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Summary: AdministraƟve data are used more and more in official staƟsƟcs and academic
research. Since administraƟve variables are usually collected for a different purpose, it is
important to assess the suitability of these variables for staƟsƟcal use. Due to measurement
errors, an administraƟve variable might have low validity for the concept of interest and it
might also suffer from bias. In this paper, we describe a method for assessing the
measurement validity of administraƟve and survey variables by means of a structural equaƟon
model. An advantage of this approach is that it is not necessary to assume that either the
administraƟve or the survey data are error-free. In addiƟon, we consider the possibility of
esƟmaƟng the bias in these variables, in the presence of a so-called audit sample for which
‘gold standard’ data have been obtained. An applicaƟon of the method is discussed to assess
the measurement quality of value-added tax Turnover for the Dutch short-term staƟsƟcs.
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1 Introduction

In recent years, the use of administraƟve data has grown in official staƟsƟcs as well as in
academic research (Bethlehem, 2008; Bakker and Daas, 2012). Governmental organisaƟons, such
as tax authoriƟes, social security offices, and municipaliƟes, rouƟnely collect data on a large
number of social and economic phenomena as part of their regular acƟviƟes. In many countries,
naƟonal staƟsƟcal insƟtutes (NSIs) and other producers of official staƟsƟcs have access to these
administraƟve data sources. Many NSIs are looking at ways to use administraƟve data to reduce
– and ideally replace – their own data collecƟon by means of quesƟonnaires. Reasons for this
include Ɵghter budgets and a decreasing willingness of persons and businesses to parƟcipate in
surveys. AdministraƟve data also offer possibiliƟes for more detailed staƟsƟcal analyses than
surveys based on relaƟvely small samples.

When examining the suitability of a given administraƟve source for staƟsƟcal purposes, several
quesƟons need to be addressed (Bakker, 2011b; Zhang, 2012). In this paper, we will focus on
issues related to the quality of measurement. In general, all data sources may contain errors. In
the case of administraƟve data, a parƟcular source of error arises from potenƟal differences
between the variable that is measured for administraƟve purposes and the variable that is
needed for staƟsƟcal purposes. To give an example, StaƟsƟcs Netherlands is supposed to publish
short-term staƟsƟcs on Turnover, which is a variable with a specific definiƟon according to the
short-term staƟsƟcs regulaƟon (European Commission, 2006). The Dutch tax authoriƟes also
collect informaƟon on Turnover from businesses to levy value-added tax (VAT). Conceptually,
these two Turnover variables are not the same for all businesses; for instance, some economic
acƟviƟes are included in the first type of Turnover but excluded from the second because they
are exempt from taxes. (We will return to this example in the applicaƟon below.) It is, therefore,
important to assess the measurement quality of administraƟve variables for staƟsƟcal use
(Bakker and Daas, 2012; Groen, 2012).

In the context of quesƟonnaire design, there is a well-established tradiƟon of using linear
structural equaƟon models (SEMs) to assess the measurement quality of survey variables; key
references include Andrews (1984), Saris and Andrews (1991), Scherpenzeel and Saris (1997),
Saris and Gallhofer (2007), and Alwin (2007). The models used in this approach can be seen as an
extension of the classical test theory from psychology as set out by Lord and Novick (1968) and
Jöreskog (1971). Each observed variable is modelled as an imperfect measure of an underlying
latent (unobserved) variable. To quanƟfy the measurement quality of an observed variable, one
can esƟmate its validity which, under the simplest model, is defined as its standardised factor
loading on the underlying latent variable (see SecƟon 2). These models are usually idenƟfied by
taking repeated measurements on each target variable, which requires a carefully-planned
research design. It should also be noted that SEMs require variables that are measured on an
interval scale or higher. At the very least, the latent variable should have such a measurement
level. For nominal and ordinal variables, latent class models are more appropriate (Biemer, 2011).

Applying the same modelling approach to administraƟve data is not straighƞorward. As
administraƟve data are collected by an external party, it is usually not possible to conduct
methodological experiments. Bakker (2012) suggested that repeated measurements may be
obtained by linking an administraƟve data set to data from an independent sample survey. This is
useful in parƟcular for examining whether quesƟons in an exisƟng survey can be replaced by
corresponding administraƟve variables, at least in terms of validity. Similarly, Pavlopoulos and
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Vermunt (2015) and Oberski (2015) have used latent class models to compare the amount of
classificaƟon error in categorical administraƟve and survey variables. An important advantage of
approaches that use latent variables is that they do not assume that either the administraƟve or
the survey data are error-free. In fact, it is not necessary to know in advance which source
provides the measurement with the highest validity: this is esƟmated from the data. If the fiƩed
model indicates that the administraƟve data have a validity that is at least as high as that of the
survey data, that will be an argument for using the cheaper administraƟve data.

While validity captures the correlaƟon of an observed variable to the underlying concept,
producers of official staƟsƟcs are oŌen interested in populaƟon means or totals. Therefore, in
addiƟon to the validity, it may be important to know whether any substanƟal measurement bias
occurs in the levels of individual variables (so-called intercept bias). The main objecƟve of the
present paper is to discuss how the approach using SEMs may be extended to also assess the bias
of an administraƟve variable. To illustrate, we describe an applicaƟon at StaƟsƟcs Netherlands to
assess the validity and intercept bias of VAT Turnover for the Dutch short-term staƟsƟcs.

The remainder of this paper is organised as follows. SecƟon 2 describes the proposed
methodology for esƟmaƟng the validity and intercept bias of observed variables. Some more
technical points are confined to an appendix. The above-menƟoned applicaƟon to VAT Turnover
is discussed in SecƟon 3. SecƟon 4 closes the paper with a discussion of the possibiliƟes and
limitaƟons of the proposed method. While the main focus of this paper is on evaluaƟng the
measurement quality of administraƟve data, some potenƟal other applicaƟons of the method
are also outlined in SecƟon 4.

2 Methodology

2.1 Assessing validity and intercept bias using SEMs

Let 𝑦ଵ, … , 𝑦௣ denote a set of observed variables that may be affected by measurement errors,
and let 𝜂ଵ, … , 𝜂௠ denote the underlying variables of interest that are error-free and not
observed directly. The relaƟonship between each observed and unobserved variable, as well as
the relaƟons that exist among the unobserved variables, may be described by an SEM.

For our purposes here, an SEM may be defined as a system of linear regression equaƟons:

𝜂௜ = 𝛼௜ +෍
௝ஷ௜

𝛽௜௝𝜂௝ + 𝜁௜ , (𝑖 = 1,… ,𝑚), (1)

𝑦௞ = 𝜏௞ + 𝜆௞𝜂௜ೖ + 𝜖௞ , (𝑘 = 1,… , 𝑝). (2)

EquaƟons of the form (1) are structural equaƟons relaƟng the unobserved variables to each
other: the coefficient 𝛽௜௝ represents a direct effect of 𝜂௝ on 𝜂௜, 𝜁௜ represents a zero-mean
disturbance term, and 𝛼௜ represents a structural intercept. EquaƟons of the form (2) are
measurement equaƟons relaƟng an observed 𝑦௞ to an unobserved 𝜂௜ೖ in terms of a factor
loading 𝜆௞, a measurement intercept 𝜏௞, and a zero-mean measurement error 𝜖௞ that is
uncorrelated with 𝜂௜ೖ . Note that the same latent variable can be measured by different observed
variables. By contrast, we restrict aƩenƟon in this paper to SEMs in which each observed variable
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loads on exactly one latent variable. More general SEMs that do not have this restricƟon are
discussed, e.g., by Bollen (1989).

The SEM given by (1)–(2) contains the following parameters: 𝛼௜, 𝛽௜௝, 𝜏௞, 𝜆௞, 𝜓௜௝ = cov(𝜁௜ , 𝜁௝),
and 𝜃௞௟ = cov(𝜖௞ , 𝜖௟). It is standard pracƟce to restrict some of these to zero a priori, based on
substanƟve consideraƟons. Provided that the model is idenƟfied, the unknown parameters can
be esƟmated from the observed variance-covariance matrix and the observed vector of means of
𝑦ଵ, … , 𝑦௣; see SecƟon 2.2. The absolute value of the standardised factor loading

|𝜆௦௞| ≡ |𝜆௞|
sd(𝜂௜ೖ)
sd(𝑦௞)

= ඨ1 − var(𝜖௞)
var(𝑦௞)

(3)

may be used as a measure of the validity1) of 𝑦௞ (Bakker, 2012). The intercept bias of 𝑦௞ may be
evaluated by comparing its observed mean to the esƟmated error-free mean of 𝜂௜ೖ . Having
esƟmated the model, we can derive formulae to correct each observed variable to the scale of
the corresponding error-free variable; see SecƟon 2.4 for more details.

By linking administraƟve data to survey data, one will usually obtain at most two indicators per
latent variable (Scholtus and Bakker, 2013). The smallest SEM that is then idenƟfied has𝑚 = 2
correlated latent variables with two indicators each. If covariates are available that are
considered to be measured (essenƟally) without error, these can also be included in the model to
obtain idenƟficaƟon. In addiƟon, idenƟficaƟon of any SEM with latent variables requires that
each latent variable be given a scale and, if the model contains intercept terms, that the origins
of these scales be fixed as well. When one is interested only in the validity, idenƟficaƟon may be
achieved by standardising each latent variable to have mean 0 and variance 1. However, this is
not an opƟon if the intercept bias is to be evaluated. In fact, none of the standard SEM
idenƟficaƟon procedures [see LiƩle et al. (2006) for an overview] is then suitable because, as
argued by Bielby (1986), these procedures define an ‘arbitrary’ metric for the latent variables.

A procedure for achieving model idenƟficaƟon in a ‘non-arbitrary’ way was suggested by Sobel
and Arminger (1986) and discussed in the present context by Scholtus (2014). The basic idea is to
collect addiƟonal ‘gold standard’ data on each latent variable for a random subsample of the
original data set. Many of the variables encountered in official staƟsƟcs are factual (e.g., Age,
VoƟng behaviour, Turnover, Number of employees), so that it is theoreƟcally possible to obtain
the true score for each unit. In pracƟce, it is usually prohibiƟvely expensive or otherwise
inconvenient to do so for the enƟre populaƟon or even for a sizeable sample. But it may oŌen be
feasible to obtain ‘gold standard’ data for a small subsample of units. Provided that this audit
sample is obtained by randomised selecƟon from the original data set, we can use it to assign a
‘non-arbitrary’ metric to the latent variables, thereby idenƟfying the SEM. We can sƟll use the
enƟre data set to esƟmate the model parameters in terms of this metric.

Figure 2.1 shows an example of a path diagram of an SEM that is idenƟfied in this way, having
𝑚 = 3 latent variables with two indicators each (outside the audit sample). The task of
esƟmaƟng this model can be cast as a missing-data problem that may be solved by fiƫng a
two-group SEM; see SecƟon 2.3. Results on simulated data in Scholtus (2014) suggested that a
relaƟvely small audit sample of 50 units may oŌen be sufficient.

1) In the terminology of Saris and Andrews (1991), |ఒೞೖ|measures the indicator validity of ௬ೖ. This is actually the product
of its ‘pure’ validity and its reliability as defined by Saris and Andrews (1991). Biemer (2011) uses the terms empirical
and theoreƟcal validity instead of indicator validity and ‘pure’ validity, respecƟvely. This point is taken up in SecƟon 4.
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(group 1: audited units)

(group 2: other units)

Figure 2.1 Example of a two-group SEM identiϐied by means of an audit sample. The
model for the ϐirst group contains additional error-free variables that are observed
only in the audit sample. The structural part of the model is shown in grey.
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In pracƟce, the ‘gold standard’ data could be obtained by some form of re-ediƟng by
subject-maƩer experts, as was done in a different context by NordboƩen (1955). In Figure 2.1
and throughout this paper, it is assumed that the audit data do not contain any measurement
errors: in (2) for these variables, 𝜏 = 0, 𝜆 = 1, and var(𝜖) = 0. In fact, the model can be
idenƟfied by the audit sample also when var(𝜖) ≠ 0 but the other two assumpƟons do hold. In
that case, the ‘gold standard’ data are supposed to contain only measurement errors that do not
affect the scale of measurement. While this assumpƟon is theoreƟcally weaker than the
assumpƟon of no errors, it is not necessarily more plausible in pracƟce. When the ‘gold standard’
data are obtained by re-ediƟng, it actually seems less plausible from a pracƟcal point of view.

2.2 Estimating an SEM

Let 𝜇 = (𝜇ଵ, … , 𝜇௣)ᇱ and Σ = (𝜎௞௟) denote, respecƟvely, the populaƟon mean vector and
variance-covariance matrix of the observed variables in the SEM. That is, 𝜇௞ = 𝐸(𝑦௞) and
𝜎௞௟ = cov(𝑦௞ , 𝑦௟). Under the model given by (1)–(2), these moments are expressible in terms of
the unknown model parameters: 𝜇 = 𝜇(𝜗) and Σ = Σ(𝜗), with 𝜗 a vector containing all disƟnct
parameters. Explicit expressions for 𝜇(𝜗) and Σ(𝜗) can be found, e.g., in Bollen (1989).

For a given sample of size 𝑛, let 𝑦̄ and 𝑆 denote the empirical means and covariances of
𝑦ଵ, … , 𝑦௣. A convenƟonal way to esƟmate 𝜗 is by minimising a certain distance funcƟon 𝐹୑୐
between (𝑦̄, 𝑆) and (𝜇(𝜗), Σ(𝜗)), which leads to maximum likelihood (ML) esƟmaƟon if the
sample consists of independent, idenƟcally distributed (i.i.d.) observaƟons from a mulƟvariate
normal distribuƟon. This method of esƟmaƟon also produces asymptoƟc standard errors for the
esƟmated parameters, as well as a test staƟsƟc that can be used as a measure of overall fit:
under the above assumpƟon of normality, 𝑋ଶ୑୐ = (𝑛 − 1)𝐹୑୐ should follow a chi-square
distribuƟon with known degrees of freedom if the model holds. More details are given in
Appendix I.1 and in Bollen (1989).

In many pracƟcal applicaƟons, including the VAT applicaƟon to be discussed in SecƟon 3, the
assumpƟon of having i.i.d. observaƟons from a normal distribuƟon is not saƟsfied. Firstly, the
data may come from a different (unknown) distribuƟon. In this situaƟon, it can be shown that
minimising 𝐹୑୐ sƟll produces a consistent point esƟmator for 𝜗 under mild condiƟons, but the
esƟmated standard errors are typically incorrect and the above test staƟsƟc need not follow a
chi-square distribuƟon. It is known how to obtain asymptoƟcally correct standard errors (Satorra,
1992; Muthén and Satorra, 1995); see also Appendix I.1. A correcƟon to the chi-square test
staƟsƟc was proposed by Satorra and Bentler (1986, 1994). The resulƟng corrected staƟsƟc is
denoted by 𝑋ଶୗ୆ here. The terms Robust Maximum Likelihood and Pseudo Maximum Likelihood
(PML) are used to refer to this esƟmaƟon strategy when the data are not normally distributed.

Secondly, the above assumpƟon is violated when the sample is obtained through some complex
survey design, possibly involving without-replacement sampling from a finite populaƟon,
straƟficaƟon, clustering and/or mulƟ-stage selecƟon. In this case, to obtain a consistent point
esƟmator, one should use design-consistent esƟmates of 𝜇 and Σ in place of 𝑦̄ and 𝑆. AŌer this
adjustment, essenƟally the same results apply as in the i.i.d. case with non-normal data (Muthén
and Satorra, 1995). Thus, the same PML approach may be used to obtain corrected standard
errors and test staƟsƟcs. For single-group models, this approach has been shown to give good
results in simulaƟon studies (Stapleton, 2006). Some more details are given in Appendix I.1. In
the applicaƟon to be discussed below, we used PML esƟmaƟon to account for both phenomena:
non-normal data and finite-populaƟon sampling.

Modelling Measurement Error to Estimate Bias in Administrative and Survey Variables 7



Many soŌware packages are available for esƟmaƟng SEMs, including LISREL, EQS, and Mplus. For
the analyses in this paper, we made use of two packages from the R environment for staƟsƟcal
compuƟng (R Development Core Team, 2015): the package lavaan (Rosseel, 2012) which
contains the basic funcƟonality for esƟmaƟng a variety of latent variable models and the package
lavaan.survey (Oberski, 2014) which implements the PML approach for SEM esƟmaƟon with
complex samples. The laƩer package in turn relies on the R package survey (Lumley, 2004)
which provides general funcƟonality for complex survey analysis.

2.3 Incorporating the audit sample

In theory, the esƟmaƟon of an SEM that is idenƟfied by means of an audit sample is
straighƞorward. Consider the example in Figure 2.1. We set up a two-group SEM, where the first
group contains the 𝑛ଵ observaƟons from the audit sample and its model is defined in terms of
the observed variables 𝑦ଵ, … , 𝑦ଽ, while the second group contains the 𝑛 − 𝑛ଵ remaining
observaƟons and its model is defined in terms of 𝑦ଵ, … , 𝑦଺ alone. In the first group, the model is
idenƟfied by assuming that 𝑦଻ = 𝜂ଵ, 𝑦଼ = 𝜂ଶ, and 𝑦ଽ = 𝜂ଷ. The model for the second group is
idenƟfied by restricƟng all parameters of the overlapping part of the model to be equal in both
groups; this makes sense if the audit sample is a random subsample of the original data.2)

In pracƟce, some complicaƟons arise. The main pracƟcal problem is that all standard soŌware
packages that can esƟmate mulƟ-group SEMs require that the same set of observed variables be
used in each group. Thus, in the example of Figure 2.1 we need to account for the missing data
for 𝑦଻, 𝑦଼, 𝑦ଽ in the second group.

Allison (1987) proposed a general-purpose method for esƟmaƟng SEMs with missing data, which
provides ML esƟmates provided that the data are i.i.d. mulƟvariate normal and the missing
values are Missing At Random (MAR) in the terminology of LiƩle and Rubin (2002). In the context
considered here, the data are missing by design (i.e., the design of the audit sample) and we can
ensure that the MAR condiƟon is saƟsfied. Baumgartner and Steenkamp (1998) described an
extension of Allison's method that is usable in combinaƟon with the PML approach of
SecƟon 2.2, so that the condiƟon of mulƟvariate normality can be dropped. This method involves
impuƟng random values from a normal distribuƟon for the missing variables in the second group,
in such a way that the observed means of these variables are idenƟcally zero, the observed
variances are idenƟcally one, and the observed covariances with all other variables are zero. In
the model for the second group, the measurement equaƟons 𝑦଻ = 𝜖଻, 𝑦଼ = 𝜖଼, and 𝑦ଽ = 𝜖ଽ are
included. In addiƟon, we fix 𝜃଻଻ = 𝜃଼଼ = 𝜃ଽଽ = 1 for this group. Basically, this ensures that the
observed means and covariances for 𝑦଻, 𝑦଼, 𝑦ଽ in the second group are exactly reproduced while
the esƟmaƟon of the rest of the model is not affected by the imputed values. Because some of
the observed moments are now fixed by design, some care must be taken in defining the correct
degrees of freedom for the model. See Appendix I.2 for more details.

A more generally applicable way to deal with missing values in an SEM is by mulƟple imputaƟon
(Oberski, 2014). We will not explore this opƟon here. In addiƟon to the missing-data problem,

2) To idenƟfy the model, it is in fact sufficient to restrict only the parameters of themeasurement model to be invariant
across groups; the structural parameters could be esƟmated freely. In pracƟce, the model fit will improve if these
parameters are leŌ free across groups. However, this may be seen as overfiƫng if the audit sample is truly a random
subsample of the original data, as all differences between the groups should then be due to sampling fluctuaƟons.
Having a separate structural model in each group would also complicate the derivaƟon of a correcƟon formula for the
observed variables (see SecƟon 2.4). We therefore restrict all overlapping parameters to be invariant.
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some more subtle issues arise if we want to take a complex survey design into account in an SEM
with more than one group. This is discussed in Appendices I.1 and I.4.

2.4 Deriving a correction formula

Having esƟmated the SEM given by (1)–(2), we obtain for each observed variable 𝑦௞ an esƟmate
of the validity |𝜆̂௦௞| from (3) and an esƟmated regression line for 𝑦௞ given 𝜂௜ೖ :

𝑦̂௞ = 𝜏̂௞ + 𝜆̂௞𝜂௜ೖ . (4)

In broad terms, three possible cases may arise here:

(a) the validity of 𝑦௞ is high and (𝜏̂௞ , 𝜆̂௞) ≈ (0, 1);
(b) the validity of 𝑦௞ is high but (𝜏̂௞ , 𝜆̂௞) differs significantly from (0, 1);
(c) the validity of 𝑦௞ is low.

With case (a), the observed values are strongly correlated to the true values and there is no
indicaƟon of measurement bias. Observed variables that fall under case (c) apparently contain
too much measurement error to be of use. In the remainder of this secƟon, we will focus on case
(b), where there is a strong correlaƟon between the observed and true values but the observed
values are systemaƟcally too high or too low. Suppose we would like to correct this measurement
bias. Formula (4), which predicts the value of 𝑦௞ for a given value of 𝜂௜ೖ , cannot be used directly
for this purpose. Rather, we need a formula that predicts 𝜂௜ೖ , given the observed values.

From the literature, it is known how to predict the true scores of the latent variables in an SEM
from the observed ones; see, e.g., formula (6) in Meijer et al. (2012). This predictor is unbiased
but it involves a linear combinaƟon of (in general) all the observed variables from the original
model. In the present context, these variables have most likely been obtained specifically for a
methodological evaluaƟon study, e.g., by linking data from different sources, and they will
typically not all be available during regular staƟsƟcal producƟon. To correct 𝑦௞ for measurement
error in this situaƟon, we will now derive a formula for predicƟng 𝜂̂௜ೖ from 𝑦௞ alone.

For notaƟonal simplicity, we drop the indices 𝑘 and 𝑖௞ in the remainder of this secƟon. To find
the best predictor of 𝜂 for an arbitrary given value 𝑦 = 𝑦଴, we need to evaluate 𝐸(𝜂 | 𝑦 = 𝑦଴).
Consider the linear regression model 𝜂 = 𝑎 + 𝑏𝑦 + 𝜔, with 𝐸(𝑦𝜔) = 𝐸(𝜔) = 0. Using (2) and
the fact that 𝜎ఢఎ = 0, we find that

𝑏 =
𝜎௬ఎ
𝜎ଶ௬

=
𝜆𝜎ଶఎ + 𝜎ఢఎ

𝜎ଶ௬
= 𝜆

𝜎ଶఎ
𝜎ଶ௬

and 𝑎 = 𝜇ఎ − 𝑏𝜇௬. Thus, we obtain:

𝐸(𝜂 | 𝑦 = 𝑦଴) = 𝑎 + 𝑏𝑦଴

= 𝜇ఎ + 𝜆
𝜎ଶఎ
𝜎ଶ௬

(𝑦଴ − 𝜇௬). (5)

The unknown parameters in expression (5) can all be expressed as simple funcƟons of 𝜗 (Bollen,
1989). Thus, having esƟmated the original SEM, we can use the following formula for predicƟng
𝜂 given 𝑦 = 𝑦଴:

𝜂̂଴ = 𝜇̂ఎ + 𝜆̂
𝜎̂ଶఎ
𝜎̂ଶ௬

(𝑦଴ − 𝜇̂௬), (6)
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with 𝜇̂ఎ = 𝜇ఎ(𝜗̂), 𝜎̂ଶఎ = 𝜎ଶఎ(𝜗̂), etc. Furthermore, since 𝑎 and 𝑏 are differenƟable funcƟons of 𝜗,
approximate standard errors for 𝑎̂ = 𝜇̂ఎ − 𝜆̂(𝜎̂ଶఎ/𝜎̂ଶ௬)𝜇̂௬ and 𝑏̂ = 𝜆̂(𝜎̂ଶఎ/𝜎̂ଶ௬) can be obtained by
linearisaƟon; lavaan and most other modern SEM soŌware packages provide this opƟon.

Some remarks are in order. Firstly, it should be noted that solving (4) for 𝜂 directly yields
𝜂̃଴ = (𝑦଴ − 𝜏̂)/𝜆̂, which is not equivalent to (6). This approach is invalid in general because it
ignores the fact that 𝜖 and 𝑦 are correlated. However, 𝜂̂଴ does converge to 𝜂̃଴ as the validity of 𝑦
approaches 1 (see below).

Secondly, a similar formula to (6) can be derived for predicƟng 𝜂 from any given subset of the
observed variables in the original SEM, by considering the mulƟple regression of 𝜂 on those
variables. Such a formula may be useful in pracƟce if several (but not necessarily all) observed
variables from the SEM are available during regular producƟon, for instance because they come
from the same data source. Similarly, if covariates without error are available they can also be
incorporated in the predicƟon of 𝜂 to improve the correcƟon formula.

Finally, in the context of a repeated survey (where the same set of staƟsƟcs is produced on a
regular basis), it is desirable to use the same instance of formula (6) to correct observaƟons on 𝑦
for measurement error in mulƟple survey rounds, without the need to re-esƟmate the correcƟon
every Ɵme. Clearly, this requires that the measurement model remains stable over Ɵme. In fact,
the parameters 𝑎 and 𝑏 also depend on 𝜇ఎ and 𝜎ଶఎ and could therefore change as the structural
part of the model evolves over Ɵme, even when the measurement model remains stable.
However, it can be shown that this effect is negligible in pracƟce provided that the validity of 𝑦 is
high enough. Note that, using (2), we can write

𝑏 = 𝜆
𝜎ଶఎ

𝜆ଶ𝜎ଶఎ + 𝜎ଶఢ
= 1
𝜆

1
1 + (𝜎ఢ/𝜆𝜎ఎ)ଶ

.

By (3), (𝜎ఢ/𝜆𝜎ఎ)ଶ = (𝜆௦)ିଶ − 1 is a non-negaƟve quanƟty that is close to 0 when the validity of
𝑦 is high. Hence, we can use a first-order Taylor expansion to obtain, as a good approximaƟon:

𝑏 ≈ 1
𝜆 ൥1 − ቆ 𝜎ఢ

𝜆𝜎ఎ
ቇ
ଶ
൩ .

Similarly, it can be derived that, to the same order of approximaƟon,

𝑎 ≈ −𝜏
𝜆 + ቆ 𝜎ఢ

𝜆𝜎ఎ
ቇ
ଶ
൬𝜇ఎ +

𝜏
𝜆൰ .

Now let 𝜎ଶఎ(𝑇) and 𝜎ଶఎ(𝑇 + 1) denote the variance of 𝜂 at two Ɵme points (not too far apart) and
suppose that the parameters of the measurement model remain invariant between 𝑇 and 𝑇 + 1.
Then, using the above first-order approximaƟon, we find the following expression for the change
in slope parameter 𝑏 between 𝑇 and 𝑇 + 1:

𝑏(𝑇 + 1) − 𝑏(𝑇) ≈ 1
𝜆 ቆ

𝜎ఢ
𝜆𝜎ఎ(𝑇 + 1)ቇ

ଶ
Δ𝜎ଶఎ(𝑇, 𝑇 + 1),

with Δ𝜎ଶఎ(𝑇, 𝑇 + 1) = ൣ𝜎ଶఎ(𝑇 + 1) − 𝜎ଶఎ(𝑇)൧ /𝜎ଶఎ(𝑇) the relaƟve change in 𝜎ଶఎ between 𝑇 and
𝑇 + 1. For instance, suppose that 𝜆 = 1.1, the validity of 𝑦 at Ɵme 𝑇 + 1 equals 0.95 and
Δ𝜎ଶఎ(𝑇, 𝑇 + 1) = 5%. According to the above expression, the absolute change in 𝑏 will be about

1
1.1 × ቆ 1

(0.95)ଶ − 1ቇ × 0.05 ≈ 0.005,

which is likely to be negligible compared to the standard error of 𝑏̂. More generally, the change
in 𝑏 will be close to 0 provided that the validity of 𝑦 is high at both Ɵme points and the relaƟve
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change in 𝜎ଶఎ is small. A similar result can be obtained for 𝑎 with the addiƟonal requirement that
the relaƟve change in 𝜇ఎ between 𝑇 and 𝑇 + 1 has to be small.

In summary, provided that the measurement model remains stable over Ɵme and the validity of
𝑦 is high enough, the effect of changes in the structural parameters on 𝑎 and 𝑏 will be negligible
in pracƟce when the structural parameters evolve gradually over Ɵme. Of course, the
measurement model cannot be expected to remain stable indefinitely. Therefore, it will be
necessary to update formule (6) by conducƟng a new audit sample at regular intervals and/or
whenever changes are made to the data collecƟon process that may affect the measurement
parameters of 𝑦. In the case of administraƟve data, an NSI should monitor acƟvely whether such
changes are being made by the administraƟve authority.

3 Application: Using VAT Turnover
for the Dutch quarterly short-term
statistics

3.1 Introduction

From the second half of 2011 onwards, StaƟsƟcs Netherlands has been publishing quarterly
short-term staƟsƟcs (STS) on Turnover that are based on a combinaƟon of VAT data for small to
medium-sized businesses and a census survey for the largest and/or most complex units (Van
Delden and De Wolf, 2013). The VAT data are obtained from tax declaraƟons submiƩed to the
Dutch tax authoriƟes. The primary output of STS consists of esƟmated growth rates of Turnover
for different sectors of the Dutch economy (classified by NACE code). Levels of total Turnover by
sector are also esƟmated and used to calibrate the Dutch structural business staƟsƟcs (SBS) and
to weight the contribuƟon of each sector to the Dutch naƟonal accounts. Given this secondary
use of the STS esƟmates, it is vital that they do not suffer from intercept bias. The relaƟon
between VAT Turnover and STS Turnover is known to vary by type of economic acƟvity, depending
on the specific tax regulaƟons that apply (Van Delden et al., 2015). Hence, direct use of the VAT
data may give a distorted view of the contribuƟon of each sector to the Dutch economy.

Van Delden et al. (2015) previously analysed the measurement quality of VAT data by a direct
linear regression of Turnover as measured in the SBS survey3) on VAT Turnover. This analysis was
done separately for each NACE group4). The results of these analyses were used, in combinaƟon
with qualitaƟve knowledge on tax regulaƟons, to decide for each NACE group whether:

(a) VAT data could be used as a direct replacement of survey data;
(b) VAT data could be used aŌer applying a linear correcƟon to VAT Turnover; or
(c) VAT data could not be used.

3) The definiƟons of SBS and STS Turnover are idenƟcal in nearly all cases.
4) We use the term NACE group to refer to a straƟficaƟon of units by NACE code. In the study by Van Delden et al.

(2015), NACE groups were defined at the most detailed level used during data collecƟon and processing at StaƟsƟcs
Netherlands. In our applicaƟon, we defined NACE groups at the level where separate STS esƟmates are published.
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The correcƟon formulae for NACE groups in class (b) followed directly from the linear regression
model [similar to formula (6) in this paper, but with SBS Turnover taking the role of true
Turnover]. Class (c) also included NACE groups for which the analysis was inconclusive, e.g.
because the results did not agree with expectaƟons based on the tax regulaƟons. In fact, a
drawback of linear regression is that measurement errors in the SBS and VAT data are not
explicitly taken into account. It is well known that esƟmates of regression parameters may be
biased in the presence of measurement errors (Bound et al., 2001). Van Delden et al. (2015) did
use a robust regression to avoid bias due to incidental (large) errors, but this does not provide
protecƟon against the effects of structural measurement errors. Therefore, we decided to do an
alternaƟve analysis using an SEM to account for potenƟal measurement errors. The results of this
analysis will be compared to those obtained by the method of Van Delden et al. (2015) below.

As menƟoned above, the analyses in this applicaƟon were done in R. Interested readers can
request a copy of the R code by sending an email to sshs@cbs.nl.

3.2 Data

The present applicaƟon focused on eight NACE groups, listed in Table 3.1. The first four groups
are part of the sector “Trade”, while the last four groups are part of the sector “TransportaƟon
and storage”. For all of these NACE groups, the VAT data are currently not used to produce STS. In
addiƟon to Turnover, we included the following concepts in the SEM: Number of employees,
Costs of purchases, and Total operaƟng costs. All data referred to the year 2012.

Table 3.1 Overview of NACE groups considered in this application
NACE code descripƟon
45112 Sale and repair of passenger cars and light motor vehicles
45190 Sale and repair of trucks, trailers, and caravans
45200 Specialised repair of motor vehicles
45400 Sale and repair of motorcycles and related parts
50100 Sea and coastal passenger water transport and ferry-services
50300 Inland passenger water transport and ferry-services
52100 Warehousing and storage
52290 Forwarding agencies, ship brokers and charterers; weighing and measuring

For all concepts, one indicator is available from the SBS sample survey data. As a second
indicator for the Number of employees, we used the value listed in the General Business Register
(GBR) which is the populaƟon frame of business units maintained by StaƟsƟcs Netherlands.
AddiƟonal indicators for the other three variables were obtained from the Profit DeclaraƟon
Register (PDR). This is an administraƟve data set provided to StaƟsƟcs Netherlands by the tax
authoriƟes. Businesses are obliged to provide informaƟon to the PDR annually, but delayed
reporƟng is accepted by the tax authoriƟes up to several years aŌer the reference period. In this
study, we used the PDR data that were available by October 2014. Finally, VAT data on Total
turnover were included. Businesses usually declare VAT on a monthly or quarterly basis. In this
study, we used the derived annual VAT Turnover. Table 3.2 summarises the available data sources
for each concept.

Table 3.3 lists the populaƟon size in each NACE group as well as the number of units for which
data were available. Businesses from the group of very large and/or complex units were excluded
from this analysis, as StaƟsƟcs Netherlands is not planning to use administraƟve data to replace
the STS survey for this group at the moment. The SBS data set has survey weights to account for
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Table 3.2 Overview of variables used in this application, with available data sources
variable name available sources
Number of employees GBR, SBS (+ audit)
Costs of purchases PDR, SBS (+ audit)
Total operaƟng costs PDR, SBS (+ audit)
Total turnover VAT, PDR, SBS (+ audit)

Table 3.3 Number of units in each NACE group. All ϐigures refer to 2012 and, apart
from the ϐirst line, to the population with large and/or complex units excluded.
NACE group 45112 45190 45200 45400
populaƟon (total) 18 680 1 790 6 054 1 763
populaƟon (w/o complex units) 18 556 1 739 6 018 1 759
SBS net sample 934 180 281 76
SBS net sample linked to admin. data 819 170 238 60
net audit sample 44 47 44 43
NACE group 50100 50300 52100 52290
populaƟon (total) 943 4 500 764 2 968
populaƟon (w/o complex units) 889 4 475 695 2 835
SBS net sample 197 383 194 450
SBS net sample linked to admin. data 98 323 145 375
net audit sample 33 44 38 40

the sampling design and non-response. The SBS uses simple random sampling straƟfied by NACE
group and size class, based on the number of employees according to the GBR. CorrecƟon for
non-response is based on a weighƟng model that involves NACE group, size class and legal form.

We could not link all units from the SBS data set to the two administraƟve data sets used here
(PDR and VAT), mainly because not all fiscal units from the administraƟve data could be linked
unambiguously to an SBS unit. In addiƟon, some units had missing data in the PDR or VAT data
sets (unit non-response). This explains the loss of units between the third and fourth line in
Table 3.3. To account for potenƟal selecƟvity introduced in this step, we recalibrated the survey
weights within each NACE group, using a simplified version of the standard SBS weighƟng model.

Since SBS Turnover was available for all units in the third row of Table 3.3, we could check
whether the loss of records that were not linked to administraƟve data yielded selecƟon bias that
was not corrected by reweighƟng, at least for our target variable Turnover. Let 𝑛ᇱ and 𝑛 denote
the number of records in the SBS sample before and aŌer linkage, respecƟvely. First, we
computed the difference between the reweighted esƟmate of the populaƟon total of SBS
Turnover aŌer linkage and the original weighted esƟmate before linkage; this is reported as a
percentage of the esƟmate before linkage in the row “difference” of Table 3.4. Next, we
simulated, for each NACE group, 10, 000 simple random samples without replacement of size 𝑛
from the SBS sample of size 𝑛ᇱ, applied our reweighƟng model to each subsample, and computed
the resulƟng esƟmate of total SBS Turnover. This produced an approximate reference distribuƟon
of outcomes for this esƟmate under the assumpƟon that the linkage loss was completely at
random and thus not selecƟve. The row “𝑝 value” in Table 3.4 reports, for each NACE group, the
fracƟon of simulated values that differed from the original SBS esƟmate by at least as much (in
absolute value) as our original reweighted esƟmate aŌer linkage. It is seen that, for all NACE
groups except 45112, the difference was not significant; thus, there was no indicaƟon of
selecƟon bias with respect to SBS Turnover. For NACE group 45112, the significant effect could be
explained by two units with unusually large values of Turnover (relaƟve to their size classes) that
were not linked to administraƟve data. When these two outliers were removed from the
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populaƟon, the difference for NACE group 45112 was not significant anymore (𝑝 value: 0.082).5)

Table 3.4 Effect of unlinked records on population estimate of SBS Turnover
NACE group 45112 45190 45200 45400 50100 50300 52100 52290
units linked 88% 94% 85% 79% 50% 84% 75% 83%
difference −5.8% −2.8% 2.4% −8.5% −2.7% 1.8% −4.9% 1.7%
𝑝 value 0.003 0.150 0.423 0.221 0.883 0.646 0.392 0.656

The necessary ‘gold standard’ data for evaluaƟng intercept bias were obtained by having two
senior subject-maƩer experts re-edit the SBS data for an audit sample of 50 units in each NACE
group. The audit sample was straƟfied by a coarsened version of size class, reduced to just two
strata, with 25 units taken in each stratum. The net audit sample was slightly smaller (see
Table 3.3), mainly because we had selected the audit sample before linking the SBS data to
administraƟve data. In addiƟon, a few audited units turned out to be inacƟve or misclassified by
type of economic acƟvity, which means that they were not part of the target populaƟon.

All variables considered here have skew distribuƟons. For instance, most of the Turnover in each
NACE group is concentrated among a few largest units. In theory, the PML esƟmaƟon method
should account for the fact that the data are not normally distributed. We also considered
possible transformaƟons to obtain data that were closer to being normal, or to account for
heteroskedasƟc measurement errors. In some cases, this led to a slightly improved model fit (not
shown here). On the other hand, these transformaƟons made the interpretaƟon of the
measurement model in terms of the original variables less intuiƟve. We therefore decided to
work with the untransformed data in this applicaƟon, since we could find a model that fiƩed
these data reasonably well (see below). In what follows, all financial variables are measured in
millions of Euros.

Figure 3.1 Path diagram of the basic model used in this application (intercepts not
shown). For the group of non-audited units, remove variables 𝑦ଶ, 𝑦ସ, 𝑦଺, and 𝑦ଵ଴.

Preliminary analyses revealed that some correlaƟons between the original SBS data and the
audited data were extremely high. This could be explained by the fact that relaƟvely few values
were changed during the audit, combined with the skewness of the data. These correlaƟons

5) In the remainder of this paper, we report results for NACE group 45112 with these two outliers removed prior to
reweighƟng. The results with the two outliers included were virtually idenƟcal.
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close to 1 led to some computaƟonal problems, with covariance matrices close to being singular,
so that lavaan could not esƟmate the parameters of the SEM. To avoid these problems, we
decided to only include SBS Turnover in the model and exclude the other SBS variables.

The path diagram of the basic SEM used here is shown in Figure 3.1. For the structural part of the
model, we used a nearly-saturated recursive model. The direcƟon of the arrows was prompted
by accounƟng rules that underlie these conceptual variables: Costs of purchases (𝜂ଶ) is a
component of Total operaƟng costs (𝜂ଷ), which in turn contributes to the Total turnover (𝜂ସ); in
addiƟon, Number of employees (𝜂ଵ) is closely related to Staff costs which is another component
of 𝜂ଷ. The structural model is not fully saturated: we excluded the direct effect of 𝜂ଶ on 𝜂ସ
because there is no substanƟve reason why Costs of purchases would have an addiƟonal effect
on Total turnover besides its contribuƟon to Total operaƟng costs. The direct effect of Number of
employees on Total turnover was included in the iniƟal model but turned out to be insignificant
for some NACE groups, in which cases it was set to zero.

3.3 Results

Table 3.5 shows selected fit measures for the final chosen model in each NACE group: the robust
chi-square test staƟsƟc 𝑋ଶ∗ୗ୆ and robust versions of the CFI, TLI, and RMSEA; see Appendices I.2
and I.3 for precise definiƟons of the fit measures in this table. For NACE groups 45112, 45200,
and 50300, all measures indicate an excellent fit. For NACE groups 45190, 52100, and 52290, the
robust chi-square staƟsƟc is somewhat high compared to the degrees of freedom and the other
fit measures mostly indicate a reasonable fit. For the remaining two groups (45400 and 50100),
the overall fit is rather poor. Note that the sample sizes in these last two groups are small, both
compared to the other NACE groups and compared to the minimal sample sizes that are
recommended in the SEM literature [see, e.g., Boomsma (1982)].

Table 3.5 Fit measures for the ϐinal model
NACE group 45112 45190 45200 45400 50100 50300 52100 52290
𝑋ଶ∗ୗ୆ 57.5 91.0 41.0 172.9 98.7 61.5 82.8 94.5
𝑑𝑓∗ 62 61 61 62 62 61 62 62
𝑝 value 0.637 0.008 0.977 0.000 0.002 0.458 0.040 0.005
𝑐̂∗ୗ୆ 36.7 11.7 43.9 2.4 6.1 22.7 11.9 16.2

𝐶𝐹𝐼∗ୗ୆ 1.000 0.966 1.000 0.925 0.887 0.998 0.898 0.974
𝑇𝐿𝐼∗ୗ୆ 1.001 0.966 1.034 0.927 0.890 0.998 0.902 0.975
𝑅𝑀𝑆𝐸𝐴∗ୗ୆ 0.000 0.077 0.000 0.255 0.116 0.007 0.070 0.053

We checked the residuals of the fiƩed models. In cases where the overall model fit was poor,
some large residuals did occur for the exogenous variables Number of employees and/or Costs of
purchases, but never for Turnover. Thus, to the extent that the model may be misspecified, we
assumed that these misspecificaƟons were related only to other variables than Turnover.
Moreover, results on simulated data in Scholtus and Bakker (2013) suggest that, for the type of
SEM considered here, the effects of local model misspecificaƟons are not propagated to other
parts of the model. Hence, for the purpose of making valid inferences about the measurement
quality of Turnover, we considered the fiƩed models to be adequate.

Table 3.6 displays the esƟmated factor loadings, measurement intercepts, and validiƟes of
Turnover as observed in VAT, PDR, and SBS. Recall that the validity 𝜆௦ is given by (3). It is seen
that the validity of VAT Turnover was high in nearly all NACE groups, the one excepƟon being
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Table 3.6 Parameter estimates for Turnover (with standard errors)
45112 45190 45200 45400

parameter esƟmate s.e. esƟmate s.e. esƟmate s.e. esƟmate s.e.
𝜆 (VAT) 0.79 0.01 0.89 0.02 1.29 0.19 0.80 0.04
𝜏 (VAT) −0.04 0.04 −0.00 0.05 −0.04 0.08 0.01 0.03
𝜆௦ (VAT) 0.98 0.97 0.99 0.97
𝜆 (PDR) 1.02 0.01 0.95 0.02 1.23 0.20 0.99 0.03
𝜏 (PDR) 0.00 0.05 0.06 0.03 −0.02 0.08 0.00 0.01
𝜆௦ (PDR) 1.00 0.98 0.99 1.00
𝜆 (SBS) 1.01 0.01 1.01 0.00 1.21 0.19 0.98 0.02
𝜏 (SBS) −0.01 0.05 −0.00 0.00 −0.04 0.08 0.00 0.01
𝜆௦ (SBS) 0.99 1.00 0.98 1.00

50100 50300 52100 52290
parameter esƟmate s.e. esƟmate s.e. esƟmate s.e. esƟmate s.e.
𝜆 (VAT) 0.92 0.05 0.75 0.03 1.24 0.15 0.69 0.08
𝜏 (VAT) 0.15 0.16 0.18 0.03 0.03 0.55 1.14 0.44
𝜆௦ (VAT) 0.96 0.95 0.93 0.72
𝜆 (PDR) 1.12 0.06 0.89 0.02 1.09 0.08 1.01 0.06
𝜏 (PDR) −0.69 0.21 0.07 0.03 0.32 0.41 0.24 0.41
𝜆௦ (PDR) 0.97 1.00 0.94 0.99
𝜆 (SBS) 1.00 0.00 0.83 0.05 0.93 0.12 0.73 0.09
𝜏 (SBS) 0.04 0.04 0.11 0.04 0.21 0.42 0.84 0.47
𝜆௦ (SBS) 1.00 0.94 0.94 0.83

NACE group 52290 (𝜆௦ = 0.72). On the other hand, the unstandardised measurement
parameters indicate that the observed VAT Turnover was systemaƟcally too high or too low
compared to the true Turnover. In most groups, the hypothesis that 𝜆 = 1 was rejected. For the
intercept 𝜏, significant deviaƟons from 0 were found only in NACE groups 50300 and 52290.

It is interesƟng to note that, overall, the measurement quality of PDR Turnover was beƩer than
that of VAT Turnover: the validity was high in all NACE groups (oŌen very close to 1) and the
intercept and unstandardised factor loading were usually closer to the reference values of 0 and
1. Thus, from the point of view of measurement quality, it would oŌen be preferable to use the
PDR data as a source for Turnover. Unfortunately, these data cannot be used directly for STS,
because they are available only on an annual basis and because they suffer from administraƟve
delay as menƟoned above.

For all NACE groups, a correcƟon formula for VAT Turnover was derived as described in
SecƟon 2.4. The results are shown in Table 3.7. Thus, for instance, to correct VAT Turnover to the
scale of true Turnover in NACE group 45112, the following formula was obtained:

ෟTurnover = 0.11 + 1.22 × VAT Turnover.

Analogous correcƟon formulae could be derived, if necessary, for the other observed Turnover
variables (SBS and PDR).

For completeness, the full set of parameter esƟmates is given for all NACE groups in Appendix II.
Regarding the other variables in the model, an interesƟng result was that the variable Number of
employees as measured in the GBR had the worst measurement quality. For all NACE groups
considered in this study, the GBR underesƟmated the true Number of employees according to
the model (𝜆 significantly lower than 1).

Regarding the structural parameters of the model, it is interesƟng to note that the standardised
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Table 3.7 Intercept and slope of a correction formula for VAT Turnover (with
standard errors)

45112 45190 45200 45400
parameter esƟmate s.e. esƟmate s.e. esƟmate s.e. esƟmate s.e.
𝑎 (VAT) 0.11 0.05 0.07 0.06 0.04 0.06 0.01 0.03
𝑏 (VAT) 1.22 0.02 1.07 0.04 0.76 0.12 1.18 0.06

50100 50300 52100 52290
parameter esƟmate s.e. esƟmate s.e. esƟmate s.e. esƟmate s.e.
𝑎 (VAT) 0.01 0.19 −0.16 0.07 0.35 0.41 0.94 0.51
𝑏 (VAT) 1.01 0.07 1.21 0.10 0.70 0.08 0.75 0.07

versions of the direct effects 𝛽ଷଵ and 𝛽ଷଶ (not shown here) suggest that, for most NACE groups in
the Trade sector, the Total operaƟng costs are dominated by Costs of purchases rather than the
Number of employees. Official figures from the Dutch SBS confirm that, in these NACE groups,
the Costs of purchases are usually much higher than the Staff costs. On the other hand, for most
NACE groups in the TransportaƟon sector, the difference between 𝛽ଷଵ and 𝛽ଷଶ is smaller aŌer
standardisaƟon and this is again confirmed by the official figures. Thus, in this respect the
esƟmated parameters are plausible.

Finally, it is interesƟng to compare the results of the SEM method to those that would be
obtained by the robust regression method of Van Delden et al. (2015) menƟoned in SecƟon 3.1.
Since the results in Van Delden et al. (2015) are not directly comparable to ours (they are based
on a different straƟficaƟon into NACE groups and different data), we applied their method to our
data to obtain comparable results; see Table 3.8. Recall that this method involves a robust linear
regression of SBS Turnover on VAT Turnover. The fiƩed regression line is then used to correct VAT
Turnover if necessary. Hence, the esƟmates in Table 3.8 should be compared to Table 3.7.

For NACE groups 45190, 45400, and 50100, the two methods yielded similar correcƟon formulae
for VAT Turnover. In the other NACE groups, some large and significant differences occurred, in
parƟcular for the slope parameter. In all cases, the direcƟon of the difference is as expected from
the esƟmated measurement parameters of SBS Turnover under the SEM model (Table 3.6). For
instance, in NACE group 50300, the robust regression suggested that VAT Turnover and true
Turnover are well-aligned (𝑏̂ோோ = 1.00, 𝑎̂ோோ = 0.00), whereas the SEM yielded a correcƟon
formula for VAT Turnover with slope 1.21 and intercept −0.16. The difference can be explained
by noƟng that, according to Table 3.6, both SBS Turnover and VAT Turnover suffer from
systemaƟc under-reporƟng in this NACE group; hence, the assumpƟon of the robust regression
method that SBS Turnover is a good proxy for true Turnover is not saƟsfied here.

Table 3.8 Intercept and slope of a correction formula for VAT Turnover estimated by
robust regression (with standard errors)

45112 45190 45200 45400
parameter esƟmate s.e. esƟmate s.e. esƟmate s.e. esƟmate s.e.
𝑎ோோ (VAT) 0.01 0.00 −0.00 0.00 0.00 0.00 0.00 0.00
𝑏ோோ (VAT) 1.27 0.01 1.06 0.01 0.97 0.01 1.17 0.04
𝑅ଶ 0.98 0.97 0.99 0.96

50100 50300 52100 52290
parameter esƟmate s.e. esƟmate s.e. esƟmate s.e. esƟmate s.e.
𝑎ோோ (VAT) 0.00 0.00 0.00 0.00 0.01 0.01 0.04 0.01
𝑏ோோ (VAT) 0.99 0.01 1.00 0.00 0.83 0.02 0.96 0.01
𝑅ଶ 0.96 0.98 0.90 0.71
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4 Conclusions and discussion

4.1 Discussion of results

In this paper, we explored the possibility of using structural equaƟon modelling to assess the
measurement quality of administraƟve variables for staƟsƟcal use. We specifically looked at
validity and intercept bias. EsƟmaƟng the intercept bias of an observed variable in a meaningful
way requires the collecƟon of addiƟonal ‘gold standard’ data for a random subsample of the
original data. To illustrate the method, we applied it to assess the suitability of VAT data on
Turnover for the Dutch quarterly STS.

As the method is relaƟvely expensive and complex, it might be useful in pracƟce to apply a
staged approach. Begin by making some preliminary comparisons between the administraƟve
data and data from other sources (e.g., survey data), for instance by visual inspecƟon of scaƩer
plots or by robust linear regression, as was done by Van Delden et al. (2015). This preliminary
analysis may already be conclusive in two possible ways: either by revealing that the
administraƟve data are only weakly correlated to the other data (in which case the data are
probably not useful), or by revealing that the two data sources contain nearly idenƟcal values (in
which case the data may be considered to have high validity, provided that the errors in the two
sources are independent). In all other cases, it seems dangerous to draw conclusions about the
validity of the administraƟve data at this stage. Moreover, nothing can be concluded at this stage
about the presence of systemaƟc bias in either data source; the results for NACE group 50300
discussed at the end of SecƟon 3 may serve as a cauƟonary example.

For the second stage, if the preliminary analysis is inconclusive, one may proceed with the
esƟmaƟon of an SEM to evaluate the validity. For this, the collecƟon of addiƟonal audit data is
not required. If the validity turns out to be low, the administraƟve data should probably not be
used.

If the validity is high and one is also interested in the bias, then one may proceed to the final
stage. For this stage, an audit sample is conducted. An extended SEM can then be used to
evaluate the intercept bias and, if necessary, esƟmate a formula for correcƟng the bias. Results
on simulated data in Scholtus (2014) suggest that the precision of the esƟmated SEM parameters
increases slowly with the size of the audit sample, so from a cost-benefit point of view it may be
reasonable to keep the audit sample small in pracƟce. On the other hand, the audit samples in
these simulaƟons were selected by simple random sampling and it may in fact be possible to
obtain significant improvements in precision by opƟmising the design of the audit sample. This
could be an interesƟng topic for future research. Within the method as discussed here, any form
of probability sampling can be used to select the audit sample so long as the design is known.

IdenƟficaƟon of an SEM typically requires that each variable be measured at least two Ɵmes, and
if only two indicators are available their measurement errors should be uncorrelated. In
tradiƟonal applicaƟons of SEMs to survey data, idenƟficaƟon is oŌen achieved by asking mulƟple
variants of the same quesƟon, either within the same interview or in a follow-up interview (Saris
and Gallhofer, 2007). For panel surveys, an alternaƟve is the so-called simplex design which
involves asking the same quesƟon to the same respondents at (≥ 3) different Ɵme points (Alwin,
2007). With administraƟve data sources, asking follow-up quesƟons is almost never possible. In
addiƟon, while many longitudinal administraƟve data sources are available, the recorded values
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oŌen remain unchanged unƟl an event occurs that triggers an alteraƟon (Bakker, 2011a). This
implies that measurement errors in a single administraƟve source at different Ɵme points are
oŌen correlated. A more generally applicable way to obtain mulƟple measurements with
administraƟve data may be to link them to survey data, as we did in this paper. This approach
does require that the data sources can be perfectly linked (no linkage errors). In pracƟce, there
may be records that cannot be linked. In that case, one should check whether the linked data are
sufficiently representaƟve of the populaƟon, and possibly weigh the data to improve this.

In applicaƟons where mulƟple data sources are available during regular staƟsƟcal producƟon, an
SEM may be used to esƟmate the underlying true scores from the combined informaƟon in all
observed variables (Meijer et al., 2012). In this paper, we considered the situaƟon that combined
data sources are available only in the context of a methodological study. We showed how an SEM
can be used to esƟmate a correcƟon formula for the intercept bias in a single observed variable,
which can subsequently be applied during regular producƟon. This type of formula is relevant for
variables with high validity but significant intercept bias, in applicaƟons where the absolute levels
of individual variables are of concern.

4.2 Assumptions and limitations

A strong assumpƟon of the method is that it is possible to obtain ‘gold standard’ versions of the
target variables, at least for a small subsample of units. In pracƟce, applicaƟons where absolute
levels are of concern are likely to arise only for ‘factual’ variables. For such variables, an objecƟve
true value can be determined in principle, although the measurement procedure that is required
to obtain this value may be difficult, expensive, or otherwise inconvenient to implement in
pracƟce. Clearly, the outcome of the method relies on the quality of the audit data. In our
applicaƟon, the audit data were obtained through re-ediƟng by subject-maƩer experts. An
important, albeit difficult, quesƟon is whether it is realisƟc to consider these data as a ‘gold
standard’. As a topic for future research, it may be interesƟng to invesƟgate the re-ediƟng
process in more detail and to find out how confident the experts are about their decisions. It is
conceivable that the quality of the audit data actually differs by sub-populaƟon, e.g., because
less informaƟon is available on smaller units or in specific NACE groups. It may also be interesƟng
to conduct a simulaƟon study to invesƟgate to what extent the esƟmate of validity and the
correcƟon formula for intercept bias are robust to minor violaƟons of the assumpƟon that the
audit data do not contain measurement error.

A limitaƟon of the applicaƟon in SecƟon 3 is that the model was fiƩed to data of only one year, so
we could not test whether the esƟmated measurement parameters change over Ɵme. It would
be good to repeat the analysis on data from a different year. Note that this would also require a
new audit sample. As noted in SecƟon 2.4, gradual longitudinal changes in the structural part of
the model should have a negligible effect on the correcƟon formula in pracƟce, provided that the
validity of the observed variable is high enough.

A precondiƟon for applying a correcƟon formula in pracƟce is that the esƟmated parameters
should not be affected too much by individual observaƟons with unusual values (outliers or
points of high leverage). Standard esƟmaƟon techniques for SEMs are based on ordinary sample
covariances and means and therefore sensiƟve to outliers. In the applicaƟon of SecƟon 3, we
idenƟfied a few outliers on an ad hoc basis and removed them from the data before esƟmaƟng
the model, because we wanted to find the validity and intercept bias for the bulk of the data.
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Clearly, this could be improved. In the literature, some advanced methods have been proposed
for robust esƟmaƟon of SEMs in the presence of outliers; see, e.g., Yuan and Bentler (1998).
However, no soŌware is currently available that can apply these methods in combinaƟon with a
finite populaƟon sampling design. More work could be done in this area.

In the method as described here, we did not introduce any prior assumpƟons about the relaƟve
measurement quality of each observed variable (apart from the audit data). Thus, in our
applicaƟon we did not presuppose that some of the sources in Table 3.2 were more or less prone
to measurement errors than other ones. In this respect, the comparison between the validiƟes
of the variables in this applicaƟon was completely data-driven. If a researcher does have prior
knowledge about the relaƟve merits of each data source, these could be incorporated in the
model by means of equality or inequality constraints on parameters (Rosseel, 2012).
AlternaƟvely, it may then be natural to use a Bayesian SEM (Palomo et al., 2007).

In the type of model that was used here, measurement errors are considered to follow a
conƟnuous distribuƟon. In pracƟce, measurements on the same theoreƟcal variable in a survey
and an administraƟve source are someƟmes found to be exactly equal for a substanƟal subset of
the units. This is oŌen explained by assuming that measurement errors in survey and
administraƟve data are ‘intermiƩent’, i.e., there is a non-zero probability of observing the true
value. Guarnera and Varriale (2015) consider a latent class model for measurement errors in
numerical variables which explicitly takes this property into account. An alternaƟve
interpretaƟon of the above phenomenon is that measurement errors in different sources are
correlated because the measurement procedures cannot be considered independent.6) For
instance, it might happen that some units simply report the same value of Turnover in the survey
that they provided previously to the tax authoriƟes, without going back to their original records.
Correlated measurement errors can be taken into account in the SEM framework, provided that
sufficient other indicators of the latent variables are available.

As remarked in footnote 1, the SEM in this paper yields esƟmates of the so-called indicator
validity or empirical validity of the observed variables. EsƟmaƟng the theoreƟcal validity by
factoring out the reliability component requires a more complex SEM, the so-called
mulƟtrait-mulƟmethod model. This approach has been applied successfully in survey
quesƟonnaire design (Scherpenzeel and Saris, 1997), but it is not readily applicable to
administraƟve data. Oberski et al. (2015) have recently proposed a generalisaƟon of
mulƟtrait-mulƟmethod models that may be useful for esƟmaƟng the theoreƟcal validity of
administraƟve data. Their framework also provides alternaƟve ways to model dependencies
between measurement errors in different sources.

4.3 Potential applications

In the context of the applicaƟon in SecƟon 3, esƟmaƟng the validity and intercept bias was useful
to help deciding whether a specific administraƟve source could replace an exisƟng sample
survey, possibly aŌer a model-based correcƟon. Another, similar type of applicaƟon might
involve comparing several potenƟal (administraƟve) sources for the same target variable and
choosing the best one. This could be relevant for instance for NSIs that are moving towards a
populaƟon census based on register data (Berka et al., 2012). Of course, the decision to use or

6) Thanks to Daniel Oberski for poinƟng this out.
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not to use an administraƟve data source for staƟsƟcs should be based on other criteria as well,
besides the measurement quality. See, e.g., Daas et al. (2011) for a comprehensive overview of
relevant quality indicators for administraƟve data. In addiƟon, the outcome of a model-based
analysis should always be compared with expectaƟons based on other, qualitaƟve knowledge
about an administraƟve data source. For staƟsƟcs that are already based on administraƟve data
or mixed sources, the method described in this paper could be useful to quanƟfy the influence of
measurement errors on published staƟsƟcal results.

The mulƟ-group SEM with an audit sample as used in this paper can be applied to answer other
research quesƟons too. One interesƟng applicaƟon in official staƟsƟcs might be to compare the
effects of automaƟc ediƟng and manual ediƟng on administraƟve or survey data. Many NSIs are
now applying selecƟve ediƟng, which means that the most influenƟal errors are edited manually
by subject-maƩer specialists and the rest of the data are edited automaƟcally (or not edited at
all) for reasons of efficiency (De Waal et al., 2011). In evaluaƟons of the quality of ediƟng, the
manually-edited data are usually considered to be the ‘gold standard’. The quality of an
automaƟc ediƟng method is then assessed by comparing its outcome to that of manual ediƟng.
One drawback of this evaluaƟon approach is that it requires the same data to be edited both
automaƟcally and manually, which is someƟmes done in evaluaƟon studies but not during
regular producƟon. Ilves and LaiƟla (2009) proposed to esƟmate the residual bias aŌer selecƟve
ediƟng as part of the regular producƟon process by applying probability sampling (rather than
cut-off sampling) to select records for manual ediƟng. They retained the assumpƟon that the
manually-edited data are error-free. It may be interesƟng to combine the probability ediƟng
approach with our SEM approach, by selecƟng a small, random subset of the records as an audit
sample which is submiƩed to a more intense form of manual ediƟng. The outcome of this
intense form of ediƟng is then taken as the ‘gold standard’, to which both automaƟc and regular
(i.e., less intensive) manual ediƟng can be compared. A model similar to the one used here could
then be applied to obtain separate esƟmates of the residual bias aŌer automaƟc and regular
manual ediƟng. In some applicaƟons, a model-based bias correcƟon might replace (part of) the
regular manual ediƟng to yield a more efficient data ediƟng process. This alternaƟve seems
interesƟng in parƟcular for large administraƟve data sets, where even tradiƟonal selecƟve ediƟng
methods may be too resource-demanding.

The use of an audit sample to idenƟfy an SEM may also be relevant in some applicaƟons outside
official staƟsƟcs. SEMs are frequently used as an analysis technique in sociology, poliƟcal science,
and other social sciences, as well as in econometrics. Here, the role of a latent variable differs
from the applicaƟon in this paper: it represents a theoreƟcal construct that is defined by the
model, rather than a true value that exists independently of the model. As such, researchers in
these areas are seldom interested in the true metrics of latent variables, and intercept bias is not
usually a direct concern. However, this type of study oŌen involves a comparison between
groups (e.g., across countries, across subpopulaƟons, or across Ɵme) and in that case different
amounts of intercept bias or unequal factor loadings between groups can invalidate the
outcome. Bielby (1986) described a hypotheƟcal example where the use of reference indicators
to achieve model idenƟficaƟon leads to the wrong substanƟve conclusions in a two-group
comparison, because the variables that are used as reference indicators have different values of 𝜏
and 𝜆 in each group. If the measurement parameters of these indicators are restricted to be
invariant across groups for idenƟficaƟon purposes, the implied metric of the underlying latent
variable is different in each group, and across-group comparisons of the structural parameters
are therefore misleading. One could, for instance, conclude that the effect of EducaƟon on
Income is the same for men and women in a country, when in reality the effect is different (or
vice versa), simply because men and women reacted differently (on average) to some of the
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quesƟons by which EducaƟon and Income were measured. This is parƟcularly problemaƟc as the
invariance of potenƟal reference indicators cannot be tested or otherwise checked with the data
themselves (Bielby, 1986).

For variables where the collecƟon of ‘gold standard’ data is theoreƟcally possible – if only for a
small subset of the units by subjecƟng them to a non-standard, expensive form of observaƟon –
the use of an audit sample may provide a soluƟon to this problem (Sobel and Arminger, 1986). If
an audit sample is conducted in each group (country, subpopulaƟon, Ɵme point), this yields a set
of parƟally observed ‘gold standard’ variables that can be used as secure reference indicators to
idenƟfy the mulƟ-group model. Of course, the assumpƟon that these indicators are truly
invariant across groups sƟll cannot be tested. But the data collecƟon process for the audit
sample could be designed in such a way that across-group differences are ruled out as much as
possible, which may be easier to control for a small sample than during the large-scale field work
for the actual survey. As noted in SecƟon 2.1, it is in fact possible to allow for measurement
errors in the audit data, provided that these do not affect the scale of measurement. Depending
on the type of variable and the way the audit data are collected, the laƩer assumpƟon may
someƟmes be more realisƟc than the assumpƟon of no errors.
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Appendix
I Additional methodology

In this appendix, a more detailed and technical descripƟon is given of the methodology from
SecƟon 2. SecƟon I.1 reviews some general results on SEM esƟmaƟon. SecƟon I.2 considers
adjustments regarding missing data that are needed for the applicaƟon in this paper. SecƟon I.3
provides formulae for addiƟonal fit measures used in this applicaƟon. Finally, an addiƟonal
adjustment to account for interdependencies between groups is discussed in SecƟon I.4.

I.1 PML estimation for SEMs

We begin by reviewing some of the theory behind SEM esƟmaƟon, starƟng with ML esƟmaƟon
for i.i.d. normal data and moving on to PML esƟmaƟon for non-normal data and complex survey
data. A more comprehensive discussion of these topics, as well as other esƟmaƟon methods, can
be found in Muthén and Satorra (1995) or Oberski (2014) (for a single group) and Satorra (2002)
(for mulƟple groups).

We consider a mulƟple-group SEM, from which the single-group model follows as a special case.
Suppose there are 𝐺 groups with 𝑛௚ sampled units in group 𝑔, and the samples are independent
between groups. The total sample size is 𝑛 = ∑ீ

௚ୀଵ 𝑛௚. Let 𝑦௚௜ = (𝑦௚௜ଵ, … , 𝑦௚௜௣)ᇱ denote the
vector of observed variables for unit 𝑖 in group 𝑔. In contrast with the notaƟon of SecƟon 2, we
use a matrix of uncentered cross-product moments to summarise the observed data in each
group: 𝑆଴௚ = (1/𝑛௚)∑

௡೒
௜ୀଵ 𝑦௚௜𝑦ᇱ௚௜, where it is assumed that a constant 1 is included as one of the

observed variables. Note: this last assumpƟon implies that we can obtain the observed means
and covariances 𝑦̄௚ and 𝑆௚ from 𝑆଴௚, and vice versa. In addiƟon, let 𝑠଴௚ = vech(𝑆଴௚), where
vech(.) denotes the operator that vectorises a symmetric matrix by stacking the non-redundant
elements column-wise (Harville, 1997). The populaƟon equivalents of 𝑆଴௚ and 𝑠଴௚ (i.e., the matrix
and vector to which these quanƟƟes converge as 𝑛௚ → ∞) are denoted by Σ଴௚ and 𝜎଴௚,
respecƟvely. We also define 𝑆଴ as the block-diagonal matrix with 𝑆଴ଵ, … , 𝑆଴ீ as blocks along the
main diagonal, and 𝑠଴ = ((𝑠଴ଵ)ᇱ, … , (𝑠଴ீ)ᇱ)ᇱ; analogously, we define Σ଴ and 𝜎଴.

For 𝐺 groups, the distance funcƟon 𝐹୑୐ that was menƟoned in SecƟon 2 is given by:

𝐹୑୐(𝜗) =
ீ

෍
௚ୀଵ

𝑛௚
𝑛 ൛log |Σ଴௚(𝜗)| + tr(𝑆଴௚Σ଴௚(𝜗)ିଵ) − log |𝑆଴௚| − 𝑝ൟ , (7)

where tr(.) denotes the trace of a matrix. It can be shown that minimising 𝐹୑୐ is asymptoƟcally
equivalent to minimising the following ‘weighted least squares’ funcƟon:

𝐹୛୐ୗ(𝜗) =
ீ

෍
௚ୀଵ

𝑛௚
𝑛 ൛𝑠଴௚ − 𝜎଴௚(𝜗)ൟ

ᇱ 𝑉̂௚,୑୐ ൛𝑠଴௚ − 𝜎଴௚(𝜗)ൟ

= ൛𝑠଴ − 𝜎଴(𝜗)ൟᇱ 𝑉̂୑୐ ൛𝑠଴ − 𝜎଴(𝜗)ൟ , (8)

with

𝑉̂௚,୑୐ =
1
2𝐷

ᇱ ൛(𝑆଴௚)ିଵ ⊗ (𝑆଴௚)ିଵൟ 𝐷,
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and 𝐷 the so-called duplicaƟon matrix (Harville, 1997). Also, 𝑉̂୑୐ is a block-diagonal matrix with
(𝑛௚/𝑛)𝑉̂௚,୑୐ as blocks along the main diagonal. Let 𝑉୑୐ denote the populaƟon equivalent of
𝑉̂୑୐. If the data are i.i.d. mulƟvariate normal, then it can be shown that 𝑉୑୐ is idenƟcal to Γିଵ,
where Γ denotes the asymptoƟc variance-covariance matrix of √𝑛𝑠଴.

Let 𝜗̂ be the esƟmator that is obtained by minimising (7) or (8). If the assumpƟon of i.i.d.
mulƟvariate normal data holds, then the asymptoƟc variance-covariance matrix of 𝜗̂ is given by

avar(𝜗̂) = 1
𝑛(Δ

ᇱ𝑉୑୐Δ)ିଵ, (9)

with Δ = 𝜕𝜎଴(𝜗)/𝜕𝜗ᇱ. Furthermore, under the hypothesis that the model holds, the test
staƟsƟc 𝑋ଶ୑୐ = (𝑛 − 1)𝐹୑୐ is asymptoƟcally distributed as a chi-square variate with degrees of
freedom equal to 𝑑𝑓 = rank(ΔᇱୄΓΔୄ). Here, Δୄ denotes an orthogonal complement to the
matrix Δ (Harville, 1997; Satorra, 2002). Typically, though not always, 𝑑𝑓 equals the number of
disƟnct observed moments (means and covariances) used to esƟmate the model minus the
number of free parameters to be esƟmated (Bollen, 1989).

When the data are not normally distributed (but the i.i.d. assumpƟon does hold), minimising (7)
or (8) sƟll provides consistent point esƟmates under rather general condiƟons (Bollen, 1989).
AsymptoƟc standard errors based on (9) may be too small in this case. The correct expression for
the asymptoƟc variance-covariance matrix of 𝜗̂ is now:

avar(𝜗̂) = 1
𝑛(Δ

ᇱ𝑉୑୐Δ)ିଵΔᇱ𝑉୑୐Γ𝑉୑୐Δ(Δᇱ𝑉୑୐Δ)ିଵ, (10)

which reduces to (9) when 𝑉୑୐ = Γିଵ. The asymptoƟc distribuƟon of 𝑋ଶ୑୐ also need not be
chi-square in this case. Satorra and Bentler (1994) proposed a relaƟvely simple adjustment to
𝑋ଶ୑୐. Define

𝑈̂ = 𝑉̂୑୐ − 𝑉̂୑୐Δ̂(Δ̂
ᇱ𝑉̂୑୐Δ̂)ିଵΔ̂

ᇱ𝑉̂୑୐

and

𝑐̂ୗ୆ = tr(𝑈̂Γ̂)/𝑑𝑓. (11)

In (11), Δ̂ is obtained by evaluaƟng Δ at 𝜗 = 𝜗̂ and Γ̂ is an appropriate esƟmate of Γ (see below).
The Satorra-Bentler-corrected test staƟsƟc is 𝑋ଶୗ୆ = 𝑋ଶ୑୐/𝑐̂ୗ୆, with the chi-square distribuƟon
with 𝑑𝑓 degrees of freedom as its reference distribuƟon (if the model holds).

To esƟmate Γ, the following technique is useful. Define 𝑑଴௚௜ = vech(𝑦௚௜𝑦ᇱ௚௜), so that

𝑠଴௚ = (1/𝑛௚)∑
௡೒
௜ୀଵ 𝑑଴௚௜. Since this re-defines 𝑠଴௚ as a sample mean, it can be shown that an

appropriate esƟmator for avar(ඥ𝑛௚𝑠଴௚) is given by

Γ̂௚ =
1

𝑛௚ − 1

௡೒

෍
௜ୀଵ

(𝑑଴௚௜ − 𝑠଴௚)(𝑑௚௜ − 𝑠଴௚)ᇱ.

Hence, Γ = avar(√𝑛𝑠଴)may be esƟmated by

Γ̂ =
⎡
⎢
⎢
⎢
⎣

௡
௡భ Γ̂ଵ ௡

௡మ Γ̂ଶ
⋱

௡
௡ಸ Γ̂ீ

⎤
⎥
⎥
⎥
⎦

. (12)

For complex survey designs, one should first of all replace 𝑆଴ by a design-consistent esƟmator of
Σ଴. Muthén and Satorra (1995) and Oberski (2014) consider the general case of a survey design
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that involves straƟficaƟon, mulƟ-stage selecƟon and clustering. EssenƟally, in this case we can
write 𝑠଴௚ = (1/𝑁௚)∑

௡೒
௜ୀଵ𝑤௚௜𝑑଴௚௜ for some weights 𝑤௚௜ that depend on the survey design, with

𝑁௚ = ∑௡೒
௜ୀଵ𝑤௚௜. To apply the PML approach, we can sƟll use (10), (11), and (12), provided that

each Γ̂௚ is replaced by a variance esƟmator that takes the sample design for group 𝑔 into
account. The R package lavaan.survey implements this by referring to the variance esƟmaƟon
funcƟonality of the survey package.

It should be noted that expression (12) is based on the assumpƟon that the samples are
independent between groups. For survey designs that involve without-replacement sampling,
this will be false in general unless the survey happens to be straƟfied by the variable that defines
the groups. In parƟcular, this assumpƟon is violated in the applicaƟon of SecƟon 3. In SecƟon I.4
below, an approximate correcƟon is proposed. As this correcƟon is rather involved and turns out
to have only a minor effect in our applicaƟon, it is ignored in the rest of this paper.

I.2 Missing data

The use of an audit sample leads naturally to a two-group SEM with some of the variables
missing by design in the second group. As described in SecƟon 2.3, Baumgartner and Steenkamp
(1998) suggested that these missing values can be accounted for by impuƟng random,
normally-distributed values with mean zero and variance one, such that the imputed variables
are uncorrelated to all other variables in the second group. (That is, they are both uncorrelated
amongst themselves and uncorrelated to the observed variables.) A pracƟcal algorithm for
obtaining such imputaƟons works as follows:

1. Start by impuƟng random values from 𝑁(0, 1) for each missing variable separately.
2. For each missing variable 𝑦௞ in turn, esƟmate a linear regression model with all other

variables as predictors (in the second group). Replace 𝑦௞ by its residual 𝑒̂௞ = 𝑦௞ − 𝑦̂௞ from
the esƟmated model. By construcƟon, this residual is uncorrelated to the other variables in
the second group. Note: When treaƟng the 𝑟୲୦ missing variable, the updated values are used
for missing variables 1,… , 𝑟 − 1.

3. Finally, rescale each missing variable in the second group to have mean 0 and variance 1.

In case a complex survey design is used, this should be taken into account when esƟmaƟng the
regression models in the second step. Also, the rescaling in the last step should then be done so
that the design-consistent esƟmates of the mean and variance equal 0 and 1, respecƟvely.

As menƟoned in SecƟon 2.3, the measurement equaƟons for the missing variables in the second
group are chosen in such a way that the means, variances and covariances involving these
variables are reproduced exactly by the SEM, while the esƟmaƟon of the rest of the model is not
affected by these variables. The sample moments involving the missing variables have thus been
fixed so that they do not contribute to 𝐹୑୐ (or any other fiƫng funcƟon). The degrees of
freedom of the model should be corrected to take this into account. Let 𝑞 denote the number of
missing variables in the second group and let 𝑑𝑓 the denote the uncorrected degrees of freedom
of the model, computed as if the imputed values were ordinary observed values. Since we have
fixed 𝑞 means and

𝑝 + (𝑝 − 1) +⋯+ (𝑝 − 𝑞 + 1) = 𝑝𝑞 − 𝑞(𝑞 − 1)
2
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disƟnct covariances, the correct degrees of freedom should be:

𝑑𝑓∗ = 𝑑𝑓 − 𝑞 ቆ𝑝 − 𝑞 − 3
2 ቇ . (13)

Baumgartner and Steenkamp (1998) applied the above approach only in the context of standard
ML esƟmaƟon. For PML esƟmaƟon, we have to make an addiƟonal adjustment to
Γ̂ଶ = ෟavar(√𝑛ଶ𝑠଴ଶ) (or, more generally, to Γ̂௚ for each group 𝑔 in which missing variables have
been imputed in this way). Since the observed means and covariances involving the imputed
variables are fixed, all elements of the corresponding rows and columns of Γ̂ଶ should be set to
zero. With this adjustment, PML esƟmaƟon yields the same results as if the variables that are
missing by design were leŌ out of the model.

Note that, in parƟcular, the Satorra-Bentler correcƟon factor of formula (11) is replaced in this
context by

𝑐̂∗ୗ୆ = tr(𝑈̂Γ̂∗)/𝑑𝑓∗, (14)

where 𝑑𝑓∗ is given by (13) and Γ̂∗ is obtained by making the above-menƟoned adjustment to Γ̂
from (12). The overall fit of the model can now be tested by comparing 𝑋ଶ∗ୗ୆ = 𝑋ଶ୑୐/𝑐̂∗ୗ୆ to a
chi-square distribuƟon with 𝑑𝑓∗ degrees of freedom.

I.3 Other ϐit measures

In the applicaƟon from SecƟon 3, several other measures were used in addiƟon to 𝑋ଶ∗ୗ୆ to
evaluate the model fit. For the sake of completeness, we provide expressions for the robust
(PML) versions of these fit measures, with adjustments to account for the imputed values in the
second group (see SecƟon I.2). Note: The definiƟons of these fit measures are not fully
standardised. The following formulae are based on the default implementaƟon in lavaan.

– ComparaƟve Fit Index (CFI):

𝐶𝐹𝐼∗ୗ୆ = 1 − max ൛𝑋ଶ∗ୗ୆ − 𝑑𝑓∗, 0ൟ
max ൛𝑋ଶ∗ୗ୆ − 𝑑𝑓∗, 𝑋ଶ∗ୗ୆,଴ − 𝑑𝑓∗଴, 0ൟ

. (15)

– Tucker-Lewis Index (TLI):

𝑇𝐿𝐼∗ୗ୆ =
(𝑋ଶ∗ୗ୆,଴/𝑑𝑓∗଴) − (𝑋ଶ∗ୗ୆/𝑑𝑓∗)

(𝑋ଶ∗ୗ୆,଴/𝑑𝑓∗଴) − 1 . (16)

– Root Mean Square Error of ApproximaƟon (RMSEA):

𝑅𝑀𝑆𝐸𝐴∗ୗ୆ = ට𝐺max ൛𝑁ିଵ(𝑋ଶ∗ୗ୆ − 𝑑𝑓∗), 0ൟ /𝑑𝑓∗. (17)

Note: The CFI and TLI compare the fit of the model to that of a so-called baseline model. In the
applicaƟon of SecƟon 3, we used the default baseline model selected by lavaan: this is the
independence model with no restricƟons across groups and with each observed variable
modelled as 𝑦௞ = 𝜏௞ + 𝜖௞, with cov(𝜖௞ , 𝜖௟) = 0 for all 𝑘 ≠ 𝑙. In expressions (15) and (16), 𝑋ଶ∗ୗ୆,଴
and 𝑑𝑓∗଴ refer to this baseline model. These adjusted quanƟƟes can be obtained from their
unadjusted versions 𝑋ଶୗ୆,଴ and 𝑑𝑓଴ analogously to SecƟon I.2, with one subtle difference in the
definiƟon of 𝑑𝑓∗଴. Under the baseline model, the intercepts and error variances of the 𝑞 imputed
variables in the second group are not fixed (as in our original model) but esƟmated. This means
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that our adjustment to 𝑑𝑓଴ needs to account for 2𝑞 degrees of freedom less than before. Hence,
the correcƟon formula for the degrees of freedom of the baseline model becomes:

𝑑𝑓∗଴ = 𝑑𝑓଴ − 𝑞 ቆ𝑝 − 𝑞 − 3
2 ቇ + 2𝑞 = 𝑑𝑓଴ − 𝑞 ቆ𝑝 − 𝑞 + 1

2 ቇ . (18)

I.4 A two-groupmodel with correlated samples

As was suggested at the end of SecƟon I.1, for applicaƟons where the samples are not
independent across groups, it would make sense from a theoreƟcal point of view to include the
off-diagonal blocks ௡

ඥ௡೒௡೓
Γ̂௚௛ in (12), where Γ̂௚௛ denotes an esƟmate of acov(ඥ𝑛௚𝑠଴௚ , √𝑛௛𝑠଴௛)

(𝑔 ≠ ℎ). As far as we are aware, this problem has not been treated in the SEM literature.
Papadopoulos and Amemiya (2005) considered correlaƟon between groups in the case where
the groups represent waves of a longitudinal study and the same respondents are observed
mulƟple Ɵmes, but they did not take other aspects of finite-populaƟon sampling into account.
Here, we do not aƩempt to tackle the general case, but only consider an approximate soluƟon
that works for applicaƟons like the one in SecƟon 3.

Consider a two-group SEM, where the first group of 𝑛ଵ units represents a subsample (the audit
sample) taken without replacement from a larger original sample of 𝑛 units and the second
group consists of the remaining 𝑛 − 𝑛ଵ units. The sample for the first group is seen to be a
two-phase sample (Särndal et al., 1992), with the first phase given by the design of the original
sample and the second phase given by the design used for subsampling. Similarly, the sample for
the second group is also a two-phase sample: the first phase is the same as for the first group,
while the second phase amounts to taking the complement of the first-group subsample. It is
obvious that the samples for the two groups are dependent.

For clarity we consider the means and covariances separately again. We use 𝒮 to denote the
first-phase sample and 𝒮௚ to denote the subsample for group 𝑔. Let𝑤௜ denote the weight of unit
𝑖 in the first-phase sample. The final weight for two-phase sampling is denoted as 𝑤௚௜ = 𝑤௜𝑣௚௜
for units in group 𝑔 (𝑔 = 1, 2). Design-consistent esƟmates of the means 𝜇 and (vectorised)
covariances 𝜎 are obtained from group 𝑔 as follows:

𝑦̄௚ =
1
𝑁௚

෍
௜∈𝒮೒

𝑤௚௜𝑦௜ ,

𝑠௚ =
1
𝑁௚

෍
௜∈𝒮೒

𝑤௚௜𝑑௚௜ ,

with 𝑑௚௜ = vech((𝑦௜ − 𝑦̄௚)(𝑦௜ − 𝑦̄௚)ᇱ) and 𝑁௚ = ∑௜∈𝒮೒ 𝑤௚௜ [cf. Muthén and Satorra (1995)].
Similarly, design-consistent esƟmates based on the enƟre first-phase sample are given by:

𝑦̄ = 1
𝑁 ෍

௜∈𝒮
𝑤௜𝑦௜ ,

𝑠 = 1
𝑁 ෍

௜∈𝒮
𝑤௜𝑑௜ ,

with 𝑑௜ = vech((𝑦௜ − 𝑦̄)(𝑦௜ − 𝑦̄)ᇱ) and 𝑁 = ∑௜∈𝒮 𝑤௜ which equals the populaƟon size. The
objecƟve now is to find expressions for acov(𝑦̄ଵ, 𝑦̄ଶ) and acov(𝑠ଵ, 𝑠ଶ).

To simplify maƩers, we make the following assumpƟons which are saƟsfied in the applicaƟon of
SecƟon 3:

Modelling Measurement Error to Estimate Bias in Administrative and Survey Variables 30



1. It holds that 1 ≪ 𝑛ଵ ≪ 𝑛, i.e., the audit sample is much smaller than the original sample, but
sƟll sufficiently large to ignore terms of the order 𝑂(1/𝑛ଵ).

2. The inclusion probabiliƟes for the second phase do not depend on the realisaƟon of the
first-phase sample. This means that we can consider the second-phase weights 𝑣௚௜ as fixed
numbers.7)

3. It holds that 𝑁௚ = 𝑁 for each group. (This is only approximately true in pracƟce.)
4. We already have procedures in place to esƟmate the asymptoƟc (co)variances of 𝑦̄௚ and 𝑠௚

within each separate group, as well as those of 𝑦̄ and 𝑠 based on the enƟre first-phase sample.

First consider the covariances of the esƟmated group means. For all 𝑖 ∈ 𝒮, let 𝑎ଵ௜ = 1 if the unit
is selected in the audit sample and 𝑎ଵ௜ = 0 otherwise. CondiƟonally on the first-phase sample, it
holds that:

acov(𝑦̄ଵ, 𝑦̄ଶ|𝒮) =
1
𝑁ଶ acovቌ෍

௜∈𝒮
𝑤ଵ௜𝑎ଵ௜𝑦௜ ,෍

௜∈𝒮
𝑤ଶ௜(1 − 𝑎ଵ௜)𝑦௜ቮ 𝒮ቍ

= −1
𝑁ଶ acovቌ෍

௜∈𝒮
𝑤ଵ௜𝑎ଵ௜𝑦௜ ,෍

௜∈𝒮
𝑤ଶ௜𝑎ଵ௜𝑦௜ቮ 𝒮ቍ

= −1
𝑁ଶ acovቌ෍

௜∈𝒮
𝑤ଵ௜𝑎ଵ௜𝑦௜ ,෍

௜∈𝒮
𝑤ଵ௜

𝑣ଶ௜
𝑣ଵ௜

𝑎ଵ௜𝑦௜ቮ 𝒮ቍ

= −acov(𝑦̄ଵ, 𝑦̄
∗
ଵ|𝒮),

with 𝑦̄∗ଵ =
ଵ
ே ∑௜∈𝒮భ 𝑤ଵ௜𝑦∗௜ and 𝑦∗௜ = (𝑣ଶ௜/𝑣ଵ௜)𝑦௜. AssumpƟon 3 was used in the first line. In the

second line and in the definiƟon of 𝑦∗௜ we used assumpƟon 2 that 𝑣ଵ௜ and 𝑣ଶ௜ are fixed.

The uncondiƟonal covariance can be obtained as:

acov(𝑦̄ଵ, 𝑦̄ଶ) = 𝐸 ൛acov(𝑦̄ଵ, 𝑦̄ଶ|𝒮)ൟ + acov ൛𝐸(𝑦̄ଵ|𝒮), 𝐸(𝑦̄ଶ|𝒮)ൟ .

Using 𝐸(𝑎ଵ௜|𝒮) = 1/𝑣ଵ௜, it is not difficult to show that 𝐸(𝑦̄௚|𝒮) = 𝑦̄ for 𝑔 = 1, 2. Thus, the
second term evaluates to avar(𝑦̄).

Using the same condiƟoning argument as before, we also find

acov(𝑦̄ଵ, 𝑦̄
∗
ଵ) = 𝐸 ൛acov(𝑦̄ଵ, 𝑦̄

∗
ଵ|𝒮)ൟ + acov ൛𝐸(𝑦̄ଵ|𝒮), 𝐸(𝑦̄

∗
ଵ|𝒮)ൟ

= −𝐸 ൛acov(𝑦̄ଵ, 𝑦̄ଶ|𝒮)ൟ + acov(𝑦̄, 𝑦̄∗),

with 𝑦̄∗ = ଵ
ே ∑௜∈𝒮 𝑤௜𝑦∗௜ . Combining these expressions, we obtain:

acov(𝑦̄ଵ, 𝑦̄ଶ) = acov(𝑦̄, 𝑦̄∗) − acov(𝑦̄ଵ, 𝑦̄
∗
ଵ) + avar(𝑦̄). (19)

According to assumpƟon 4 above, the three expressions on the right-hand-side can be esƟmated
by known procedures, because they depend on either the enƟre first-phase sample or the first
group alone.

7) In the applicaƟon of SecƟon 3 this property holds because straƟfied simple random sampling is used in both phases
and the straƟficaƟon for the second phase is a coarser version of the straƟficaƟon used in the first phase. It does not
hold in general for two-phase sampling (Särndal et al., 1992, SecƟon 9.2).
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For the esƟmated group covariances, we first note that, under assumpƟon 3, it is possible to
rewrite 𝑠௚ as follows:

𝑠௚ =
1
𝑁 ෍

௜∈𝒮೒

𝑤௚௜vech((𝑦௜ − 𝑦̄ + 𝑦̄ − 𝑦̄௚)(𝑦௜ − 𝑦̄ + 𝑦̄ − 𝑦̄௚)ᇱ)

= 1
𝑁 ෍

௜∈𝒮೒

𝑤௚௜𝑑௜ − vech((𝑦̄௚ − 𝑦̄)(𝑦̄௚ − 𝑦̄)ᇱ).

From this, it follows that

𝐸(𝑠௚|𝒮) = 𝑠 − 𝐸 ቄvech((𝑦̄௚ − 𝑦̄)(𝑦̄௚ − 𝑦̄)ᇱ)|𝒮ቅ = 𝑠 − vech(var(𝑦̄௚|𝒮)). (20)

Regarding the second term: in the special case that simple random sampling without
replacement is used in both phases, it is not difficult to show that

vech(var(𝑦̄௚|𝒮)) =
1
𝑛௚

൬1 −
𝑛௚
𝑛 ൰ 𝑛

𝑛 − 1𝑠.

In parƟcular, for the first group with 1 ≪ 𝑛ଵ ≪ 𝑛, it follows that this term is approximately equal
to (1/𝑛ଵ)𝑠 and thus much smaller than the first term in (20) by assumpƟon 1. Under the
assumpƟon that vech(var(𝑦̄ଵ|𝒮)) is of the same order (or even smaller) for other pracƟcal
sampling designs, it is acceptable to write 𝐸(𝑠ଵ|𝒮) ≈ 𝑠.

Furthermore, it holds approximately that

𝑠 ≈ 𝑛ଵ
𝑛 𝑠ଵ +

𝑛 − 𝑛ଵ
𝑛 𝑠ଶ.

Hence, we obtain:

acov(𝑠ଵ, 𝑠ଶ) ≈ acov ቆ𝑠ଵ,
𝑛

𝑛 − 𝑛ଵ
𝑠 − 𝑛ଵ

𝑛 − 𝑛ଵ
𝑠ଵቇ

= 𝑛
𝑛 − 𝑛ଵ

acov(𝑠ଵ, 𝑠) −
𝑛ଵ

𝑛 − 𝑛ଵ
avar(𝑠ଵ).

By assumpƟon 4, we have a procedure for esƟmaƟng the second term on the right. For the first
term, we find:

acov(𝑠ଵ, 𝑠) = 𝐸 {acov(𝑠ଵ, 𝑠|𝒮)} + acov {𝐸(𝑠ଵ|𝒮), 𝐸(𝑠|𝒮)}
≈ 0 + avar(𝑠),

since the first component is zero and 𝐸(𝑠ଵ|𝒮) ≈ 𝑠. Hence:

acov(𝑠ଵ, 𝑠ଶ) ≈
𝑛

𝑛 − 𝑛ଵ
avar(𝑠) − 𝑛ଵ

𝑛 − 𝑛ଵ
avar(𝑠ଵ). (21)

Using (19) and (21) we obtain approximate esƟmates for the off-diagonal blocks in (12) when the
above assumpƟons 1-4 are saƟsfied, as was the case in SecƟon 3.

Table I.1 Fit measures for the ϐinal model (with adjusted Γ̂)
NACE group 45112 45190 45200 45400 50100 50300 52100 52290
𝑋ଶ∗ୗ୆ 60.1 72.0 41.1 167.1 88.2 58.6 76.1 95.9
𝑑𝑓∗ 62 61 61 62 62 61 62 62
𝑝 value 0.546 0.158 0.976 0.000 0.016 0.565 0.108 0.004
𝑐̂∗ୗ୆ 35.1 14.7 43.8 2.5 6.8 23.8 12.9 15.9

𝐶𝐹𝐼∗ୗ୆ 1.000 0.987 1.000 0.929 0.919 1.000 0.931 0.973
𝑇𝐿𝐼∗ୗ୆ 1.001 0.988 1.034 0.931 0.922 1.009 0.934 0.974
𝑅𝑀𝑆𝐸𝐴∗ୗ୆ 0.000 0.047 0.000 0.248 0.098 0.000 0.057 0.054
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We applied the above adjustment to Γ̂ in the applicaƟon of SecƟon 3. Table I.1 shows the
resulƟng robust fit measures. As can be seen by comparison to Table 3.5, for most NACE groups
the effect of the adjustment was very small. To the extent that there was an effect, it mostly
improved the fit of the model. The effects on standard errors were also small (not shown).
Therefore, for simplicity, we ignored this adjustment in the rest of this paper.
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II Parameter estimates
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Table II.1 Parameter estimates for the ϐinal model (trade sector)
45112 45190 45200 45400

parameter esƟmate s.e. esƟmate s.e. esƟmate s.e. esƟmate s.e.
𝜆ଵ 0.83 0.02 0.90 0.05 0.74 0.07 0.81 0.08
𝜆ଶ 1/0௔ − 1/0௔ − 1/0௔ − 1/0௔ −
𝜆ଷ 1.03 0.01 0.95 0.03 1.30 0.32 0.98 0.01
𝜆ସ 1/0௔ − 1/0௔ − 1/0௔ − 1/0௔ −
𝜆ହ 1.03 0.01 0.97 0.02 1.22 0.23 1.01 0.01
𝜆଺ 1/0௔ − 1/0௔ − 1/0௔ − 1/0௔ −
𝜆଻ 0.79 0.01 0.89 0.02 1.29 0.19 0.80 0.04
𝜆଼ 1.02 0.01 0.95 0.02 1.23 0.20 0.99 0.03
𝜆ଽ 1.01 0.01 1.01 0.00 1.21 0.19 0.98 0.02
𝜆ଵ଴ 1/0௔ − 1/0௔ − 1/0௔ − 1/0௔ −
𝜃ଵଵ 1.24 0.57 9.57 2.32 2.77 1.33 1.02 0.42
𝜃ଶଶ 0/1௔ − 0/1௔ − 0/1௔ − 0/1௔ −
𝜃ଷଷ 0.04 0.01 0.36 0.13 0.05 0.05 0.00 0.00
𝜃ସସ 0/1௔ − 0/1௔ − 0/1௔ − 0/1௔ −
𝜃ହହ 0.03 0.02 0.41 0.18 0.05 0.04 0.00 0.00
𝜃଺଺ 0/1௔ − 0/1௔ − 0/1௔ − 0/1௔ −
𝜃଻଻ 1.00 0.20 0.57 0.19 0.04 0.01 0.04 0.01
𝜃଼଼ 0.06 0.02 0.41 0.19 0.05 0.03 0.01 0.00
𝜃ଽଽ 0.87 0.21 0.00 0.00 0.06 0.03 0.00 0.00
𝜃ଵ଴,ଵ଴ 0/1௔ − 0/1௔ − 0/1௔ − 0/1௔ −
𝜏ଵ 1.04 0.17 0.81 0.37 1.17 0.30 1.04 0.15
𝜏ଶ 0௔ − 0௔ − 0௔ − 0௔ −
𝜏ଷ −0.01 0.04 0.03 0.03 −0.00 0.06 0.00 0.00
𝜏ସ 0௔ − 0௔ − 0௔ − 0௔ −
𝜏ହ −0.01 0.04 0.03 0.04 −0.01 0.08 −0.00 0.01
𝜏଺ 0௔ − 0௔ − 0௔ − 0௔ −
𝜏଻ −0.04 0.04 −0.00 0.05 −0.04 0.08 0.01 0.03
𝜏଼ 0.00 0.05 0.06 0.03 −0.02 0.08 0.00 0.01
𝜏ଽ −0.01 0.05 −0.00 0.00 −0.04 0.08 0.00 0.01
𝜏ଵ଴ 0௔ − 0௔ − 0௔ − 0௔ −
𝛽ଷଵ 0.05 0.00 0.04 0.01 0.04 0.01 0.04 0.01
𝛽ଷଶ 1.03 0.00 1.14 0.03 1.19 0.11 1.16 0.04
𝛽ସଵ 0௔ − 0.01 0.00 0.01 0.00 0௔ −
𝛽ସଷ 1.02 0.00 1.00 0.01 0.96 0.04 1.02 0.02
𝜓ଵଵ 157 0.62 96.8 0.65 67.4 0.07 10.5 2.06
𝜓ଶଶ 28.6 1.75 8.29 1.52 0.36 0.18 0.56 0.10
𝜓ଵଶ 59.7 1.33 25.2 2.49 3.59 0.87 2.11 0.31
𝜓ଷଷ 0.01 0.00 0.05 0.01 0.02 0.02 0.00 0.00
𝜓ସସ 0.01 0.00 0.02 0.01 0.00 0.00 0.00 0.00
𝛼ଵ 3.44 0.21 4.06 0.40 3.02 0.36 1.31 0.22
𝛼ଶ 1.21 0.06 0.94 0.08 0.15 0.02 0.29 0.06
𝛼ଷ 0.02 0.01 0.02 0.03 0.02 0.02 0.00 0.01
𝛼ସ 0.03 0.01 −0.01 0.02 0.02 0.01 0.01 0.01

௔ parameter fixed a priori, value may depend on group as indicated
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Table II.2 Parameter estimates for the ϐinal model (transportation sector)
50100 50300 52100 52290

parameter esƟmate s.e. esƟmate s.e. esƟmate s.e. esƟmate s.e.
𝜆ଵ 0.74 0.09 0.57 0.09 0.79 0.07 0.80 0.03
𝜆ଶ 1/0௔ − 1/0௔ − 1/0௔ − 1/0௔ −
𝜆ଷ 2.04 0.35 0.94 0.02 0.89 0.10 0.98 0.08
𝜆ସ 1/0௔ − 1/0௔ − 1/0௔ − 1/0௔ −
𝜆ହ 1.10 0.07 0.90 0.02 1.04 0.09 1.02 0.06
𝜆଺ 1/0௔ − 1/0௔ − 1/0௔ − 1/0௔ −
𝜆଻ 0.92 0.05 0.75 0.03 1.24 0.15 0.69 0.08
𝜆଼ 1.12 0.06 0.89 0.02 1.09 0.08 1.01 0.06
𝜆ଽ 1.00 0.00 0.83 0.05 0.93 0.12 0.73 0.09
𝜆ଵ଴ 1/0௔ − 1/0௔ − 1/0௔ − 1/0௔ −
𝜃ଵଵ 21.0 14.0 5.36 3.72 35.5 13.2 12.8 4.44
𝜃ଶଶ 0/1௔ − 0/1௔ − 0/1௔ − 0/1௔ −
𝜃ଷଷ 9.03 6.61 0.06 0.04 12.0 6.98 7.32 2.32
𝜃ସସ 0/1௔ − 0/1௔ − 0/1௔ − 0/1௔ −
𝜃ହହ 3.00 0.99 0.03 0.03 9.64 5.93 2.72 1.75
𝜃଺଺ 0/1௔ − 0/1௔ − 0/1௔ − 0/1௔ −
𝜃଻଻ 3.42 1.61 0.62 0.29 16.5 6.04 61.1 9.53
𝜃଼଼ 3.60 0.92 0.02 0.02 11.2 6.25 3.29 1.35
𝜃ଽଽ 0.03 0.03 0.98 0.48 8.84 5.47 32.4 9.71
𝜃ଵ଴,ଵ଴ 0/1௔ − 0/1௔ − 0/1௔ − 0/1௔ −
𝜏ଵ 1.52 0.67 1.48 0.32 1.84 1.04 1.14 0.48
𝜏ଶ 0௔ − 0௔ − 0௔ − 0௔ −
𝜏ଷ 0.51 0.37 0.08 0.03 0.70 0.36 0.32 0.38
𝜏ସ 0௔ − 0௔ − 0௔ − 0௔ −
𝜏ହ −0.86 0.27 0.07 0.03 0.45 0.39 0.20 0.39
𝜏଺ 0௔ − 0௔ − 0௔ − 0௔ −
𝜏଻ 0.15 0.16 0.18 0.03 0.03 0.55 1.14 0.44
𝜏଼ −0.69 0.21 0.07 0.03 0.32 0.41 0.24 0.41
𝜏ଽ 0.04 0.04 0.11 0.04 0.21 0.42 0.84 0.47
𝜏ଵ଴ 0௔ − 0௔ − 0௔ − 0௔ −
𝛽ଷଵ 0.20 0.05 0.07 0.03 0.08 0.01 0.07 0.00
𝛽ଷଶ 2.06 0.42 1.02 0.05 0.95 0.07 1.05 0.01
𝛽ସଵ 0௔ − 0.01 0.00 0௔ − 0௔ −
𝛽ସଷ 1.03 0.06 1.01 0.01 1.05 0.04 1.04 0.01
𝜓ଵଵ 202 0.41 120 0.78 920 4.43 704 2.62
𝜓ଶଶ 5.83 3.58 6.10 2.52 39.7 16.9 94.9 20.4
𝜓ଵଶ 12.56 8.83 17.5 6.94 128 34.2 120 16.3
𝜓ଷଷ 6.68 3.54 0.17 0.06 3.26 1.83 0.26 0.11
𝜓ସସ 0.84 0.45 0.02 0.01 0.57 0.38 0.16 0.08
𝛼ଵ 4.20 0.97 2.72 0.40 12.8 1.46 9.42 0.63
𝛼ଶ 0.27 0.17 0.11 0.04 1.04 0.40 2.70 0.44
𝛼ଷ 1.06 0.41 0.12 0.08 0.56 0.21 0.09 0.06
𝛼ସ −0.19 0.18 0.07 0.02 0.17 0.12 −0.02 0.06

௔ parameter fixed a priori, value may depend on group as indicated
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