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Structural time series models are known as a powerful technique for variance reduction in
the framework of small area estimation (SAE) of repeatedly conducted surveys. Such
models, however, contain unknown hyperparameters that have to be estimated before the
Kalman filter can be launched to estimate state variables of the model. If the uncertainty
around these hyperparameters is not taken into account, the newly obtained variance
estimates for the state variables of interest become negatively biased, particularly in short
time series. The Dutch Labour Force survey (DLFS) is a typical example of SAE in that its
sample sizes are too small to produce reliable monthly figures using design-based
estimators known from classical sampling theory. Statistics Netherlands currently uses a
structural time series model to reduce the variance of the design-based estimates of the
unemployed labour force. In order to account for the negative bias in the DLFS model
variance estimates, several approximation approaches known in the literature are
considered. The results suggest that the best performing approach out of these can correct
for a 2-percent negative relative bias of the signal MSE produced by the Kalman filter by
offering a positive bias of 2 percent. After accounting for the hyperparameter uncertainty,
the standard errors of the model estimates are about 22 percent smaller than the
design-based standard errors.

Introduction

Monthly figures on the labour force produced by national statistical institutes (NSls) are
important economic indicators. These indicators are generally based on Labour Force Surveys
(LFS). Most NSls apply a rotating panel design in their LFS, but in most cases the sample size is
still not large enough to produce sufficiently precise monthly figures about the labour force
based on design-based estimators known from classical sampling theory (Sarndal et al. (1992),
Cochran (1977)). In such cases, statistical modelling can be used to improve the effective sample
size of domains by borrowing information from preceding periods or other domains. Such
techniques are often referred to as small area estimation (SAE), see Rao (2003). Repeatedly
conducted surveys in particular have a potential for improvement within the framework of
structural time series (STS) or multilevel time series models.

Common applied SAE procedures are based on multilevel models that are estimated with the
empirical best linear unbiased prediction (EBLUP) or the hierarchical Bayesian (HB) approaches.
Such models usually contain unknown hyperparameters that have to be estimated, which
translates into larger standard errors around the domain predictions. If this uncertainty (here
and further in this paper referred to as the hyperparameter uncertainty) is not taken into
account, the MSE estimates of the quantities of interest become negatively biased. Within the
framework of the EBLUP and HB approaches, it is very common to take the hyperparameter
uncertainty into account, see Rao (2003), Ch.6-7, 10.

STS models are not as widely used in SAE as multilevel models. The Kalman filter usually
applied to analyse STS models ignores the hyperparameter uncertainty, and therefore produces
negatively-biased MSE estimates. For this reason, the apparent gains from the STS technique in
terms of reduced variance estimates have to be treated without undue optimism. Applications
that give evidence for substantial advantages of STS models over the design-based approach
treat the estimated model hyperparameters as known, see, e.g., Krieg and van den Brakel
(2012), Van den Brakel and Krieg (2009a), Pfeffermann and Bleuer (1993), Tiller (1992).
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At Statistics Netherlands, a multivariate STS model is used to produce official monthly labour
force figures. This model was originally proposed by Pfeffermann (1991) and is referred to as
the DLFS model in this paper. It uses sample information from preceding time periods and
accounts for different aspects of the rotating panel design, such as the so-called rotation group
bias (RGB) and autocorrelation in the survey errors. In this way, sufficiently precise monthly
estimates for the unemployed labour force are obtained (see Van den Brakel and Krieg (2009a)).
However, this application, just like the other aforementioned studies, does not account for the
hyperparameter uncertainty in the estimated MSEs.

This paper focuses on the true mean square error (MSE) estimation in the case of the DLFS
model. The literature offers several ways to account for the hyperparameter uncertainty in STS
models. Among those MSE approximation approaches considered in this paper are the
asymptotic approximation developed by Hamilton (1986), as well as parametric and
non-parametric bootstrapping approaches developed by Pfeffermann and Tiller (2005) and
Rodriguez and Ruiz (2012). These methods are applied to the DLFS model to see whether the
hyperparameter uncertainty matters in terms of increased MSEs of the quantities of interest in
this real life application.

This paper presents an extended Monte-Carlo simulation study, where the DLFS model acts as
the data generation process. The contribution of the paper is three-fold. First of all, it
establishes the best approach to the MSE approximation for the DLFS and offers a more
realistic evaluation of the variance reduction obtained with the STS model compared to the
design-based approach. Secondly, this Monte-Carlo study verifies the claim of Rodriguez and
Ruiz (2012) about the superiority of their method over the bootstrap of Pfeffermann and Tiller
(2005) in a more complex model. Finally, the Monte-Carlo simulation shows how the model can
be checked for possible misspecification.

The paper is structured as follows. Section 2 contains a general description of the DLFS survey
design and presents the model currently used by Statistics Netherlands. Section 3 reviews the
above-mentioned approaches to the MSE approximation. Some details on the simulation and
bootstrap setup specific for the DLFS are given in Section 4. Results of the simulation study are
presented in Section 5.

The LFS model

The DLFS is based on a stratified two-stage cluster design for households with estimates
produced on a monthly, quarterly and annual basis. More details on the sampling design are to
be found in Van den Brakel and Krieg (2009a). Quarterly design-based estimates for the
unemployed labour force are obtained with the general regression (GREG) estimator (Sarndal
etal. (1992)). In the case of the DLFS, the GREG estimator is based on a complex model that
uses a set of socio-demographic categorical variables, see Van den Brakel and Krieg (2009b).
The series considered in the present study are monthly estimates of the total number of the
unemployed labour force. Since October 1999, the survey has been conducted as a five-wave
rotating panel survey, where a sample of households is drawn every month. Households are
approached five times, with a three-month gap between the interviews. The term “wave” in this
context means a sample of households that enter the LFS panel at time t and leave the panel in
12 months after five interviews. Let Ytt_j denote the GREG estimate of the total number of the
unemployed labour force in month t. Five such estimates are obtained per month, each of them
being respectively based on the sample that entered the survey in month t — j,
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Figure 2.1 Numbers of unemployed in the Netherlands: design- and model-based
estimates

j =1{0,3,6,9,12}. In the middle of 2010, the DLFS was subject to a survey transition that
resulted in substantial discontinuities, which required an extension of the model. Therefore, the
present study covers the time span from January 2001 until June 2010, in order to avoid
unnecessary model complications that are not particularly relevant for this Monte-Carlo study
for MSE approximation.

Rotating panel designs are known to have systematic differences between the estimates of
their subsequent waves. This phenomenon is usually referred to as the rotation group bias
(RGB), see, e.g., Bailar (1975), Kumar and Lee (1983), or Pfeffermann (1991). Common reasons
behind the RGB are panel attrition, panel-effects, and differences in questionnaires and modes
used in the subsequent waves. In the case of the DLFS, the first wave estimates are assumed to
be most reliable, with the subsequent waves systematically underestimating the unemployed
labour force numbers, which is reflected by a negative RGB in the level. The seasonal
component may be affected too, but in this application the seasonal RGB turned out to be
negligible (see Van den Brakel and Krieg (2009a) for details).

Apart from the RGB, another problem with the LFS is small monthly sample sizes. With the first
wave net sample size of about 6500 persons on average, the GREG estimates cannot produce
sufficiently reliable unemployment figures on a monthly basis. Both problems can be solved
with the help of a STS model, which is currently used in the production of official LFS figures.
Such a model makes use of the information accumulated over time to produce point-estimates
with smaller standard errors.

In a STS model, the series of design estimates is decomposed into unobserved components,
whereupon the so-called signal - a more reliable series of point-estimates - can be obtained.
The signal is usually extracted with the Kalman filter. The filter removes a great part of the
population and sampling noise from the GREG-estimates and produces point- and variance
estimates for the signal and its unobserved components. As a result, not only are these signal
point-estimates less volatile (see Fig. 2.1), their standard errors are usually substantially lower
compared to the design standard errors (in the case of the DLFS, 24 percent smaller). Apart
from that, an STS model can extract the RGB pattern from the GREG series.

Let the five-dimensional vector Y, = (V! Y73 Y76 vf~9 Yf~12)" denote the GREG estimates
of the total number of the unemployed labour force for the five DLFS waves observed at time t.
Based on Pfeffermann (1991), Van den Brakel and Krieg (2009a) developed the following model
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for the five-dimensional vector with GREG estimates :

Y, =15¢ + A, + ey, (2.1)
where 15 is a five-dimensional column vector of ones, 4, is a vector containing the RGBs, and e,
is a vector with the survey errors. It is assumed that the true population parameter is
& = Ly + v + &, which is the sum of a stochastic trend, a stochastic seasonal component, and
an irregular component. For the full description of the DLFS model, the reader is referred to
Van den Brakel and Krieg (2009b). The description below summarizes its main features.

For the stochastic trend L;, the so-called smooth-trend model is assumed:

Le =Le—y + Ry,

(2.2)

Rt = Req + MRt
where L; and R; represent the level and slope of the true population parameter, respectively,
with the slope disturbance term being distributed as: 17z + £ N(0,03).

In the case of monthly data, the seasonal component y; can be trigonometrically decomposed
into six stochastic harmonics:

6
"= ve 23)
=1

where each of these six harmonics follows the process:
Yer = cos(h)yi—1y + sin(h)yi—1; + we
Vil

=sin(h)ye-1,1 + cos(h)yi_q, + wpy,

with h; = %l being the [-th seasonal frequency, | = {1,...6}. The zero-expectation stochastic
terms w,; and w; ; are assumed to be normally and independently distributed and to share the
same variance within and across all the harmonics, such that:

2 . ’ 1]
o; ifl=0Uandt=t,

Cov(we;, wer ) = Cov(wy, wl ) =
(W @er0) (@t @p0) 0 ifl#l'ort+#t,

Cov(wyy, we;) = 0forallland t.

Since the estimates of the first wave are assumed to be RGB-free (as motivated in Van den
Brakel and Krieg (2009a)), the RGB vector for the five waves can be written in the following
form: 4, = (0 AL3AE762E792E712)' . The RGB variables for the last four waves are
time-dependent and are modelled as a random walk process:
A =2+ = 1(3,6,9,12). (2.4)

The RGB disturbances are not correlated across different waves and are normally distributed:

—j iid . . .
n;'t] £ (0, 02), with equal variances in all the four waves.
The last component in the model is the survey error. Their variance estimates are the GREG
design variances available from the micro-data, and so the survey errors can be modelled as

ef_j = éf_j ’Var(?tt_j). This formulation makes it possible to account for heterogeneity

caused by differences in the survey design and sample sizes over time, see Binder and Dick
(1990). Since the samples of different waves, starting from wave 2, are based on the same
people as the preceding wave samples, there will be correlation between the survey errors. To
account for this correlation, the survey error terms in Van den Brakel and Krieg (2009a) are
modelled as an AR(1) process:

et = vt

- o (2.5)
et =pelTl +vi7,j=1{3,6,9,12}
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The survey error autoregressive parameter p is common to all the four waves and is estimated
from the input data using a procedure developed by Pfeffermann (1998). In this application

p = 0.208, see Van den Brakel and Krieg (2009b). This estimate is used as a prior input into the
model, together with the survey design standard errors of the five waves. Since the variance of

the product /Var(?tt_j)éf_j is meant to be close to the variance estimate of the GREG

estimator, Var(éf_j) ~ 1. For the first wave, Var(é}) = azt =~ 1, and for the four subsequent
waves, with an AR(1) process assumed, Var(eg ]) ~ g2 e 1/(1 -pH =1 j=1{36912}.
Five different hyperparameters g2 e are assigned to the five waves, and their estimates have

indeed turned out to be close to unlty It is assumed that v-disturbance terms are normally and
independently distributed: v ~ (0 t_]) j=1{0,3,6,9,12}.

Linear structural time series models W|th unobserved components are usually analysed with the

Kalman filter after putting them into a state-space form:

ey = Teprae + 1, (2.6)

Yt = Zt(lt. (27)
Here, T; and Z; are known design matrices of the transition and measurement equations,
respectively. The transition equation (2.6) describes how the state vector a; evolves over time,
whereas the measurement equation (2.7) reflects the linear relationship between the
observations and the state vector. The autoregressive structure of survey errors in the rotating
panel design can be taken into account if the errors éf_} are modelled as state variables. They
thus disappear from the measurement equation (2.7) and move to the state vector a;. The

zero-expectation vector i, contains identically and independently distributed disturbance

terms. The design standard errors ’Var(?tt_j) become time-varying elements of the matrix Z,

and are from now on denoted as zg_j,j ={0,3,6,9, 12}. More details on the state-space form
of the DLFS model are presented in Appendix A.

Collecting the variables mentioned in this section produces the following state vector (with the
survey error terms indexed differently for the state-space form):

at = (at al af)’, where

at = (Lt Ry vea Vt,l---Vt,s V:,s Yt6)s
aﬁ — (2}‘—3115—6/1%—9/11‘—12)

t3 5t—6

5t=9 xt—12 5t—2 5t-5
€t 2

af = (& & €t "€ T er €
All the state variables are initialised with a diffuse prior, except for the five survey error
components ég_j,j ={0,3,6,9,12}. These stationary state variables are initialised with zeros
and with the initial variances taken equal to unity.

The disturbance variances, together with the autocorrelation parameter p, are collected in a
hyperparameter vector called 8 = (0§ 05 0} 02, 02, 02 02, 0Z5 p), where the superscripts
£1,...5} stand for the numbers of the waves (note that the variance of the last eight state
variables is zero, see Appendix A). Hyperparameter p is going to be estimated as in Pfeffermann
etal. (1998) from the input data, whereafter the disturbance variance hyperparameters are
estimated by the quasi-maximum likelihood method, treating p-estimates as given. The vector
with the hyperparameter estimates is denoted as 8.

Numerical analysis of this paper is conducted with OxMetrics 5 (Doornik (2007)) in combination
with SsfPack 3.0 package (Koopman et al. (2008)).
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Review of MSE Approximation Approaches

State variables in structural time series models are usually extracted by the Kalman filter
according to the following recursions:

a; = Tt&t—1|t—1 + K€,

ptlt = i)t|t—1 - Pt|t—1Z§K£'

Pt|t—1 = i‘tﬁt—ﬂt—lfi‘ + ét:
where ’ stands for a transpose, @ and }A’m = E¢[(@ye — @) (@ — ap)'] denote the
conditional mean of the state vector and its MSE, respectively, extracted by the Kalman filter
based on information available up to and including time t. This kind of estimates is usually
referred to as filtered estimates. Matrix Pt|t_1 is the predicted state covariance matrix with the
prediction mean square error estimates on its main diagonal:

Pt|t_1 = E¢[(@yjt—1 — @) (@ye—1 — ay)'], where the word predicted implies that the estimates
for period t are based on information up to and including time t — 1. K is the so-called Kalman
gain: K; = Pt|t_IZ§F{1, € =Y; — Z;&;;_4 are innovations and F, is the innovation covariance
matrix: Fy = th’tlt_llg (note that the covariance matrix of the measurement equation error
terms is lacking here because those error terms have been placed in the state vector). Note that
the covariance matrix Q and transition matrix T are time-invariant here, the former being a
diagonal matrix with the state disturbance variance hyperparameters, and the latter containing
the autoregressive parameter p.

The mean square error extracted by the Kalman filter conditionally on the information up to and
including time t is:

Py = E¢[(aye(0) — ap)(@y:(0) — ay)'], (3.1)
where the expectation is taken with respect to the distribution of the state vector at time ¢,
provided this expectation exists. In practice, however, the true hyperparameter vector is
replaced by its estimates @ in the Kalman filter recursions. Then, the MSE in (3.1) is no longer
the true MSE and is called “naive” as it does not incorporate the uncertainty around the
0-estimates. The true MSE then becomes:

MSE,; = Et[(&ﬂt(é) - at)(&ﬂt(é) —ay)'], (3.2)
which is larger than the MSE in (3.1) and can be decomposed as the sum of the filter uncertainty
and parameter uncertainty:

MSEy; = Ei[(0:(6) — @) (r1(8) — @)'] + Ee (@412 (6) — &41e(0)) (&1ye (6) — 10 (6))'].
(3.3)

The first term, the filter uncertainty, is approximated by the naive MSE-estimates i)tlt delivered
by the Kalman filter. Approximation of the second term, the parameter uncertainty, requires
some additional effort. The literature on the true mean square error approximation proposes
two main approaches: asymptotic approximation and bootstrapping. Bootstrapping can be
performed in a parametric or non-parametric way. A few general details have to be mentioned
about these methods in the context of STS models and of the DLFS model specifically.

If a STS model contains non-stationary components, as is the case with the DLFS model, a
special procedure is required for bootstrap samples to be drawn conditionally on the given
dataset {¥y, .., Y73. The simulation smoother algorithm developed by Durbin and Koopman
(2002) can be exploited to generate conditional draws for the trend, seasonal and the RGB state
variables. At the first step of this algorithm, the state variables and the data series are
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3.1

generated unconditionally on the original data set, either parametrically or non-parametrically.
The generated series {Y’l”T, - YIT”T} will surely diverge from the dataset they have been
bootstrapped from. They must therefore undergo some kind of correction. The state variables
are corrected by the magnitude of the smoothed mean of their counterparts extracted from a
"correction” dataset, which constitutes differences between the original data {¥, .., Y7} and the
unconditional bootstrap dataset {YII"T, YI}'T}, as described in Koopman, Harvey, Doornik, and
Shephard (2008), Ch.8.4.2. The survey errors generated as described in either parametric or
non-parametric unconditional state recursion, do not need any adjustments as they constitute
(autocorrelated) noise.

For the parametric bootstrap, the necessary disturbances for state recursions (2.6) and (2.7) are
drawn from their joint conditional multivariate normal density 77, £ MN(0,02).
Non-parametric bootstrap has an advantage of not depending on any particular assumption

about this joint distribution. In this case, a bootstrap sample of standardised innovations

bSt  _b,St
€510 5112
et =F, / (0)€4(0) are standardized innovations from the Kalman filter recursions based on

the original ML estimates of the hyperparameters. For the DLFS model, a burn-in period r of 30
time-points is chosen. This choice is motivated by the number of state variables that are

}is obtained by sampling with replacement from {th(é), - ei‘(@))} where

initialised with a diffuse prior, which is 25; additional 5 time points are skipped to have a burn-in
period of two and a half years, and also in order to be on a safe-side. A bootstrap observation
set {Y’l’, .y YIT’} is then constructed by running the so-called innovation form of the Kalman filter:

N N A 1/2 .5\ _bS
ab, = ab,_, + K, (OF*(@)el™ (3.4)
V=zab,_ +FP@)e t=d+1,.,T; (3.5)

Note, that the univariate version of a multivariate Kalman filter, suggested by Koopman and
Durbin (2000), is computationally more efficient. This version is implemented in SsfPack
package that is used for this work. In this case, each series Y 4 in a multivariate model is treated
as a univariate one. Then, for each of these series, the Kalman gain K 4 is a vector, whereas F, 4
is a scalar.

The following sections contain a brief presentation of the asymptotic approach, as well as the
recent Rodriguez and Ruiz (2012) bootstrap approaches (hereafter referred to as the RR
bootstrap) and Pfeffermann and Tiller (2005) (hereafter the PT bootstrap) bootstrap
approaches.

Rodriguez and Ruiz Bootstrapping Approach

Rodriguez and Ruiz (2012) developed their bootstrap method for the mean square error
approximation conditional on the data. Bootstrapping can be done both parametrically and
non-parametrically, following the steps below:

1. Estimate the model and obtain all the hyperparameter estimates .

2. Generate a bootstrap sample {¥%, .., Y2} using 8, either parametrically or non-parametrically,
as described before the beginning of this sub-section. If the model is non-stationary, the overall
pattern of the bootstrap sample has to be brought in accordance with the pattern of the original
sample, as described in the third and fourth paragraphs of the introduction to Section 3.

3. The bootstrap dataset Yo, ., Y?} is used to obtain both the survey error autocorrelation
parameter p? estimates and bootstrap ML estimates 9,’.’“. Thereafter, the Kalman filter is
launched again using the original series {1, ..., Y7} and the newly-estimated %, which produces
&t|t(éb) and Ptlt(éb)-
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3.2

4. Then, steps 2-3 are repeated B times.
5. Having obtained B bootstrap replicates, the true conditional MSE can be approximated in the
following way:

1 < 1 2

—___RR L N a . oA _ o,

MSEy, = B Z Py (6”) + B Z[am(ﬂb) — @) (@ (0”) — @y, 3.6)
b=1 b=1

- 1B 5 5

Where dt|t = E Zb=1 dt|t(9b)

Equation (3.6) is applied both for the parametric and non-parametric bootstrap MSE-estimators
(denoted further as MSERR® and MSERR?, respectively).

Pfeffermann and Tiller Bootstrapping Approach

The bootstrap developed by Pfeffermann and Tiller (2005) differs from the one described in the
previous subsection in that expectations of the squared error loss elements in (3.3) are taken
unconditionally on the data, whereas the Rodriguez and Ruiz (2012) approach conditions on the
original dataset {Yq, .., Y7}. Further, unlike Rodriguez and Ruiz (2012), Pfeffermann and Tiller
(2005) drop the terms that are of order O (T—lz), which is theoretically proven in Pfeffermann and
Tiller (2005), Appendix C. Using results in Hall and Martin (1988), they show that the true MSE,
being

MSE,, = ﬁt|t(0) + E[(&tlt(é) - &tlt(e))(&tlt(é) —a:(0))], (3.7)

can be approximated by its bootstrap analogues as follows:
i N IR I 1
Pye(®) = 2Py (8) — 5 ) Pu(®) +0( 7 ) 6.8
b=1
E[(&:(6) — @412(8)) () () — &11(0))'] =

B
1 A N ~ A 1 (39)
B Z[&?lt(eb) — ag, (9)][ég), (8") — a7, (6)]' + 0 (ﬁ)
b=1

Equations (3.8) and (3.9) correspond to the first and the second terms of equation (3.3),
respectively. The resulting MSE-estimator below has a bias of correct order O (Tiz)

B
> [6h,@") - &(®))1h,@") - &)Y
b=1

(3.10)

W=

B
—— PT P 1 P
WSE(y, = 2Py,(@) - 3 ) Pye(8”) +

Equation (3.10) is applied both for the parametric and non-parametric bootstrap
MSE-estimators (denoted further as MSEPT and MSEPT?, respectively). MSE-calculation in
(3.10) requires three Kalman filter runs for every bootstrap series. One run is needed to get
MSE-matrix I3t|t(9b) based on the original data set {4, .., Y7} and bootstrap parameters 8. In
the second run, &?lt(éb) is estimated from the bootstrap data set {¥%, ..., Y2} and the same
bootstrap parameters 8. The third Kalman filter run is needed to produce the state estimates
&{’lt(é) based on data set {¥%, ..., Y2} and -estimates that were obtained from the original
dataset.

The bootstrap procedure is summarized below:

1. Estimate the model using the original dataset and obtain the hyperparameter vector
estimates . Apart from that, save the “naive” MSE estimates i’qt(é) for future use in (3.10).
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3.3

2. Using either the parametric or non-parametric method, generate a bootstrap sample

{Y%, .., Y21 conditional on the observed sample using the original ML estimates 8, as described
in Section 3.1.

3. Estimate bootstrap hyperparameter estimates 8” from the newly generated bootstrap
dataset. Run the Kalman filter for three times to get &?lt(éb), Pt|t(9b), dtlt(é), as described
under (3.10).

4. Repeat steps 2-3 B times.

5. Approximate the true conditional MSE using (3.10).

Pfeffermann and Tiller (2005) note that, in the case of the parametric bootstrap, the third
Kalman filter run can be avoided because the true state vector is generated (and thus known) for
every bootstrap series. Thus, the state estimates &tlt(é) in (3.10) can be replaced by the true
vector a? to obtain the following MSE estimator:

B B
——PT1 o~ & 1 LA 1 b oA b A ,
MSE;; = Py(0) — B Z Pt|t(9b) + B Z[“ﬁt(eb) - “?][“ﬁt(eb) -af]. (3.11)
b=1

In this formulation, there is only one Pt|t(é) in the right-hand side of (3.11). This is due to the
fact that the new term Ep [dflt(é”) — aP]?, corresponding to the last term in the right-hand
side of (3.11), can itself be decomposed, in the same fashion as in (3.7), into the parameter
uncertainty Eg [dflt(éb) - &tlt(é)]z and the filter uncertainty term Pflt(é) = E[dflt(é) —al]?,
6 being the true parameter vector the bootstrap state variable a? is generated with. However,
the bootstrap average term %Zgzl[&tlt(é) — al]? replacing Ism(é) may need much more
bootstrap iterations to converge. Further, one should be aware of the fact that this simplified
method may result in an additional bias if the normality assumption about the model error
terms is violated. Then, the term Ep [dtlt(éb) — aP]? will also contain a non-zero expectation of
the cross-terms: E{[@f),(8) — ap][@5,(8°) — &}.(6)1}. In this application, the influence of
non-zero cross-term bootstrap averages has turned out to be of a negligible importance, but
the bootstrap average %Zgzl[&flt(é) - a{’][&i’lt(é) — aP]’ exhibited large deviations from
the term it was meant to replace. This may be explained by the fact that the true Kalman filter
MSE in (3.1) can be obtained from simulated series if the distribution of the state-vector is
sufficiently dispersed. When bootstrapping non-stationary models, however, the bootstrap
series are forced to follow the pattern of the underlying original series, as it has been mentioned
in the description of the simulation smoother algorithm. Therefore, the replacement of Pt|t(9)
with the term %Zgﬂ[&?u(é) - a?][&flt(é) — a?]’ in (3.11) is not equivalent. For this reason,
both parametric (denoted as PT1) and non-parametric (PT2) bootstraps in this application rely
on the estimator in (3.10).

Asymptotic Approximation

An asymptotic approximation (AA) to the true MSE in equation (3.3) was developed by
Hamilton (1986) and can be expressed as an expectation over the hyperparameter joint
asymptotic distribution 1, (8|Y) conditional on the given dataset Y = {Y, .., Y7}. In this
application, a part of the hyperparameter vector that is estimated with the ML-method
(denoted as By), depends on the value of the autoregressive parameter p. Therefore, the
hyperparameter joint distribution has the following form: m(8|Y) = n(p|Y)m(Opyi|p, Y). The
MSE is approximated as follows:
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MSE ¢ = Enoi) [P11e(0)] + Enopy) {Ee[(@1c(8) — éy¢(0)) (&g (8) — e (0))']}.  (3.12)

Random p-realisations are drawn from their asymptotic distribution N(p, 1/VT), where T is the
series length. After a value is drawn from this distribution, the other hyperparameters are
re-estimated to obtain 8, |p and the information matrix i(@ML|p,T(p|y)). Finally, a @y -draw is
made from distribution VT (@ry, — O |proir)) ~ MN(O, TI"2(Bpy|pr(piv)))- The Kalman
filter is run again using p- and @ -realisations to obtain the state estimates @:(0(g|v)) and
their MSEs P,|t(en(e|y)). The procedure is repeated until B @(gy)-draws are obtained,
whereafter (3.12) is approximated by averaging the necessary quantities over B iterations. If all
the hyperparameters of the model are estimated within the ML-procedure, B draws can be
made directly from VT (O gvy — 8) ~ MN(0,TI71(8)).

The first term in (3.12) can be approximated by the expected value of the Kalman filter variance
Ptlt across B realizations of the hyperparameter vector, and the second term by the sampling
variance of the state vector expectation. By virtue of the continuous mapping theorem, the
sample average ‘}tlt = % 21‘3:1 am(o,’;(gly)) can replace the state vector estimates dt|t((§) in
(3.12) that are based on the initially estimated hyperparameter vector. An asymptotic
approximation to the true MSE could therefore be obtained in the following way:

1% 1%

~ - AA a ~ ~ A A !

MSEy, = B Z Pt|t(07l-,[(9|Y)) tg Z[“ﬂt(eg(my)) — Qyye] [“t|t(eg(a|y)) —ay].  (3.13)
b=1 b=1

Obviously, this MSE-estimator is entirely based on the asymptotic normality assumption about
the hyperparameter vector estimator. Apart from that, this approach usually produces
significant biases if the series is not of a sufficient length, in which case the asymptotic
distribution would fail to approximate the finite (usually skewed) distribution of
maximume-likelihood estimates.

Another problem with the asymptotic approach can appear if some of the hyperparameters are
estimated to be close to zero. This can happen to the initial model estimates or during the
procedure itself, e.g., due to certain extreme p-draws. In these cases, the asymptotic variance
of such hyperparameters will be too large, which will inflate the MSE-estimates of the signal
and its unobserved components. It may as well lead to a failure in inverting the information
matrix for the hyperparameter vector.

The DLFS-specific Simulation and Boot-
strap Setup for True MSE Approxi-
mation

The central data generating process of the present simulation study is the DLFS model. The
performance of the five MSE-approximation methods is examined on series of the original
length from the DLFS survey (114 monthly time points from 2001(1) until 2010(6)), as well as on
shorter series of length 80 months and longer ones of length 200. For each of these series
lengths, a Monte-Carlo experiment is set up where multiple series (1000) are simulated on the
basis of the LFS model used by Statistics Netherlands. MSEs for each of these series are
approximated based on B = 300 bootstrap series; for asymptotic approximation, however, at
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least B = 500 draws turned out to be needed. This number has been found sufficient for the
approximated MSEs to converge. MSEs from the five approximation methods averaged over
the 1000 simulations are compared to MSE-averages produced by the “naive” Kalman filter.
However, for the latter MSE estimates to converge to a certain average value, far more than
1000 simulations turned out to be needed (namely, at least 10000).

The hyperparameter maximume-likelihood estimates of the DLFS model, as well as the
Yule-Walker estimate of the survey error autoregressive parameter p, are used to generate
artificial data series ¥§,s = 1,..S. Since the system is non-stationary, generating series a3
unconditionally on the true data is going to result in negative or implausibly large numbers of
the unemployed. In order to avoid an excessively large number of series with negative values,
the unconditional recursion of the state variables is started with their smoothed estimates at
one of the highest points the original process has ever reached within the available sample.
Further, the first r time points are discarded in order to prevent that the series start at the same
time-point (r being chosen equal to 30). With an assumption that unemployment in the
Netherlands will not exceed 15 percent, the simulation data set is restricted to positive series
below the upper bound of 1 min of unemployed (this value comprised about 15 percent of the
Dutch labour force in 2010). Keeping the artificial series below the upper bound is also done in
order not to extrapolate outside of the original data range when simulating the design standard
errors zﬁ‘f, which are the time-dependent elements of the design-matrix Z;.

Since design variance estimates depend on the number of unemployed estimated by the
GREG-estimator for the wave in question, a model is needed to generate zf_j-values that would
depend on the corresponding simulated numbers of the unemployed. The well-known formula
for the variance of the population total of a binary response variable is helpful to derive the
necessary generation process for the zg_j-terms (see, e.g., Sarndal et al. (1992), Section 3.3):

5 ng \ pe(1 —pe)
Var(Yt) = Ntz <1 - Ft) n—t,

where N; is the population size in period ¢, n; is the sample size, and p; is the sample estimate

(4.1)

of the unemployment rate % The design variance can then be approximated by the following
t

expression, after taking logs on both sides of (4.1), rearranging the terms and assuming that

unemployment p; does not reach high values, which allows to neglect the term in(1 — p;):

ne

In(Var(¥,) = aln (ﬁ) + BIn(Y,). (4.2)

This study simulates numbers of unemployed conditional on the same population and sample
sizes as those observed in reality between 2001(1) and 2010(6). This allows to avoid simulating
sample sizes in a study for longer series (T' = 200). Instead, the information carried by the term

In (%) can be represented by an intercept for the variances of the first wave. Starting from
t

wave 2, each design variance, denoted as (zé_j)z,j = {3,6,9,12}, is highly dependent on the
design variance of the preceding wave, since both are based on nearly the same group of people
and sample size. The sample size decreases by approximately 10 percent in each subsequent
wave due to panel attrition. Further, the signal l,f_j =L+vy+ ,15‘1' can act as a proxy for ?tt_j
in (4.2), since both the signal and the direct estimate contain information on the level of
unemployed and the design effect (in this case, the RGB). The design standard errors zg_j can
be derived from the following equations for log-variances:

In[(zE ) =c+ Bin( ) + €7, j = 0;
In[(zt )2 = plin[(z25)2) + Biin() + ;) el ~ N (O, (6D)?),) = (3,6,9,12}.
(4.3)
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The regression coefficients in (4.3) are time-invariant. The superscripts are used to denote the
wave these coefficients belong to. The coefficient estimates are presented in Table 1. They are
obtained using the original design variances for the five panel waves and the extracted filtered
signal estimates coming from the DLFS model. For series longer than the original series, the
design standard errors z§ have to be simulated as well according to the same process.

Table 1 Regression estimates for the design standard error process

j=0 j=3 j=6 j=9 j=12
12.219 - - - -
0.630 0.244 0354 0.414  0.413
- 0859 0786 0749  0.751

. 0.202 0.265 0.228 0.225 0.267

> O T ™
Rt

Equations (2.6)-(2.7) and the estimated parameter vector 0 are used to generate 5=1000 series
of artificial data. State disturbances (remember survey errors are also modelled as state
variables) are randomly drawn from their joint normal distribution N (0, 2(8)), and series are
generated unconditionally on the true data. Within each simulation, first the trend, seasonal
and RGB components are simulated and summed up to comprise the wave-signals

lé_;j,j = {0,3,6,9,12}. These are used to generate the design standard errors z,f;

according to

the process described in (4.3). As soon as an artificial data set is generated, p is re-estimated
and saved as gs, whereafter the hyperparameter quasi-ML estimates are obtained. These are
stored in B¢ and used by the Kalman filter to produce the state estimates é&; ;. Both s and 0
are used to generate bootstrap samples. Note that the same set of design standard errors z; ¢ is
used to both generate and estimate bootstrap series within simulation s.

In order to obtain the true MSEs, the DLFS model is simulated a large number of times

M = 50000, each of these replications being restricted to the same limits as before, i.e.
between zero and 1 min unemployed. The true MSE is calculated in the following way using the
true state vector a,, ¢ values known for every simulation m:

M
1 ~ 0 ~ Fa ’
MSET™® = " [l (B) = ) Ceme(Brm) — o, )'] (4.4)
m=1

The true MSE of the signal is calculated in the same way by using the true wave-signal values

lm,t-

MSE Approximation Approaches with
Application to the DLFS

The focus of this simulation study is the true MSEs of the trend and of the population signal.
The latter consists of the trend and seasonal components and is therefore equal to the signal of
the first wave. This study considers four models that differ in terms of the number of
hyperparameters to be estimated with the ML method. The most complete model - Model 1 - is
the one currently in use at Statistics Netherlands, but with the white noise component &,
removed from the true population parameter &;. This component has turned out to have an
insignificant variance in the case of the DLFS. Moreover, an attempt to estimate its variance
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disturbed estimation of other marginally significant hyperparameters. In order to avoid this
instability, this irregular component &; can be removed from the model. This formulation
implies that the population parameter &, does not suffer from any unusual irregularities that
cannot be picked up by the stochastic structure of the trend and seasonal components. This
assumption can be advocated by a relative rigidity of labour markets. Any alterations of
unemployment levels are usually of a gradual character and therefore must be largely
incorporated into the stochastic trend movements. The other three models are special cases of

Model 1, thus with & component removed (see Table 2).
Table 2 Hyperparameters estimated in the four versions of the DLFS model; the

disturbance variances estimated on a log-scale

Models  Description Parameters estimated
2 2
M1 complete model p,0k,0;7,0%,05,05,05.,04,,0%,
H H 2 2 2 2 2 2 2
M2 seasor\al tlme—lndependent P, ag, O-é' 0,2,1, 012,2, 012,3, 012,4, 0,2,5
M3 RGB time-independent P, 0}, 04,04,05,,05,,05,, 04,
M4 seasonal, RGB fixed p,04%,0%.,0%,,0%.,0%,,0%,

Note that the disturbance variances are estimated on a log-scale in order to avoid negative
estimates. The rationale behind studying the other three models becomes clear after inspecting
the hyperparameter distribution of Model 1 after a large number of replications. The simulation
has shown that the stochastic term variances of the seasonal and, in particular, RGB
components are often estimated to be close to zero. This causes bi-modality in the distribution
of these variance estimates with a significant mass concentrated around zero. Apart from that,
an attempt to estimate both of the hyperparameters, as in Model 1, seems to bring about
certain instability to the hyperparameter estimates, such that even normality in
In(63,),In(63,) and In(67,) (where indices 3, 4, and 5 stand for the numbers of the waves) is
severely violated with extreme outliers and/or a huge kurtosis (see Fig. B.1 in the appendix,
where the x-axis is extended due to the outliers). Making the seasonal component
time-invariant, as in Model 2, hardly changes the situation for the slope and RGB
hyperparameters. Instead, it may even be seen as suboptimal due to more extreme outliers and
excess kurtosis in the distribution of all the five survey error hyperparameters (Fig. B.2). By
contrast, under both models where the RGB-component is fixed over time (Models 3 and &), all
hyperparameters corresponding to the survey error component have turned out to be normally
distributed, see Fig. B.3 and Fig. B.4. Under Model 3, distributions are still skewed for the slope
and seasonal components (skewness of -0.88 and -0.72, and excess kurtosis of 2.56 and 1.61,
respectively). Fixing oy to zero under Model 4 results in only a marginal improvement: the
distribution of In(63) is negatively skewed (-0.81) with an excess kurtosis of 1.76.

This simulation evidence suggests that the preference in modelling the DLFS series may be
given to the more parsimonious Model 3, where only the RGB disturbance variance is set equal
to zero. This hyperparameter is however retained for production purposes at Statistics
Netherlands to secure the model robustness against sudden changes in the underlying process.
The distribution of the survey error autoregressive parameter p is hardly affected by model
reformulations and ranges between 0 and 40 percent. The simulation procedure described in
the previous section and the analysis of bootstrap methods that follows is performed separately
for all the four models.

The performance of the Kalman filter at estimated parameter values, as well as of the five
approximation methods mentioned in Section 3 is evaluated with the help of the MSE relative
bias. First, the approximated MSEs from (3.13), (3.6), (3.10), and (3.11) are averaged over 1000
simulations, and the Kalman filter MSE estimates over 10000 simulations, as mentioned at the
beginning of Section 4. These averaged MSE estimates for Model 3 (except for AA for the
reason that will become clear soon) are depicted in Fig. 5.1, 5.2 and 5.3 for three different series
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lengths, skipping the first d = 30 time points of the sample. This is the time needed for the
diffuse part of the state covariance matrix to decay (see Koopman (1997) for initialisation of
non-stationary state variables). The percentage relative bias is calculated as

——b

S

RBP = (MN;EE;',; — 1> - 100%, where b defines a particular approximation method. The core
t|t

variables of interest for users of the DLFS are the signal and trend. The percentage relative MSE
biases averaged over time (skipping the first d = 30 time points) for the signal, the trend and
seasonal components are presented in Tables 3, 4, and 5.

The AA-method turned out to be inapplicable to the models with marginally significant
hyperparameters. When some of the hyperparameters are estimated close to zero, the matrix
I‘l(éML|pn(p|y))) is numerically either singular, leading to a failure in the procedure, or nearly
singular. In the latter case, the asymptotic variance becomes excessively large and thus not
reliable. Taking this into account, the AA-method could only be considered for Model 4. As
expected, the method performs poorly in short series, with positive biases of about 15 percent.
The performance for T = 114 and T = 200 is comparable to that of the PT1-bootstrap, but
significantly worse than the PT2 performance.

The simulation results for T = 80 suggest that, when averaged over time (starting from

t = 30), the relative bias of the signal MSE obtained with the Kalman filter ranges between -3.2
and -2.1 percent for the four models considered in the paper. This bias tends to decrease as the
series length increases. The KF-biases are quite small for the case of T = 200, such that none of
the approximation methods offers a smaller bias in absolute terms. One could still apply the
best approximation method with positive biases in order to get a range of values containing the
true MSE.

What one immediately sees is negative biases for the RR-bootstrap and positive ones for the
PT-method. Against the claim of Rodriguez and Ruiz (2012) that their approach has better finite
sample properties compared to the approach of Pfeffermann and Tiller (2005), the case of the
DLFS suggests that the RR-estimates, both parametric and non-parametric ones, are even more
negatively biased than the uncorrected KF-estimates across all the models and series lengths
(except for RR2in Model 1, T = 80 and T = 114). The PT-methods never produce negative
biases. While the PT-bootstrap is proven to have satisfactory asymptotic properties in
Pfeffermann and Tiller (2005), Rodriguez and Ruiz (2012) illustrate the superiority of their
method in small samples based on a simple model (a random walk plus noise). The present
simulation study reveals that the RR-method may not behave well in more complex
applications.

Statistics Netherlands | Discussion paper, June 2015|04 16



150000000

145000000
140000000
135000000
130000000
125000000
120000000
115000000
110000000
105000000
100000000 T T T T T T T T R T T
N e I N R B N R~ - N B =
22 729%2%°93%19299%37292939327132227%
R R T - - - S (- (= SN o B o B (= S (< S o - B B~ B - B S-S A S A
© 9 9 9 9 9 O 9 9 O O 9 90 9O 9 O O O 9O 9O 9O 9 9 9O O
S 90 2 2 9 2 2 9 9 Q2 2 9 Q2 Q2 O 90 QS 9 Q32O Q2D
SRS S B B S B SR S B S S T N S U B S R
—True —KF —PT1 ----PT2 —RR1 ----RR2

Figure 5.1 Signal MSE comparison for Model 3, T=80 months
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Figure 5.2 Signal MSE comparison for Model 3, T=114 months
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Figure 5.3 Signal MSE comparison for Model 3, T=200 months
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For series of lengths T = 114 and T = 80, positive biases produced by the PT2-bootstrap may
slightly exceed the KF-biases in absolute values for models with insignificant hyperparameters
(Models 1 and 2). In the more stable models (Models 3 and 4), the positive biases are smaller
than the KF negative biases in absolute values.

Table 3 MSE relative bias averaged over time (d=30) in the DLFS model, percent,
T=80

[ Signal [ Trend [ Seasonal
Models | M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
KF -3.0 -3.2 -2.1 -2.2 -3.5 -3.8 -2.5 -2.5 8.8 2.5 2.9 2.4
AA N/A N/A N/A 14.9 N/A N/A N/A 15.0 N/A N/A N/A 14.9
PT1 8.6 6.7 4.9 6.2 106 8.9 7.1 8.4 208 10.7 103 111
PT2 4.8 3.7 1.4 2.1 4.8 4.9 2.1 2.3 17.3 8.2 6.9 7.1
RR1 -7.2 -9.0 -73 -7.2 96 -11.2 -96 -95 -3.8 -90 -67 -6.6
RR2 6.7 -3.5 -3.9 -3.7 53 -4.1 -4.6 -4.3 18.6  -4.7 -4.1 -4.8

Table 4 MSE relative bias averaged over time (d=30) in the DLFS model, percent,
T=114

\ Signal \ Trend \ Seasonal
Models | M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
KF 21 -26 24 -22 -2.3 -2.7 2.4 -23 2.5 -3.2 -3.1 -2.6
AA N/A- NA NA 52 N/A- NA NA 41 N/A- N/A NA 125
PT1 8.1 57 33 55 10.0 7.9 5.2 7.6 4.9 1.4 1.4 0.3
PT2 2.2 3.2 1.9 1.5 33 4.3 31 2.8 1.2 -2.0 1.0 0.6
RR1 -8.3 -7.8 -6.4  -6.5 -10.7 -99 -87 -89 3.1 -7.2 -5.5 -5.6
RR2 -11 -6.0 -39 -3.5 3.0 -76 -5.5 -5.0 7.3 59 3.2 -3.0

Table 5 MSE relative bias averaged over time (d=30) in the DLFS model, percent,
T=200

[ Signal [ Trend [ Seasonal
Models | M1 M2 M3 M4 M1 M2 M3 M4 M1 M2 M3 M4
KF -13 -1.6 -13 -13 -1.7 -1.8 -1.6 -1.6 3.8 -1.7 -1.6 -1.6
AA N/A N/A N/A 5.9 N/A N/A N/A 5.6 N/A N/A N/A 5.6
PT1 6.3 6.2 6.3 5.5 7.5 7.7 7.8 7.1 108 2.6 3.0 3.0
PT2 6.8 4.0 3.0 23 7.6 4.9 4.2 3.6 125 21 13 0.6
RR1 -8.0 -8.0 -4.9 -5.9 -10.0 -9.9 -6.8 7.1 -1.1 -53 -3.8 -3.9
RR2 -5.1 56 45 50 -7.0 -7.4 -6.0 -64 | 3.6 -3.1 -3.3 -3.9

The signal MSE of Model 3, which could be considered a better option for production of official
DLFS figures, is best approximated by the PT2 approach, with relative biases of 1.4 and 1.9
percent for T = 80 and T = 114, respectively. The PT2-bootstrap also seems to be the best
method for T = 200, but, as has been said, the negative KF biases are already quite small for
series of this length.

Note that for both the PT- and RR-bootstraps, the absolute values of relative biases are smaller
in the case of the non-parametric approaches, compared to their parametric counterparts. The
superiority of the non-parametric approach over the parametric one can be explained by the
disturbed normality of the error distribution in the models.

In order to see if the STS model-based approach still offers some reduction in the design
variance estimates after correcting for hyperparameter uncertainty, percentage reductions in
the standard errors of the GREG estimates are presented in Table 6. These reductions come
from applying the DLFS model to the GREG estimates without correcting for hyperparameter
uncertainty (KF), as well as after this uncertainty has been taken into account with the help of
the five different methods. Note that the RGB and seasonal hyperparameter estimates obtained
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from the original DLFS data set are quite small. Therefore, there are no noticeable differences
between the point-estimates of the four models. However, these hyperparameter estimates are
not small enough to cause the problems mentioned before with regard to the AA-approach, so
the results for this approximation method are reported in Table 6 as well. It may first seem that
the AA-method accounts for the parameter uncertainty best of all other methods. However,
keeping in mind that the AA may on average have some severe positive biases, especially in the
case of small hyperparameters, one should feel more secure with the PT2 non-parametric
approach that offers about 22 percent reduction in the estimated GREG standard errors. This
means that the model-based approach even after accounting for parameter uncertainty offers a

Table 6 Reductions in the GREG SE estimates of the DLF over time
(d=30), and percentage increase in the model SE after approximation in ()

significant variance reduction compared with the traditional desisgn-based a(i)proach.
, average

Model 1 Model 2 Model 3 Model 4
KF -24.1 -24.1 -24.5 -24.5
AA | -18.8(6.9) -19.0 (6.7) -19.1(7.1) -19.5 (6.6)
PT1 | -20.1(5.2) -20.1(5.2) -21.1 (4.6) -21.2 (4.4)
PT2 | -22.9(1.6) 21.2(3.8) 2223.1) -22.5(2.6)
RR1 | -26.5(-3.2) -26.6(-3.4) -26.5(-2.7) -26.5(-2.7)
RR2 | -24.0(-0.1) -25.4 (-1.8) -25.6 (-1.4) -25.7 (-1.6)

Conclusion

Most applications of small area estimation procedures in the literature are based on multilevel
models. In the framework of this approach, it is common practice to account for the
hyperparameter uncertainty in estimated MSEs. The literature on structural time series models
applied in the context of SAE is still rather limited, with most applications ignoring the
hyperparameter uncertainty when computing the MSEs of small area predictions. This renders
MSE estimates negatively biased when series are not long enough, which may be a serious issue
when it comes to such important economic indicators as unemployment.

The literature offers several procedures to correct for the negative bias in the MSE estimates
produced by STS models. The present work aimed at establishing the best approximation
approach to the true MSE of a small area estimation approach applied to the DLFS for official
production of estimated numbers of the unemployed in the Netherlands.

A simulation study conducted for this purpose reveals that the asymptotic approximation is not
applicable to cases with hyperparameters close to zero due to failures when inverting the
information matrix of the hyperparameter estimates. The simulation results suggest that the
non-parametric bootstraps, being free of normality assumptions about the error distribution,
perform better than their parametric counterparts in both Pfeffermann and Tiller (2005) and
Rodriguez and Ruiz (2012) methods. A more important finding, however, is that the
Pfeffermann and Tiller (2005) bootstrap approaches with their positive biases consistently
outperform the respective approaches of Rodriguez and Ruiz (2012), where the biases are
generally negative and larger than those of the Kalman filter in absolute terms. This is contrary
to the claim of Rodriguez and Ruiz (2012) about the superiority of their method in short time
series. Apparently, their findings are purely heuristic and are based on a simple model
simulation (random walk plus noise), while Pfeffermann and Tiller (2005) prove that their
bootstrapping approach produces MSE estimates with a bias of a correct order.

Another result of this simulation study has revealed that it might be worth considering a more
restricted version of the DLFS model, with the variance of the RGB component and of the
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population parameter noise set equal to zero. For this model, the relative bias of the signal MSE
produced by the Kalman filter can be reduced from about -2.4 to 1.9 percent with the
non-parametric Pfeffermann and Tiller (2005) bootstrap approach. Even with this slightly
positive bias, the standard errors of the GREG estimates are reduced by about 22 percent. The
computation time for bootstrapping the original DLFS model according to the non-parametric
Pfeffermann and Tiller (2005) procedure is about 1 hour for 300 bootstrap iterations. For the
DLFS application, the bias in the Kalman filter MSE estimates is relatively small, therefore it
may be deemed sufficient to rely on these naive MSE estimates for publication purposes.
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Appendices

Some Details on the State-Space Form
of the DLFS Model

The measurement equation design matrix is a composite of a four matrices:

Z, = (Z% Z* Z¢ 05,3), where Os,g denotes a null-matrix of a dimension specified in the
subscript,

Z‘: =15 ® (101010101010 1)]selects the level L; and the six seasonal harmonics
Yt1, Y6 for each of the five waves,
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0/
7} = (14) selects the four RGB components for the corresponding waves, and

4

- - - T ~t—j .
62E792E712) multiplies the five survey error components &, ’ with the

Z¢ = Diag(zf z£732¢
design standard errors. Vectors 15 and 0} denote a vertical vector of ones and a horizontal
vector of zeros, respectively, of a dimension specified in the subscript.
The transition matrix T is specified below:

T = Blockdiag(T" TY T2 T®),
11
0 1

¢, = ( cos(l—n) sin(%ﬂ)

—sin(zn) cos(%r)

where TL = ( ),TV = Blockdiag(C;..C5 — 1),

),l ={1,..5},

T2 = I,,
0, 0 0, 0
Ogxa 04 ply Oyyy

Ogxa 04 Oyxs 14
Iy 04 Ogxsa Ogya

T¢ =

Vector 1, contains stochastic terms of the state vector a;:
Ne =
(0Npt W g WFq Wpp Wf 9mWe 5 Op 5 Oy NN Mo 2 Vv v ®vf%vf71200000000)'".
The covariance matrix of the state stochastic terms is diagonal:
2 = Blockdiag(0 o2 [021},] 2* 2°),
0* = 62l

e _ n; 2 2 2 2 2 of
0ne = Dlag(av1 052053 0ya Oos 0g).

In the case of the LFS, all the hyperparameters estimated with the ML-method are contained in
the 2-matrix, whereas the hyperparameter p in the transition matrix T.
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B Hyperparameter Distributions under
Four Versions of the DLFS Model
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Figure B.1 Parameter distribution under the complete DLFS model (Model 1), left to
right: [n(63), In(6)), In(63), In(63),1n(673,),In(67,), In(67,), In(67,); the normal density
with the same mean and variance superimposed; 50000 simulations, T=114.
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Figure B.2 Parameter distribution under Model 2, left to right:
In(63), In(6y), ln(c%%l), ln(&ﬁz), ln(&%s), ln(&i), ln(&ﬁs) ; the normal density with the
same mean and variance superimposed; 50000 simulations, T=114.
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Figure B.3 Parameter distribution under Model 3, left to right:
In(65), In(6), In(63,),In(63,), In(63,), In(63,), In(67,); the normal density with the
same mean and variance superimposed; 50000 simulations, T=114.
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Figure B.4 Parameter distribution under Model 4, left to right:
In(6%), In(83)), In(83,), In(63,), In(63,), In(67.); the normal density with the same mean
and variance superimposed; 50000 simulations, T=114.
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