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1. Introduction to the theme

1.1 General description and reading guide

This document describes a method of the theme macro-integration/reconciliation. In
macro-integration, statistical information is brought together in a system of
accounts. An economic system of accounts is defined as a set of variables and the
relationships between these variables. The variables are defined at the macro level
on which the statistical figures are produced. Macro-integration begins by correcting
the large measurement errors. After this, the variables are made consistent with the
relationships from the system of accounts. This process is called reconciliation.

This report describes a specific reconciliation problem known as the rebase
problem. A time component is characteristic of this problem: series of figures from
successive periods are reconciled simultaneously. Another characteristic is that the
series contain multiple frequencies: there are high-frequency series (such as
quarterly series) and low-frequency series (such as annual series). The rebase
techniques are also referred to in the literature as benchmarking or temporal
disaggregation. The multivariate Denton method is one of these techniques. What is
characteristic of this method is that all movements between successive periods of the
high-frequency series are retained as much as possible. This report describes an
extension of the multivariate Denton method.

Dutch National Accounts are compiled after every quarter and year. As years and
quarters originate from different sources, many inconsistencies are present. Because,
as a rule, the years are based on more extensive source information, the quarterly
estimates are adapted to be reconciled with the annual estimates, and the annual
figures remain the same. Therefore the seasonal pattern of the quarterly series are
retained in this process.

A distinction is made between different types of relationships for this reconciliation
problem:

o Linear relationships that are imposed in one time period between series
with the same frequency. For example: the total production of a sector must
be equal to the total consumption of the sector and the added value.

o Ratio relationships.
o Inequalities; upper and/or lower limits are indicated for the series.

o Annual reconciliation; the sum of the quarterly figures must be equal to the
annual figure.

These relationships can be hard or soft. Hard relationships are binding. Soft
relationships are more complicated; to define these, weights are introduced for the
series and for the relationships. Weights are used to determine how strictly a certain
relationship must be satisfied.



Section 2.1 provides a short description of the model and its possibilities. Section
2.2 further examines the applicability of the model, while section 2.3 contains an
extensive mathematical description of the model. Sections 2.4 and 2.5 conclude with
a short explanation of the characteristics of the model and some quality indicators.

1.2 Scope and relationship with other themes

This document describes a method for reconciling high-frequency series with low-
frequency series. This relates to a subtheme of the theme "Macro-integration:
Reconciliation”. Here, we describe a multivariate Denton method, which is
expanded compared to the variant described in section 6 of Bikker et al. (2007). The
expansion of the method concerns relationships in the form of ratios, inequalities
and soft constraints.

As far as we know, there are no relationships with other themes in this Methods
Series.

1.3 Place in the statistical process

The methods described here were developed primarily to be used in the rebase of
observed economic parameters in systems of accounts. The reconciliation process is
performed virtually at the end of the production chain of economic statistics. All the
figures are available before the process commences.

Problems in which series of figures of different frequencies (year/quarter/month) are
reconciled with one another can also arise in other places in the statistical process.



2. Multivariate Denton method

2.1 Short description

Statistical offices publish economic figures about overlapping periods with different
frequencies. For example, supply and consumption tables are published both on a
quarterly and annual basis.

For some publications, consistency is required between the figures of different
frequencies. An example of this is that figures for the four quarters of a year must
add up to an annual figure. This consistency does not occur by itself, as different
sources and methods are used to compile the figures with different frequencies.

Without loss of generality, in this report we will assume that quarterly figures are
reconciled with annual figures (this is called annual reconciliation). In general, this
concerns series that are several years in length.

The Denton method can be used to achieve this consistency. This method was first
described for the univariate case (see Denton, 1971). This method uses the
movement preservation principle. This means that the movements of the quarterly
figures, over the entire series, are retained as far as possible in the rebasing of
quarterly figures. During the reconciliation with the Denton method, the quarterly
figures for multiple years are considered as a single series. If quarterly figures for
each year are reconciled with the annual figures independently of one another, then
large ‘jumps’ can occur between the fourth quarter of one year and the first quarter
of the subsequent year. Using the Denton method, this so-called step problem is
avoided (see also section 2.3.1 for an example with a diagram).

Another basic principle of the Denton method is that only the quarterly figures are
adapted, while the annual figures are fixed.

Di Fonzo and Marini (2003 and 2005) described an expansion of this method for
multivariate data. They expanded the Denton method by means of constraints
between the different time series, in the same period. This could concern, among
other things, definition equations from a system of accounts; for example: the
production of the petroleum industry is the sum of intermediary consumption and
added value.

Bikker and Buijtenhek (2006, section 3) expanded the multivariate Denton method
by means of weights. These are guiding parameters that can be used to establish the
importance of the quarterly movements. For example, these parameters can be
established so that, for some series, the quarterly patterns are better retained than for
other series. Weights also make it possible to introduce soft constraints. The
multivariate Denton model is also briefly described in another report from the
Methods Series; see also Bikker et al. (2007).



The method described in this report is, in turn, an extension of the method of Bikker
and Buijtenhek (2006). The extension is that more types of constraints are allowed.
It concerns the following:

1) Soft constraints. These are relationships that are guiding, not binding. The

2)

3)

user must designate a weight that indicates how important it is that the
constraint is satisfied (or approximately satisfied). In principle, all
constraints can be hard or soft, therefore also the annual reconciliation. The
definition equations of a system of accounts are usually hard.

Soft constraints are mainly used to include specific knowledge of the subject
in the model. This knowledge comes from experts, who can indicate
approximately how large the value of a variable (or the sum of variables)
should be.

Inequality constraints. This type of constraints imposes a lower and/or upper
bound for a variable; for example: ‘the production of the metal industry is at
least equal to zero’.

Ratio constraints. Constraints of this type assume a certain value for a ratio;
for example, the ratio between the wages and the production in a particular
sector. For example, we can model that this ratio, after the reconciliation of
the years and quarters, must have the same (or approximately the same)
value as before the rebase. Soft ratios are well suited for the modelling of
specific knowledge of the content.

Further, section 2.3 describes several new expressions for the weights of this model.

2.2 Applicability

The multivariate Denton method is intended for the rebase problem: creating
consistency between series that are based on overlapping periods of different lengths
(such as quarterly figures and annual figures). The multivariate Denton method is
often described in the context of National Accounts, but it can also be used in
another set up.

The method is particularly interesting if:

the quarterly figures are adapted the most, and the annual figures are
virtually fixed,;

the intention is to retain the quarterly movements as much as possible;

constraints are imposed that establish the relationships between the different
series — these constraints may be either hard or soft;

there is a large number of series and constraints;

there are lower and upper limits for the quarterly figures.

A characteristic of the Denton method is that the quarterly movements are retained,
and not the levels. It is possible to also retain the levels, but this only occurs in
exceptional cases. An example of an exception is that, for a set of time series, only



the last years are included in a rebase model (for example, only the period 2005-
2008 of a series that runs from 1990). By retaining all levels of the first quarter
(here, the first quarter of 2005), we can, in this case, retain the changes between the
last quarter that is not included in the model and which is therefore not part of the
constraints (2004-4) and the first quarter that does occur in the model (2005-1) .

The data on which the method is applied may contain both positive and negative
figures. In addition, it is not necessary that all series exist during the entire period
that is included in the model: series may end earlier than the last quarter of the
model and they may start later than the first quarter. Furthermore, the method allows
for the situation where annual figures are available for fewer years than the quarterly
figures.

The multivariate Denton method can be mathematically formulated as a quadratic
optimisation problem. Professional software, such as CPLEX and XPRESS, is
available to solve this problem. This software can deal with very large problems.
The method is therefore particularly interesting if there are many series, with many
relationships between these series. If there is only a small number of series with few
relationships, then it would also be easy to perform the rebase process ‘manually’,
without using a formal method.

The conditions of the method are as follows:

1. Quarterly figures, which are the input for the rebase process, must be
available. The purpose of the model is not to estimate missing quarterly
figures. Annual figures are optional. It is not necessary for all the quarters to
be reconciled with a year.

2. The source figures must satisfy the definitions of the system of accounts and
must be corrected for major errors.

In practice, different methods can be used to detect ‘suspect’ values. The
purpose of this document is not to examine this in detail; we will only
mention a few methods. The first method is to apply outlier detection to
separate series. A second method involves examining, before the rebase, the
extent of the violation of the constraints, or other plausibility relationships
between the different series. A third method is to compare figures with
reference values; for example, figures from the past.

Once suspect values have been detected, experts on the subject must assess
whether these values are incorrect and must therefore be adapted.

3 In mathematical terms, the constraints must be linear or in the form of a ratio.
A ratio constraint means that an assumption is made about the expected value
of a ratio between two variables. Other types of constraints are therefore not
allowed, such as constraints with quadratic or logarithmic terms and the
constraint that two ratios are equal.

4 Weights must be available. These weights are used to establish how important
it is that quarterly movements are retained, that soft constraints are satisfied



and that quarterly levels are maintained. Ideally, these weights are based on
guantitative measures, such as variances; however, in practice, these are
usually not available. In practice, determining the weights is generally a trial
and error process. First, a basic set of weights is selected (for example, the
same weight for all the series). Next, on a subjective basis, some of the
weights can be increased and others reduced, until the results correspond to
the expectations of an expert on the subject.

5 Retaining the movements/quarterly movements is desired. The Denton
method applies the movement preservation principle.

2.3 Detailed description

Section 2.3.1 explains the main characteristics of the multivariate Denton method
and presents several examples. Subsequently, section 2.3.2 describes a formal
mathematical model.

2.3.1 Retaining the first-order movements

Here, a simple univariate example demonstrates what the movement preservation
principle entails.

The graph of the source data in figure 1 is constant during 12 quarters: it always has
the value of 25. This is a graph of the source data; in other words, a quarterly series
before reconciliation. This example imposes three binding annual figures: 100, 400
and 200. A simple method is to raise the quarterly figures: the first four quarterly
figures remain unchanged, the figures from quarters 5 to 8 are quadrupled (from 25
to 100), and the quarters of the last year are doubled (from 25 to 50). This is also
called the pro-rata method. The result is shown in figure 1.

We can see that there is a large jump between the fourth quarter of the first year and
the first quarter of year 2, as well as a year later: between quarter 4 of year 2 and
quarter 1 of year 3. This phenomenon is called the step problem.

The result of the Denton method is a smooth line in figure 1. This line indicates that
the quarter-on-quarter movements over the entire period of the series are adapted to
be as close as possible to a constant line. As a result, there are no large jumps
between the fourth quarter of one and the first quarter of the next year.

A distinction can be made between two types of Denton, which differ in the way the
movements are maintained.

In the additive model, the additive (first-order) differences are retained between
successive quarters. This means that, if a value in a quarter is increased by 10, the
goal is to also increase the next value from this series by 10.



Figure 1. The step problem
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In the proportional model, the ratios between successive values of one series are
preserved. If a value in a quarter is increased by 10%, the goal is to also increase the
next value from the series by 10%.

Figure 2 shows an additive and a proportional reconciliation of a univariate series.
The reconciled values of the two models are higher than the source figures. The
level of the annual figures is apparently higher than the quarterly figures.

Figure 2. Additive versus proportional
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The differences between the additively reconciled series and the source figures (the
series before the rebase) are virtually constant over time. The series as a whole (in
an absolute sense) is shifted upwards everywhere by approximately the same
amount, as a result of which the additive quarter-on-quarter movements before and
after the rebase barely change.

For the proportional reconciliation, the relative corrections compared to the source
are the same size in every quarter. This implies that quarterly figures (in an absolute
sense) are adapted more when their absolute value is higher. The series is ‘stretched
out’, whereas the series from the additive model is shifted.

Section 2.5 briefly explains which model can best be used in different situations.

2.3.2 Mathematical model

This section offers a formal, mathematical description of the multivariate Denton
method. The hard, soft and inequality constraints included in the model are
explained in detail. Then a special type of constraints will be discussed: the ratios,
which can be either hard or soft. Finally, a large part of this section is dedicated to
the weights.

A figure from a series, before reconciliation, will be represented by the symbol x;,
where i stands for the series (i = 1,..., N) and t the period (t = 1,..., T). The name of
the corresponding reconciled figure is represented by x,.

The adapted figures must satisfy a number of hard linear constraints. From now on,
we will use a superscript H for the coefficients in the hard constraints. A linear
constraint r is written as

T N
>3 cp Rk, = b/ r=1..,C", (2.3.1)

t=1 i=1

where C" is equal to the number of hard constraints (C). A constraint can thus
contain variables from different series and periods.

In practical applications, it is usually true that c!i < {-1, 0, 1}, but this is not a
requirement.

Examples of hard constraints are the annual reconciliation and the identities from the
system of accounts. An identity is a definition equation, for example, the
requirement that the sum of two variables must be equal to a third variable. Please

note that annual reconciliations can also be soft, while the identities are generally
always hard.

Ratios are the second type of hard constraints. The definition of a hard ratio is:
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Rt _ g r=1,..,RY 2.3.2)

Ir, Jr e (1,..., N),

tre (1,...,T),

where R indicates the number of hard ratios, i, and j, indicate the time series of the
numerator and denominator respectively, and t, is the period to which the ratio r
relates. The variables in the numerator and the denominator are related to the same
period. Theoretically, this is not essential, but we made this assumption to keep the
notation as simple as possible.

The ratios (2.3.2) are linearised. The linearised ratio is

X —d"'x. . =0 r=1,...,R™ (2.3.3)

irty roUt

In this linearised form, hard ratio constraints are identical to hard linear constraints
as represented by (2.3.1). Still, a distinction is made in the notation between ratio
constraints and linear constraints, because soft linearised ratio constraints actually
differ from soft linear constraints from a methodological perspective. The difference
will be explained later in this report.

A third type of constraints is lower and upper limits. These are defined as

N; t=1..T, (2.3.4)

it = it i=1,..,
i.e. the lower limit of x, is designated by li; and the upper limit by u;. An example
of such constraint is the requirement that a figure cannot be negative.

In practical applications in the National Accounts, the number of hard constraints is
usually much smaller than the number of data points; in other words, C" + R" <<
NT. In that case, there are an infinite number of vectors x that satisfy (2.3.1), (2.3.3)

and (2.3.4) (provided that the system given by (2.3.1), (2.3.3) and (2.3.4) is
consistent and not all lower and upper limits in (2.3.4) are identical).

The purpose of the multivariate Denton method is to find a vector x that satisfies
the hard relationships and, in a certain metric, is as close as possible to x. This metric
must have the following characteristics:

1) The changes between two successive values of a single series must be
retained as much as possible. As stated earlier, this is the ‘movement
preservation principle’ which was first described by Denton (1971).

Denton (1971) makes a distinction between the following two types of
changes.

a) Additive changes, which are defined as

Axit - Axit’ I = 19"'3 Nl t: 23---3T1 (235)

where

12



AX;, = Xig— Xit1, (2.3.6)

that is, the difference of the movements between two successive periods
before and after the rebase.

b) Proportional changes, which are defined as

e e TN S Mes o N t=2,0,T, (237)

X X X

it-1 it it-1

that is, as the difference of the multiplicative reconciliation corrections
between two successive periods.

2) Soft linear constraints are satisfied as much as possible. These are defined as

T

N
DI IR r=1,. C°. (2.3.8)
t=1 i=1
where C® is the total number of soft (S) constraints (C). The coefficients in
the soft constraints are indicated by superscript S. Soft constraints are
guiding, while hard constraints are binding. For this reason, the symbol ~ is
used in a soft constraint, in the same place where a strict equality (=) is
found in a hard constraint.

3) Soft ratios are satisfied as much as possible. These are defined as

4)

g r=1,...,R (2.3.9)

where R® is the total number of soft ratios (R from ratio). This system will be
rewritten to the set of soft linearised ratios

X, —d°x. %0 r=1,...,R%. (2.3.10)

ity r
In this form, the system of ratio constraints looks like the system of linear
constraints in (2.3.8). However, there is a major methodological difference:
d® are target values of ratios. The value of these figures after the
reconciliation is uncertain. In the system of linear constraints (2.3.8),

S
rit

however, the coefficient ¢, is exogenous and there is uncertainty about the

value of b’ .
The level of a figure is retained as much as possible; in other words, that
= X i=1,...,N, t=2,....T, (2.3.11)

This criterion usually only applies to a very limited number of variables, as
explained above in section 2.2.

13



Various metrics are described in the literature; see Jackson and Murray (2004) for an
overview. Analogous with Bikker and Buijtenhek (2006), we select the square of
weighted Euclidian distances for our purposes here.

This metric applied to the additive movements, proportional movements, soft linear
constraints, soft linearised ratios and soft levels of quarterly figures leads to

S, 00 =3 Y [“X‘A“X] , (2.3.12)

S, (X, %) ::zz({’x‘“—’x‘"-l]/w:J , (2.3.13)

Sc (X, %) ::Z[[bf —ZZC;XHJ/WSJ , (2.3.14)
i Xi t, drSXj t
Sp(x,%):=>"| ———| and (2.3.15)

5. 60= Y [X“LX‘J . (2.3.16)

respectively. Here, w;, w;, we, w® and w, are weights of the additive (A) and
proportional (P) movements, soft constraints (C), linearised ratios (R) and levels (L).
Later on in this section, we will discuss these weights in more detail.

A vector of rebased values is found by solving a quadratic optimisation problem.
This problem is defined by

NOT Ax. — AR NOT . .
TR R ek
i=1 t=2 it-1 =1 t=2 it -

i[[bf—i%c;kn}/wf] +Rz[$] " (2.3.17)

r=1 t=1 i=1 r=1 w
2
ZN:ZT: B [Xn_xn]
it L '
i=l t=2 Wil—l
under the condition that
TN 2.3.18
b -> > ek, =0 r=1..,c": ( )
t=1 i=1
%, —d/x;, =0 r=1,..,R" (2.3.19)
I, < %, S Uy i=1.,N;t=1..T. (2.3.20)

Here, A;; and Bj;are indicator functions, which are defined as follows:
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A, = {1 if the movement t compared to t — 1 of series i is additive
if the movement t compared to t — 1 of series i is proportional

B = {1 if the level x;; must be retained (approximately)
if this is not the case.

The first term in the target function describes the movements of additive series (here
the intention is to retain the additive differences), the second term refers to the
movements of proportional series (here the intention is to retain the multiplicative
movements), the third term contains soft constraints, the fourth term the soft ratios
and the fifth and last term describes the retention of the quarterly levels.

The conditions of the model are that x, satisfies the hard constraints (2.3.18) and

(2.3.19) and all lower and upper limits (2.3.20). The lower and upper limit u;; and I;;
can be the same. This means that a figure from a series is exogenous; that is, it must
not be adapted. In that case, the lower and upper limit can also be replaced by a
single hard constraint.

In the target function (2.3.17), the summation is over all T periods. However, not all
the series need to exist during the full T periods. Obviously, a movement is only
retained if the series exists in the two periods on which the movement is defined. To
keep the notation as simple as possible, it was decided to assume that each series
does exist in every period.

For the multivariate Denton method, in the literature, explicit expressions are
derived, using Lagrange multipliers, in terms of products of matrices and vectors;
see, for example, Bikker and Buijtenhek (2006) and Bikker et al. (2007). This is not
possible in the above model (2.3.17) — (2.3.20), because this contains inequality
constraints. For this reason, the model is formulated as a quadratic optimisation
problem. Another reason for this is that very efficient software is available to solve
quadratic optimisation problems, for example, CPLEX and XPRESS.

Weights — basic principles

The weights w,, w;, w®,w; and w guide the result of the reconciliation. The

ratios between them determine which movements remain the most intact, which soft
constraints have the largest impact on the outcomes, and which quarterly levels are
retained the most. Larger corrections on a movement, constraint or quarterly level
are allowed when the weight is larger (comparable with, for example, the variance
measure). Weights may not be equal to zero, otherwise any value can be chosen.

For the form of the weights, certain expressions will be assumed. These expressions
were chosen such that they are easy to use and also satisfy four basic principles.
These are:

1. Weights are guiding parameters. They are a quantitative measure for the
importance that the movements are retained, that soft constraints are
satisfied or quarterly levels are retained. These guiding parameters do not

15



necessarily have to be approximations of unknown variances, such as often
occurs in the literature; see, for example, Sefton and Weale (1996).

Weights are relative. The ratio between the weights is meaningful, but the
value in an absolute sense is not.

Homogeneity of the rebase process: If we multiply all the figures by the
same factor, the solution also changes by this factor. This solution is
indicated below by x . More formally, this basic principle is that %, = A%,

if: x_=ax, b" _=ap", b°

new r,new ro r,new

=2b}, u, == u, and I, := Al

it "

Symmetry of ratios. For the outcome of a rebase, it does not matter whether

a ratio is defined by

xdf (2.3.21)
Ri,
or by the reciprocal
L 1
AT 2.3.22
g (2.3.22)

A result of the third basic principle is that nothing changes in the outcomes if
economic figures are converted to another currency.

Weights - Expressions

Expressions for weights of additive and proportional movements, linear constraints,
linearised ratios and quarterly levels are shown below.

(we)=p2 1% T (2.3.23)

(wf )= (2.3.24)

(we ) =(a®) g2 [ZTjENL(cfn )ZﬂZJ'MZJ/(c ¥ (2.3.25)
t=1 i=1

W) = ™) g2 g (0 ) R, (2.3.26)

(i) =" ) g™ p ™ x, I (2.3.27)

First, the meaning of the symbols will be explained, and then we will set out why
this particular form was selected for these expressions.
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Weights — Meaning of the symbols: J, 8, o, K, L, M

The parameter J;; indicates how important the different series and periods are
compared to each other. This parameter is present in every weight. A high value
means a low weight, and therefore all movements, constraints (including linearised
ratios) and quarterly levels, in which series i and period t occurs, are adapted to a
relatively small extent.

The parameter S determines how far apart the different weights are. The value of this
parameter is assumed to be larger than one, so that the spread of the weights is larger
when £ is larger. This assumption also implies that all weights are strictly positive.

L

The parameters «®, «“and «" describe the relative importance of all soft

constraints, all linearised ratios and all quarterly levels respectively, compared to all
other categories. The value is larger when the category concerned is more important.

C

For example: «~ is larger when all linear constraints are more important compared

to all movements, linearised ratios and quarterly levels. No comparable parameter is
defined for the relative importance of all additive and proportional movements.

These movements can thus be seen as a reference category: the parameters o,

«© and « " are relative compared to the hardness of the quarterly movements.

Differences in the relative importance of specific linear constraints, linearised ratios
and quarterly levels are expressed in the parameters K, L, and M respectively.
Here, again, a positive association is assumed: the higher the value of the parameter,
the greater the relative importance that is attached to a single specific linear
constraint, linearised ratio or quarterly level.

The number of time series can be very large in practical applications, therefore
comparing the different weights should not be an overly difficult task. For this
reason, a limited number of permitted values were selected for the parameters Ji;, K.,
L, and M. It is further assumed that the values of these parameters are integers and
are centred around zero: (...,-2, -1, 0, 1, 2, ....). The meaning of these numbers is
intuitively clear: 0 means medium relevance, 1 means above-average relevance, and
-1 means below-average relevance, etc.

The symbols [x, | and (c® ) in (2.3.23)~(2.3.27) are defined as:

T

X, = TlZ x| and (¢} ) =3 > (e5 ), (2.3.28)

t=1 t=1 i=1

where | x; | is the mean of the absolute values of series i, and (c,S )2 is the sum of the

S
r

squared coefficients of a single soft constraint r. Finally, d’ is the expected value of

a ratio (as stated earlier) and if

. Is an approximation of the unknown variable xft ,

in other words, the denominator of the ratio. We explain this in detail later in the
text; see (2.3.35).
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Weights — Explanation of the expressions

The parameter J;; is included in the model in order to make it easier to use. This
parameter makes it possible to change all the weights related to a single time series
at the same time, without a change occurring in the ratios between these weights.
This concerns the weights for quarterly movements, for constraints in which a series
occurs, and for quarterly levels.

The following example clarifies this: if all values of Ji of a single series are
increased, then the quarterly movements of this series are retained better than the
movements of other series. The same is true for all constraints where this series
occurs. The annual reconciliation is a good example, because this is a constraint
which only depends on the quarterly figures of this one series. However, the
quarterly movements of the series with the adapted J;; continue to have the same
importance with respect to the annual reconciliation of that series, for the increase of
Jirdoes not have any impact on the ratio between the two types of weights.

The expressions of the weights have the characteristic that it does not matter for the
outcome if all J;; (for all i and t) are changed by the same factor. After all, in this
case all the weights change by the same factor. The values of J; therefore do not
have any meaning in an absolute sense; only the ratios between the different values
of this parameter are important.

The reason why the weights of additive movements, linear constraints and quarterly
levels depend on the mean level of the absolute values of the underlying series is
that the relative reconciliation corrections of the different series can be compared as
a result. Suppose that a series with a mean value of 1000 permits a reconciliation
correction of 10. In this case, a series with a mean value of 10 may be reconciled by
0.1 if it has the same parameters for the weights. In both cases, the relative
reconciliation correction is the same: 1%. Therefore, more may be reconciled on a
quarterly series (in an absolute sense) when the mean level of the absolute values of
the series is greater. For the same reason, the weight of a linearised ratio depends on

d’, the expected value of the ratio.

The multivariate Denton method is used if we want the pattern of reconciliation
corrections to be constant over time in a single series. To obtain this result, the
weights of one series must be constant over the different periods. For this reason, the
expression of the weights (2.3.23), (2.3.25) and (2.3.27) contains the mean value of
the series, and not the value of one period.

To obtain the same weights, it must also be true that J; = J; ; that is, that the
parameter of the relative reliability of one specific series is the same in each period.
Under certain circumstances, however, this requirement may be waived; for
example, if other sources are used from a certain point in time. As a result, J is
dependent not only on i, but also on t.

To satisfy the third basic principle of the weights — homogeneity of the rebase
process — the expressions (2.3.23) to (2.3.27) are chosen in such a way that the ratios
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between the different components of the target function do not change if x, x and b®,
u and | are multiplied by the same scalar. After all, the value of each component
remains constant under this transformation. This is demonstrated below for the part
of the target function that relates to additive movements.

i=1l t=2

i i [4‘(”—“)] s xon) (2.3.29)

The reader can easily ascertain that the other components of the target function have
the same characteristic.

This homogeneity condition explains why the weight of the proportional
movements, in contrast to the weight of the additive movements, is not dependent on
the mean level |x, |. The reason is that the value of the part of the target function

that contains the proportional movements,

ZE Z!Hi— X]/WP} , (2.3.30)

must not change if x and % are multiplied by the same scalar. Because the numerator
of each ‘outermost’ ratio in (2.3.30) does not change under this transformation, the

weight w;, must not be dependent on x or x .

A special soft constraint is that four quarterly figures must approximately add up to
an annual figure. This constraint has the characteristic that all coefficients are equal
to one, and that it only contains variables from a single series. For the annual
reconciliation of a series i and a year y, the expression (2.3.25) can therefore be
simplified to

t=4(y-1)+4

Wi f= @) pmni, X (2331)

t=4(y-1)+1

The selection of the weights for the soft ratio constraints (2.3.26) is explained in
more detail below. For reasons of convenience, a different notation will be used
from now on: the subindices i t, and j.t  will be omitted, the denominator and the
numerator of a ratio will be designated by x_ and x, respectively, and the expected
value of the ratio will be represented by d. A non-linearised ratio is thus represented
by

LY (2.3.32)
X

n

The weight of a non-linearised ratio is referred to as w”. The following definition is
assumed for this:
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W) =@y ppp . (2.3.33)

The weight w of a linearised ratio X, —dx, in (2.3.26) can be derived from (2.3.33).

The following is true:

1 { % dj _ A -9 (2.3.34)

therefore, w=w"x,. However, the expression of a weight must not be dependent

on unknown variables. For this reason, x_ is replaced by

R = a° x 2323
Xn'_1+dzxn+1+d2d7’ (2:3.39)

a weighted mean of x_ and x, /d : two approximations for the unknown variable

X, . An approximation will also be used for the numerator of the ratio:

%, = d¥, . (2.3.36)

The weights of the ratios and the estimators X, and X, are chosen in such a way that

they satisfy the fourth condition of the weights: symmetry of ratios. This condition is
that, for the outcome of a rebase, it should not matter whether, in a ratio constraint,
the ratio is replaced by the reciprocal:

LY (2.3.37)

This means that the original ratio (2.3.9) leads to the same terms in the target
function as the reciprocal (2.3.37), therefore we want to prove that

%, —dz, ) (X"_ix‘j
( - J =l —d | (2.3.38)
WX, L wW'R, J
where w’ is the weight of (2.3.37). This is thus defined as
W) =) p2pp diz (2.3.39)
It is easy to see that
2
(%, - 2%, |
X, — —X 2
| d =["t‘d"nJ. (2.3.40)
'X w'dX,
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Note that w'd > = w" ; for this reason, (2.3.40) can be rewritten as follows:

2
2
X @R || K= dR | (2.3.41)
wdx, L *1~J
w d—xt

From the definition (2.3.36), then (2.3.38) follows directly.

One might think that a more obvious solution would be to approximate x? and
x:by x? and x/,instead of X? and %’. However, in that case, the condition of
symmetry is only satisfied if

X, = dx, . (2.3.42)

that is, if the ratio is exactly satisfied before the reconciliation. In practice, this does
not necessarily have to be the case. For this reason, the definitions (2.3.35) and
(2.3.36) were selected.

As stated earlier, the definition (2.3.35) is a weighted mean of x, and x /d, two

approximations for x, . This mean is chosen such that x, /X, is equal to d, and

also such that the squares sum,
(x, =%, )+ (x, —d%,)°, (2.3.43)
is minimal. The term dgx, is substituted here as an approximation for x, .

The values x_ and x, before the reconciliation are assumed to be equally important;

after all, the two squares in (2.3.43) have the same weight of one. By rewriting
(2.3.43) to

(%, —x,) +d*(%, - x /d), (2.3.44)

it becomes clear that the weight of x, /d in (2.3.35) is a factor d * larger than that of

x, . The idea to select the expressions (2.3.35) and (2.3.36) comes from Danilov and
Magnus (2007).

Weights — Other comments

1) The weights (2.3.23), (2.3.25) and (2.3.27) are zero, if x, or x; is zero. The
target function (2.3.17) is not defined in that case. This problem is avoided by
using a threshold value for x; or x;;. If, in an absolute sense, x; or x; is smaller

than the threshold, the value of this is replaced by the threshold value — but only
when calculating the weights. Consequently, it is possible that the third basic
principle of the weights, the condition of homogeneity, will not be exactly
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satisfied. The multiplication of all source figures by the same factor can lead to
a situation where some figures exceed the threshold.

2) The multivariate Denton method has been implemented in a prototype
computer programme. This consists of Excel code and a CPLEX solver.

In this prototype, each weight is multiplied by a parameter 7. The value of

this parameter has no influence on the optimum solution, because this factor
occurs in each component of the target function.

The parameter S, is used to scale the coefficients of the target function. By
adapting the value of this parameter, an attempt can be made to resolve
problems with numerical stability. An example of this is that the value of a
coefficient in the model is so small that the solver of the optimisation problem
cannot distinguish it from zero. By increasing the value of £, , the coefficient
becomes larger.

3) The weight of the additive movements (2.3.24) is dependent on [x, |*: the

square of the mean of the absolute values of a single series. If the value of this
square is very small (virtually zero), the weight is automatically also small,
regardless of the values of the parameters in (2.3.24). This automatically means
that little may be reconciled on the series concerned.

Practical experiments have shown that there are series with a small mean value
that may be reconciled to a significant extent nonetheless. A solution is to

substitute a relatively large value in the place of mz .

2.4 Example

Let us consider a data set with 12 quarters and 2 variables: x; and x,. In the starting
situation (before the rebase), each quarterly figure is equal to 10, both for x; and x..

There are also three annual figures. For the three consecutive years, these are 50, 75
and 95. These annual figures are the same for both variables. The annual figure for
the first year is binding, but those for second and third year are not.

There is also one soft ratio, with the definition

Xil Xoe = 1,1 fort=1,...,12. (2.4.1)
Series 1 must therefore be approximately 10% more than series 2.
Furthermore, all quarterly series of series 1 and 2 must be non-negative.

A summary of this data is presented in table 1.

Both series are proportionally reconciled and the parameters of the model are:
Movements: S =2, Ji= 0.01 (for all i and t). This gives (wif )2 =0.986

Annual reconciliation: « “ =2, K, =1 (for all r). This gives (wrC )2 =98.623
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Ratio: «® = 1,L,=1 the weights are different for each period.

Table 1. Quarterly data before reconciliation

Ratio Year Year totals
Series1  Series2  Series 1/ Series 2 totals series 2
series 1
Year 1 10 10 1.1 50 50
10 10 1.1
10 10 1.1
10 10 1.1
Year 2 10 10 11 75 75
10 10 1.1
10 10 11
10 10 1.1
Year 3 10 10 11 95 95
10 10 1.1
10 10 11
10 10 11

Figure 3 shows that the reconciled series have a rising pattern. This is due to the fact
that the annual figures are increasing. The rise of the quarterly figure is smooth,
because the movement preservation principle is applicable.

Figure 3. Reconciled figures of series 1 and 2

—e—series 1

—=— series 2
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The two series start to deviate in the fifth quarter. This is due to the ratio constraint
(2.4.1), which determines that series 1 must be 10% more than series 2. In the first
four quarters, the effect of the ratio is small, because both series must satisfy the
same hard annual figure of 50. The effect of the ratio can also be seen in figure 4.

Figure 4. The value of the ratio after the rebase
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Table 2 shows that, by approximation, the expected value of the annual figures of
the second and third year is satisfied.

Table 2. Annual figures

Year 1 Year 2 Year 3
Expected value of series 1
and series 2 50.00 75.00 95.00
Series 1 — reconciled 50.00 77.16 97.61
Series 2 — reconciled 50.00 72.32 91.42

To satisfy as far as possible both the soft annual figures and the ratio in the second
and third year at the same time, the outcome of series 1 is higher than the provided
annual figure, and the outcome of series 2 is lower.

If the value of the parameter J;; changes from 0.01 to 1 for all i and t, this results in
exactly the same outcomes. The weights of the annual reconciliation and the ratio do
change, but in such a way that the ratios between the weights remain the same. (For
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example: (w.P )2 changes from 0.986 to 0.250 and (wrC )2 changes from 98.623 to

it
25.000, and therefore remains 100 times as large as (wi'f )2 )
If the value of the parameter J;; from series 1 is increased from 0.01 to 1 for all t and
remains the same for series 2, this leads to the results that are shown for the series 1’

and 2’ in figure 3. The results that are obtained with the original weights are called
series 1 and series 2.

Figure 5. Reconciled figures; two different weights
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By changing the weights, the level of both series becomes smaller. This can also be
seen by comparing the annual figures in table 3 with table 2.

Table 3. Reconciled annual figures; adapted weights

Year 1 Year 2 Year 3
Soft annual figure 50.00 75.00 95.00
Series 1’ 50.00 75.81 95.88
Series 2’ 50.00 70.72 89.37

The annual reconciliation of series 1’ is harder than that of the original series 1,
while the reverse is true for series 2°. Compared to series 1, the annual figures of
series 1 are therefore closer to the expected annual figures, which means that series
1’ is at a lower level than series 1.

The same as in the starting situation (series 1 and 2), the level of series 1’ is higher
than that of series 2°. This is due to the ratio. Figure 6 shows what happens with this
ratio.
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Figure 6. Reconciled values of the ratio: two different weights
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The ratio condition is better fulfilled when the new weights are used instead of the
orginal weights. The weight of the ratio is a weighted mean of the parameters J;; of
series 1 and 2. The values of these in series 1’ are increased compared to the starting
situation (series 1), while the values of J; of series 2’ have remained the same
(compared to series 2). The result of this is that the weight of the ratio is also slightly
increased.

Because the level of series 1’ is smaller than that of series 1, and the ratio between
series 1’ and series 2’ is relatively hard, the level of series 2’ is also smaller than that
of series 2.

2.5 Characteristics

Unigueness of the solution

A condition for a unique solution of the rebase model is that the number of
constraints is sufficiently large. To avoid going into the technical details, this
document will not explain what the minimum number is.

To obtain a unique solution, the number of constraints must be, in any case, at least
as large as the number of variables. The retention of a quarterly movement also
counts as constraint. For the reconciliation of a single quarterly series, with T
quarters, without annual reconciliation(s) and other constraints, there is therefore no
unique solution. After all, there are only T — 1 constraints (quarterly movements that
are retained).

A rule of thumb is that, for each series:

- there must be at least one annual reconciliation, or
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- at least one quarterly level must be retained, or

- that it must be associated by means of one or more constraints with another
series, to which one of the two criteria above applies.

Proportional versus additive

Section 2.3.1 explained what the difference is between an additive and a
proportional reconciliation model. We will now address the model selection in
practice.

When applying the method on economic figures, the obvious choice is to
proportionally allocate the model type as standard. This choice is based on the
assumption that the economy has a proportional character: in the sense that, if the
Netherlands were twice as large as it is now, all the series would also be twice as
large.

The proportional model is implicitly based on the assumption that the quarterly
pattern (in terms of percentage) of the input series is the determining factor of the
quarterly pattern of the reconciliation correction. Two cases are distinguished in
which this assumption is not plausible, and for which it is therefore better to select
the additive model type:

1. If the absolute value of a figure from the series is small during one quarter and
the series are rounded to whole numbers. In that case, the rounding (to whole
millions) dominates the economic significance of a movement in terms of
percentage. For example: a movement from 1 to 2 million, after rounding, can
imply an unrounded change of 1.49 to 1.51 (almost 0%), but also from 0.50 to
2.49 (nearly 500%). When using a proportional reconciliation method, the
reconciliation corrections in terms of percent on the two underlying quarters are
approximately equal in once case, while they differ by factor of 5 in the other.

2. If the series contains both positive and negative values.

This often concerns the so-called balance series. The meaning of this is that the
value is derived from those of other series. In this case, the goal is that the
quarterly pattern of the reconciliation correction is not so much determined by
that of the input series, but rather by the — more important — pattern of the
corrections to the series, from which the balance series is derived.

Another reason to select an additive model is to prevent the undesirable reversal
of the sign of all quarterly figures. This happens if the sum of four quarterly
figures before the reconciliation is positive, while the annual figure is negative,
or vice versa. In the proportional model, a quarterly series is reconciled with the
years, by multiplying each quarter by a factor that is as close to constant as
possible. In the case described above, this factor is negative, which means that
the sign of all quarterly figures is reversed.

Figure 7 illustrates this particular phenomenon. This figure shows graphs of one
series that is reconciled univariately (i.e. there are no relationships with other
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series). There is only annual reconciliation in the first year. The sum of the first
four quarters before the rebase is 52 and the associated annual figure is —64.

T

he difference between these two figures amounts to 116. In the result of the

additive reconciliation, each quarter is lowered by 29 (this is 116/4). The result
of the proportional model, however, is that each quarterly figure changes by a
factor of —64/52, as a result of which the sign of each quarterly figure is
reversed.

Figure 7. An additive and a proportional univariate reconciliation
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Types of annual reconciliation

In the text above, we several times described the relationship in which four quarterly
figures must add up to an annual figure. However, there are also other forms of
annual reconciliation.

We can make a distinction between the following:

1)
2)

3)

For flow variables, four quarterly figures add up to an annual figure.

For Stock variables, the annual figure must be equal to the figure for the
fourth quarter.

Reconciliation with the mean level: the mean of four quarterly figures is equal
to the annual figure.

Translated into mathematical terms, these are all linear equalities.

28



2.6 Quality indicators

The main quality indicator of the rebase process is how the high-frequency series are
adapted. Given the starting point of the Denton method, the changes made in the
first differences are of primary importance. The size of these changes is important,
while the development of the changes over time is at least as important. This last
aspect can be quickly assessed in a diagram, by visually inspecting whether the
graph of the reconciliation differences demonstrates a smooth development over
time.

For very large systems, a visual inspection of all the series is, of course, impossible.
Instead a measure can be calculated for the irregularity of the reconciliation.
Because the method is based on minimising the optimisation function (2.3.17), the
obvious course of action is to calculate the contribution of each series to this
function. This can be done either additively or proportionally, regardless of the
actual model setup of the series. In this situation, including the weights is not
desirable, because the unweighted contribution demonstrates how soft series are
distorted by harder ones. The expressions for these measures can be obtained by
omitting the weights from equations (2.3.12) and (2.3.13), and not summing over the
different series i:

]
S, 00%) =Y (ax, - ax, ) and (2.6.1)
t=2
T (x, %)
DEREDS [XI_ th | (2.6.2)

The value of this expression gives for each series a measure for how far away the
solution is from the ideal smooth reconciliation. While it is difficult to assign an
absolute meaning to this, it is possible to sort the outcomes of (2.6.1) and (2.6.2) by
size. In this way, the most distorted series can be put at the top of the list, which
rapidly accelerates the analysis of the results.

Something similar can be done for non-binding ratios and constraints. For each
series of non-binding ratios or constraints, the unweighted contribution to the
optimisation function can be calculated, analogously to (2.6.1) and (2.6.2),

2

¢ an . (2.6.3)

T N
=1

S, (X,%):= (bf -y

t=1 i

On this basis, a list can be drawn up that shows how far away on average all non-
binding ratios and constraints are from the values expected in advance, b’ .

The multivariate aspect means that the changes of different series must be examined
in relationship to one another. The relationship is defined by the set of linear

constraints and by the set of ratio relationships. If the number of variables and/or
mutual relationships is very large, this can become very complicated. In this case, it
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is usually easier to analyse the differences before reconciliation, instead of the
changes.

A final quality indicator is the question of how accurately all binding constraints
were satisfied. This quality indicator does not say much about the application of the
method, but it does about the quality of the numerical calculation of the optimum
solution. For this indicator, the remaining differences on all constraints must be
calculated. In general, the so-called numerical noise will ensure that these
differences are not exactly zero. As long as the differences are small, there is usually
not a problem, the same as in the case where the results are rounded after
reconciliation.

Another quality aspect besides the extent of adaptation is the accuracy of the data, in
terms of sampling errors and non-sampling errors. The multivariate Denton method
does not provide any measures for the accuracy of the data obtained as output for the
rebase process (for example, no variance coefficients are calculated). Measures for
the accuracy of the source data are not used in the model. The weights of the model
are separate from the accuracy of the source data: they determine only to what extent
series may be adapted.
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3. Conclusion

Experiments on data from the National Accounts have revealed that there is a need
for further expansion of the methodology. In particular, it is desirable to model ratios
in which the denominator and/or numerator is composed of a linear combination of
variables. However, this report assumes that, in a ratio, one variable is divided by
another variable.

In addition, it is expected that it will be necessary to model derived variables. These
are variables for which the quarterly pattern does not have to be retained, but which,
by means of constraints, do have a relationship with other variables.
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