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Summary

In the Netherlands, statistical information about income and wealth is based on two large scale
household panels that are completely derived from administrations. A problem with using
households as sampling units in the sample design of panels is the instability of these units over
time. Changes in the household composition affect the inclusion probabilities required for
design-based and model-assisted inference procedures. Such problems are circumvented in the
two aforementioned household panels by sampling persons which are followed over time. At
each period the household members of these sampled persons are included in the sample. This
is equivalent to sampling with probabilities proportional to household size where households
can be selected more than once but with a maximum equal to the number of household
members. In this paper properties of this sample design are described and contrasted with the
Generalized Weight Share method developed for indirect sampling (Lavallée 1995, 2007).

Methods are illustrated with an application to the Dutch Regional Income Survey.

Keywords: probabilities proportional to size, indirect sampling, consistent weighting of persons

and households, Regional Income Survey, Generalized Weight Share method.
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1. Introduction

Statistics Netherlands conducts two important sample surveys to describe the income and
wealth situation of the Dutch population. First, the Dutch Regional Income Survey (RIS) provides
a description of the income and wealth situation being accurate at a very detailed regional level.
This is accomplished by publishing accurate income distributions for persons and households at
a level of neighbourhoods on a yearly basis, using a large sample based on a small set of the
main income components derived in a relatively straightforward manner from tax
administrations. Second, the Income Panel Survey (IPS) publishes yearly a precise detailed
overview of income and wealth characteristics of the Dutch population on a more aggregated
regional level. This survey is based on a large set of variables using all possible income
components of households that can be derived from the available administrations in the
Netherlands. The derivation of the variables for this survey is more time consuming. Therefore
the sample size of this survey is considerably smaller compared to the RIS. Both surveys are
designed as a household panel where both person and household based variables about income

and wealth are observed.

Households are often considered as the sampling units in panels conducted to collect
information on the level of households and persons, see e.g. Lynn (2009). Such panels are used
for longitudinal analysis as well as the production of cross-sectional estimates. Using
households as sampling units in a panel design has, however, some major disadvantages due to
their instability over time. As time proceeds, households might disintegrate, join or split, new
members might enter the households and other members might leave the households for
different reasons. As explained by Kalton and Brick (1995), these changes can affect the
selection probabilities of the households in the sample. Reconstruction of the correct inclusion
probabilities of the sampling units is essential to derive correct weights for analysis purposes, in

particular if the panel is used for producing cross-sectional estimates.

Consider a panel where households are selected by means of simple random sampling, say at
time t. In many panels, people that enter a sampled household at a later stage are also included
in the panel. These individuals are in Lavallée (1995) called cohabitants. As time proceeds, more
and more cohabitants are included in the sample and disturb the equal probability design that is
used to select the initial sample, Kalton and Brick (1995). Consider for example household A,
which is selected in the sample when the panel started. If after some period of time this
household merges with another household B, which was initially not selected for the panel at
time t, then the selection probability of this new household is the sum of the selection
probabilities of households A and B at time t. Not correcting for differences in selection
probabilities due to the gradual increasing share of cohabitants in the sample leads to biased
inference. Ernst (1989) proposed the Weight Share method to overcome these problems.

Lavallée (1995) extended this method to the Generalized Weight Share method as a solution for
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drawing inference about target populations that are sampled through the use of a frame that

refers to a different population.

The RIS and the IPS are both based on a panel and are conducted to collect information on the
level of households and persons. To avoid the problems with panels using households as
sampling units, an alternative design is applied. Instead of households, so-called core persons
are drawn, which are followed over time. All household members belonging to the household of
a core person at each particular period are included in the sample. This results in a sample
design where households are drawn proportionally to the household size and households can
be selected more than once, but with a maximum that is equal to the household size. This
design is an application of indirect sampling considered in Lavallée (1995, 2007), and Deville and
Lavallée (2006).

The purpose of this paper is to describe a sample design with an estimation technique that is
useful for panels that collect information on person and household level. The methodology
employed in this paper is particularly useful for register based sampling, since the core persons
are included in the sample indefinitely. The sample design is also useful for Web panels, but
might require some form of rotation design to avoid problems with panel attrition. The main
contribution of this paper to the existing literature is that explicit expressions for the variance of
the target parameters are derived using inclusion expectations instead of inclusion probabilities.
A measure of the minimum accuracy for an estimated income distribution is proposed and
explicit expressions for the minimum sample size are derived. The RIS is used throughout the

paper for illustration purposes of the described sampling techniques.

The paper starts in Section 2, with a description of the sample design of the RIS. In Section 3 the
concept of inclusion expectations is introduced as a convenient practical alternative for
inclusion probabilities. Subsequently first and second order inclusion expectations are derived
for the proposed sampling design. These inclusion weights are required to construct the 7 -
estimator or Horvitz-Thompson (HT) estimator, initially proposed by Narain (1951) and Horvitz
and Thompson (1952). It is also shown that the same weights can be derived as a special case
of the Generalized Weight Share method for indirect sampling proposed by Lavallée (1995,
2007). The key target variables for the RIS are estimated income distributions. In Section 4
formulas for the minimum required sample size are derived based on a precision measure for
estimated income distributions. Since households can be selected more than once, an
expression for the expected number of unique households is derived in Section 4. Some
additional remarks about the use of this sample design for panels are made in Section 5. The
estimation procedure of the RIS is based on linear weighting using the general regression
(GREG) estimator developed by Sarndal et al. (1992) and is described in Section 6. An integrated
weighting method, initially proposed by Lemaitre and Dufour (1987) and further developed by
Nieuwenbroek (1993) and Steel and Clark (2007) is applied to obtain equal weights for persons

belonging to the same household. In Section 7 variance approximations for the GREG estimator

CBS | Discussion Paper, March 2015|04 6



under the proposed sample design are derived. An application to the RIS is provided in Section

8. The paper concludes with a discussion in Section 9.
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2. Sampling design

The target population of the RIS are all natural persons residing in the Netherlands. The sample
frame is a register containing all natural persons aged 15 years and over residing in the
Netherlands as far as they are known to the Tax Office. From this register a stratified simple
random sample of so-called core persons is drawn with a sample fraction of 0.16.
Neighbourhoods are used as the stratification variable. Although an equal probability design is
used, stratified sampling is useful to eliminate the variation between strata and to meet
minimum precision requirements for the individual strata. Neighbourhoods are the most
detailed level of publication for the RIS and therefore used as strata. In Section 4 expressions for
minimum sample sizes based on precision requirements are derived. Core persons remain in
the panel indefinitely. At each period, all household members of the core persons are also
included in the sample. Persons that leave the household of a core person also leave the panel.
New persons entering the household of the core person are followed in the panel as long as this
person stays in the household of a core person. Information about the household composition
of the core persons are obtained from the Municipal Basis Administration (MBA), which is the
Dutch government’s registry of all residents in the country. Dutch citizens are required by law to
report changes in their demographics to their municipalities. The MBA is in combination with
the information from tax administrations used to identify household members of the core

persons in the sample.

The sample design results in a sample of households where the households are selected with
probabilities proportional to the number of persons aged 15 years or older belonging to a
household at the current period. Households can be selected more than once, but with a
maximum that equals the number of household members aged 15 year or older. In this paper
the term core persons is used to refer to the persons that are initially included in the sample
and are followed over time in the panel. The term persons is used to refer to the sample

obtained if also all the household members at a particular period are included in the sample.

The IPS applies a similar sample design with a substantially smaller sample fraction. The RIS as
well as the IPS are registered based samples which implies that for each person that is included
in the sample, the necessary information for the RIS variables is obtained from the registers of
the Tax Office. Core persons as well as their household members are therefore not aware that
they are included in these samples. This has the advantage that there are no problems with
selective non-response and panel attrition. This also makes it possible to include the core
persons indefinitely in the sample. In case of a panel where sampling units must complete a
guestionnaire, some kind of rotation design would be required in order to avoid selectivity bias
due to panel attrition. Also problems with measurement bias associated with data collection
where sampling units are asked to complete a questionnaire do not occur. Of course other
types of measurement errors are encountered with a survey that is based on registrations, see

for example Wallgren and Wallgren (2007). It is assumed that all the required information about
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income to estimate the target parameters of the RIS and the IPS, are available in these registers.
Since all the required information is available in a register, a complete enumeration of the
population is possible. In the past, however, the IT infrastructure was insufficient to produce
timely regional income statistics based on a complete enumeration of the Dutch population.
Therefore the RIS was traditionally based on a large sample with a fraction of 0.16 core persons.
For the same reason the IPS is traditionally based on a sample of about 80,000 core persons.
With the current computational capacity a complete enumeration would still be very
demanding but not impossible. The main rationale for conducting this survey as a sample is to

maintain the panel for longitudinal analysis.

CBS | Discussion Paper, March 2015|04 9



3.

3.1

Inclusion weights

Weighting with inclusion expectations

For design-based inference as well as planning the sample size of the survey, first and second
order inclusion probabilities for households and persons are required. Let M denote the
number of households in the population, N the number of persons in the population aged 15
years or over and g, the number of persons aged 15 years or over that belong to the k-th
household and N, the number of persons that belong to the k-th household. With the sample
design described in Section 2, households k can be included more than once but with a
maximum ¢, . This complicates the derivation of inclusion probabilities since the probability of
selecting household k is equal to the selection probability of the union of its household

members (k,j) aged 15 years and over. This probability is defined as:

P(kes)=P(US,[(k, j)es]) = Z P((k, j)e S)_Z z P(I(K, )~ (K, )] €s)+
> X XPUk ok ok jes) - ..

This kind of computations can be avoided by using the concept of inclusion expectations instead
of inclusion probabilities. Bethlehem (2009), Chapter 2, generalized the HT estimator to the
concept of inclusion expectations for sampling with replacement. Let a, denote the number of
times that household k is selected in the sample for each element in the population. In the
proposed sample design a, €[0,1,..., g, ]. Let E(.) denote the expectation with respect to the
sample design. Now 7, = E(a,) denotes the inclusion expectation of sampling unit k. Since

a, can be larger than one, 7, can also take values larges than one and can therefore no

k

longer be interpreted as an inclusion probability. It can, however, be interpreted as an

expectation.
The parameter of interest is the population total, which is defined as

tyzz ykazyk' (1)

M Ny M
k=1 j=1 k=1
The HT estimator for the population total in (1) can be defined as

a Yy

=1 ﬂ.k

(2)

—>
~<

Il
M=

=

Since E(a,) = 7, it follows that this HT estimator is design unbiased. Let 7, . denote the
inclusion expectation of units k and k’,i.e. 7,, = E(a,a,.) . The variance of the HT estimator

is by definition equal to
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V- Yo ¥ v Yo Y
V(£,)=> > Cov(aa,)—=—=> >[E(a,a,)-E(a,)E(a,.)]——
k=1 k'=1 Ty Ty k=1k'=1 Ty Ty
M M
Yo Y
=22 (T T ) =
k=1 k'=1 Ty 7Ty

Note that in the case of sampling without replacement a, is a dummy taking values zero or
one indicating whether unit k is selected in the sample. In this case 7, and 7, . are the usual
first and second order inclusion probabilities. This illustrates that the standard HT estimator,
based on inclusion probabilities, can be extended easily to inclusion expectations. In the case of
sample designs where units can be selected more than once, it is more convenient to work with
inclusion expectations, since they are derived relatively easy. In the remainder of this
subsection, first and second order inclusion expectations for the sample design described in

Section 2 are derived.

Result 3.1: Consider a sample design where so called core persons are drawn by means of
stratified simple random sampling. Let N denote the number of persons in the population of
stratum h aged 15 years or over, n, the number of core persons selected in the sample from
stratum h and g, the number of persons aged 15 years or over, belonging to household k from
stratum h. All household members of the sampled core persons are included in the sample. First

and second order inclusion expectations for households in this sample design are given by

n
T = G —
N,
n,(n, -1) n,(n, -1) n,
Tien = Gun Jin N (N 1)' Tun = 9in (G _1)N (N 1)+gkh N_,
h h ™ h h ™ h
n,n,.
”kk'hh':gkhgk'h'N N
hN e

A proof of Result 3.1 is given in the appendix.

Result 3.2: Since all members of a selected household are included in the sample, it follows for

the sample design considered in Result 3.1 that:

1. The first order inclusion expectations for persons belonging to household k are equal to

the first order inclusion expectation of household k, i.e. 7, .

2. The second order inclusion expectations for persons from two different households k
and k', are equal to the second order inclusion expectations of these households, i.e.
7w n for two households from the same stratum or r ., . for two households from

two different strata.

3. The second order inclusion expectations for persons from the same household, are

equal to the second order inclusion expectation for this household, i.e. . .
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3.2

Generalized Weight Share method

The sample design described in Section 2 can be considered as a special case of indirect
sampling, Lavallée (2007). Indirect sampling refers to the situation where the population of
interest is sampled through the use of a frame that refers to a different population. The
Generalized Weight Share method is developed by Lavallée (1995) to construct weights for
these situations and can be used to derive design weights for households and persons in the

sample design described in Section 2.

Following the notation of Lavallée (1995) for the case of indirect sampling, there is a population
U " of size N * from which a sample s” of size n is drawn with selection probabilities ﬂ'iA .In
addition, there is the target population U ® of size N ®. This population can be divided in M ®

. B . B M
clusters. Each cluster k contains N’ units, such that N~ = Zkf

) N kB . The situation for the
sample design described in Section 2 is depicted in Figure 1. The clusters are households, U * is
the population of persons aged 15 years and over, and U ® is the population of all persons
residing in the Netherlands. Persons in U * and U ® are depicted as circles, households in U °
are depicted as shaded squares, and the circles within a shaded square visualise persons
belonging to the same household. Figure 1 shows respectively, a single person household, a two
person household containing for example a divorced parent with a child younger than 15, a two
person household containing two adults without children, and a four persons household
containing two parents with two children and one of the children is younger than 15 while the
other is 15 years or older. The arrows depict the links between the units of U * and U ® . In the
sample design considered in Section 2, each unitin U * has exactly one unique link with a unit
in U ®. Clusters in U ® have at least one link with units in U *. Links are identified with an

indicator variable

(1 if there is alink between icU *and jeU®

! |0 if there is no link between ieU “and jeU®.

If a unit iin U *is selected in the sample, the entire cluster k to which this unit belongs, is
included in the sample. The parameter of interest is the population total in U ® and is similar to

M Ng
(1) defined as ty = z k:lz i Y,; - An estimator for t, is defined as

A m NS
t, = ZHZ j:kaj Yi (3)

with m the number of unique clusters (households) included in the sample and w,; the weight
attached to each unit j of cluster k. Generally the inverse of the selection probabilities of units
(k,j) observed in the sample are used as weights in the HT estimator. In this situation not all
units in the sample have a known inclusion probability. Firstly not all units in U ® have a link to
u”. Secondly, as time proceeds household compositions change due to marriages divorces,
departures of children and cohabitation. As a result, as time proceeds, units with a link to U A
enter the clusters in the sample although they are not initially included in the sample drawn

from U *. For these units inclusion probabilities are not necessarily known. They affect,
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however, the inclusion expectations of the clusters included in the sample. Reconstruction of
the inclusion probabilities requires information of selection probabilities of all units in the
population at the moment that the sample is drawn. In many practical situations this

information is not available.

—_—
S
@

O OO0 OO OO "¢
si0l0/o][0/e]ol¢

Figure 1: Links between units from the sample frame and units form the target population.

The Generalized Weight Share method can be used to derive non-zero weights for all units in

the sample. This method starts with deriving initial weights, which are defined as

é‘.A
\ _J " if (k, j)has alinkwith iecU®*

[ 0 otherwise
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with 5iA an indicator variable that is equal to one if i is included in the sample s” and zero
otherwise. This expression follows directly from Lavallée (1994), equation (2) in combination
with the fact that in this application each unitin U * has exactly one unique link with a unit in
U®,see Figure 1. In a second step a so-called basic weight for each cluster k is derived as the

mean of all initial weights within each cluster:

N
D Wy
-1

w, = ——

k NkB
2
j=1

which follows from Lavallée (1995), equation (3). Finally all persons j that belong to the same
household k receive the same weight assigned to their household, i.e. w,; = w, forall je k.
A proof that the use of the basic weights in (3) is an unbiased estimator for the population total

is also given by Lavallée (1995).

N¢
Let Z ij = g, denote the number of persons in household k aged 15 years and older and a,
the dimber of core persons in household k, i.e. the number of persons in household k that are
included in sample s” . Since s” is drawn by means of stratified simple random sampling, it
follows that z* = n.' /N with N the number of persons aged 15 years and older in the

population of stratum h, and n: the number of core persons selected in the sample from

stratum h. Then it follows that

a, N
w, = — 2 . (4)
gk nh

Inserting the first order inclusion expectation from Result 3.1 into (2) gives the same HT

estimator as derived with the Generalized Weight Share method, i.e. inserting (4) into (3).

The derivation of the inclusion expectations in Subsection 3.1 applies to stratified sampling of
households with inclusion expectations proportional to household size and is a special case of
the Generalized Weight Share method. An argument to apply a design as outlined in Section 2 is
that sampling households proportional to household size is efficient for target variables that are
positively correlated with household size. It is useful to have explicit expressions for the first

and second order inclusion expectations for sample size determination.

Lavallée (1995) also provides variance expressions for (3) based on the Generalized Weight
Share method. This expression is based on the first and second order inclusion probabilities of
the sample units drawn from U * and a transformation of the target variable. As a result the
property that clusters are drawn proportional to their size is not made explicit as well as the fact
they are drawn partially with replacement. In section 7 it is pointed out that the variance
expressions in Lavallée (1995) for this application are equal to the variance expressions based

on the inclusion expectations derived in Result 3.1.
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4. Sample size determination

The purpose of the RIS is to publish income distributions for households and persons at
different geographical levels. The most detailed level is neighbourhoods, which are also used as
the stratification variable in the sample design. Income distributions for households for region

or area r are defined as

M Ir
S LI=1,0L (5)
M

where M denotes the number of households from region r, belonging to the /-th income
category, and M = ZI M, , the total number of households in area r. This income

distribution is estimated as

= — =1L (6)

where M | denotes an appropriate direct estimator for the total number of households from
area r, classified to the /-th income category. For the moment the HT estimator is assumed as an

appropriate estimator for M |, i.e.

erzzzhyl(_m'

her k=1 ﬂ-kh

where y . =1 if household k from stratum h is classified to the /-th income class and
Y = 0 otherwise and m, the total number of households selected in stratum h. In the RIS
L=10. Income distributions for persons are defined and estimated similarly to (5), (6), with M .
the number of persons from area r, belonging to the /-th income category. The HT estimator for

M . is now defined as

Ir

R Mmoo N
M, :ZZ_Z Yignr 7

her k=1 ZTyn j=1

Where y,;,, =1 if person jfrom household k and stratum h is classified to the /-th income class

and Yy, = 0 otherwise.

For sample size determination, precision specifications for the estimated income distributions
are required. For stratified sampling designs, Neyman allocations are often considered to
determine minimum sample sizes and optimal allocations to meet precision requirements at
aggregated levels, Cochran (1977). Power allocations are useful to find the right balance
between precision requirements for aggregates and strata, Bankier (1988). In this application
the minimum sample size is based on precision requirements for the individual strata, i.e.

neighbourhoods.
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If precision requirements are specified for the separated classes of the income distributions,
then the income class with the largest population variance determines the minimum required
sample size, resulting in unnecessary large sample sizes. As an alternative the square root of the
mean over the variances of the estimated income classes of an income distribution is proposed
as a precision measure for the estimated income distributions. With this measure the influence
of the most imprecise income class on the minimum sample size will be reduced. The square
root of the mean over the variances of the estimated income classes of an income distribution

is called the average standard error measure and is defined as:

(7)

In this paragraph an exact expression for s will be derived as well as an approximation that can
be used to estimate the minimum required sample size which does not require information

about income distributions or variances.

Since neighbourhoods are the most detailed areas for which income distributions are published,
precision requirements for sample size determination are specified at this level. Since
neighbourhoods are used as the stratification variable in the sample design, expressions for s
can be derived under simple random sampling without replacement of core persons within each

neighbourhood.

Result 4.1: Consider a sample of n, core persons, drawn by means of simple random sampling
without replacement from a finite population of size N, . An expression for the average

standard error measure S, in (7) for an income distribution is given by

1N, -n,

. 1(Nhi

h
L nh Nh_lLMhz 1=1 k=1 gkh 1=1

Proof: An expression for the variance of the estimated fraction of households in income class /
can be derived from the general expression for the variance of the HT estimator, Sarndal et al.

(1992), Section 2.8:

1 MMy Voo y
V(P,) = zzz(”kk'h_”kh”k'h) R (8)
M S Twn Tyen

Inserting first and second order inclusion expectations specified in Result 3.1 and taking
advantage of the property that y,, = y:hI since the values of the target variable are

restricted to zero or one, it follows after some algebra that (8) can be simplified to

N,-n, 1 [N, My M, ) |
V(P,)= h h h2 Z ki Ih ' 9)
n, Nh_nhLMh k=t Y Mh J
Result 4.1 is obtained by inserting (9) into (7). [
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Remark: If g, =1 for all households in the population of stratum h, then it follows that

M, = N, and that formula (9) simplifies to

1
V(Plh): : : n (Plh(l_PIh))’

which can be recognized as the variance of an estimated fraction under simple random

sampling without replacement, Cochran (1977), Chapter 3.

Minimum sample size requirements based on Result 4.1 require information about the income
distribution and its variance from preceding periods. Since this information is generally not
available at the design phase of a panel, it is useful to have an upper bound for the average
standard error measure for the income distribution in Result 4.1. This is comparable to taking
the variance for a parameter defined as a proportion equal to its maximum value at 0.5 for

calculating the minimum sample size for a survey.

Result 4.2: An upper bound for the average standard error measure S, for an income

distribution, specified in Result 4.1 is given by

1N, —n 1 N, L M 1
S : : (Mhzz J’

th
L n, N, -1{M T t L

with M the number of households of size t in stratum h, and t the size of a household.

Proof: The population of households in stratum h can be divided in T subpopulations of equally
sized households. Let M, denote the number of households of size t in stratum h. Now it

follows for the double summation between brackets for the expression of s in Result 4.1 that

Ll (10)

According to the Chauchy-Schwartz inequality (Cochran, 1977, Section 5.5) it follows for the

single summation between brackets for the expression of s, in Result 4.1 that

2
(M t 1
SI—"1 =X P 2—. (11)
1\ My -1 L
Result 4.2 is obtained by inserting (10) and (11) in the expression for s in Result 4.1. [

Remark: If g, =1 for all households in the population of stratum h and the number of classes
of the income distribution L=2, then it follows that the approximation for the average standard

error measure S, in Result 4.2 can be simplified to

h = Ny 1 1
. (N, -1)4
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which equals the square root of the maximum variance of an estimated fraction at P=05
under simple random sampling. This illustrates that the approximation for the average standard
error measure in Result 4.2 can be interpreted as a generalization of the approximation of the
maximum variance of an estimated fraction at P = 0.5 , often used in sample size
determination. The average standard error measure has its maximum value in the case of an
equal distribution of the households over the income categories, i.e. If’Ih =1/L forl=1, .., L. In

this situation the approximation for s, is exact, which follows directly from equation (11).

Remark: Equating the expression for s, in Result 4.2 to a pre-specified maximum value, say A,

, results in the following expression for the minimum sample size of core persons

(12)

(N, —1)LA% +

The information required to estimate the minimum sample size is the total number of persons
and the total number of equally sized households for neighbourhoods. No information about
the expected income distribution or its variance is required. More precise estimates for the
minimum sample size can be obtained with the expression in Result 4.1, but require sample

information from, for example, previous periods about the income distributions.

Expression (12) gives the minimum sample size for core persons. Subsequently all household
members of each core person are included in the sample. As a result, households can be
included in the sample more than once and the sample size in terms of unique households and
unique persons is random. To plan a survey and control survey costs, it is necessary to know the
expected number of unique households and unique persons if a sample of core persons of size

n, isdrawn.

Result 4.3: The expected number of unique households in a sample of n, core persons, drawn
by means of simple random sampling without replacement from a finite population of size N,

is given by

1- i=0

t-1

I[T(N,-1)

i=0

.
Dh:ZMth

t=1

o)
| "
| |
\

Proof: Let 77, denote the inclusion probability for household k from stratum h of size t. Since

tkh

equally sized households share the same first order probabilities, it follows that

Tyy = Tyn = 7, - Let 1, denote an indicator variable, taking value 1 if household k from

1
stratum h of size t is included in the sample and zero otherwise. The expected number of

unique households can be derived as
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1 (N, =n )N, =n, =1)..(N, —n, —-t+1)
N,(N, -1)..(N, —t+1)

Result 4.4: The expected number of unique persons in a sample of n, core persons, drawn by
means of simple random sampling without replacement from a finite population of size N,

follows directly from Result 4.3 and is given by

D =>tM, 1- 5

t=1

) ( ﬁuh—m—ﬂ
| .
|

)

|
|
|
\ i~0

The expected number of unique households and persons are random variables. It would
therefore be useful to have an uncertainty measure for these expected values. Variance
expressions for Results 4.3 and 4.4 are however not straightforward and therefore left for

further research.

Sample size calculations are conducted at the level of neighbourhoods, which have an average
population size of about 5,000 persons. It was finally decided to select core persons with a
sampling fraction of 0.16. With this sample size, the maximum value for the average standard
error measure S, at the level of neighbourhoods amounts to about 0.01 for the estimated
household income distributions. With a total population of about 12 million persons, this
resulted in a sample size of about 2.1 million core persons and an expected sample size of about
4.6 million unique persons. This sample was drawn in 1994, which was the start of the panel for

the Dutch RIS.
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5. Panel design

The RIS is since 1994 conducted as a panel. A first requirement for correct cross-sectional
inference with this panel is to have correct first and second order inclusion expectations for the
sampling units, which are derived in Section 3. A second requirement for correct cross-sectional
inference is to keep the panel representative for the target population. To this end, it is
determined on a yearly basis which part of the population enters the target population of the
RIS through birth and immigration. From this subpopulation a stratified simple random sample
of core persons with a sample fraction of 0.16 is selected. These core persons are added to the

panel of the RIS, with the purpose to maintain a representative sample.
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Linear weighting

For household surveys like the RIS, estimates are required for person characteristics as well as
household characteristics. Let t, denote the total of a target variable y. With linear weighting,

an estimator for a person based target variable is defined as:

Hom,
=222 Wi Vg » (13)

h=1 kel jek
with Wy, @ weight for person j belonging to household k and stratum h and Y i the value of
the target variable for person (k,j,h). An estimator for a household based target variable is given
by:

tAy = z Win Yin s (14)

H my
h=1 k=1
with w,.a weight for household k from stratum h and y, the corresponding value of the

target variable.

Weights are obtained by means of the GREG estimator to use auxiliary variables which are
observed in the sample and for which the population totals are known from other sources,
Sarndal et al. (1992). Consequently, the weights reflect the (unequal) inclusion expectations of
the sampling units and an adjustment such that for auxiliary variables the weighted
observations sum to the known population totals. Often categorical variables like gender, age,
marital status or region are used as auxiliary variables. Due to the fact that the values of
auxiliary variables differ from person to person within the same household, different weights
can be derived for the same household. To ensure that relationships between household
variables and person variables are reflected in estimated totals, it is relevant to apply a
weighting method which yields one unique household weight for all its household members. If
the weights for persons within a household are the same, then household and person based
estimates of the same target variables are consistent with each other (for example the total
income estimated from households and that from persons). This can be achieved with the so-

called integrated weighting methods.

Lemaitre and Dufour (1987) applied an integrated weighting method at the person’s level and
replaced the original auxiliary variables defined at the person level by the corresponding
household mean. In this way, members of the same household have the same inclusion
expectation and share the same auxiliary information, and therefore the resulting regression
weights are forced to be the same. Nieuwenbroek (1993) proposed a slightly more general
approach by applying the linear weighting method at the household level, where the auxiliary
information of person based characteristics is aggregated at the household level. Nieuwenbroek
(1993) mentions that the linear weighting method at the household level is equal to the linear
weighting method of Lemaitre and Dufour at the person level, if the residual variance of the

regression model at the household level is chosen proportional to the number of persons within
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the household. Integrated weighting of person and household surveys is further generalized by
Steel and Clark (2007) and Estevao and Sarndal (2006). Steel and Clark (2007) addressed the
issue whether the cosmetic benefits of integrated weighting result in an increased design
variance of the GREG estimates. They showed that large sample design variances obtained by
linear weighting at the household level is less than or equal to the design variance obtained
with linear weighting at the person level. For small samples there can be a small increase in the
design variance due to integrated weighting. As a result there is little or no loss in efficiency by

applying an integrated weighting method.

In this paper the integrated weighting approach at the household level is applied. Let X,
denote a g vector containing g auxiliary variables for household k from stratum h. Person based
characteristics are aggregated to household totals. The GREG estimator is derived from a linear
regression model that specifies the relation between the target variable and the available

auxiliary variables for which population totals are known, and is defined as:
Yo = XiB + e, with E_(e,)=0,V, (e,)=0. (15)

In (15) p denotes a vector containing the g regression coefficients of the regression of y,, on

X,, and e, theresidualsand E_ and V  denote the expectation and variance with respect

kh
to the regression model. In this application, the variance structure is taken proportional to the
household size, i.e. o-hzk =0,0 % In this case, the weighting applied at the household level is

equal to Lemaitre and Dufours method as shown by Nieuwenbroek (1993).

Regression weights for the households are finally obtained by

m t -1
o (g o)

”kh kzl”khgkh

with t, a g vector containing the known population totals of the auxiliary variables x, fxn the
HT estimator for t, . The weights calculated at the household level can be used for weighting
person based characteristics of the corresponding household members, using formula (13) since

W, = W,, forall persons belonging to the same household k.
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7. Variance estimation

Parameters of the RIS are estimated as the ratio of two population totals

R=-", (16)

z

—

where fy and fz are GREG estimators defined by (13) or (14) in the case of person-based or

household-based target variables, respectively.

Result 7.1: The variance of (16) under a sample design where core persons are drawn by means
of stratified simple random sampling, and all household members of these core persons are
included in the sample is given by

2

V (R) = Na@-f) 1 N“[m_LN"_ek'h],

Ty > 3
z2 h=1 n, Nh _lk:1 O Nh k=1 9in
where f, =n IN,, e, = (Y, —Xthy)—R(Zkh - X,,b,), and b, and b, the finite

population regression coefficients of the regression of y,, respectively z,, on X,, .

Proof: A general approximation for the variance of the ratio of two GREG estimators is given by

(Sarndal et al. 1992, Section 7.13):

18 ad e, €

ko Cine
_ZZZZZ(”kk'hh T Ton) — - (17)
z h=1 k=1 1k'=1 Ten Tyon

After inserting first and second order inclusion expectations specified in Result 3.1, it follows

that (17) can be simplified to the variance expression defined in Result 7.1. [

Result 7.2: An estimator for the variance specified in Result 7.1 is given by
2

- 10 o
V(R)=f_22( o ( kh kh_ Zwkh khj’

h=1 -1\ Ny ket

where €, = (Y, — Xihf)y) - Fi(zkh - x4, b,) and E)y and b, the HT type estimators for

b, and b, , defined by (6.5).

Proof: An estimator for the variance approximation (17) is given by (Sarndal et al. 1992, Section

7.13):
. 1 0 MMt (g = T ) Coo € Crop €
V(R)zAzzzz Kk 'hh’ 0 i) 2B CienCien (18)
| SRR ] 7 e hh am o

where ¢, =w, /x, are the correction weights. After inserting first and second order

inclusion expectations specified in Result 3.1 and some algebra, it follows that (18) equals
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2 h A " A
V(I:E):%ZH: Nh(l_ fh) 1 i Cn €xn _L - CynCin )
tz h=1 n, n, _1k:1 9 Ny k=1 Gy
which is also equal to the estimator defined in Result 7.2. |

The same expressions for the variance can be derived from the variance expressions proposed
for the Generalized Weight Share method in the case of indirect sampling. In Lavallée (1995),
variance expressions for the HT estimator are based on the sampling design used to select the
sample S A of n units from population U " with transformed target variables, say z,. In this
application each unit in U * has exactly one link with a unitin U ® . As a result Z, in Lavallée
(1995) is in this case defined as the sum over the target variables of all elements in cluster k,
divided by the number of units in cluster k with a link to population U * , i.e. z,=y./g, for
al i e U " that have a link with cluster k € U ® . Inserting the first and second order inclusion
probabilities for stratified simple random sampling without replacement and the transformed
variables z, (where the target variable y, is preplaced by the residual of the regression on the
cluster totals e, ) in the variance formula for a ratio gives Result 7.1. Result 7.2 follows in a

similar way.
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8. Application

In the RIS, core persons are selected from the population aged 15 years and older through
stratified simple random sampling without replacement with a sample fraction of 0.16. In this
application results are presented for a large municipality (Rotterdam), a municipality of
intermediate size (Enschede) and a small municipality (Sevenum) for three subsequent years
2006, 2007 and 2008. Population and sample sizes for these three municipalities are

summarized in Table 1.
Target variables of interest for the RIS are:

- Income distribution of households in ten classes where the categories are based on ten
percentage quantile points of the national distribution (abbreviated as Inc. distr. hh.)

- Mean standardized income of households (abbreviated as HHinc)

- Mean standardized income of persons (abbreviated as Pinc)

For all three variables standardized income is used, which is defined as the disposable income
corrected for differences in household size and composition. Standardized income is a generally
applied measure for welfare and income. According to the definition, all members of the same
household have the same standardized income because all members of the same household
receive or share the same amount of welfare. As a result the mean household income and the
mean personal income are very close. In the latter, the standardized income of larger

households have a larger share.

Municipality Population Sample
Households | Persons 15 and | Core Unique Unique
older persons households persons
Rotterdam 293400 484000 73000 67600 171400
Enschede 74200 128000 19300 17600 46300
Sevenum 2950 6100 870 750 2500

Table 1: population and sample size RIS for three Dutch municipalities.

Estimates for official publications of the RIS are obtained with the GREG estimator using the
method of Lemaitre and Dufour (1987). Since this survey does not suffer from nonresponse,
auxiliary information is used in the estimation for variance reduction and consistency between
the marginals of different publication tables. Inclusion expectations are based on the formulas
derived in Subsection 3.1. For each municipality the following weighting scheme is applied in

the GREG estimator:
Age(7)xGender + Age(4)xGenderxMaritalStatus(2) + Address(3).

All auxiliary variables are categorical. The numbers between brackets denote the number of

categories. MaritalStatus distinguishes between people who are married and other forms of
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marital status. Address distinguish between addresses where one person is residing, one family
is residing and other types of addresses. Standard errors for these GREG estimates are based on
the approximations derived in Section 7. Estimates for the aforementioned target variables with
their standard errors based on the HT estimator, the GREG estimator and the GREG estimator
with the method of Lemaitre and Dufour are given in Tables 2, 3, and 4 for Rotterdam,

Enschede and Sevenum respectively.

For each municipality there is a steady increase over time of the mean of the income for
households and persons. Also the income distributions for each municipality show a stable
pattern over the years. This can be expected if a panel is applied in combination with large
sample sizes to estimate phenomena that are not very volatile in time. Differences in precision
between the HT estimator and the GREG estimator are small for large samples like Rotterdam.
For smaller samples like Sevenum, the use of auxiliary information through the GREG estimator

results in an increase of precision.

Comparing GREG estimates with and without using the method of Lemaitre and Dufour shows
that standard errors of estimated household parameters are smaller if the method of Lemaitre
and Dufour is applied. This is particularly visible for the mean household income in the small
sample of Sevenum. For estimated person based parameters, on the other hand, the method of
Lemaitre and Dufour slightly increases the standard error compared to the regular GREG
estimator. This suggests that the assumed variance structure for the residuals in the underlying
regression model in the case of integrated weighting better fits to the household-based

variables than the person-based variables.
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Rotterdam 2006

Variable HT GREG GREG consistent (L&D)
Inc. distr. hh. 1 0.2380 (0.0019) 0.2233 (0.0016) 0.2260 (0.0016)
2 0.1876 (0.0017) 0.1797 (0.0016) 0.1838 (0.0016)
3 0.1335 (0.0014) 0.1319 (0.0013) 0.1346 (0.0014)
4 0.1022 (0.0012) 0.1026 (0.0012) 0.1043 (0.0012)
5 0.0764 (0.0010) 0.0789 (0.0010) 0.0794 (0.0010)
6 0.0651 (0.0009) 0.0687 (0.0009) 0.0678 (0.0009)
7 0.0574 (0.0008) 0.0617 (0.0008) 0.0596 (0.0008)
8 0.0509 (0.0007) 0.0552 (0.0007) 0.0523 (0.0007)
9 0.0463 (0.0007) 0.0508 (0.0007) 0.0470 (0.0006)
10 0.0424 (0.0006) 0.0469 (0.0006) 0.0449 (0.0006)
HHinc 19790 (83) 20134 (80) 20161 (76)
PPinc 22074 (94) 22219 (84) 22233 (93)
Rotterdam 2007
Variable HT GREG GREG consistent (L&D)
Inc. distr. hh. 1 0.2370 (0.0019) 0.2223 (0.0016) 0.2242 (0.0016)
2 0.1911 (0.0017) 0.1832 (0.0016) 0.1878 (0.0016)
3 0.1327 (0.0014) 0.1312 (0.0013) 0.1346 (0.0013)
4 0.1045 (0.0012) 0.1053 (0.0012) 0.1074 (0.0012)
5 0.0770 (0.0010) 0.0797 (0.0010) 0.0798 (0.0010)
6 0.0628 (0.0009) 0.0663 (0.0009) 0.0660 (0.0009)
7 0.0561 (0.0008) 0.0600 (0.0008) 0.0576 (0.0008)
8 0.0503 (0.0007) 0.0546 (0.0007) 0.0514 (0.0007)
9 0.0460 (0.0007) 0.0506 (0.0007) 0.0467 (0.0006)
10 0.04256 (0.0006) 0.04696 (0.0006) 0.0445 (0.0006)
HHinc 22306 (73) 22950 (64) 22866 (64)
PPinc 24094 (82) 24362 (75) 24432 (78)
Rotterdam 2008
Variable HT GREG GREG consistent (L&D)
Inc. distr. hh. 1 0.2355 (0.0019) 0.2201 (0.0016) 0.2222 (0.0016)
2 0.1887 (0.0017) 0.1807 (0.0016) 0.1851 (0.0016)
3 0.1335 (0.0014) 0.1317 (0.0013) 0.1350 (0.0014)
4 0.1048 (0.0012) 0.1056 (0.0012) 0.1070 (0.0012)
5 0.0760 (0.0010) 0.0788 (0.0010) 0.0792 (0.0010)
6 0.0641 (0.0009) 0.0677 (0.0009) 0.0671 (0.0009)
7 0.0577 (0.0008) 0.0621 (0.0008) 0.0601 (0.0008)
8 0.0510 (0.0007) 0.0557 (0.0007) 0.0526 (0.0007)
9 0.0465 (0.0007) 0.0511 (0.0007) 0.0472 (0.0006)
10 0.0421 (0.0006) 0.0467 (0.0006) 0.0444 (0.0006)
HHinc 23750 (78) 24511 (69) 24410 (68)
PPinc 25325 (84) 25625 (75) 25705 (78)

Table 2: Estimation results RIS for Rotterdam (large Dutch municipality), standard errors

between brackets.
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Enschede 2006

Variable HT GREG GREG consistent (L&D)
Inc. distr. hh. 1 | 0.2572 (0.0038) 0.2360 | (0.0030) 0.2398 | (0.0029)
2 0.1782 (0.0033) 0.1695 (0.0030) 0.1701 (0.0029)
3 0.1283 (0.0026) 0.1258 | (0.0025) 0.1268 | (0.0025)
4 0.1024 (0.0022) 0.1041 (0.0022) 0.1050 (0.0021)
5 0.0849 (0.0019) 0.0906 | (0.0019) 0.0916 | (0.0019)
6 0.0682 (0.0017) 0.0745 (0.0017) 0.0748 (0.0017)
7 0.0587 (0.0015) 0.0644 (0.0015) 0.0630 (0.0015)
8 0.0496 | (0.0013) 0.0550 | (0.0014) 0.0528 | (0.0013)
9 0.0411 (0.0012) 0.0462 (0.0012) 0.0435 (0.0012)
10 0.0314 | (0.0011) 0.0341 | (0.0011) 0.0327 | (0.0010)
HHinc 19810 (128) 20353 (111) 20300 (107)
Pinc 20402 (102) 20608 (92) 20590 (92)
Enschede 2007
Variable HT GREG GREG consistent (L&D)
Inc. distr. hh. 1 | 0.2621 (0.0039) 0.2397 | (0.0030) 0.2427 | (0.0029)
2 0.1728 (0.0033) 0.1647 (0.0030) 0.1658 (0.0029)
3 0.1273 (0.0026) 0.1248 | (0.0025) 0.1264 | (0.0025)
4 0.1035 (0.0022) 0.1054 (0.0022) 0.1060 (0.0022)
5 0.0845 (0.0019) 0.0899 (0.0019) 0.0909 (0.0019)
6 0.0692 (0.0017) 0.0756 | (0.0017) 0.0764 | (0.0017)
7 0.0583 (0.0015) 0.0645 (0.0015) 0.0635 (0.0015)
8 0.0502 (0.0014) 0.0555 | (0.0014) 0.0527 | (0.0013)
9 0.0407 (0.0012) 0.0456 (0.0012) 0.0431 (0.0012)
10 0.0315 (0.0011) 0.0343 (0.0011) 0.0325 | (0.0010)
HHinc 20878 (128) 21716 (107) 21753 (105)
Pinc 21387 (115) 21751 (103) 21852 (106)
Enschede 2008
Variable HT GREG GREG consistent (L&D)
Inc. distr. hh. 1 | 0.2672 (0.0038) 0.2432 | (0.0029) 0.2469 | (0.0029)
2 0.1725 (0.0033) 0.1641 (0.0029) 0.1651 (0.0029)
3 0.1264 (0.0026) 0.1240 (0.0025) 0.1252 (0.0025)
4 0.0989 (0.0022) 0.1011 | (0.0021) 0.1019 | (0.0021)
5 0.0868 (0.0020) 0.0924 (0.0019) 0.0934 (0.0019)
6 0.0686 | (0.0016) 0.0759 | (0.0017) 0.0765 | (0.0017)
7 0.0588 (0.0015) 0.0649 (0.0015) 0.0637 (0.0015)
8 0.0490 | (0.0013) 0.0549 | (0.0014) 0.0526 | (0.0013)
9 0.0408 | (0.0012) 0.0453 (0.0012) 0.0422 | (0.0012)
10 0.0310 (0.0010) 0.0343 (0.0011) 0.0326 (0.0010)
HHinc 22254 (148) 23235 (125) 23237 (123)
Pinc 22235 (123) 22659 (110) 22724 (114)

Table 3: Estimation results RIS for Enschede (Dutch municipality of intermediate size), standard
errors between brackets.
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Sevenum 2006

Variable HT GREG GREG consistent (L&D)

Inc. distr. hh. 1 | 0.0880 | (0.0131) 0.0835 | (0.0112) 0.0821 | (0.0108)
2 0.1195 (0.0145) 0.1148 (0.0123) 0.1153 (0.0121)
3 0.1079 | (0.0125) 0.1013 | (0.0111) 0.1043 | (0.0111)
4 0.0908 (0.0107) 0.0885 (0.0100) 0.0885 (0.0100)
5 0.0911 | (0.0101) 0.0928 | (0.0100) 0.1001 | (0.0100)
6 0.0900 (0.0094) 0.0968 (0.0092) 0.0980 (0.0093)
7 0.1345 (0.0111) 0.1352 (0.0105) 0.1346 (0.0103)
8 0.1001 | (0.0094) 0.1018 | (0.0091) 0.0984 | (0.0090)
9 0.0829 (0.0082) 0.0859 (0.0081) 0.0841 (0.0081)
10 0.0952 | (0.0090) 0.0996 | (0.0089) 0.0946 | (0.0086)
HHinc 25696 (799) 25698 (734) 25968 (711)
Pinc 21328 (466) 21680 (428) 21712 (428)
Sevenum 2007
Variable HT GREG GREG consistent (L&D)
Inc. distr. hh. 1 | 0.0851 | (0.0129) 0.0818 | (0.0106) 0.0800 | (0.0103)
2 0.1343 (0.0153) 0.1162 (0.0116) 0.1165 (0.0116)
3 0.1014 | (0.0120) 0.0951 | (0.0107) 0.0977 | (0.0108)
4 0.0879 (0.0107) 0.0866 (0.0100) 0.0883 (0.0101)
5 0.0966 (0.0102) 0.0989 (0.0098) 0.1020 (0.0101)
6 0.1058 | (0.0104) 0.1090 | (0.0100) 0.1118 | (0.0102)
7 0.1191 (0.0103) 0.1257 (0.0100) 0.1254 (0.0100)
8 0.1110 | (0.0098) 0.1172 | (0.0095) 0.1147 | (0.0093)
9 0.0768 (0.0078) 0.0821 (0.0078) 0.0803 (0.0078)
10 0.0820 | (0.0083) 0.0873 | (0.0080) 0.0836 | (0.0078)
HHinc 28207 (618) 28901 (520) 29026 (490)
Pinc 24056 (456) 24219 (396) 24459 (393)
Sevenum 2008
Variable HT GREG GREG consistent (L&D)
Inc. distr. hh. 1 | 0.0920 | (0.0133) 0.0843 | (0.0110) 0.0798 | (0.0107)
2 0.1331 (0.0154) 0.1187 (0.0119) 0.1199 (0.0119)
3 0.1071 (0.0124) 0.1001 (0.0107) 0.1038 (0.0109)
4 0.0733 | (0.0097) 0.0711 | (0.0089) 0.0752 | (0.0087)
5 0.0865 (0.0098) 0.0866 (0.0091) 0.0898 (0.0091)
6 0.1098 | (0.0104) 0.1176 | (0.0103) 0.1206 | (0.0104)
7 0.1347 (0.0114) 0.1421 (0.0112) 0.1411 (0.0112)
8 0.0946 | (0.0090) 0.1011 | (0.0089) 0.0996 | (0.0089)
9 0.0786 | (0.0081) 0.0838 | (0.0081) 0.0813 | (0.0081)
10 0.0904 (0.0088) 0.0948 (0.0085) 0.0889 (0.0082)
HHinc 31466 (795) 32372 (715) 32536 (694)
Pinc 24980 (468) 25482 (426) 25644 (455)

Table 4: Estimation results RIS for Sevenum (small Dutch municipality), standard errors between
brackets.
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9. Discussion

Households are due to their instability over time inappropriate as sampling units in panels
conducted to collect information at the level of households or persons. In this paper, a sample
design is proposed where persons are drawn through a self-weighted sample design. At each
point in time, the household members of these so-called core persons are included in the
sample. This results in a sample where households can be drawn more than once but with a
maximum that is equal to the household size. Households are included with expectations
proportional to the household size. First and second order inclusion expectations for
households are derived under stratified simple random sampling of core persons. These
inclusion expectations can be used in a similar way in design-based and model-assisted

inference as the more common inclusion probabilities.

The sample design in this paper is a special case of indirect sampling, Lavallée (1995, 2007). In
the case of a self-weighted sample design it is shown that first and second order inclusion
expectations for this sample design can be derived in a relatively straightforward manner from
the household composition of the core persons at each point in time. In the case of more
complex sample designs, the Generalized Weight Share method, developed by Lavallée (1995,

2007), is required to construct inclusion weights at each point in time.

Since core persons remain in the panel indefinitely, this sample design is particularly
appropriate for register-based household panels where all required information is derived from
administrations. For interview-based household panels some kind of rotation design is required
to cope with problems like panel attrition. Expressions for minimum sample sizes to meet a pre-
specified precision for estimated distributions as well as the expected number of unique
households in a sample are derived for individual strata, which are the most detailed areas for
which figures are published. A topic for further research is to combine this mean standard error
measure with a Neyman allocation or power allocations to have expressions for the minimum

sample size based on precision requirements for estimated distributions at aggregates of strata.

In the context of household surveys and panels, weighting procedures that enforce equal
regression weights for persons within the same household are relevant in order to enforce
consistency between person based and household based estimates. In this paper an integrated
weighting approach based on the procedure proposed by Lemaitre and Dufour (1987) is applied
to the RIS. In this application standard errors obtained with Lemaitre and Dufour are smaller
compared to a non-integrated weighting procedure for household based estimates. For person
based estimates, standard errors can be slightly larger. These results are in line with Steel and
Clark (2007), who showed that the large sample design variance of integrated weighting at the
household level are smaller than or equal to the design variance obtained with non-integrated
weighting at the person level. In their simulation they also report small increases of the design-

variances due to integrated weighting in the case of small sample sizes. The additional

CBS | Discussion Paper, March 2015|04 30



advantage of integrated weighting is that totals for household and person based income, which

can be derived directly from their means, are consistent.
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Technical appendix: Proof of Result 3.1

The first order inclusion expectation of the k-th household equals

9 J(Nw — 9
9xn ) gkh- i nh_i

T =E(@,) =Y iP(a, =i)=>1i

i=1 i=1 N h
nh

with a, the number of times that household k from stratum h is selected. The enumerator of

, (A1)

the ratio in (A.1) is the number of times that i persons from a household of size g, and n, —i
persons can be drawn from the remaining population of size N, — g, . The denominator is
the number of times that a sample of n, persons can be drawn from a population of size N .
Consequently the ratio is the probability that i persons form household k of size g, are drawn

from a population of size N, with a simple random sample of size n, . Equation (A.1) can be

O — 1\(N h~ Y
Jin i—1 n, —i
T =2 9 . (A2)
i=1 N h
nh
In Mood, Graybill and Boes (1974, page 531) it is proved that
"(a b a+b
Z ) = ) (A.3)
AN AL n
By changing to j = i —1 and applying formula (A.3), it follows that (A.2) can be simplified to
{ghk_lJ(Nh_gth (Nh_l
g 1 . .
il ] n-j-1 n,-1 n,
”kh:ghkz = 0w =0w (A.4)
j=0 N h N h N h
nh nh

Second order inclusion expectations for households k and k' for k # k' belonging to the

9w 9 Nh_gkh_gk'h
9xn Jin 9xn 9k i i' nh —i=1

expressed as

same stratum h, equal

Tgen = E(@ga,,) =D > ii'P(a,, =ia,, =i)=> > i’

i=1 i'=1 i=1 i'=1 N h
nh

(A.5)

Using similar arguments as specified following equation (A.1), the ratio in (A.5) is the probability

that i persons form household k of size g, and i' persons form household k' of size g Ch o
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both belonging to the same stratum h, are drawn from a population of size N, with a simple

random sample of size n, . Equation (A.5) can be simplified to

9 -1 9in -1 Nh ~ 0w —9¢n
9 9 i—1 i—1 n,—i—i'

7 h :Zz Gin 9 (A.6)
i=1 i'=1 N h
nh
By changingto j=i-1 and j'=i'-1 and applying formula (A.3) twice, it follows that (A.6)
simplifies to
9w -1 (o -1 Nh ~ O — Yy
Gin 19, p -1 J j' n-— J _ j'_2
Twh = 9 Y

j=0 j'=0 Nh
n,
gkh_l Nh_gkh_l Nh_2
[P J n— 1—2 nh -2 nh(nh —l)

= , =00 = 9T
=~ Nh kh 9 k'h Nh kh khNh(Nh_l)
Iﬁ'h nh

The second order inclusion expectation for kK = k' for households from the same stratum h, is

(A7)

given by
7., =E(a,a,)=E(a,(a, -1)+E(a,). (A.8)

An expression for the first order inclusion expectation E(a,, ) is already given by (A.4). The

first term on the right hand side of (A.8) can be elaborated as follows:

(%J[Nh gkhJ
E(akh(akh—l))=§i(i—1)P(akh:i)=§i(i—1) ! M ~ !

i=2 i=2 Nh
n,

gkh_z Nh_gkh

% i—2 n, —i

:Z gkh(gkh _l)

(A.9)

Changingto j =i — 2 and applying formula (A.3) gives
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9 Nh_gkh Nh_2
9 2 i \n,—j-2 n, —2

jzz}jgkh(gkh_l) N, =0, (9 —1) N,
v v

E(a, (a, —1)

n (n, —1)
=04 (94, _1)¥-
N, (N, -1)
(A.10)
Inserting the expressions (A.4) and (A.10) into (A.8) gives
n,(n, —-1) n,
Tun = 9w (0 — D) ————+09,, —. (A.11)
N h (N h 1) N h

Second order inclusion expectations for households k and k' for k # k' belonging to two

different strata h and h' equal

nn._.
— b (A.12)

7 wnn = E(akhak'h') = E(akh)E(ak'h') =0 Jun N N

h h'

This result is straightforward, since samples in different strata are drawn independently from
each other. Collecting the results obtained in formula’s (A.4), (A.8), (A.11), and (A.12), proves
Result 3.1. ]

CBS | Discussion Paper, March 2015|04 35



0 (0.0)
empty cell
2014-2015
2014/2015
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