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1. Introduction to the Business Panels subtheme

1.1 General description

Panels in which the same units of a population are observed in multiple periods have 

become increasingly common since the 1980s. Panels are an attractive option 

mainly when the aim is to measure changes in the population statistics of certain 

target variables.

This first part of this document is restricted to panels for estimating revenue changes 

in companies and changes in price indexes, such as the producer price index (PPI). 

However, the same methods, suitably modified, can also be applied to panels of 

persons and households, for instance to explore unemployment statistics. Because 

each statistic has its own characteristics, the modifications tend to be 

correspondingly specific, and therefore difficult to capture in a single general 

document.

Alongside the estimators concerned, there is also discussion of the variances of the 

different estimators. The document also discusses changes in a panel, replacements 

for companies that drop out or cease to exist, and the impact on a panel of company 

mergers.

This document also amply covers the derivation of the variances of estimated 

growth rates, since a recurring question is about the margin of uncertainty in growth 

figures published by Statistics Netherlands. External pressure is often involved. The 

subject receives scant treatment elsewhere in the literature. Only Nordberg (2000) 

goes into any detail on the subject, and then the orientation is entirely on the 

situation in Sweden. Another disadvantage of his approach is that simulations are 

still needed to estimate certain components of various covariances. Chapter 3 of this 

document, which deals with the migration of companies between strata, may strike 

some readers as particularly technical in nature.

Chapter 2 discusses details of panels of companies that are divided into multiple 

strata. The main focus is on estimating the relative change of a revenue total in a 

given month compared with 12 months previously, plus the associated margins of 

uncertainty. It is assumed in this chapter that the companies do not move from one 

stratum to another, although ‘births’ and ‘deaths’ may occur among the companies. 

Chapter 3 introduces panels in which companies may move from one size category 

to another because of a change in the number of active employees in the 

corresponding 12-month period. Chapter 4 discusses estimating indexes and changes 

in indexes relative to a base period. This chapter also discusses the weighting of 

companies involved in a merger or demerger.

1.2 Scope and relationship with other themes

It will be clear that there is a strong connection between the theory for panels and 

the subthemes of Sample design and Weighting methods. The reader is deemed to be 
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conversant with the material presented in these subthemes, in particular the stratified 

estimator, the ratio estimator and the related estimator of a ratio, including the 

associated variance formulas. There is also a relationship with the Weighting as an 

adjustment for nonresponse theme and with the Duration models subtheme. This 

document nonetheless tacitly assumes, unless stated to the contrary, that 

nonresponse does not lead to systematic bias. There is also a relationship with the 

Indexes theme.

1.3 Place in the statistical process

Panels have an important role in many places in the statistical process. The design of 

panels and the associated sampling demand sound preparation at the start of the 

process, whereas the calculations for the corresponding estimates with the associated 

margins of uncertainty occur more towards the end of the statistical process.

1.4 Definitions

Term Description

Simple random sample A sample design in which the elements are selected 

with equal probabilities from the sampling frame. 

Sampling without replacement requires each subset of 

sample size to have the same probability of realization. 

Sampling with replacement requires the sampling of 

the successive elements to be mutually independent.

Index The ratio between a value and a statistic that is taken as 

a reference; usually expressed as a percentage.

Inclusion probability The probability that an element will be selected in 

sampling without replacement; depending on the 

sample design, the probability may differ from element 

to element.

Panel survey A survey in which the same observation units are 

approached more than once at different times in order 

to track a (micro or macro) trend in time.

Population parameter A value to be estimated of some characteristic of a 

population, e.g. the mean score in the population for a 

certain variable.

Ratio estimator An estimator for a population total that uses a 

quantitative auxiliary variable. The accuracy of this 

estimator increases with decreasing variation in the 

ratios of the scores on the target and auxiliary

variables. The term ‘ratio estimator’ should not be 

confused with the estimator of a ratio, which is 

referred to in Chapter 4.
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Sample allocation The distribution of the total sample size over the 

various strata in stratified sampling.

Systematic sampling A sample design in which elements are selected from a 

sampling frame by proceeding through the frame in a 

systematic manner. Only the starting point is chosen 

arbitrarily, after which a fixed step length is used.

Bias (of an estimator) The expected difference between an estimator and the 

actual value of a (population) parameter, also referred 

to as ‘systematic error’. If the difference is zero, the 

estimator is said to be unbiased, and otherwise to be 

biased.
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2. Panels from business populations without migration

2.1 Short description

Consider a population of companies divided into strata according to size category 

and standard industrial classification (SBI) code. It is assumed that company births 

and deaths can occur in the population, but companies cannot move from one 

stratum to another.

The most important objective of a panel in this context is to estimate for each month 

t (t = 1, 2, …) both the total revenue of the target population and the relative change 

in the revenue total in the month concerned compared with 12 months ago. The 

above includes estimating the associated margins of uncertainty. Estimating the 

relative change in a revenue total starts from the estimates of the revenue totals in 

the corresponding months. The ratio estimator therefore has an important role in the 

methodology for panels.

The monthly panel that we consider in this chapter involves simple random 

sampling without replacement (SRSWOR) from the various strata. The sampling 

fractions are fixed, but may differ between strata. As a rule, the higher the size 

category, the higher the sampling fraction. The largest size categories are usually 

observed in full. The companies in the panel may differ from month to month.

2.2 Applicability

Panels are used in both economic and socioeconomic statistics. The reason for their 

use is that, compared with completely independent sampling, panels can often 

produce more accurate estimates of changes in a wide variety of population totals 

between two months. This chapter is applicable to the case when hardly any units 

move between different strata.

2.3 Detailed description

2.3.1 Introduction

This chapter derives formulas in particular for estimators of 12-month growth 

figures of the monthly revenue of companies with a given SBI code. First we

consider populations without births and deaths. Section 2.3.6 considers populations 

in which births and deaths occur. We also assume that 10 per cent of the sample is 

refreshed in January each year in every stratum.

The effects of correction, imputation and other calculations are initially disregarded 

in deriving the formulas for the margins of uncertainty, as is nonresponse.

2.3.2 Estimator for the revenue total of the population

Let tO ,...)2,1( =t  be defined as the revenue total in month t of all companies in the 

target population with a certain SBI code, or t
i

N
i

t OO 1=Σ=  where t
iO  represents the 
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revenue of company i in month t (i=1,…, Nt). As stated in Banning et al. (2010) and 

elsewhere, tO  can be estimated with the following stratification estimator based on 

H size categories

∑
=

=
H

h

t
h

t
h

t oNO
1

ˆ ,

where

:t
hN number of companies in stratum/size category h ),,1( Hh L=  in month t;

:t
ho mean revenue in sample t

hs  in month t in stratum h );
1

(
1
∑
=

=
t
hn

i

t
hit

h

t
h o

n
o

:t
hio revenue of ith company in the sample from stratum h;

:t
hn number of companies in the sample from stratum h in month t.

Define further

:,12 tt
hhn - number of companies in the overlap of the samples from stratum h in 

months t-12 and t;

:t
hO mean revenue per company in stratum h in month t )

1
(

1
∑
=

=
t
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t
hit
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t
h O

N
O ;

:t
hiO revenue of ith company from stratum h;

:hf sampling fraction in stratum h.

Because the assumption of no births and deaths means that t
hN  and t

hn  do not 

depend on t, it would be acceptable to omit the superscript t. However, because the 

formulas with superscript t or t-12 are also of use in the more general situation in 

which births and deaths occur in the population, the superscripts t are retained in this 

section. The variance of the estimator tÔ  is
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(2.1)

The variance of tÔ  can be estimated with
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Comparable formulas are applicable to 12ˆ −tO .

2.3.3 Estimator for a 12-month growth percentage

Let stg ,  be defined as the relative revenue growth between the months s and t, or

1, −=
s

t
st

O

O
g , t > s.

The statistic stg , can be estimated with

1
ˆ

ˆ
ˆ , −=

s

t
st

O

O
g (2.2)

We will now follow the steps of the derivation of an expression for )ˆvar( 12, −ttg . The 

variance of the right-hand side of (2.2) can be approximated with a first-order 

Taylor series expansion of a ratio. This gives for s=t-12

.1

(2.3))}ˆ,ˆcov(2
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The two variance terms in (2.3) can be estimated in the standard way as given in the 

previous subsection. The term 12, −ttG  can be estimated with

.ˆ

ˆ
ˆ

12

12,

−
− ≡

t

t
tt

O

O
G

The covariance term )ˆ,ˆcov( 12 tt OO −  in (2.3) is

,),cov(
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(2.4)

which relies on the mutual independence of the strata samples. The derivation of the 

expression for the covariances in the last line of (2.4) relies on the fixed value of 
12,12 9.0 −− = t

h
tt

hh nn , which follows from the above assumption that 10% of the sample 

in every stratum is replaced in January by different companies from outside the 

sample. It follows from (2.12) in the appendix (Section 2.5) that
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hhN ,12−  represents the number of companies that were included in stratum h in both 

month t-12 and month t. Under the assumption of no births and deaths in the 

population, then t
h

t
h
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hh NNN == −− 12,12 . It follows from (2.5) that )ˆ,ˆcov( 12 t
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2.3.4 The importance of having a substantial overlap between panels

In order to clarify the importance of having a large overlap between panels, we 

introduce the simplifying assumptions that ,12
h

t
h

t
h SSS ==−

h
t
h

t
h nnn ==−12  and 

.112, =−ttG  Define further the overlap ratio hλ  as ./,12
h

tt
hhh nn −=λ  Because of the 

above assumption h
t
h

t
h

tt
hh NNNN === −− 12,12  an upper limit for the covariances in 

the first line of (2.4) follows from (2.5)

.)()ˆ,ˆcov(
2

212

h

h
hhh

t
h

t
h

n

S
fNOO −≤− λ

In combination with (2.1) and (2.3) this gives the following lower limit for 

)ˆvar( 12, −ttg

.)1(
)(

2
)ˆvar(

1

2
2

212
12, ∑

=
−

− −≥
H

h h

h
hht

tt

n

S
N

O
g λ (2.6)

This formula indicates that if the overlap ratios hλ  decrease from e.g. 0.9 to 0.5, the 

lower limit for the variance of estimator 12,ˆ −ttg  will increase by a factor of 5. The 

lower limit in the above formula is reached when, in addition to the above-

mentioned assumptions, 1),( 12 =− t
hi

t
hi OOcorr  also applies, or when the correlation 

coefficient between the 12−t
hiO  and the t

hiO  is 1. As an extension to this reasoning, it 

is observed that the size of the overlap is entirely irrelevant in the extreme situation 

that .0,12 =− tt
hhS

2.3.5 The importance and extent of annual panel refreshing

In revenue statistics in particular, it is important for changes in the population to be 

incorporated rapidly in the panel, because the revenue itself is now the target 

variable . There is somewhat less urgency in this respect for panels for price indexes 
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and suchlike, where revenue serves only as a weight, and the correlation between 

revenue weight and price changes tends to be modest. As well as in connection with 

changes in the population, the refreshing of a panel, or a rotating panel, is also 

needed as a way of limiting a panel’s bias. A panel may also exhibit bias as a result 

of panel attrition, which may occur in the event of death or refusal to continue as a 

panel member. A third and final objective of refreshing is to achieve a fairer 

distribution of the burden on the companies involved.

The first factor examined in exploring the effect of the magnitude of annual 

refreshing )1( hλ−  on the margins of uncertainty surrounding the estimated revenue 

growth is the relative margin of uncertainty surrounding the estimated revenue total 

under the same assumptions as in the previous subsection. It follows from (2.1) that 

the relative 95% margin of uncertainty surrounding the estimated revenue total 

),12,0(ˆ =− kO kt  say ),ˆ(95
ktORM −  can be expressed as

.)1(
96,1

)ˆ(
1

2
2

95 ∑
=

−
− −=

H

h h

h
hhkt

kt

n

S
fN

O
ORM (2.7)

Under the additional assumption that 1),( 12 ≈− t
hi

t
hi OOcorr  it also follows from (2.6) 

that the absolute margin of uncertainty surrounding the estimated revenue growth 
12,ˆ −ttg  is approximately

.)1(2
96,1

)ˆ(
1

2
2

12
12,

95 ∑
=

−
− −=

H

h h

h
hht

tt

n

S
N

O
gM λ (2.8)

It follows from these two formulas that )ˆ()ˆ( 12,
95

12
95

−− = ttt gMORM  when 

2/)1( hh f+=λ . In other words, when the relative margin of uncertainty is 1%, say, 

then under the condition 2/)1( hh f+=λ , the absolute margin of uncertainty 

surrounding the estimated revenue growth is 1 percentage point. The overall formula

(2.8) for the margin also shows clearly that as the degree of refreshing increases, 

M95(g) increases. However, if the assumptions made above are unrealistic, it may be 

necessary to resort to one of the more complex formulas for )ˆ,ˆcov( 12 tt OO − , which 

are discussed elsewhere in this document. This is mainly the case when 

),( 12 t
hi

t
hi OOcorr −  is not close to 1.

2.3.6 Births and deaths in the population

In the event of births and deaths among the companies in the target population, 

almost the same formulas can be used as those in Sections 2.3.2 and 2.3.3. Only the 

formula for )ˆ,ˆcov( 12 tt OO −  in (2.3) becomes a little more complicated, which has to 

do with the monthly update procedure of the sample, where account has to be taken 

of the monthly births and the deaths in the population. The monthly update 

procedure is described below.
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Define tt
hU ,1

0
−  as the set of births in stratum h in month t-1 and define tt

hN ,1
0
−  as its 

size. The number of companies selected from tt
hU ,1

0
−  in month t is .,1

0
,1

0
tt

hh
tt

h Nfn −− =

The remainder of the sample from stratum h is then adjusted accordingly as follows. 

Define tt
RSThn ,1

,
−  as the necessary number of companies for the remainder of the 

sample, in other words .,1
0

,1
,

tt
h

t
h

tt
RSTh nnn −− −=  Note that t

hh
t
h Nfn =  is fixed. Also define 

the presample t
PREhs ,  in month t-1 as t

h
t
h

t
PREh Uss ∩= −1

, , or, in other words, the set of 

companies in 1−t
hs  that still exist in month t. Denote the size of t

PREhs ,  with t
PREhn , . If 

,,1
,,

tt
RSTh

t
PREh nn −>  randomly remove the excess from the sample, and if 

,,1
,,

tt
RSTh

t
PREh nn −≤  randomly select the shortfall from t

PREh
tt

h
t
h sUU ,

,1
0 \)\( − . Note that it 

is possible for companies that are removed in the update process in this way to be 

reinstated in the sample later.

Based on the monthly update procedure, stratum h in month t-12 can be divided into 

two substrata: (i) substratum tt
HhU ,12

1,
−

+  of companies in stratum h that die in the 

months t-12, …, t-1 and (ii) substratum tt
hhU ,12−  of the other companies in stratum h

in month t-12. By analogy, stratum h in month t can also be divided into two 

substrata: (i) substratum tt
hU ,12

0
−  of all companies born in stratum h in the months t-

12, …, t-1 and (ii) stratum tt
hhU ,12−  of the other companies in month t. The sizes of 

the samples from tt
HhU ,12

1,
−

+  and tt
hhU ,12−  in month t-12 are denoted by 12

1,
−

+
t

Hhn  and 12−t
hhn . 

The corresponding sample means of the revenue are denoted with 12
1,

−
+

t
Hho  and .12−t

hho

For the samples from tt
hU ,12

0
−  and tt

hhU ,12−  in month t these four statistics are denoted 

with t
hn0 , ,t

hhn t
ho0  and .t

hho  It is also assumed that deaths do not coincide with 

births and that, after their first month in the population, births are no longer involved 

in the monthly updates for the rest of the study period. The advantage of these 

assumptions is that t
hn0  and t

hhn  are fixed. Section 3.5 shows that any error 

introduced in this way is usually small.

12−t
ho  and t

ho  can now be expressed as
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The covariance in the last line of (2.4) can then be rewritten as
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(2.10) assumes that t
khn  is fixed and that 0),cov( 12 =− t

kh
t
hg oo  for hg ≠  or hk ≠

because the corresponding samples were from different substrata.

Finding an expression for the covariance term in (2.10) involves using the formula 

for conditional covariances with conditioning on ),( ,1212 tt
hh

t
hhh nn −−=ν
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The last line again uses (2.12) in the appendix and that t
hhn  is fixed. It follows from 

(2.10) that the covariance in (2.4) can be estimated without bias with
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Note that the estimator is unbiased because .)( ,12,12 tt
hhh

tt
hh SsE −− =ν

2.4 Quality indicators

Quality indicators for panels closely resemble those of the direct estimator for 

SRSWOR, i.e.

- the margins of uncertainty of the corresponding estimators for a panel;

- the size of nonresponse;

- the size of the overlap of the panels in months t and t-12.

Nonresponse can severely affect the quality of the results if (i) the nonresponse is 

large and (ii) the nonresponse is selective. Adjustment of some of the bias from 

selective nonresponse can sometimes be achieved by using auxiliary variables that 

correspond with both the probability of response and the target variable. Something 

else that may happen with a panel in due course is that a member wishes to 

withdraw. Drop-out from a panel for this reason is also referred to as sample 

attrition, or panel attrition.

Another important aspect of panel quality is the size of the overlap. If nonresponse 

or substantial migration between strata significantly reduce the overlap between the 

panels in months t and t-12, the margin of uncertainty of a revenue growth estimate 

may rise considerably.

2.5 Appendix. Covariance formulas for overlapping samples

Let 123s  be a master sample comprising three (disjunct) subsamples produced by 

SRSWOR 21, ss  and 3s  (SRSWOR: simple random sampling without replacement). 
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Let variable x be observed in 12s  and variable y in 23s . The associated sample 

means are denoted 12x  and 23y , respectively The size of ks  is denoted with kn

).23,12,3,2,1( =k  Define also ,/ 122 nn=λ 232 / nn=µ  and ./ Nnf kk =  The 

covariance of 12x  and 23y  is then
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(2.12) 

In the context of (2.5) 12s  represents the sample in month t-12 and 23s  represents 

the sample in month t, while 2s  represents the overlap between the two samples. N

is the number of companies in the target population in both month t-12 and month t. 

The proof of (2.12) follows from
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It is assumed in the third line that NSyx xy /),cov( 32 −=  for two sample means from 

two disjunct samples produced by SRSWOR, irrespective of their size. This follows 

from
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3. Panels with migration between strata

3.1 Short description

Like the previous chapter, this chapter assumes a population of companies that is 

divided into strata in accordance with SBI code and size category. The most 

significant difference with the previous chapter is that account is now taken of the 

phenomenon that companies may move from one size category to another in 

response to a change in the number of active employees.

3.2 Applicability

Panels of the kind discussed in this chapter are often used in practice for calculating 

a certain revenue growth rate for companies in a given SBI category, where 

companies change size category in the period under consideration. It is then often 

also relevant to have some indication of the margins of uncertainty surrounding the 

estimated growth rates.

3.3 Detailed description

3.3.1 Introduction

As mentioned in the previous chapter, there are various methods for refreshing 

panels. The monthly update for births and deaths is the same as in Section 2.3.6. 

Furthermore, every year, usually in January, adjustments are made for companies 

that are no longer in the correct stratum for their size. It is also usual in January each 

year to refresh 10 per cent of the sample.

3.3.2 Annual adjustment and refreshing in January

The sample is adjusted in January, taking account of the new stratum structure of 

January and the 10% refreshing of the panel.

All companies that were in the December sample and are still in business in January 

are again divided into strata in accordance with their current numbers of active 

employees and SBI codes in January. As a result, the sample obtained from a given 

stratum may include companies with different inclusion probabilities, because 

companies may have moved to a different stratum with a different sampling fraction

from the stratum that they came from.

In order to adjust the strata for the presence of companies with different inclusion 

probabilities, a substratum jandec
hU ,
l  is introduced, which consists of companies that 

were in stratum h in December and in stratum l  in January. The size of this stratum 

is denoted with jandec
hN ,
l ).,...,1,( Hh =l  By analogy with the monthly update 

procedure given in Subsection 2.3.6, jan
PREhs ,l  is defined by .,

,
jandec

h
dec
h

jan
PREh Uss ll ∩=

Let jan
PREhn ,l  be the size of jan

PREhs ,l . Since the required size of jandec
RSThs ,

,l  from jandec
hU ,
l  in 
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January should be jandec
h

jandec
RSTh Nfn ,,

, lll = , the annual refreshing of the sample jan
PREhs ,l  in 

January proceeds as follows.

If jandec
RSTh

jan
PREh nn ,

,, ll > , randomly remove the excess from jan
PREhs ,l . 10% of the remaining 

companies are then replaced in the remaining sample by companies from 
jan

PREh
jandec

h sU ,
, \ ll . An assumption is that there are enough companies in this set. If 

not, only jan
PREh

jandec
h nN ,

,
ll −  companies are replaced in the sample. Furthermore, if 

jandec
RSTh

jan
PREh nn ,

,, ll ≤  the corresponding shortfall is added from jan
PREh

jandec
h sU ,

, \ ll . 

Subsequently in this case another jandec
RSTh

jan
PREh nn ,

,, 9. ll −  companies in jandec
RSThs ,

,l  are 

replaced if (i) this difference is positive and (ii) sufficient new companies are 

available. This procedure is performed for all substrata lh , including .l=h  Finally, 

as with the monthly update procedure, the number of companies to be selected in 

January from substratum jandecU ,
0l  of new births in stratum ,l  is .,

0
,

0
jandecjandec Nfn lll =

Comment. The above procedure may also be performed when the stratum limits of 

the size categories are changed in January, or when the sampling fractions in strata 

change.

3.3.3 The covariance term

The monthly revenue totals can be estimated in the manner described in Chapter 2 

even if companies change size category in January. The same is true of the 

corresponding variances and margins of uncertainty. This chapter is therefore 

restricted to the covariance term )ˆ,ˆcov( 12 tt OO −  and its estimate.

In order to accommodate the migration of companies between size categories, the 

covariance is now expressed somewhat differently from (2.4), as follows

(3.1).),cov(

),cov()ˆ,ˆcov(

1 1

1212

11

121212

∑∑

∑∑

= =

−−

==

−−−

=

=

H

h

H
tt

h
tt

h

H
tt

H

h

t
h

t
h

tt

ooNN

oNoNOO

l
ll

l
ll

In order to accommodate the migration of companies between strata, the following 

statistics are defined:

:,12 tt
hN −
l size of substratum tt

hU ,12−
l , or the number of companies that were in 

stratum h in month 12−t  and in stratum )1,...,1,0,( += Hh ll  in 

month t;

:mt
hO −
l the substratum mean of the revenue in tt

hU ,12−
l  in month 

2)10( , mmt =− ;
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:mt
hn −
l size of sample ,mt

hs −
l  i.e., the actual sample from tt

hU ,12−
l  in month 

2)1(0 ≤≤− mmt ;

:mt
ho −
l the sample mean of the revenue in mt

hs −
l 2)10( , m = ;

:,12 tt
hn −
l number of companies in the overlap t

h
t
h

tt
h sss lll ∩≡ −− 12,12 ;

:,
mt
OLPho −

l the sample mean of the revenue in the overlap tt
hs ,12−
l  in month 

2)10( , mmt =− .

As in the previous chapter, stratum 0 is reserved for births in the months t-12, …, t-1 

and stratum H+1 for the deaths in the same period. Now 12−t
ho  and tol  can be 

expressed as
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The covariances in (3.1) can then be rewritten as

(3.3).),1(),cov(
1
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The second line used that

0),cov( 1212 =−− t
k

t
k

t
hg

t
hg onon ll (3.4)

for hk ≠ . Furthermore, 0),cov( 1212 =−− t
h

t
h

t
hg

t
hg onon ll  for l≠g  (g=1,…,H+1), because

.0),cov(0

(3.5))},(),,(cov{
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The last line used that

0),cov( 12 =− t
h

t
hg nn l )1,...,1( += Hg (3.6) 

See the appendix (Section 3.5) for a justification of (3.6) and the associated 

assumptions. The appendix also derives an alternative estimating method that is 

applicable with a non-negligible covariance. Like (3.5) the covariance in (3.3) can 

be rewritten as
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where ).,,( ,1212 t
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The last line again assumes (2.12). Furthermore, tt
hS ,12−
l  is defined as
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The second component on the right-hand side of (3.7) because of (3.6) equals
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From (3.3), (3.7) and (3.8) it follows that
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3.3.4 Estimate of the covariance term

Expression (3.9) can be estimated from the overlap tt
hs ,12−
l  with
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Note that (3.10) is an unbiased estimator of (3.9) because

.)ˆ( ,12,12
,

tt
hh

tt
OLPh SSE −− = lll ν

A disadvantage of estimator tt
OLPhS ,12

,
ˆ −

l  in (3.10) is nonetheless that it can give rise to a 

negative variance estimator

).ˆ,ˆv(ôcˆ2

)ˆr(âv)ˆ()ˆr(âv)ˆˆr(âv

1212,

12212,1212,
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+=−
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OGOOGO
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Knottnerus and Van Delden (2006) propose a refinement to (3.10). Define the 

standard deviations
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Then the new, modified estimator for tt
hS ,12−
l  is
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ˆˆˆˆ 12,12
,

,12 −−− = ρ , (3.12)

where tt
h

,12−
lρ  represents the correlation between the variables to  and 12−to  in 

tt
hU ,12−
l  and tt

OLPh
,12

,ˆ −
lρ  its estimate based on .,12 tt

hs −
l  In accordance with (3.10) and 

(3.12), the covariance in (3.1) can be estimated with
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For the estimate tt
OLPh

,12
,ˆ −
lρ  defined in this way, 1ˆ ,12

, ≤− tt
OLPhlρ  holds with probability 1, 

while use of (3.10) may lead implicitly to an estimated correlation greater than 1, 

and therefore to a possible negative result of (3.11). It is mentioned for the sake of 

completeness that in special circumstances use of (3.12) can also lead to a negative 

result of (3.11).

When using (3.12), a special problem may arise when 1=t
hn l  or .112 =−t

hn l  The first 

option for calculating the necessary variances is to borrow the sample variance from 

a related substratum, or from the same substratum in a previous month. A variance 

can also be imputed when there is evidence in the data of a relationship of the form 

;22 βσ ll hh OS ≈  see Särndal et al. (1992, page 461). Furthermore the corresponding 

covariance term can be ignored if it is expected to make only a small contribution to 

the total variance. This will often be the case for strata h and l  with relatively small 

sampling fractions and correspondingly relatively small variances compared with 

larger companies in the strata with larger sampling fractions. Similar remarks apply 

to the imputed values for tt
h

,12−
lρ  when 2,12 ≤− tt

hn l  and ).12,0(2 =≥− mn mt
hl  This 

would appear to be an effective approach in view of the often high value of tt
h

,12−
lρ . 

It is observed moreover that when 0=−mt
hn l ),12,0( =m  the corresponding 

covariance term in (3.13) can be disregarded without detriment to the unbiasedness

of (3.13), provided the other tt
hS ,12−
l  can be estimated without bias. Under this 

assumption a term of this kind with )12,0(0 ==− mn mt
hl  can be disregarded because 

the expected value
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from (3.10) is
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and the expected value of the right-hand side is the parameter to be estimated. 

Furthermore when ),12,0(0 ==− mn mt
hl  then also 0,12 =− tt

hn l  and therefore the result 

of (3.14 ) is zero, so that the estimator tt
hS ,12ˆ −
l  of tt

hS ,12−
l  is irrelevant. Therefore 
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disregarding these kinds of terms with )12,0(0 ==− mn mt
hl  adds no bias to the 

estimators (3.13) and (3.14), provided the other tt
hS ,12−
l  are estimated without bias.

3.4 Quality indicators

The quality indicators for panels in which companies migrate between strata or size 

categories are:

- the margins of uncertainty of the corresponding estimators;

- the size of nonresponse;

- the size of the overlap of the panels in months t and t-12.

Nonresponse can severely affect the quality of the results if (i) the nonresponse is 

large and (ii) the nonresponse is selective. Adjustment of some of the bias from 

selective nonresponse can sometimes be achieved by using auxiliary variables that 

correspond with both the probability of response and the target variable.

Another important aspect of panel quality is the size of the overlap. If nonresponse 

or substantial migration between strata significantly reduce the overlap between the 

panels in months t and t-12, the margin of uncertainty of a revenue growth estimate 

may rise considerably.

3.5 Appendix. Justification of (3.6)

The simple case with strata without births and deaths is considered first. There are 

now no monthly updates other than the annual update in January. Therefore, 
jandec

RSTh
t
h nn ,

,ll =  is fixed, from which (3.6) follows. This is the situation that applies, for 

example, to supermarkets, which have formed a fairly stable population over the 

years.

If births and deaths do occur in a population, then express t
hn l  as

,,12
0 ∑

≠

− −−=
H

hk

t
k

tttt
h nnnn llll (3.15)

where ttn ,12
0
−
l , or more concisely tn l0 , represents the number of births that occurred 

in months t-12, …, t-1 that are within sample tsl  for month t. Because the samples 

under the new births after month t-12 are independent of the 12−t
hgn , the random 

variables ttn ,12
0
−
l  and 12−t

hgn  are uncorrelated. Because also 0),cov( 12 =− t
k

t
hg nn l  for 

hk ≠ , it follows from (3.15) that 0),cov( 12 =− t
h

t
hg nn l ).,,1( Hh L=

The actual assumption so far has been that the t
kn l )( hk ≠  can be said to have a 

nearly hypergeometric distribution with parameters ),,( ,12 ttt
k

t nNN lll
−  irrespective of 

the values of the .12−t
hgn  The same comment applies to .,12

0
ttn −

l  However, it can be 

demonstrated that these assumptions can give rise in practice to a small second-
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order error in the variance formulas. The following four simplifying assumptions are 

made in order to shed light on this error: (i) births and deaths do not migrate 

between strata, (ii) there are no deaths among the births, (iii) after their first month 

in the population births are no longer involved in the updates for the rest of the study 

period, including the refreshing in January, and (iv) no deaths are selected into or 

removed from the sample in the monthly updates. With these assumptions, a third-

order error is still disregarded, and the covariance in (3.2) is scrutinized more 

closely. By analogy with (3.7) it can be divided into two components for h=l . The 

second component, say ,sec,hhC  can be expressed as
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Note that under the above assumptions 0sec, =lhC  for .h≠l  Before estimating the 

covariances in (3.16), the formula is investigated for the conditional expectation of y

given 0xx =  when y and x have a bivariate normal distribution. In other words, in 

standard notation,

)()( 020 x
x

yx
y xxyE µ

σ
σ

µ −+=

For a given change 0x∆  in x, the conditional expectation of the change in y is 

2
00 /)( xyx xxyE σσ ∆=∆∆ , or

2

0

0 )(
xyx x

xyE
σσ

∆
∆∆

= (3.17)

Therefore it is sufficient in estimating e.g. ),cov( 12
1,

t
kh

t
Hh nn −

+  in (3.16) under normality 

to investigate the expected effect on t
khny =  caused by a change in future deaths 

12
1,

−
+= t

Hhnx  in .12−t
hs  Let 12

1,
−

+∆ t
Hhn  be an additional (positive) change in the number of 

deaths in .12−t
hs  Define tjan

Hhp ,
1, +  as 12
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,
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,

1, / −
+++ = t
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Hh NNp , where tjan
HhN ,

1, +  represents 

the number of deaths in stratum h between January and month t. Likewise 
12,1212 / −−− = t

h
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t
hg NNp ).1,,1( += Hg L  Based on assumption (iv) it is now possible 

to estimate the expected number of additional deaths in the January sample before 

refreshing at .12
1,

,
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Hh np  The expected number of additional deaths in the sample 

after refreshing can then be estimated with
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where jan
redγ  represents the reduction factor because of the refreshing in January. See 

the end of this appendix for the derivation of (3.18).

The corresponding monthly updates in stratum h between January and month t

because of these additional deaths in the sample suggest the following estimate of 

the expected increase in incoming t
khn  from stratum k )( hk ≠  in the sample of 

month t
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As was seen in Subsection 2.3.6, there is an update in month s only when 
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Using (3.17) and (3.19) leads for hk ≠  to the following approximation for the 

covariance
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where use is also made of (3.20). As an extension to the above, 
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Substituting (3.20)-(3.22) in (3.16) then gives
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Under the assumption that the two bracketed terms in (3.23) are absolutely smaller 

than t
hS , it follows from (3.23) that
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This appendix concludes with the derivation of (3.18). In January the expected 

number of additional deaths remaining during the refreshing of the sample is 
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4. Panels for estimating indicators and indexes

4.1 Short description

An index can actually be viewed as a ratio of two population totals, which can be 

estimated using the estimator of a ratio1 based on SRSWOR of the population or the 

corresponding strata. Another way of estimating an index is the Horvitz-Thompson 

estimator based on probability-proportional-to-size (PPS) sampling. The related 

inclusion probability of a company is proportional to its corresponding revenue. We 

elaborate the corresponding formulas for indexes in this chapter. The effects of 

company mergers and demergers are also discussed. Formulas from this chapter are 

also applicable to price movements and economic indicators that are based on panels 

of companies. Unless stated to the contrary, this chapter assumes consistently that 

the target parameter is a weighted average of price movements for a target group of 

companies, where the weights are set equal to the revenue shares of the 

corresponding companies. Readers are referred to Chapter 3 for index changes, 

updates and refreshing of panels.

4.2 Applicability

Statistics Netherlands also uses panels to calculate special weighted population 

means, such as the PPI, DPI, the Business Survey of the Netherlands (COEN) and 

the Business Test (Conjunctuurtest). The first two are price indexes and the last two 

are economic indicators.

4.3 Detailed description

4.3.1 The estimator of a ratio for a general index

A composite price index I of price movements among N different companies can for 

our purposes also be expressed as
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where

period.given ain stratumin company ofrevenue:

stratumin company for changeprice:

);,...,1(stratumin companiesofnumber :
1
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NNHhhN
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1 Note that the term estimator of a ratio is used in the context of indexes in this chapter in its 

literal sense, and is not to be confused with the estimator more commonly mentioned in the 

literature of a population total based on an estimated ratio, which is referred to as a ‘ratio 

estimator’.
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It is convenient for estimating purposes to rewrite (4.1) as
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Because the revenue figures may generally be assumed to be known, an obvious 

estimator of (4.1) or (4.2) is
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hÎ  represents the standard estimator of a ratio of the mean price movement in 

stratum h
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where hio  and hiI  represent the revenue and price movement, respectively, of 

company i in the sample obtained through SRSWOR of size nh from stratum h

(i=1,…,nh). Note that hÎ  can be viewed as a standard estimator of a ratio for hI  in 

(4.2).

The variance of Î  in (4.3) is
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see Banning et al. (2010, p. 76). Combination of (4.5) and (4.6) gives
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The variance in (4.7) can be estimated with
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Analogous to the Neyman allocation for the standard stratification estimator, it is 

possible to prove that the variance in (4.5) is a minimum for the following allocation 
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If it can be assumed that the hiI  can be described well with the following model 
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 where it is assumed that .1-» hh NN  The allocation in (4.8) therefore becomes
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It is observed finally that hI  in (4.2) can be expressed as a normal stratum total 
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 with ./ hhihihi OIOY =  Therefore hI  can also be estimated with the 

direct estimator
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Under the above model assumptions, a regression of hiY  on hiO  and a constant 

),...,1( hNi =  nonetheless yields a regression coefficient bh approximately equal to 

.hh Ib =  Because of 2/hh Ib > , the estimator of a ratio is preferable to the direct 

estimator; see Banning et al. (2010, p. 77). Note that bh can be expressed as 

hohyhyoh SSb /r=  where hyor  represents the correlation coefficient between the Yhi

and the Ohi.

4.3.2 The PPS estimator for a general index

As shown in Chapter 5 of Banning et al. (2010) a (composite) price index can also 

be estimated based on systematic PPS sampling where the inclusion probabilities 
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ii nW=π )/( OOW ii =  are proportional to the corresponding revenue figures. 

Furthermore, the companies are deemed to be randomly ordered in the 

corresponding list. The PPS estimator of the parameter ∑ == N

i ii IWI
1

 now takes the 

following form in accordance with equation (5.5) of Banning et al. (2010)
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where sI  represents the mean of the observed price movements in the sample. In 

order to keep the notation simple, this subsection assumes that the population 

consists of 1 stratum. If the population comprises more than one stratum, then the 

same approach can be followed for estimating the indexes corresponding with the 

separate strata .hI

Assuming that the sequence of population elements has no effect on the PPS 

sampling and that the iI  can be described well with the model ii II ε+=  with 

,0)( =iE ε βγε ii OE 22 )( =  and 0)( =jiE εε , ),( ji ≠  can be used as an approximation 

of the variance of PPSÎ  in (4.9)
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It can be demonstrated under the above model assumptions with 1−>β  that for 

∞→N PPSÎ  has a smaller variance than the estimator of a ratio EAZTÎ  based on 

SRSWOR, or
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see Knottnerus (2011). An asymptotically unbiased estimator of the variance in 

(4.10) under the above assumptions is
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4.3.3 Replacement or replenishment with systematic PPS sampling

So far a stable sample that does not change in time has been assumed. 

Unfortunately, it is common for units in the sample to disappear because of 

nonresponse or death and other reasons. One method of replenishing a PPS sample 

is the following. Assume that the (presumed) attrition in a period is 10% of the 

sample, in which case gross sampling bs  could be performed in advance, producing 
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a sample of size .1,1 nnb =  Then performing SRSWOR on bs  to produce a sample of 

size n will yield on balance a PPS sample of the desired size n. Any companies that 

drop out of the panel later can be replaced at random from the remaining bs . This 

approach can also be applied in practice with SRSWOR.

Another approach is that of ‘circular systematic PPS sampling’ in which the 

companies are sequenced cyclically rather than linearly, so that company N is 

between companies N-1 and 1 (disregarding the random sequence). If a company 

drops out, it is simple to continue the systematic sampling procedure with the same 

step length L. If necessary, a new random starting number can be chosen when the 

circle has been traversed. This new random starting number would be needed if the 

population had remained stable with no births or deaths. After the first full round of 

the circle, the company associated with the first randomly selected number would 

automatically reappear. A disadvantage of this cyclic approach is that the precise net 

inclusion probabilities are less than completely clear when the inclusion

probabilities are unequal and the circle is traversed for the second time.

It is advisable to treat births as a separate group from which a separate random 

sample must be drawn. In the case of a systematic sample, the step length L must be 

the same as in the associated population of pre-existing units. The same method can 

be used to accommodate later attrition from the sample of this group.

4.3.4 Company mergers

Consider a population {1, 2, …,N} of N companies. Define iπ  as the first order 

inclusion probability of company i. The first situation considered below is that in 

which iY  is the value of an arbitrary variable y for company i (i=1,…,N). The 

modified Horvitz-Thompson (HT) estimator for the population total Y in the event 

of a merger of companies 1 and 2 is then as follows
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2121 )( ππ +=+ aaE  means that (4.12) is an unbiased estimator for Y, like the 

standard HT estimator in the situation without mergers. We can also express (4.12) 

as
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In other words, 21 YY +  is distributed over companies 1 and 2 with weight ratio of 

./ 21 ππ  Formula (4.13) is again the standard form of an HT estimator and can 

therefore serve as the basis for further variance calculations. For example, for simple 

random sampling without replacement (SRSWOR) with Nni /=π  (i=1,..,N), then
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Note in this case that 2/)( 21
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1 YYYY +==  and that the population means are

equal: .* YY =  Also with systematic PPS sampling, (4.13) can be used to 

approximate and estimate the variance, as discussed in Subsection 4.3.2, provided 

the elements in the population are more or less randomly sequenced.

The approach described here can be used when it is desired to maximize the 

retention of companies in the panel. Relevant examples would be the Price indices

for producers (PPI) and services (DPI). An alternative approach is to view the 

individual companies in the merger as deaths, and the new merged company as a 

birth. This alternative approach would not normally give a systematic bias, but may 

lead to larger margins of uncertainty surrounding the estimated changes.

4.3.4.1 Mergers with PPS sampling

Consider very generally a price index ∑ == N
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where iW  represents the weight or relevance of company i. Companies in the full 

observation are disregarded. Consider now a PPS sample of size n where the 

inclusion probabilities ip  are proportional to the weights iW , or .ii nW=p  If there 

are no mergers, we saw above that the standard HT estimator of I is
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If companies 1 and 2 merged, it will be more convenient from now on to denote the 

companies in the sample with their sequence numbers .,...,1 nii For the three different 

possible situations, the modified HT estimators are as follows. First, when 

021 == aa , (4.12) equals the standard HT estimator.
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Second, when exactly one of the two companies in the merger was in the original 

sample, or 121 =+ aa , (4.12) takes the following form
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In practice 12I  represents the price observation of the new company 12 that was 

created in the merger of companies 1 and 2. Finally, when companies 1 and 2 were 

both in the original sample, then by analogy with (4.14), (4.12), becomes
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The final formula shows that assuming an unbiased Laspeyres price index, a break 

in the trend in the price index may be visible relative to the base year when 1I  and 

2I  differ greatly and n is not extremely large. In the hypothetical situation that, for 

example, 11 =a  and ,02 =a the new 12I  can in principle differ considerably from 

the old 1I  observed in the sample. Because the index is calculated based on a chain 

index, no visible break in the trend occurs in practice.

In summary, it can be stated that application of the modified HT estimator to a PPS 

sample for the PPI with a subsequent merger of companies 1 and 2 means that if 

company i (i=1.2) was already in the sample before the merger, its price index iI

after the merger is replaced by the price index 12I  of the new, merged company. 

PPSÎ  remains, also after the merger, equal to the unweighted mean of the thereby 

observed price movements relative to the base year.

4.3.4.2 Mergers with SRSWOR

This subsection briefly comments on a simple random sample of size n in which all 

companies have the same inclusion probability )/( Nni =π . As in the previous 

section, it is assumed that companies 1 and 2 (of the population) merge to create 

company 12. As long as neither company 1 nor company 2 are in the sample 
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This means that the total weight of the merged company must be halved in the later 

estimate of the price index after the merger. The following modification is proposed 

in order to avoid this effect 
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The advantage, as with PPS sampling, is that the weights of the companies in the 

sample after the merger do not have to be adjusted. Furthermore, the numerator and 

denominator continue to be unbiased estimators because 

.)1( 12212211 WaaWaWaE ==++

When company 1 and company 2 are both in the sample ),1( 21 == aa  (4.12) yields 

the following estimator of a ratio
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In other words, the merged company 12, like the other companies, acquires its

associated weight )( 21 WW +  in accordance with the revenue share of the newly 

merged company.

In summary, this means that in the event of sampling for the PPI with equal 

inclusion probabilities, use of the modified HT estimator with a merger of 

companies 1 and 2 implies that when one of the two companies, say company i

(i=1.2), was already in the sample before the merger, the price movement iI  after 

the merger must be replaced by the price movement 12I  of the new, merged 

company, while its weight iw  remains the same. If both companies were already in 

the sample before the merger, then 12I  in the sample acquires a weight of 21 ww + .

4.3.5 Company demergers

This subsection briefly discusses the effect on the weights of the company 

observations when a company in the sample splits into two. The first situation 

considered is that in which an index is estimated. It is assumed that an estimated 

index for some population or stratum can be expressed as
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Suppose now that company 1 in the sample splits into two companies 1a and 1b. 

Assume furthermore that 1I  can be expressed as a weighted average of aI1  and bI1 , 

in other words

.11111 bbaa IwIwI +=  (4.16)
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Substituting (4.16) into (4.15) gives
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In other words, the weights of companies 1a and 1b resulting from the demerger are 

aww 11  and bww 11 , respectively. It is assumed that both companies remain in the 

sample after the demerger.

The situation is somewhat different when e.g. the total revenue O has to be 

estimated for a population or stratum of companies. Assuming that the estimated 

revenue total can be expressed as
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the estimator after the demerger of company 1 becomes
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In other words, the companies resulting from the demerger retain the same weight as 

the parent company before the demerger.

4.4 Quality indicators

Quality indicators for panels for estimating indexes are:

- the margins of uncertainty of the corresponding estimators;

- the size of nonresponse;

Nonresponse can severely affect the quality of the results if (i) the nonresponse is 

large and (ii) the nonresponse is selective. Adjustment of some of the bias from 

selective nonresponse can sometimes be achieved by using auxiliary variables that 

correspond with both the probability of response and the target variable.
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