation study, a population file was created by combining sample data
from the years 2000, 2001 and 2002 and three industries in the catering industry
(restaurants, snack bars and cafés). In the simulation, this population file is
considered as the population for one industry (the restaurants) from which samples
are drawn to make estimates for this industry. 10,000 samples were drawn, and these
samples were used to determine the variance, the bias and the mean square error of
the different estimators.

In the SBS, the generalised regression estimator was used with VAT as auxiliary
information. In the first simulation study, the VAT information was ignored and a
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sample of N =181 elements was drawn. The table below shows the results of the
simulation.

Table 2. Smulation results of one-sided and two-sided censoring without auxiliary
information

Estimator Bias Variance MSE
Direct 0 325 325
One-sided censoring -4.7 249 271
Two-sided censoring -3.2 258 268

We see that both the one-sided censored estimator and the two-sided censored
estimator are more accurate than the direct estimator, and that the two-sided
censored estimator is slightly better than the one-sided censored estimator.

In a second simulation, only the elements were drawn for which VAT information
was available, and a sample of n =351 elements was drawn. The table below
shows the results of this ssimulation.

Table 3. Smulation results of one-sided and two-sided censoring with auxiliary
information

Estimator Bias Variance MSE
Direct -0.1 27 27
One-sided censoring -1.3 25 26
Two-sided censoring -0.3 24 24

In this situation as well, the censored estimators are slightly more effective than the
direct estimator, and the two-sided censored estimator is better than the one-sided
censored estimator.

3.5 Quality indicators

For two-sided censored estimators as well, the obvious choice is to study the mean
square error. The variance can be estimated by using influence functions (Hampel et
al., 1986). The accuracy of this approximation formula depends on the sample size.
Thisis comparable to the accuracy of variance estimations for other estimators, such
as for the generalised regression estimator. In Renssen et al. (2004), the influence
function is derived for the two-sided censored estimator used on a simple random
sample. No influence functions have yet been calculated for other versions of the
two-sided censored estimator.

The mean sguare error of the censored estimator can be compared with that of the
direct estimators. Besides looking at the mean square error, the bias of the censored
estimator can also be examined. In practice, this can only be approximated as the
difference between the estimates that are obtained using the direct estimator and the
censored estimator. It is up to the user to determine whether the biasis acceptable. It
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should be noted here that a large bias in the censored estimator means a large
variance in both the direct estimator and the censored estimator.

Another good way of examining whether the censored estimators have alower mean
square error than the direct estimatorsis to perform a simulation study. In this case,
it is important to work with realistic population data to obtain reliable results.
Section 4.5 offers more information about the requirements placed on redlistic
population data.
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4. The SBS method

4.1 Short description

In 2001, an outlier method was developed and implemented for the Structura
Business Statistics (SBS) (see Vlag et d., 2001, JVGN, 2001 and Nieuwenbroek and
Vlag, 2001). The method was developed for the weighting process as used for
Structural Business Statistics. We call this method here the SBS method; it is also
referred to as the Pieter Vlag method. The weighting cell plays a centra role in the
weighting process of the SBS. For each weighting cell, a residua is calculated as
deviation from the standard for each element in the sample. What the standard is
depends on the situation. Section 4.3 describes how the standard is defined.

If the absolute value of aresidual istoo large (in other words, if an e ement deviates
too strongly from the standard), then the element in the sample is designated as
outlier and is given the weight of 1. Whether the absolute value is too large is tested
using a cut-off value cut: if the absolute value is larger than cut, then the element is
designated as outlier. The cut-off value cut is defined as

cut = upper, +c(upper, —lower,), (4.1.1)

where upper, and lower, are the third and first quartile of the absolute values of

theresiduas. The value of 2.5 was selected for the parameter C.

The calculations described here are performed for the turnover as the main target
variable of the Structural Business Statistics. The adapted weights are then also used
for weighting the other target variables.

The SBS method was developed in practice, and pragmatic choices were made. It is
not possible to provide a methodological foundation for these pragmatic choices.
There is aso no guarantee that the choices made are optimum. On the contrary,
improvements are sometimes possible. Three possible improvements that have been
studied are described in this document.

4.2 Applicability

Using this method, the influence of sample elements that strongly deviate from the
other elementsis reduced by setting the weight to 1.

A simulation study (see Krieg and Smeets, 2005) demonstrated that this method
leads to more accurate estimates than an estimator without outlier treatment. The
censored estimator (see Chapters 2 and 3) is also less accurate than the SBS method.
Thisresult appliesin principle only to the range of the simulation study: the catering
industry. Because the structure of the data in the other industries probably does not
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deviate strongly, the SBS method is probably also a good method for the other
industries of the Structural Business Statistics.

Krieg and Smeets (2005) further demonstrated that the SBS method can be
improved on various points. The improvements lie in the choice of the parameter ¢
and the way in which the resduals are calculated (no transformation in the
remainder cells and taking account of different inclusion weightsin the VAT célls).
Even without these improvements, the SBS method leads to reasonably accurate
estimates. For this reason, section 4.3 describes both the method currently used and
the improved method. Please note that an inappropriate choice of parameter ¢ will
lead to inaccurate estimates.

The SBS method results in accurate estimates due to the fact that the residuals are
more or less symmetrically distributed for a large part of the weighting cells. As a
result, the designation of outliers results in very little bias, but it does produce a
much smaller variance. Thisis the reason why the SBS method is a good method for
Structural Business Statistics.

The SBS method concentrates on weighting of the Structural Business Statistics and
cannot be used unconditionally in other situations. Changes must be made to the
method if used for this purpose. Moreover, without further research, it is not known
whether the SBS method will also produce good estimates in other situations.
Section 4.5 contains several suggestions about how that can be examined.

With afew small changes, the SBS method is also used for the Short Term Statistics
(Manual for the Production of Short Term Statistics (Handboek productie KS-en),
2004, situation in May 2009). However, it has never been studied whether the
method leads to accurate estimates in this context. The objective of the Short Term
Statistics is to measure a development, while the Structural Business Statistics are
concerned with level figures. Furthermore, for the Short Term Statigtics, it has not
been studied whether a possible symmetry in the data also leads to more accurate
estimates. The use of the SBS method for the Short Term Statistics is therefore not a
valid method.

In the 2007-2008 period, research was conducted into whether the Short Term
Statistics can be based on VAT information (see De Wolf and Van Bemmel, 2007).
An adapted version of the SBS method was used for this purpose as well. Due to
developments around the rules of tax declaration, it appears that VAT information is
no longer available to a sufficient extent, and this new design can probably not be
continued (situation in May 2009).
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4.3 Detailed description

4.3.1 Sampling design and weighting of the Sructural Business Satistics

As stated above, the SBS method was developed specifically for Structural Business
Statistics. The description of the method therefore utilises concepts used in the
Structural Business Statistics. Moreover, the SBS method is in line with the sample
and the weighting method. For proper understanding of this topic, we here provide a
short explanation of the Structural Business Statigtics. See Resing et al. (2005) for
more information.

The objective of the Structural Business Statistics is to publish annual figures about
the Dutch business. The publications are made for industries. An industry consists of
the enterprises with several Standard Industrial Classifications (SICs). A stratified
sample is selected for each industry, with the stratification based on size class.
Complete enumeration is applied in size class 6 and higher. Weighting, and
therefore also outlier treatment, focuses on size classes 0 to 5. In some industries,
the so-called SBS-plus cells, part of the size classes are not observed, but estimated
based on fiscal information. The SBS method is applied there in the same way, but
reduced to the size classes that are estimated using a sample.

In addition to figures at industry level, figures are also published for higher
aggregates and at a more detailed level. The weights established for the estimates at
industry level are used for these estimates. The simulation (Krieg and Smeets, 2005)
only focused on industries. It is therefore not known whether the SBS method also
leads to accurate estimates for other aggregates. A different parameter ¢ would
probably be optimum for other aggregates. Neither has a valid methodology been
developed at Statistics Netherlands to compute consistent estimates for different
aggregation levels (see dso Chapter 5).

For outlier detection, each industry is split into weighting cells. For the most part,
the same classification is used for this purpose as for the estimation procedure.
Companies for which no VAT information is available are classified in the
remainder cells; there is one remainder cell for each size class. Companies for which
VAT information is available are classified in VAT cells. Here size classes 0 to 3
form one weighting cell and size classes 4 and 5 constitute the other weighting cell.
When classifying the industry into weighting cells, minimum cell filling levels are
maintained. If these cannot be satisfied, the weighting cells are combined. The exact
method of joining is elaborated, for example, in Nieuwenbroek and Vlag (2001). For
weighting, the remainder cells for size classes lower than 4 are subdivided further
based on the legal form: Legal Entity (Rechtspersoon - RP) and Natural Person
(Natuurlijke persoon - NP).

Inthe VAT cells, the generalised regression estimator is used with VAT as auxiliary
information. Using the generalised regression estimator, the inclusion weights are
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adapted in such a way that the estimated VAT total corresponds exactly with the
known population totals for VAT. In addition, the estimated number of enterprises
corresponds to the known number of enterprises in the population. The use of the
generalised regression estimator corrects for a possibly skewed sample, and the
precision of the estimate is improved. For a detailed description of the generalised
regression estimator, see Banning et a. (2010) or Sarndal et al. (1992).

4.3.2 Outlier detection in the VAT cells, current method

In the weighting cell, n elements are observed. The observations VY,,..., Yy, are
given for all sample elements. In addition, auxiliary information (in this case, VAT
information) X,,...,X, is given for all sample elements, along with auxiliary
information about the population. The regression line is calculated for these
elements. Then elements for which the absolute value of the residua is large, i.e.
elements which are far away from the regression line, are designated as outlier.
Because the regression line is aso sensitive to outliers, a robust regression line is
calculated first. Elements with a large absolute value of the residua with respect to
this robust regression line are not taken into consideration in the calculation of the
regression line in the following step. The algorithm is described in the appendix (see
algorithm 5). By performing this algorithm, the target variable y; is adapted for
some elements and outliers are designated. Note that the original value must be
retained, because thiswill be needed |ater.

Medians and quartiles must be calculated in the algorithms in this section. These are
initially only defined if the number of elements is odd (for the median), or if the
number of elements plus 1 can be divided by 4 (quartiles). In other cases, these
values are calculated by interpolation (see JVGN, 2001). In addition, for the robust
regression line, the data must be divided into three equaly large groups. If the
number of elements cannot be divided by three, one of the groups will be dlightly
larger or smaller than the other two groups. For the exact derivation of the groups,
seeVlag et al. (2001).

4.3.3 Outlier method in the VAT cells, improved method

The inclusion weights w,,...,w, are also known for the elements in the sample.
These inclusion weights are not all equal to each other within a weighting cell,
because the inclusion probabilities per size class differ, and because several size
classes are combined in a weighting cell. The influence of an element i in the
sample is determined by the size of the target variable Yy, , but also by the size of
the weight w;. For this reason, the method described in section 4.3.2 can be
improved by using z,...,Z, instead of Y,,...,y, asinput, where z, =wy;. The
simulation study by Krieg and Smeets (2005) demonstrated that this improved the
accuracy of the estimates.
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Thisimprovement was not implemented into production.

4.3.4 Outlier detection in the remainder cells, current method

In the weighting cell, n elements are observed. The observations VY,,..., Yy, are
given for all sample elements. Residuals are determined for these elements as well.
These are defined as the difference between the value of the element itself and the
median of al the elements. The cut-off value is not calculated directly for these
residuals, but on transformed values. The algorithm can be found in the appendix
(Algorithm 6). Performing this algorithm adapts the target variable y, for some
elements. Note that, here too, the original value must be retained, because it will be
needed later.

4.3.5 Outlier method in the remainder cells, improved method

The outlier method in the remainder cells can be improved in two ways.

First, the incluson weights w,,...,w, are aso known for the elements in the
remainder cells. The method described in section 4.3.4 can therefore be adapted by
using z,..,z, instead of Yy,,..,Yy, as input, where z =wyYy,. This is an
improvement only if the weightsin aweighting cell are not all the same. This occurs
if different size classes are combined in aweighting cell.

The second improvement implies that the logarithmic transformation is not applied
and that no absolute values are calculated. That means that upper, and lower, are

calculated as the third and first quartile of the residuals &;. The residuals are then
reduced using

—-cut if £ <-—cut
&={¢& if —cut<eg <cut (4.3.1)
cut if & >cut.

Finally, the y-values are adapted again using y, =m, + &, , and the i -th element is
designated as outlier if y, # Y. .

These improvements were not implemented.

4.3.6 Minimumcell filling level

The Structural Business Statistics require a minimum cell filling level for the
performance of the outlier algorithm. If there are fewer than five elements in a
weighting cell, the algorithm is not performed for thisweighting cell, and no outliers
are detected.

On the one hand, it is a good decision not to base the estimates of medians, quartiles
and regression lines on few elements. On the other hand, however, large
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observations can have alarge influence in very small samples, and designating such
a value as outlier can improve the accuracy of the estimate. In the Structural
Business Statigtics, it is possible to manually designate outliers (see Section 4.3.8),
which takes care of this problem in a pragmatic manner.

4.3.7 Selection of the parameter C

Originadly, c=1.5 was selected. In the simulation study by Krieg and Smeets
(2005) was found that this value was too small and the suggestion was made at that
time to increase this parameter to ¢ = 2.5. This recommendation was followed.

The simulation study also demonstrated that the SBS method leads to reasonably
accurate estimates if C is selected within a rather broad range. It is therefore not
essential to accurately determine c. The proper range, however, depends on the
situation (sample size and distribution of the residuals). A too small ¢ can result in
a strongly biased estimate. That risk is limited by selecting ¢=2.5 instead of
c=1.5, both for the VAT cells and for the remainder cells.

The selection of ¢=2.5 is a pragmatic choice. More research could show which
parameter is optimum in which industry. However, thisis very time consuming.

Finadly, it must also be noted that ¢=25 would be a poor choice if the
transformation were not performed in the remainder cells (this possible
improvement is described in Section 4.3.5). In that case, different parameters must
be selected for the remainder cells and for the VAT cells.

4.3.8 Manual outlier detection in the Sructural Business Satistics

In addition to automatic outlier detection as described in sections 4.3.2 and 4.3.4,
outliers are aso manually designated in the Structural Business Statistics. Moreover,
in some cases outliers which were automatically identified are manually designated
as non-outliers.

In general, it can be stated that considerable restraint should be used when making
manual changes to automatic outlier detection. After all, the objective of the
automatic system is to optimise the accuracy of the estimates. Manua changes can
disrupt this optimisation.

Still, there are two reasons why manual outlier detection can be necessary. First,
automatic outlier detection is not used for small cells. Second, outlier detection only
focuses on total turnover asthe main target variable. However, an extreme value for
another target variable can also have a large and disruptive influence, which can
only be limited by manual outlier detection.

33



4.3.9 Adapting the weights of both outliers and non-outliers

After the outliers have been detected, the weights of the elements can be adapted.
The weights of the outliers are set to 1 to limit their influence. The weights of the
non-outliers are therefore raised dightly so that the weights again add up to the
population size. Changes are made per stratum and thus per size class. Note that
stratification does not take place based on the availability of VAT information. A
stratum can therefore contain both elements from a VAT cell and elements from a
remainder cell. Suppose that, in a stratum, m elements were observed in the
sample. The inclusion weights w,,...,w,, are now adapted. Correction weights
0.0, are calculated. The sample elements that were designated as outlier
according to Sections 4.3.2 (or 4.3.3), 4.3.4 (or 4.3.5) and 4.3.8 are given the
correction weight g, =1. The number of outliers in the stratum is r . Next, the
weights of the other elements are adapted using the following formula:

M -r

m-r

g = (4.32)

where M isthe population size of the stratum.

4.3.10 Other improvement options

This document describes three improvement options for the SBS method, which
were investigated in the simulation study (Krieg and Smeets, 2005):

»  Selecting another parameter value;
¢ No transformation in the remainder cells;
e Taking account of different inclusion weights.

It is possible that the method can aso be improved in other ways; for example, by
changes to the formula for the cut-off value (4.1.1). However, this has not been
studied.

4.4 Example

The SBS method is used every year in the Structural Business Statistics. The
simulation study by Krieg and Smeets (2005) studied the characteristics of the
method, and the method was used in different situations. The simulation study also
used the one-sided and two-sided censored estimators; see Chapters 2 and 3, and
Section 3.4 in particular. This section also describes the design of the ssmulation.

In the first simulation, the VAT information was ignored and the method described
in Sections 4.3.4 and 4.3.5 was used. A stratified sample of n =181 elements was
selected. The following table presents the results of the simulation:



Table 4. Smulation results for data without auxiliary information

Estimator C Transformation Bias Variance MSE
Direct N/A N/A -0.01 325 325
SBS 15 Yes -7.12 240 290
SBS 18 Yes -4.15 258 275
SBS 2.4 Yes -1.57 285 287
SBS 2 No -26.07 169 848
SBS 4 No -11.84 197 337
SBS 8 No -5.05 213 239
SBS 12 No -2.79 239 247

Table 4 shows that the direct estimator is not biased, but the SBS estimator is. At the
same time, the variance of the direct estimator is larger than the variance of the SBS
estimator. For asmaller parameter C, more observations are designated as outlier, as
a result of which the bias is larger and the variance smaller. In this situation, the
optimum, the smallest mean square error, for the SBS estimator with transformation
liesat ¢=1.8. If the SBS estimator without transformation is used, then ¢ =1.8
would lead to an unacceptably large bias. Also, where ¢ =4, the reduction of the
variance cannot compensate for the increase in the bias. The optimum parameter
here lies aa ¢=8. A much larger parameter (for example, ¢ =12) produces
acceptabl e estimates, in contrast to a much smaller parameter (for example, ¢ = 4).

In a second simulation, only elements in the population for which VAT information
is available were included, and the method described in sections 4.3.2 and 4.3.3 is
used. A stretified sample of n =351 elements was selected. Table 5 presents the
results of the simulation. The Weights column indicates whether corrections took
place for the inclusion weights.

This simulation also demonstrates that the direct estimator is not biased.
Independent of the parameter, the SBS estimator is much more accurate than the
direct estimator. Only if a very large parameter is selected (¢ = 20, or even larger,
without taking account of the weights) then the cut-off value cut is so large that the
SBS estimator differs very little from the direct estimator. Note that, for avery small
parameter, the bias can aso become so large that the SBS estimator is less effective
than the direct estimator.

Table 5. Smulation results for data with auxiliary information

Estimator C Weights Bias Variance MSE
Direct N/A N/A 0.058 27.0 27.0
SBS 2 No -0.17 25 25
SBS 4 No -0.619 3.6 4.0
SBS 20 No -0.938 14.2 15.0
SBS 0.1 Yes -0.017 0.7 0.7
SBS 1 Yes 0.115 0.9 0.9
SBS 4 Yes -0.455 31 3.3
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It is remarkable that, in the improved method where the weights are taken into
account, the bias does not increase with a smaller parameter ¢. The reason for this
is that the data are symmetrically distributed here. In this situation, in principle, a
very small parameter C can be selected. However, because it is not known in
practice whether the population is actudly perfectly symmetrically distributed, a
very small ¢ isnot recommended.

More simulation results can be found in the simulation study (Krieg and Smeets,
2005).

45 Quality indicators

The SBS method was developed as an ad-hoc method for the Structural Business
Statistics, and no associated quality indicators were developed. For example, no
variance formula was derived for the estimator. In that sense, this is not a method
with a proper methodological basis. Because the ssimulation study demonstrated that
the estimator isindeed accurate, it was included neverthelessin the Methods Series.

However, some few points of attention deserve to be examined in the application of
the SBS method.

1. Symmetry. If the population data are symmetrically distributed, then the SBS
estimator leads to rather accurate estimates, compared to the direct estimator. The
distribution of the target variable itself is not aways important. For example, if the
generalised regression estimator is used, then the distribution of the residuals is
important. If a stratified sample is used, then the distribution per stratum is
important.

To study whether the population data are symmetrically distributed, the sample data
must be the basis. Note that an outlier can disrupt a generally symmetrical picture.

The distribution of the sample data can be studied using a diagram, such as a
histogram in SPSS. In addition, the asymmetry S can be calculated, which is defined
asfollows:

s=_T (45.1)
m,
where
1 n
m, = EZ(yi -m)%, q=23, (45.2)
i=1
and
l n
m==>y. (4.5.3)
ni=1
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For symmetricaly distributed data, S=0. Small deviations from this are not a
problem, first of al because the asymmetry is estimated based on a sample, and
second because the estimator does not have to be poor if the data are not perfectly
symmetrically distributed.

2. Number of outliers. If the data are symmetrically distributed, then designating a
large number of outliers does not lead to bias, but it often does lead to a reduction of
the variance. In that case, the designation of alarge number of outliersis acceptable.

However, if the data are asymmetrically distributed, then the designation of outliers
does lead to bias, which can cancel out the gains in variance. A genera rule of
thumb here is that in such a case no more than one outlier should be designated per
publication cell. For the SBS, a publication cell (industry) consists of VAT cellsand
remainder cells. Due to symmetry inthe VAT cells, arather large number of outliers
can be designated there, and this rule of thumb applies to the remainder cells. So the
point is that no more than one outlier should be designated in all the remainder cells
together. The simulation study (Krieg and Smeets, 2005) showed that, for a well-
chosen parameter c, less than one outlier is designated on average in the remainder
cells. The experiences with the censored estimator also show that, in general, only
very few outliers should be designated.

3. Simulation. A good way to determine whether the SBS estimator is an
improvement compared to the direct estimator is to perform a simulation study. This
also alows the optimum parameter C to be determined. However, such a study is
time consuming. Another problem is that redlistic population data must be available.
An important point of attention in this respect is that the population file must contain
far more elements than the intended sample. The use of the sample from one period
as the population file, where selection with replacement is used, leads to unreaistic
simulation results. An option isto combine the data from severa periods and severa
subpopulations. Thisisrealistic population data if the subpopulations are similar and
there are no large changes over time. Note that the combination of several periods
may be less useful if a panel is applied, where the same sample elements are
approached in each period.

Note. If the SBS method is used in a situation other than the Structural Business
Statistics, attention must also be paid to the selection of ¢. One should not assume
that ¢ = 2.5 isalso agood choice in other situations. The abovementioned points of
attention can help in the selection of C.

37



5. Consistent estimates of different levels

Oftentimes, an estimate must be made not just for one level (for example, all of the
Netherlands) but also for various subpopulations. In this context, there is a
requirement that the different estimates are consistent; for example, the estimates for
the totals for all subpopulations must add up to the estimate for the total for al of
the Netherlands. Consistency is not automatically achieved if optimum estimates are
made independently of one another for different aggregation levels. After all, fewer
outliers must be designated at a higher aggregation level for an optimum estimate.

A valid methodology has not yet been developed for this situation.

This situation occurs in the SBS. Here, the decision was made to focus on the
industries. The outliers are designated such that the estimates for the industries are
optimum (in other words, optimum given the method). The estimates for the other
levels are generated automatically by adding up these estimates, but they are not
optimum.
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6. Consistent estimatefor different target variables

Oftentimes, estimates must be made for different target variables that have a certain
relationship with each other. For example, the total turnover is equal to the sum of
the foreign and domestic turnover.

A valid methodology has not yet been developed for this situation.

This situation occurs in the SBS. A pragmatic method is used that focuses on the
turnover as the main target variable. Companies with an extreme turnover value are
designated as outlier for dl target variables. Because of this pragmatic approach,
there are no problems with consistency between the different target variables. Note
that such problems could arise if a separate weight were used for each target
variable. The simulation study by Krieg and Smeets (2005) studied several
situations to assess the quality of the estimates for several other target variables.
This study showed that the mean square error is not larger than for an estimator that
does not take account of outliers.

This situation also occurs in International Trade in Services (Internationale
Diensten). In this context, it was decided to focus on the import and export per
service. The outliers are designated such that the estimates per service for import
and export are optimum (in other words, optimum given the method). The estimates
for other target variables, for example, the total import and the total export, are
generated automatically by adding up these elements, but they are not optimum.

As described in Chapter 2, the censored estimator can aso be written in the form of
adapted weights. These adapted weights can be calculated using turnover as the
target variable. These adapted weights can aso be used on the other target variables.
In this case, the same ad-hoc solution is used as for the SBS.

It is likely that improvements can be made by using an outlier method that focuses
on more target variables.
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7. Estimate of developmentsfor one publication level

Often, the level of the estimate itself is not as important as the development
compared to a previous period. The Short Term Statistics (STS) are a well-known
example of this. Different ratios are calculated for this statistic; for example, the
ratio between the estimates for the turnover of the current month and the same
month of the previous year.

In this situation, bias in the level estimates is less of a problem, for if the level
estimates for both periods are biased to the same extent, the estimate for the ratio
may be (almost) unbiased.

A valid methodology has not yet been developed for this situation at Statistics
Netherlands. The method that is currently used for the Short Term Statistics is a
dightly adapted version of the SBS method. However, it has not been investigated
whether the method also works well for the Short Term Statistics, and how the
parameter should be established.

In Great Britain, recent research was performed into outlier treatment when
measuring developments (see Lewis, 2008). This paper suggests that the use of an
outlier method for level figures leads to better results than the use of an outlier
method focused specifically on developments. It must be investigated whether this
conclusion appliesin general, or only in the example studied. In addition, it must be
determined whether the outlier method for developments used in this study can be
improved.
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8. Estimate based on registrations

Up to now, this document has been based on a randomly selected sample. However,
in an increasing number of cases Statistics Netherlands wants to base its published
figures on registrations. The definition of representative outliers in the introduction
is based on samples, but this can be generalised to registrations: an outlier is an
extreme observation in the sample or in the register. A representative outlier is an
outlier for which it is assumed it is has been correctly observed, and that additional
similar elements can be found in the population.

Registrations often cover the publication in question. In this case, there are no
representative outliersin the sense that all extreme observations are known. In some
cases, the register does not provide full coverage. An example of thisis the VAT
registration for monthly figures. Because many companies report their VAT
quarterly or annually, the companies with monthly VAT information can be seen as
a sample from the total population of companies. However, this is not a randomly
selected sample. The sampling theory that is developed for random samples
therefore does not apply. Similarly, the outlier methods developed for random
samples cannot be used unconditionally in this situation.

However, avalid methodology has not yet been developed for this situation.
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9. Estimate of developmentsbased on registrations

At Statistics Netherlands, it has been studied how the Short Term Statistics can be
produced based on VAT information, and how outliers should be dealt with in this
situation. Once a valid method had been developed, this method can be described
here.

It is, however, not clear to which exteny adequate VAT registration will be available
in the future. Therefore, the implementation of thisis till very uncertain.

Like in Chapter 8, when estimating developments based on registrations using a
register providing full coverage, there are no problems with representative outliers.
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10. More complex situations

Chapters 5 to 8 set out the situations that must be researched in the near future.
Chapter 9 offers an example for even more complex situations. Other complex
situations or combinations of the situations discussed in Chapters 5 to 8 are also
possible. A valid methodology has not yet been devel oped for these situations either.
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11. Conclusion

This document has described three different methods for dealing with representative
outliers. These methods all focus on a situation in which:

» A random sample has been selected;

* An estimate must be made for the entire population, or for a subpopulation
for which other subpopulations are not examined,;

* Anestimate must be made for asingle target variable;

* A level estimate must be made.

In the Structural Business Statistics, the SBS method leads to much more accurate
estimates than the censored estimators. This occurs because the data for the
Structural Business Statistics is symmetrically distributed for a large part of the
weighting cells. This concerns the VAT cells, for which the residual s with respect to
the regression line are symmetrically distributed. For this reason, the SBS method is
the preferred method for the Structural Business Statistics.

In other situations where the data are — more or less — symmetrically distributed, the
SBS method is preferred. However, it is aso possible to consider other methods
described in the literature, such as an a-trimmed mean or an M-estimator (see
Huber, 1981). These methods are not intended for a situation with representative
outliers, but for symmetrically distributed data they may result in good estimates in
practice. The methods described in the literature have the advantage of having a
known variance formula. No comparative research has been conducted for the SBS
method versus the M-estimator or the a-trimmed mean. More research is needed
before one of these methods can be implemented.

In a situation with extreme values in the observation on one side of the distribution,
one of the censored estimators is preferred. Where in the smulation study for the
remainder cells, the improved SBS estimator was slightly more effective than the
censored estimators, this result probably not true in genera since there a well-
chosen parameter for the SBS estimator was used. A less well-chosen parameter for
the SBS estimator can causes strongly biased estimates. A pragmatic tool for
properly selecting the parameter could be the number of outliers that are designated.

In many situations, including situations with only outliers on one side, the two-sided
censored estimator leads to slightly better estimates than the one-sided censored
estimator (Table 2). At the same time, the two-sided censored estimator is
considerably more complex, especialy in complex sampling designs. For that
reason, in a situation with outliers only on one side, the one-sided censored
estimator is preferred. If the data are asymmetrically distributed, but outliers can



occur on both sides, then the two-sided censored estimator is recommended. In this
case, one must stay alert and, in the improbable event that the algorithm does not
work, find a pragmatic sol ution.

Based on the censored estimators, the value of an outlier (or the weight) is adapted
carefully, while al outliers are given the weight of 1 in the SBS method.
Consequently, the SBS estimates are sometimes instable. After all, asmall changein
the value of a single element can mean that this element changes from “not an
outlier” to “outlier”. This can have alarge influence on the estimates.

By using one of the methods from this document, the mean square error of the
estimators is reduced dightly. Note that this measure, as indicated by its name, is a
mean of all possible samples from the population. In some of these possible
samples, the estimates based on a method with outlier treatment and the estimates
based on a method without outlier treatment differ approximately the same amount
from the real population parameter. For other possible samples, the estimates based
on a method with outlier treatment are slightly less accurate, but for still other
possible samples, the estimates based on a method with outlier treatment are slightly
more or even much more accurate than the estimates based on a method without
outlier treatment. The potential gains for some samples, with extreme outliers, can
be large. The use of a method with outlier treatment can therefore also be viewed as
a type of insurance against poor samples. A lower mean square error indicates that
the samples where outlier treatment leads to an improvement are dominant.

In any case, whichever estimator is selected, the estimator must be adapted to the
sampling design and the weighting method. In addition, changes that take the data
structure into account(for example, if many zeroes are observed) can also be useful.

For more complex situations, where more than one target variable is estimated,
where optimum estimates must be made for different aggregation levels, where
developments must be estimated, or where estimates are made based on
registrations, little research has been done to date at Statistics Netherlands. In these
situations, a method described in this document could be used as an ad-hoc
approach. In this context, pragmatic solutions would have to be thought up to
achieve, for example, consistency between different target variables or between
different subpopulations. This is then emphatically an ad-hoc solution without
methodological basis. If the solution selected has been properly described and
research has shown that it leads to reliable estimates, a decision can be made to also
describe this method in this document.

In the current applications of the SBS estimator and the censored estimator, it was
decided to sdlect a single target variable and a single group of subpopulations (for
example, the industries in the SBS), on which the outlier method is used. For other
target variables and other subpopulations (for example an entire sector), the
estimates follow automatically from the adapted weights, or the adapted variables.
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These other estimates, however, are not optimum, because the outlier method is not
optimised for this purpose.

Conducting research in the near future is desirable, so that good methods can also be
developed for the more complex situations. Space has been reserved in this
document to describe these methods at a later date (Chapters 5 to 10).

In practice, it can be useful to also make manual outlier detection possible in
addition to automatic outlier detection. This is useful mainly if the automatic
method does not take al the objectives of the study into account, such as when using
arelatively simple method for a complex situation, such as the situation with more
target variables. In addition, manual outlier detection can also be important in the
event of low cell filling levels, because some automatic methods become unstable in
this situation. However, the manual designation of outliers must take place with
considerable restraint, because otherwise the automatically determined optimum
solution may become invalid.

Using an outlier method makes the production process more complex; programming
and managing it requires capacity. It is obvious that an outlier method should be
built into a process only if disruptive outliers are actually a problem.

Finally, we want to emphasise one more time that the use of an estimator focusing
on outliers must be properly studied in advance. Negative effects from the bias
introduced as a result of this may sometimes only become evident in the longer
term. This occurred in the Short Term Statistics, where various effects, including the
outlier treatment, led to an increasing bias, the so-called ‘runaway effects (see Van
Delden, 2006a and VVan Delden, 2006b).
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Appendix: Algorithms

Algorithm 1. Estimation of the optimum cut-off value for simple random
sampling (one-sided)
Step 1. Designate the largest value Yy, as outlier and let r =n—1 be the
number of non-outliers.
I
n )

Step 2. Calculate the parameters as follows: p= q=1-p,

19 1 9
Ho =22y and pt, == 3y,
r 4 n-r

j=r+1
Step 3. Solve equation (2.3.5) for t, using the values calculated in Step 2 for

the parameters p, q, K, and L, . The solution can be written as

¢ = P )t + 0,
pl-f)+nq

(B.1)

Step 4. If y, <t<vy,,, then t isthe optimum cut-off value. Otherwise, we

also designate the largest non-outlier as outlier, lower r by 1 and go back to
Step 2.

Algorithm 2. Estimation of the optimum cut-off values for stratified samples
(one-sided)

The algorithm assumes that f, <1 appliesto al strata h. Strata for which f, =1
must be deleted from the data beforehand. No outliers are designated there.

First, a starting value is calculated (Steps 1 to 4). Then the optimum cut-off values
are calculated using an iterative process (Steps 5 to 8).

Step 1. Firgt, for each stratum h, use algorithm 1 to separately calculate a
cut-off value t, using the observations Y,y,..., Yy, - Next, for each stratum,

estimate the stratum mean Yt = using equation (2.3.7).

Step 2. Calculate the transformed values ¥, = ﬁ(yhi Y.
nh

Step 3. Let u; =,;, where j=1...,n,i=1...,n, and h=1...,L. Sort
the observations so that u, <---<u,. Using algorithm 1, calculate a cut-off

vaue T using the observations u,,...,U, .
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Step 4. For each stratum h, determine the number of transformed values ¥,
that is less than or equa to T, and call this number r,. The largest n, —r,

values y,, inastratum h arethus (provisionally) designated as outlier.

Step 5. Given r,,...,r_, calculate for each stratum

1 & .
1 y; if n-r,>0
:uhmzr_zyhi'luhr: nh—rhi;hﬂh R
hi=t 0 if n -r.=0
M —
= dp ="
Oh n Pr n

Step 6. Solve the system of equations represented by (2.3.9) for
t =(t,,...,t,), using the values calculated in Step 5 for the parameters p,,,

O, My, and 4, . Thevector of cut-off values can be written as
t' =J7D'PYm +1ql Y ]. (B.2)
Here, J =D;'P +Iq!,

where D, =diag(n,...,n), P=diag(N,1-f)p,...N A-f)p.),

A =(NyGys NLAD) S Yoo = (Mg i) Yo = (e )" and
l=(11,...,0)". diag(...) isadiagonal matrix where the diagonal elements are

in parentheses. The superscript t means that the transposed matrix must be
calculated.

Step 7. For al strata1< h < L, calculate the number of observations y,, that

issmaller than t,,, and call this number T, .

Step 8. If r, =T, for al h, then the estimated optimum cut-off value
t" =(t;,...,t.) hasbeenfound. If not, take the first stratum (in other words,
take the stratum with the lowest index h) for which r, #r1,, define
h,, =min{h:r, #1} and caculate for that stratum

_{rh +1 if r,_<T,

'min min hmi n
~

r, —1 if r,

'min

[ = - This means that you designate one extra
min hmin

outlier if r, <T, _ and one less outlier minder if r, > . . Go back to
Step 5.
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Algorithm 3. Determination of the starting solution for algorithm 2 in the case
of unequal inclusion weights

Step 1. Firgt, for each stratum h, use algorithm 1 to separately calculate a

cut-off value t, using the observations z,...,z,, . For each stratum,

n, *
. = 1]

estimate the stratum mean Zn = n{z z,; +(n, - rh)th}
h | j=1

— cens

Step 2. Cdculate the transformed values ¥, =(z, - Zn ).

Step 3. Let u; =Y,;, where j=1...,n,i=1...,n, and h=1...,L. Sort
the observations so that u, £ --- £ U, . Use algorithm 1 to caculate a cut-off

value T using the observations U,...,U,.

Step 4. For each stratum h, calculate the number of transformed values ¥,
that is less than or equal to T, and cal that number r,. The largest n,, - 1,

values z; inastratum h arethus (provisionally) designated as ouitlier.

Algorithm 4. Estimation of the optimum cut-off value for simple random
samples (two-sided)

Stepl.Leti=0and j =0.
Step 2. Let n =i+1 be the number of left outliers and n, = j +1 the

number of right outliers. If n, +n, >n, then go to Step 4, and otherwise

subsequently calculate the parameters r=n n - n,, p:L, q :ﬂ,
n n
_nr _ 1 n, _1 r : 1 n
0 = m_izyn—nﬁk’ n%_izynﬁk and W—*zyk-
: N = =i

Step 3. Solve the system of equations (3.3.2) for s and t, using the values
calculated in Step 2 for the parameters p, ¢, q,, /17, 7}, and /. The cut-

off values are represented by

[sj:[(l- f)(p+g)+ng - (- f)q, ]'1((1- f)pmn+nq|m] (B.3)
t -(@-f)g @ f)p+a)+ng ) (@- f)pm,+ngm

Step 4. If i ESEY,, ad Yy, ;,EtEY, ;, then the solution has been

found. Otherwise, we make a distinction between three cases:
If j=0,then j=i+1, i =0 andgo back to Step 2;

If j>0and j>i,theni=i+1, ] =) andgo back to Step 2;
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e If j>0and j<i,theni=i, j=]—1andgobackto Step 2.

Algorithm 5. SBS method: Designation of outliersin VAT cells, current method
Step 1: Determination of the robust regression line
The data records are divided into three groups of equal size:
1. Thegroup with the smallest x-values;
2. Thegroup with the middle x-values;
3. Thegroup with the largest x-values.
For the first and the third group, the medians m;, and m, , of the x-values

and the medians m;, and m,, of the y-values are calculated. Then, the
robust regression lineisrepresented by y =ax+ S , where

p=Toy "My (B.4)
m,, —m,
and
a=m -Bgm,. (B.5)

This is the draight line that runs through the points (m,,m ) and
(M, my ).

Step 2: Calculation of theresiduals and the cut-off value

Theresidual is calculated for each element i:
E=Y —a-Bx (B.6)
Then the cut-off value cut is calcul ated as
cut = upper, +c(upper,; —lower,) (B.7)
where upper,; and lower, are the third and first quartile of the absolute
values of theresiduals &; . For the selection of C, see section 4.3.7.

Step 3: Limiting of residuals and recalculation of y-values

Now the residuas are limited using the following formula

—-cut if g <-—cut
& =4 & If -—cutsg <cut. (B.8)
cut if & >cut

Next, the y-values are adapted:
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y=a+pBx +E. (B.9)

Step 4: Recalculation of regression line

A regression line is recalculated using Y, ,..., y,,. The following formula is

used for this purpose:

> (% =R, -7)

B =2— : (B.10)
Z(Xi - X)2
i=1
a=y-pX (B.11)
where X==>"x and y = EZ y, are the means of the x-values and
i ni=

the y -values. So this is the straight line through the point (X,y). The
result of this caculation corresponds with the least squares method.

Step 5: Recalculation of the residuals, cut-off value, limitation of
residuals and recalculation of y-values

Now the residuals & are calculated as described in Step 2, where ', B
and Y,,..., Y, are now used instead of @, 8 and Y,,..., Y. Next, cut is
calculated for &, .

After this, the residuas are re-limited and the y-values are recalculated,

where now cut', &, a, 8 and Y,,..,Y, ae used instead of cut, &,

n

a,f and y,,..,Y,. Theresiduaslimited in this way are called ?, , the y-

values Y, ..., Y, .

Step 6: Recalculation of regression line, residuals, cut-off value,
l[imitation of residuals and recalculation of y-values

Using the formulas from Step 4, the regression line is recalculated, where

Y, Y, iSnow used instead of Y;,..., Y, . The regression coefficients are
now called @ and B . Next, the calculations form Step 5 are repeated,

where @ and B and ,,...,Y,

n

are now used. The newly calculated

y-vauesarecdled y, ,..., Y, .
Step 7: Designation of outliers

If y, >y ,thenthe i -th element is designated as outlier.
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Note: The SBS estimator documentation indicates that the element is
designated as outlier only if there is a clear difference (more than 1%). This
restriction is made to rule out changes due to rounding.

Algorithm 6. SBS method: Designation of outliers in remainder cells, current
method

Step 1: Determination of the median

The median m, of the elements y,,..., y, is calculated in the remainder
cell.

Step 2: Calculation of theresidualsand cut-off value

Theresidual is calculated for each element i:

£ =y, -m (B.12)

.
These residuals are not used for the calculation of the cut-off value cut; the
transformed residuals 7; are used instead. These are calculated as

log., (abs(&; if abs(& ) > 0.00005
Ti — glO( ( |)) . ( |) . (813)
0 otherwise
Then the cut-off value cut is calculated as
cut = upper, +c(upper, —lower,) (B.14)

where upper, and lower, arethethird and first quartile of the transformed

residuals 7, . For the selection of C, see section 4.3.7.

Step 3: Limitation of residuals and recalculation of y-values

Now the residuas are limited using the following formula
-10*" if 1, >cut, £ <0
&=1 & if —cut<r <cut. (B.15)
10 if 1, >cut, & >0
The y-values are subsequently adapted:
Yy, =m +& . (B.16)
Step 4: Designation of outliers

If y, #Y,,thenthe i -th element is designated as outlier.

Note 1: In the Structural Business Statistics documentation, the procedureis
repeated one more time. The median and the quartiles, however, are robust
and will not change after adaptation of the outliers. This is why we do not
describe this repetition here.



Note 2: For this situation as well, the SBS documentation indicates that the
element is designated as outlier only if there is a clear difference (more than
1%). Thisrestriction is made to rule out changes due to rounding.

Note 3: This method was developed for turnover values. These are generally
large positive values. The residuas & =Yy, —m, are aso usually greater
than 1 or less than -1. In this case, the transformed residuals 7, are all
greater than zero. If the absolute value of &, increases, then so does the
transformed residual 7;. The method works reasonably well under this

condition, as demonstrated by the simulation results in section 4.4. It is
doubtful whether the transformation also works well if the target variable is
in another order of magnitude. As also demonstrated by the simulation
study, the preference is to not perform the transformation.
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