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A time-series multi-level model is used to estimate municipal unemployment based
on the Dutch Labour Force Survey (LFS) at a quarterly frequency. The model
includes random municipality effects as well as random municipality-by-quarter
effects. The latter are modeled as independent effects or random walks over time,
or as a sum of both independent and random walk components. The model is fit
using quarterly LFS data from 2003 to 2008. The LFS uses a rotating panel design so
that in each quarter the total sample consists of five waves. Because the waves
differ according to their time-in-panel and observation strategy, systematic biases
arise. These rotation group biases are handled in the model by including
measurement effects for the second to fifth waves. The time-series multi-level
model is fit using a Gibbs sampler. Based on its output quarterly unemployment
estimates and standard errors for over 400 municipalities are computed. Our
application to LFS data therefore serves as an example of large-scale Bayesian
inference from survey data. The time-series estimates are compared to
cross-sectional estimates based on basic area and unit-level models that borrow
strength over space but not over time.

Key words: Small area estimation, Time-series models, Multi-level models, Measurement
error, Labour Force Survey, Unemployment, Gibbs sampler
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Introduction

Data from the Dutch Labour Force Survey (LFS) are used to estimate labour status at
the municipal level. Until now these estimates are produced annually by means of
direct generalized regression estimation (GREG, see e.g. Sdrndal et al. (1992)) for
municipalities with at least 30 thousand inhabitants. For municipalities with 10 to 30
thousand inhabitants, three-year averages of GREG estimates are used in order to
reduce the variance. No estimates are published for municipalities with fewer than 10
thousand inhabitants, because even three-year averages are deemed too unstable in
this case. Direct estimation is not even possible for a few small municipalities for which
no observations are available.

To improve the municipal estimates, a model-based small area estimation (SAE)
strategy will be adopted in the near future (Boonstra et al., 2011; Boonstra and Michiels,
2013). For this purpose, a linear models with random municipality effects are
considered, in particular, the Battese-Harter-Fuller unit-level model. Several
registrations provide auxiliary information at the unit level from which covariates are
selected to use in this model.

The continuous nature of the LFS allows to borrow strength not only from other areas,
but also over time. A structural time-series model is already being used to estimate
national monthly labour status for 6 sex by age classes (van den Brakel and Krieg,
2009). We would like to combine the borrowing of strength over time of the time-series
model with borrowing of strength over space of cross-sectional small area models to
further improve estimates of municipal unemployment. In Boonstra et al. (2011) a
time-series extension of an area-level SAE model was used to estimate municipal
unemployment fractions for a sequence of 9 years. The time-series model was fit to
direct annual municipal unemployment estimates based on data from the first wave of
the LFS rotating panel only. Here we extend that study to a quarterly frequency, and at
the same time use data from all waves of the rotating panel design. This requires two
generalizations of the previously used time-series model: first it is necessary to account
for autocorrelations among the direct estimates implied by the rotating panel design,
and second we need to address the systematic biases of direct estimates based on
follow-up waves relative to first wave estimates.

The time-series multi-level model used to borrow strength over space and time
includes a combination of several effects: fixed (or unmodeled) effects for a selection of
demographic predictors, quarter and possibly period, and random (or modeled) area
effects for municipalities and area-by-period interactions. Period main effects can be
modeled as fixed effects because the total sample size per period is large. Previous
accounts of regional small area estimation of unemployment, where strength is
borrowed over both time and space, include Rao and Yu (1994); Datta et al. (1999); You
etal. (2003); You (2008), see also Rao (2003) for an overview.

The time-series multi-level model is fit using a Gibbs sampler. Models with different

combinations of fixed and random effects are compared to each other based on the
Deviance Information Criterion (DIC). The estimates resulting from the time-series
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model are also compared to direct estimates and to cross-sectional estimates that only
borrow strength over space, i.e. across municipalities.

This report is structured as follows. In Section 2 the LFS data as used in this study are
described. Section 3 describes small area estimation based on cross-sectional models,
i.e. estimation for each period separately. Section 4 discusses the multi-level
time-series models considered. The models used are assessed in Section 5. In Section 6
the results from time-series and cross-sectional models are compared. Section 7
contains a discussion of the results as well as some ideas on further work. Details of the
Gibbs sampling procedure used to fit the time-series model can be found in I.

Data

The Dutch LFS is a household survey conducted according to a rotating panel design in
which the respondents are interviewed five times at quarterly intervals. In the first wave
of the panel, data are collected by means of computer assisted personal interviewing
(CAPI), whereas in the four follow-up waves, data are collected by means of computer
assisted telephone interviewing (CATI). For a more detailed description of the sampling
design, we refer to Boonstra et al. (2008).

Fig. 1illustrates the rotating panel design for five subsequent quarters. The figure
shows that the waves that constitute a quarterly dataset are independent in the sense
that they are composed of different households. Between subsequent quarters there is
an overlap of four waves, inducing positive sampling autocorrelation. The sampling
autocorrelation decreases with the separation between quarters and vanishes for
periods more than four quarters apart.

Unfortunately, the different waves give rise to systematic differences in unemployment
estimates. These differences, generally termed rotation group bias (Bailar, 1975) when

viewed relative to the first wave, have many possible causes, including selection, mode
and panel effects, see van den Brakel and Krieg (2009).
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Figure 1 LFS rotating panel design for quarters t — 4,...,,t. The first wave is
conducted through CAPI (red) whereas the second to fifth waves are conducted
through CATI (yellow). Vertically aligned squares represent observations from
the same households (barring panel attrition) at different quarters.
Horizontally aligned squares combine into a quarterly dataset.
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In the present study we use 24 quarters of LFS data from 2003 to 2008. Data from all
five waves of the rotating panel are used. For now, we have simplified the analysis by
considering only those municipalities that are not affected by mergers or other
administrative changes between 2003 and 2008. Consequently, of the 441
municipalities that existed in 2008, only a subset of 414 are retained.

Quarterly national sample sizes vary between 16 and 22 thousand in the first wave and
between 10 and 16 thousand in the fifth wave. Municipal sample sizes are very diverse,
ranging from 0 to over 800 for single wave quarterly samples.

LFS data are available at the level of units, i.e. persons. A wealth of auxiliary data from
several registrations is also available at the unit level. Among these auxiliary variables is
registered unemployment, a strong predictor for the unemployment variable of
interest.

Cross-sectional small area estimation

In this section we discuss the estimation of municipal unemployment based on data of a
single quarter. The cross-sectional models considered are the basic area and unit-level
models, also known as Fay-Herriot (Fay and Herriot, 1979) and Battese-Harter-Fuller
(Battese et al., 1988) models, respectively, see Rao (2003) for an overview.

Let y;; denote the variable of interest for unit j in area (municipality) i. The total
number of areas is my, and area i has population and sample sizes N; and n;,
respectively. Note that in this section we suppress time indices, since the models
considered here are applied to the data of each period separately. The quantities of

interest 6; are the area population fractions of unemployed, 8; = Nl Z?’:il Vij-

The basic unit-level model expresses y;; as

Vij = B'xij + v + €5, €ij “'N(0,0%), v, < N(O0,62), )
where x;; is a vector of covariates known for the whole population, f are the
corresponding coefficients, v; are area effects, o2 is the within-area variance
parameter, and o is the between-area variance parameter. Although the variable of
interest, unemployment, is a binary variable, we model it using a gaussian linear model,
mainly for practical reasons. See Boonstra et al. (2011) for some arguments towards
justifying the use of a linear model in this situation.

As an alternative, the basic area-level model is specified at the level of municipalities.
First, initial estimates 6; are computed using a direct estimation method that does not
smooth over areas. Corresponding variance estimates ; are also computed. The
(8;,1;) constitute the data at the area level and they are modeled by the Fay-Herriot

model,
ind

éi=0i+ei' e; ~ N(O,lpi), (2)
6, = B'%; +v,, v 2 N, 02), @3)
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3.1

where f3 is a vector of regression coefficients corresponding to the vector of auxiliary
area-level population means X;, and g is the between-area variance parameter of the
area effects v;. The area-level model is more restricted in the number of predictors it
can accommodate because of the fewer degrees of freedom at the aggregate level. The
initial estimates 6; are taken to be survey regression estimates (Battese et al., 1988),
and 1; are corresponding smoothed variance estimates. The survey regression
estimates do make use of unit-level auxiliary information to reduce non-response bias.
The sampling variances ; are treated as given, so uncertainty about them is not taken
into account.

We employ a Bayesian approach to deal with the uncertainty in the between-area
variance parameters by integrating over the posterior density for Z—'z in case of the
unit-level model (Datta and Ghosh, 1991), or 62 in case of the area-level model, see e.g.
Rao (2003). Hierarchical Bayes estimates thus obtained based on both unit and
area-level models are computed with R (R Development Core Team, 2009) using
package hbsae (Boonstra, 2012).

Combining data from all waves

Within a single quarter, data from the five waves can be considered independent.
However, estimates based on follow-up waves are biased relative to first wave
estimates. To account for these relative biases, wave effects are added to the model.
This approach is followed in Boonstra and Michiels (2013). The relative biases are
treated as measurement errors, although they may be partly due to selection effects
not explained by the unit-level auxiliary variables used.

For the purpose of extending the unit-level model (1) with a measurement error term
we distinguish between the true variable of interest with components Y;; and measured
values y;;. The model including a measurement error term can now be written as
Vi =Yi+a'z+e;, ;' ~ N(O,0Z), @
Vy=Bry+vte;, e~ NOD,  w¥NOD,
where the first line represents the measurement part of the model. We simplify this
model by assuming 64, = 0, so that the measurement error is a bias of size a'zj
depending on known variables z;; with unkown coefficients a. It is assumed that z does
not predict the true variable Y, but only the measurement bias in the observed values y.
As we take z;; to be the vector of dummy variables for the second to fifth waves, such
an assumption is warranted. The corresponding coefficients can be interpreted as the
rotation group bias relative to the first wave, controlling for the covariates x.

From (4) with 62, = 0 it follows that

yij=a'zg+fagtvitey, e~ N06%), v~ NQO,0D),
so that the likelihood function of the model parameters is exactly the same as for the
model without measurement error but with covariate vector (z', x")" and coefficients
(a', B")'. Prediction is based on x only, so the coefficient a is not involved directly in
prediction, only through its indirect effects on the partial regression coefficients £.
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4.1

For the basic area-level model, we deal with rotation group bias through the initial
estimates. That is, the survey regression estimates are based on a unit-level regression
model including regressors for waves 2 to 5 with zero area population means.

Time-series small area estimation

To fit a model to all unit-level data of all periods at once would be very challenging, not
only because of the size of the combined dataset, but also because such a model would
become quite complex since it must account for many effects at once. In addition to
area and time effects the model would also need to include person or household effects
to account for repeated measurements of the same persons/households. We therefore
specify the time-series model at the area, i.e. municipal, level. This means that the data
for the time-series model consist of a set of initial estimates at the area level, computed
separately for each time period.

Modeling and estimation are then divided into two stages. In the first stage, described
in Section 4.1, initial estimates are computed, using auxiliary information at the unit
level to reduce non-response bias. The initial estimates are accompanied by variance
estimates as well as estimates of covariances between estimates that are dependent
due to the rotating panel design. In the second stage a multi-level time-series model is
applied to smooth the initial estimates and to reduce rotation group bias. As in (Rao
and Yu, 1994; Datta et al., 1999; You, 2008), we use multi-level time-series models that
extend the basic area-level model by including area-by-period random effects in
addition to area random effects. The models considered contain a combination of
random area effects, independent area-by-period effects and area-by-period effects
modeled as random walks over time, as explained further in Section 4.2.

Initial estimates

Let ?itp denote the initial estimate for area i and period t based on data from wave p.
The initial estimates used as input for the time-series small area model are survey
regression estimates (Battese et al., 1988)

Yiep = Viep + l?ép()?it — Xitp) » (5)
where Vip, Xitp de;note sample means, X;; is the vector of population means of the
covariates x, and f3,, are estimated regression coefficients. The coefficients are
estimated separately for each period and each wave, but they are based on the national
samples combining data from all areas.

Even though the regression coefficients used in (5) are not area-specific, the survey
regression estimate for a particular area is a direct estimate in the sense that it is
primarily based on the data obtained in that area, i.e. on ¥;;,,. The second term in (5) is
a correction term that reduces bias due to selection effects, i.e. differences between
the observed data and population with regard to the distribution of auxiliary variables x
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Table 1 Available covariates

variable categories

sex male, female

age3 15-24, 25-44, 45-64

age5 15-24, 25-34, 35-44, 45-54, 55-64

hhtype single, household with children, other

ethn native, Western immigrant, non-Western immigrant
prov 12 provinces

ru registered unemployed or not

rus not ru, ru with job, ru < 1 yr, ru 1-4 yrs, ru > 4 yrs

used in the model. The available auxiliary variables are listed in Table 1. The model
selected to compute the survey regression estimates is

ru X (sex + age3 + ethn + prov) + ru5 + sex X age5 + hhtype. (6)

Note the prominent role played by registered unemployment; it is a strong predictor for
the unemployment variable of interest.")

Fig. 2 illustrates the rotation group biases, i.e. the average differences between
estimates based on different rotation groups or waves. Displayed are sample means
and survey regression estimates averaged over all periods and areas, weighted by area
population sizes. The use of auxiliary information in the survey regression estimates
according to model (6) reduces selection effects, giving rise to an increase in
unemployment estimates. The effect of using auxiliary information grows with wave
number, which makes sense since overall response rates decrease with wave number.
The survey regression estimates based on the four follow-up waves are on
approximately the same level, still well below the first wave level. To a large extent this
remaining difference may well be due to measurement effects. This is further
supported by the fact that panel attrition is limited, with response fractions close to
90% in waves two to five, given initial response in the first wave. Fig. 3 displays the
survey regression estimates averaged only over areas, and shows the variation over
time of the rotation group biases.

The time-series model also requires variance estimates corresponding to the initial
estimates. We use cross-sectionally smoothed variance estimates

% — 2
17(Yitp) - Utp/nitp ’ ()
based on the estimated variance afp of the regression residuals and the area-specific
sample sizes n;.,. The survey regression estimates are computed as BLUP predictors
based on the basic unit-level model where the between-area variance parameter is

fixed at a large value. Thus the regression model includes area effects, and o7, are
smoothed estimates of residual within-area variance.

D We usethe term registered unemployed for all persons registered with the publicemployment service (in

The Netherlands, UWV Werkbedrijf), irrespective of whether they have a (part-time) paid job, whether
they are actively searching for a job, or whether they are available for work in the short term.

Statistics Netherlands | Discussion paper 2014|17 9



sample mean °
survey regression mean +

1 1 1 1
5 o —+
4 o —+
3 +
T 3 )
S
2 o +
1 o +
T T T T
0.025 0.030 0.035 0.040

unemployment fraction

Figure 2 Systematic differences between estimates based on different waves
(rotation group biases): sample means vs. survey regression means
aggregated over periods and areas.
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Figure 3 Systematic differences between survey regression estimates based
on different waves over time. The estimates are aggregated over areas.
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A complication is the fact that in some periods there are no observations within some
small municipalities for one, several, or even all waves. This missing data problem is
addressed by using, instead of survey regression estimates, synthetic estimates ﬁzp)?it
for cases where n;;, = 0. To make sure that these estimates have negligible influence
the corresponding variance estimates are set to relatively very large values. This way of
dealing with missing data has the advantage of not requiring any adaptation of the
model or fitting procedure.

The initial estimates }c’itp are combined into a vector

Y = (?111, 1?'112, ) ?115, 151121, ...)", i.e., wave index runs faster than time index which
runs faster than area index. The numbers of areas, periods and waves are denoted by
my, my and mp, respectively. The total length of Y is therefore

m = mymymp = 414(areas) * 24(quarters) * 5(waves) = 49680. Similarly, the
variance estimates v(le’itp) are put in the same order along the diagonal ofam x m
covariance matrix ®.

Due to the rotating panel design, which induces several non-negligible correlations
among initial estimates for the same municipality and different periods and waves, the
covariance matrix @ is not diagonal, although it is still very sparse. These positive
correlations are due to partial overlap of the sets of sample units on which the estimates
are based. Such correlations exist between estimates for the same municipality in
quarters t4, t; and based on waves p,, p, whenever t, —t; = p, — p; < 4, see Fig. 1.
The covariances between ?itlpl and f’itzpz are estimated as (see e.g. Kish (1965))

V(Yitlplr Yitzpz) = MﬁtlpltzpzJU(Yitlpl)v(Yitzpz) ’ (8)
Y, Nit,p, Nit,p,
where n;; 5, ¢,p, is the number of units in the overlap, i.e. the number of observations
on the same units in area i between period and wave combinations (t1, p;) and (t3, p3)-
The estimated (auto)correlation coefficient p; 5 ¢,p, is computed as the correlation
between the residuals of the linear regression models underlying the survey regression
estimators at (t1,p1) and (t;, p2), based on the overlap of both samples over all areas.
So they are smoothed over areas, just as the afp.

The covariance matrix @ thus formed is a band matrix, and the ordering of the vector Y
is such that it achieves minimum possible bandwidth, which is advantageous from a
numerical computational point of view. To illustrate, the pattern of non-vanishing
elements of the top-left 150 x 150 block of & is displayed in Fig. 4. This part of the
covariance matrix refers to all estimates for the first municipality, and a small number
of estimates for the second municipality. The figure clearly shows the correlation
structure induced by the rotating panel design, as well as independence between
municipalities, resulting in a block diagonal matrix with a relatively small number of
nonzero bands around the diagonal.

Fig. 5 shows the distribution of autocorrelations implied by ®. The densities are shown
separately for correlations between initial estimates 1 to 4 quarters apart. A larger
separation in time generally means smaller correlation because of 1) smaller overlap
it gye to panel attrition and 2) smaller autocorrelation coefficient p;, ,,

V Mit1p1 Mty v

see equation (8).

tap21
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4.2 Time-series multi-level model

The initial estimates Y are subsequently modeled by a time-series multi-level model.
The model used is an extension of the basic area-level model over time, and is given by

a

_ /;
Yiep =0i + @ Zjp + €3¢y,
— Iy
Oit = B'Xit + Vit
where a'z;.,, denotes a measurement bias term depending on known variables z;;,, and

)

unknown coefficients a. There are 5 measurements Yitp, p =1,...,5foreach small area
estimand 8;;. The sampling errors e = (€111, €112, ---» €115, €121, --- )" are distributed as
e ~ N(0, ®) where @ is the covariance matrix for the initial estimates as discussed in
Section 4.1. The vector X;, of predictors consists of population means known from
registrations. Finally, v;¢ is an error term composed of multiple random effects.

The random effects term is taken to be a combination of some or all of 1) independent
area effects v;, 2) independent area-by-time effects w;;, and 3) area-by-time effects u;;
modeled as random walks over time. So for the most comprehensive model,
Vir = V; + Wy + uy with

iid

v ~ N(0,09), (10)
wie < N(0,02), (11)
Wjp ~ Upp—q + & WIth & nd N(0,02). (12)

For each area i, the u;; follow a random walk model over time with a common variance
d2. Each term may bring additional explanatory power. The combination of area and
area-by-time effects, for example, would fit the data much better in case the variation
over areas is of a different magnitude than the variation over area-by-time
combinations. Note that the random effects for different areas are independent, i.e. no
explicit spatial correlation is included in the models. Datta et al. (1999) and You (2008)
use time-series models with area effects v; and random walks u;;. In Rao and Yu (1994)
a model is used with random area effects v; and a stationary autoregressive AR(1)
model instead of a random walk model for u;;. In You et al. (2003) the random walk
model was found to fit the Canadian unemployment data slightly better than AR(1)
models with autocorrelation parameter fixed at 0.5 or 0.75. Whereas in some respects
our model is simpler than some of the models considered in the above-mentioned
references, a novel feature of our model is that it includes the independent
area-by-time effects wy,, in addition to the area-by-time random walk effects u;; and
area effects v;. As our application to LFS data is of a large scale, we use an efficient
block Gibbs sampling algorithm that uses sparse matrix algebra to fit the model.

Combining the measurement and structural parts of model (9), we have

Yitp = a'zitp + ﬁ,Xit + Vit + el-tp . (13)
The model is fit using Markov Chain Monte Carlo (MCMC) sampling, in particular the
Gibbs sampler (Geman and Geman, 1984; Gelfand and Smith, 1990). The models
considered belong to the class of Gaussian Markov Random Field (GMRF) models, and
we make use of the sparse matrix and block sampling techniques described in Rue and
Held (2005) for efficiently fitting such models to large datasets. See | for details.

The samples generated ultimately converge to draws from the posterior distribution for
the model parameters of model (9). Specifications of the prior distributions for all
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model parameters can be found in |, along with derivations of the full conditional
distributions required for the Gibbs sampler. For the standard deviation parameters g,
oy, and g, we use priors from the folded-t family of distributions (Gelman, 2006). These
priors are implied by a multiplicative redundant parameterization (Gelman et al., 2008),
which helps the Gibbs sampler converge more quickly.

For each model considered, the Gibbs sampler is run in five independent chains with
randomly generated starting values. Each chain is run for 2500 iterations. The first 500
draws are discarded as a "burn-in sample”. From the remaining 2000 draws from each
chain, we keep every fifth draw to save memory while reducing the effect of
autocorrelation between successive draws. This leaves 5 * 400 = 2000 draws used to
compute small area estimates and standard errors. The convergence of the MCMC
simulation is assessed using trace and autocorrelation plots as well as the
Gelman-Rubin potential scale reduction factor (Gelman and Rubin, 1992), which
diagnoses the mixing of the chains. The diagnostics suggest that all chains converge to
the posterior distribution well within 500 draws. Also, the estimated Monte Carlo
simulation errors (accounting for the remaining autocorrelation in the chains) were
small compared to the posterior standard errors for all parameters, indicating that the
number of retained draws is sufficient for our purposes.

The model smooths the initial estimates and reduces rotation group bias, yielding
estimates

b1 = B'Xie + Vit (14)
where the ‘hats’ denote taking the mean with respect to the posterior distribution of

the model parameters. The posterior means are approximated by the means of the
retained Monte Carlo samples. That is, with R the number of retained samples,

R
N 1
b =7 Our. 1s)
r=1

where 0, = By X + Vi based on the rth sample of the model parameters. Similarly,
the variance

R
n 1 o
mse(0y) = 27 z(Qit,r —6i)?, (16)
r=1

of the Monte Carlo samples approximates the posterior variance for 6;;. We use the
square root of this quantity as measure of uncertainty about 6;;.

Selecting predictors and random ef-
fects for the time-series model

Using the Gibbs sampler, the time-series multi-level model (9) has been fit to the vector
of initial estimates for various choices of the measurement-related variables z,
predictors X and random effects v. The different choices of z and X are given in Table 2.
Variable wave (5 categories corresponding to wave number p) is associated with
rotation group bias, and terms involving this variable (the first term in each model)
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correpond to z. The other variables are used as predictors and correspond to X. Note
that for the purpose of model fitting there is no need to distinguish between z and X. In
addition to wave and the variables mentioned in Table 1 a few temporal predictors are
used in the time-series models: (seasonal) quarter (4 categories, 1 to 4), year (6
categories, 2003 to 2008) and T1, T2, T3 which are standardized linear, quadratic and
cubic monomials in time (measured in quarters). Where the models in Table 2 contain
interaction terms it is understood that all lower order interactions and/or main effects
are included as well. We will refer to the models defined in Table 2 as predictor models,
even though the terms involving wave do not predict the true population means but
rather the measurement error in the corresponding direct estimates.

Table 2 Fixed effects corresponding to z and X used in the time-series
multi-level model.

Model nr. Variables z and X used in the model

1 wave + quarter + sex + age5 + ethn + hhtype + prov

2 wave + quarter + sex + age5 + ethn + hhtype + prov + ru5

3 wave + quarter + sex + age5 + ethn + hhtype + prov
+T1+T2+T3

4 wave + quarter X year + sex + age5 + ethn + hhtype
+ prov + ru5

5 wave X year + quarter X year + sex + age5 + ethn + hhtype
+ prov + ru5

6 wave X year + quarter X year X ru + sex + age5 + hhtype
+ethn X (ru + age3) + prov + ru5

7 wave X quarter X year + quarter X year X ru + sex + age5
+ hhtype + ethn X (ru + age3) + prov + ru5

8 wave X quarter X year + quarter X year X (ru + sex + age5 + ethn)

In Table 3 and Table 4 the results based on the time-series multi-level model with
different combinations of fixed and random effects are shown. The first column refers
to the predictors included as fixed effects, i.e. the predictor model as defined in Table 2.
The second column lists the random effect terms included in the model, and columns
three to five contain the posterior means of the corresponding standard deviation
parameters. The next two columns contain the effective number of model parameters
Pefr and the Deviance Information Criterion (DIC), as defined in I.4. Lower DIC values
correspond to a better compromise between model fit and model complexity. For
easier comparison, all DIC values have been shifted downward by the DIC value of the
first model. The last two columns contain information about the (posterior) relative
root mean squared errors of the vector 8 of interest. The mean relative root mean
squared error (RRMSE) is defined as the average of

’mse(éit)

A 17

B 17)
over all areas and quarters. The last column lists the fractions of relative errors (17) less
than 0.2. This is the fraction of the mym; = 9936 estimates that would get published
under a publication strategy saying that only figures with relative errors less than 0.2
are to be published.
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Table 3 Time-series multi-level model results for different combinations of
fixed and random effects, part 1: predictor models 1-4.

predictor random oy oy Ow  Deff DIC mean fraction with
model effects Xx100 %100 x100 RRMSE RRMSE < 0.2
1 0 0 0 28 0 0.03 1.00
1 v 0.51 0 0 279 -666 0.11 0.95
1 v 0 032 0 1042 -1303 0.16 0.76
1 w 0 0 049 1623 -689 0.16 0.79
1 w 037 031 0 1206 -1686 0.19 0.63
1 vw 0.47 0 0.41 1452 -1031 0.17 0.71
1 wu 0 031 017 1212 -1315 0.17 0.74
1 vuw 037 031 0.05 1229 -1681 0.19 0.63
2 0 0 0 32 -2052 0.03 1.00
2 v 0.21 0 0 138 -2133 0.07 1.00
2 v 0 013 0 326 -2171 0.09 0.99
2w 0 0 026 603 -2145 0.09 1.00
2 wu 0.20 0.13 0 413 -2240 0.11 0.97
2 vw 0.20 0 024 613 -2204 0.11 0.99
2 wu 0 012 020 602 -2197 0.11 0.98
2 vuw 020 012 017 626 -2257 0.12 0.95
3 0 0 0 31 -1634 0.03 1.00
3 v 0.35 0 0 220 -2010 0.10 0.97
3 u 0 0.14 0 340 -1775 0.09 0.96
3w 0 0 030 754 -1777 0.11 0.96
3 w 035 0.14 0 527 -2144 0.13 0.88
3 vw 0.35 0 023 664 -2067 0.12 0.92
3 wu 0 012 025 764 -1835 0.12 0.92
3 vuw 035 013 015 690 -2153 0.14 0.86
4 0 0 0 52 -2265 0.03 1.00
4 v 0.18 0 0 136 -2312 0.07 1.00
4 y 0 0.10 0 237 -2312 0.08 1.00
4w 0 0 021 458 -2310 0.08 1.00
4 vu 0.17 0.10 0 308 -2353 0.09 0.99
4 vw 0.17 0 0.20 475 -2345 0.09 1.00
4 wu 0 009 018 470 -2331 0.09 0.99
4 vuw 0.17 0.08 016 500 -2365 0.10 0.98
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Table 4 Time-series multi-level model results for different combinations of
fixed and random effects, part II: predictor models 5-8.

predictor random oy oy Ow  Deff DIC mean fraction with
model effects Xx100 %100 x100 RRMSE RRMSE < 0.2
5 0 0 0 72 -2293 0.04 1.00
5 v 0.18 0 0 157 -2339 0.07 1.00
5 v 0 0.10 0 255 -2339 0.08 1.00
5 w 0 0 022 480 -2340 0.08 1.00
5 wu 0.17 0.10 0 326 -2382 0.09 0.98
5 vw 0.17 0 0.20 499 -2374 0.10 1.00
5 wu 0 0.08 018 487 -2356 0.09 0.99
5 vuw 0.17 0.08 016 522 -2389 0.11 0.97
6 0 0 0 101 -2398 0.04 1.00
6 v 0.15 0 0 167 -2424 0.07 1.00
6 u 0 0.06 0 190 -2408 0.06 1.00
6 w 0 0 016 343 -2411 0.07 1.00
6 wvu 0.15 0.06 0 248 -2433 0.08 1.00
6 vw 0.15 0 014 356 -2432 0.08 1.00
6 wu 0 0.05 014 355 -2415 0.08 1.00
6 vuw 0.15 0.05 0.12 383 -2435 0.09 1.00
7 0 0 0 173 -2349 0.05 1.00
7 v 0.15 0 0 238 -2376 0.07 1.00
7 u 0 0.06 0 262 -2358 0.07 1.00
7 w 0 0 016 415 -2363 0.08 1.00
7 wvu 0.15 0.06 0 323 -2381 0.09 1.00
7 vw 0.15 0 015 440 -2386 0.09 1.00
7 wu 0 0.05 014 418 -2365 0.08 1.00
7 vuw 0.15 0.05 0.12 449 -2385 0.10 0.99
8 0 0 0 312 -2068 0.06 1.00
8 v 0.23 0 0 436 -2184 0.10 0.99
8 u 0 0.08 0 440 -2090 0.09 0.99
8 w 0 0 0.18 596 -2088 0.09 0.99
8 wu 0.23 0.08 0 570 -2211 0.11 0.96
8 wvw 0.23 0 013 596 -2190 0.11 0.98
8 wu 0 0.07 014 607 -2096 0.10 0.99
8 wvuw 0.23 0.08 0.08 638 -2211 0.12 0.96
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The predictor models 1-8 range from parsimonious to comprehensive. For the models
with no random effect terms the number p.¢ equals the number of predictors.
According to the DIC model selection criterion, the best models of those listed in
Table 3 and Table 4 are the models based on predictor model 6. The simpler predictor
models (1-5) seem to be worse than model 6 in terms of model fit. Predictor models 7
and 8, on the other hand, seem to overfit the data.

Each predictor model has been combined with all 8 possible combinations of random
effects v, u and w. Recall that v denote independent area effects, u denote
area-by-time effects that are random walks over time, and w are independent
area-by-time effects. The results show that it is important to include area effects vin
combination with at least one of the area-by-time components u and w; such models
have the lowest DIC values. For predictor model 1, the best combination of random
components is v + u; adding w leads to a slightly larger DIC value. For the other
predictor models, it is better to include all three random components, although for the
largest predictor models 6, 7 and 8 similar DIC values are obtained with the
combinations v + w and/or v 4+ u. As the predictor model gets stronger the random
effect terms become less important, as is to be expected. The sizes of all random
components decrease as the predictor model is expanded, as can be seen from the a,,,
o, and gy, columns. In predictor model 8 the sizes of v and (increments of) u are larger
than in predictor model 6, but this may be because of overfitting: the model is fitting
part of the noise as well.

Predictor model 1 is the only model without the strong registered unemployment
predictor. As a consequence, it yields much higher DIC values than all other predictor
models. Predictor model 2 contains registered unemployment, but like model 1 it does
not contain temporal fixed effects other than seasonal quarter. Predictor model 3
contains cubic polynomial time effects and all other predictor models contain

quarter X year, i.e. a fixed effect for each time period. From this point of view it is not
surprising that the random walk effects u, which capture smooth time dependence, are
most valuable in conjunction with predictor model 1, followed at some distance by
predictor model 2.

Concerning mean squared error, the RRMSE columns in Table 3 and Table 4 show that
the inclusion of random effects is important to prevent over-optimistic assessment of
uncertainty. In particular, models with fixed effects only yield the smallest mean
squared errors. But their fit to the data is much worse and they ignore any variation
over areas and time not explained by the predictors. So the MSEs are (severe)
underestimates of uncertainty in these cases. The unstructured area-by-time effects w
capture residual variation over areas and time. So it may be wise to include this
component in addition to area and random walk effects, in order to prevent
underestimation of MSEs.

It can be argued also from a substantive point of view that area effects v and at least
one of the area-by-time effect terms u and w should be included in the model, because
estimation is at the level of area-by-time and one cannot expect the predictors to
explain all variation over areas and time. Models including independent effects w
instead of random walk effects u have the advantage of being simpler and faster to fit.
However, our results, in particular the DIC values, indicate that it is generally safe to
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include both u and w, besides area effects v; this does not seem to cause overfitting
(except perhaps with predictor model 1), and both u and w can contribute to model fit.
An effect of including u not shown in the tables is that it rightly causes MSEs at the
beginning and end of the time-series to be somewhat larger than in the middle,
because less strength can be borrowed at both ends. However, this effect is very small
for predictor model 6 because of the small size of the u effects. Based on the DIC
criterion and the substantive arguments mentioned, we choose model ‘6 vuw’ as the
model to compare against the cross-sectional models in the next section.

Comparison of estimates

Here we compare estimates based on the time-series multi-level model with direct
survey regression estimates and estimates based on cross-sectional basic area and
unit-level models. The time-series model used in the comparison is the one selected in
the previous paragraph, i.e. model ‘6 vuw’ that includes predictor model 6 and all three
random effect terms. The predictors used in the cross-sectional models have been
selected with the help of the conditional AIC value (Vaida and Blanchard, 2005), a
criterion very similar to DIC. The survey regression and basic unit-level model estimates
both use the following set of predictors:

ruX(sex+age3+ethn+prov)+ru5+sexxage5+hhtype+ru_area+wave. (18)

This is the same predictor model as used for the initial estimates for the time-series
model, see (6), except for the last two terms ru_area and wave. Of these, ru_area is
an area-level predictor defined for each unit as the area population fraction registered
unemployed of the area the unit belongs to. As before, wave is not a predictor for the
variable of interest but rather for the (average rotation group) bias with which it is
measured. In the notation of equation (4) for the basic unit-level model, it is the
variable z, whereas the other predictors consitute x.

The basic area-level model uses the survey regression estimates and their smoothed
variance estimates as input. The predictors used in the basic area-level model (3) itself
are the area population means of

ru + sex + age5 + ethn. (19)

As the number of areas is much smaller than the number of units, this predictor model
is necessarily much more parsimonious than (18). Even though the time-series model is
also specified at the area level, it can use more predictors than the basic area-level
model, because it uses data over 24 quarters. This explains why the predictor model
selected for the time-series model, model 6 in Table 2, can be more comprehensive
than (19).

Fig. 6 and Fig. 7 show the estimated unemployment fractions and their standard errors
for a selection of 8 municipalities over all 24 quarters. The figures compare survey
regression estimates and estimates based on the basic unit and area-level models as
well as the time-series model. The selected municipalities range from very large
(Rotterdam, 403322 persons on average in the target population) to very small (Lith,
4550 persons on average in the target population). For the largest municipalities, the
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Figure 6 Comparison of estimates of unemployment fraction for 8 selected
municipalities over time.
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differences between all four estimation methods are small. The smaller (the sample
size within) the municipality, the more unstable the direct survey regression estimates
become. Differences between the three model-based estimators are not so large,
however. This indicates that much strength is already borrowed cross-sectionally. The
time-series estimates are slightly less volatile than the cross-sectional model-based
estimates. For the municipality Urk the cross-sectional model-based estimates are
systematically above the time-series estimates in the first 15 quarters. This might be
due to overshrinkage of the cross-sectional estimates. The time-series estimates,
which borrow strength over time for the estimation of area effects, are more in line with
the average level of the survey regression estimates over this period.

Fig. 7 shows that standard errors for the cross-sectional and time-series model-based
estimates are smaller than those for the survey regression estimates, and the difference
increases with decreasing sample size. For the lower four municipalities the standard
errors of the survey regression estimates are not even visible as they fall outside the
plotting area. The figure also shows that the standard errors based on the time-series
model are almost always smaller than those based on the area and unit-level models.
The latter are also much more volatile.

Fig. 8 shows for each quarter the relative standard errors averaged over all (equally
weighted) municipalities for the three sets of model-based estimates. The survey
regression estimates have been left out because their standard errors are so much
larger on average and because some of the survey regression estimates themselves are
near zero or even negative so that the average relative standard error makes not much
sense. In almost all periods the time-series model yields smaller relative standard errors
than the cross-sectional models. It is again apparent that the standard errors of the
cross-sectional model estimates vary quite a lot from period to period. This variation is
also visible in Fig. 9, which shows the fraction of municipalities for which the relative
standard error is less than 20%. The 20% figure may be a bound imposed by a
publication strategy, so that estimates above the bound do not get published.
According to such a strategy, the number of publishable cross-sectional model-based
estimates would vary greatly over time, whereas almost all time-series estimates would
be publishable. Survey regression estimates would only be publishable for the 10% to
20% largest municipalities.

Fig. 10 compares the national estimates of unemployment obtained by aggregating the
municipal estimates. The survey regression and cross-sectional model-based estimates
show almost identical aggregate figures. But the estimates based on the time-series
model clearly deviate from the other three series. The deviation is quite large over
some periods, and turns out to be due to the different way the rotation group bias is
modeled. The survey regression and cross-sectional model-based estimates account
for the rotation group biases cross-sectionally, i.e. on a quarterly basis, while the time
series model ‘6 vuw’ contains wave X year effects and therefore accounts for the bias
on a yearly basis. If instead we use a time-series model with quarterly wave effects,
such as model 7 of Table 2, we see that the differences almost disappear. This is shown
in Fig. 11, which is the same as Fig. 10 except that it displays the time-series estimates
based on model ‘7 vuw’. Although according to the DIC values of Table 4 model 7 does
not fit the data as well as model 6, it is perhaps more natural to account for rotation
group bias per quarter than per year. Fig. 3 showed that rotation group bias varies quite
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a lot over time. Based on these observations it would probably be better to model the
rotation group biases as random effects varying over time, perhaps as random walks as
in van den Brakel and Krieg (2009).

For completeness the figures displaying the comparisons with cross-sectional estimates
have been repeated for model ‘7 vuw' in II. Differences between the estimates based on
models 6 and 7 are small. Standard errors for model 7 are slightly higher than those
based on model 6, but they are still almost always smaller than the standard errors for
the cross-sectional estimates.

Discussion

A time-series small area estimation model has been applied to a large amount of survey
data, comprising 6 years of Dutch LFS data, to estimate quarterly unemployment
fractions for more than 400 municipalities over this period. Estimation is carried out in
two stages in order to limit the computational burden and model complexity. First, the
unit-level data is aggregated to the quarter-times-municipality level by means of a
survey regression estimator that reduces non-response bias. The Dutch LFSis a
rotating panel survey with five waves differing according to their time-in-panel, and
initial survey regression estimates are computed for each wave. The resulting set of
initial estimates together with estimates of their standard errors and correlations are
input for the time-series SAE model, which borrows strength over municipalities and
over time to yield improved estimates. Besides, the model accounts for rotation group
bias relative to the first wave by modeling it as a measurement error. A Bayesian
approach is taken, and the model is fit using a Gibbs sampler. Sparse matrices are used
for fast generation of draws from the full conditional distributions, while multiplicative
redundant reparameterizations are used to speed up convergence of the sampler.

The time-series model includes fixed effects corresponding to a set of predictors known
from registrations, as well as a selection of three random effect terms: independent
municipality effects, independent municipality-by-quarter effects and
municipality-by-quarter effects modeled as random walks over time. A model
comparison using DIC as the main criterion shows that models with municipality effects
and at least one of the municipality-by-quarter effects perform best. Models that
contain strong predictors benefit as much from the independent
municipality-by-quarter effects as from the random walk effects. For weaker predictor
models the random walk effects are more important. In the end a model with all three
random effect terms has been selected, as it carries a smaller risk of underestimating
standard errors, and it does not overfit the data in our case.

The estimates based on the time-series SAE model have been compared with
estimates based on cross-sectional basic area-level and basic unit-level models as well
as to survey regression estimates. As expected, the survey regression estimates cannot
compete with the model-based estimates because of their much larger standard errors
for small to medium-sized municipalities. The cross-sectional model-based estimates
borrow strength only over areas but they are generally not very different from the

Statistics Netherlands | Discussion paper 201417 25



time-series model estimates, presumably because a lot of strength is already borrowed
over space and from the predictors. Still, the time-series model estimates are slightly
more smooth over time and have smaller standard errors. In other applications,
differences between time-series and cross-sectional estimates can be much larger, and
sometimes more strength may be gained over time than over space, as evidenced for
example in EURAREA (2004). For a few small municipalities our time-series estimates
deviate from the cross-sectional estimates over an extended period where they are
closer to the direct survey regression estimates. In these cases additional strength is
borrowed over time. More benefits of the time-series model can be expected for areas
for which data are entirely missing for one or a few periods, especially when random
walk effects are included. This is similar to the benefit of explicit spatial modeling for
estimates for out-of-sample areas (Gomez-Rubio et al., 2010).

The time-series model estimates have smaller standard errors than those based on the
cross-sectional models. However, a regular production process will normally produce
estimates for the current, latest period only. In that case the reduction of standard
errors brought about by the time-series model is smaller, because strength over time is
only borrowed from the past. The standard errors based on the time-series model are
much more stable over time than the standard errors based on the cross-sectional
models. The large variation of the latter seems to be caused by their sensitivity to the
value of the between-area variance and the relatively large uncertainty about that value
(Boonstra etal., 2011). Another advantage of the time-series model approach, one that
we have not employed in this paper, is that standard errors of estimates of change can
be easily computed, especially when the model fit is in the form of a MCMC simulation.

The time-series standard errors are very smooth, and a more thorough model
evaluation is necessary to find out whether that is appropriate or whether the
time-series model underfits the unemployment data or is open to improvement in
other ways. There are many ways in which the time-series SAE model may be extended
to further improve the estimates and standard errors. For example, it may be an
improvement to use a logarithmic link function in the model formulation as in You
(2008). Effects would then be multiplicative instead of additive. Another improvement
would come from modeling the sampling variances (You and Chapman, 2006; You,
2008; Gomez-Rubio et al., 2010) instead of treating them as known. In order to
decrease the risk of underfitting it may be important to replace some effects now
treated as fixed (unmodeled) by random (modeled) effects varying over time and/or
areas. For example, the model might improve by allowing the effects for registered
unemployment to vary not only over time but also by area (this would also be a possible
improvement for the cross-sectional models). In Datta et al. (1999) similar effects
associated with unemployment insurance are modeled as varying over areas, although
not over time. Another extension is to model the wave effects as random walk
components over time, as in van den Brakel and Krieg (2009). We have seen that some
results are quite sensitive to the way these effects are modeled. Modeling them as
random effects would probably be an improvement over the models with fixed wave
effects varying by year or by quarter that we have considered here.

Finally, before a time-series multi-level model as discussed in this paper can be

employed for the production of official figures on municipal unemployment, a number
of practical issues have to be considered. The first is that at the beginning of almost
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every year several administrative changes in the municipal structure are carried
through. In the Netherlands these changes have solely been mergers over the recent
past. A relatively easy way to deal with such changes is to keep the model specification
at the original, most detailed municipal level. Initial estimates are then always
computed at that level and do not need to be recomputed when the data for a new
period are included. After the model is fit all estimates can be aggregated to the
current municipal arrangement. Another issue is that survey redesigns can occur. The
Dutch LFS has undergone redesigns in 2010 and 2012, which have led to changes in
non-sampling error and consequent level changes in the time-series of direct
unemployment estimates. To account for such changes, intervention variables may be
added (van den Brakel and Krieg, 2012) as additional components in the measurement
part of model (9). A last practical issue is that of benchmarking the detailed estimates
obtained from the multi-level time-series model so as to agree with estimates at a
higher level of aggregation. The estimates at a high level of aggregation are often
estimated prior to the detailed figures, using different methods; in the case of the
Dutch LFS, national unemployment figures are currently estimated using a structural
time-series model. To obtain a consistent set of published estimates the detailed
figures can be minimally adjusted so as to agree with these national estimates. If
estimates for multiple related target variables are based on separate models, more
consistency relations may have to be imposed. For the purpose of benchmarking and
imposing more general consistency relations various methods are available, see for
example Bell et al. (2013) and references therein.
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Gibbs sampler for the time-series model

In order to write model (9) and (13) in vector form, we first introduce some notation. For
areai(i=1,..,my)letd; = O 6, = (0, .+, Oim,)" denote the vector of interest.
Here my is the number of periods, and © denotes the operation of vertical stacking.
Similarly, for the area-by-time random effects we write u; = S;u;; and w; = ©wj;.
Due to the rotating panel structure there are mp = 5 observations for each 6;;, one for
each wave. We write Y = Gp 1 Yltp for the observations (survey regression
estimates)ande; = ©; ©, eltp for the vector of survey errors associated with area i.
The survey errors for different areas are independent, but due to the rotating panel
structure they are correlated over time for the same area, as explained in Section 4.1.
The full sampling error covariance matrix for e = ©;e; can thus be written ® = @;P;
where @; are the estimated my X my covariance matrices, which are assumed known in
the model. We also define X; = ©, ©,, (i, Zir,), combining the predictors x and
measurement-related covariates z into a single predictor matrix for area i. The
corresponding effects are denoted B = (f’,a")’.

The model relating the data f/i to the unknowns can now be written as (i = 1, ..., my,)
ind

Y; = X;B + Rrpv; + Rpp(u; + W) + e, i ~ N(©O,®), (20)
where Rrp = i, @ Uy, = ln,m, and RL, = ImT &) L, are replication matrices, which
expand v;, u; and w; to vectors of length mymp. Here t and I denote a vector of ones
and an identity matrix of appropriate dimensions, respectively.

The model as written above includes all random effect terms considered, although we
also fit models including only a subset of these. The independent random effect terms
are modeled as v; ~ N(0,07) and w; ~ N(0, g1,,.). All random terms are mutually

independent. For the area-by-time random effects vector we have

w; X N0, 524) .

If initial values u;; are given, A is the my X my covariance matrix with elements

Agr = min(s, t). Instead, if we assign a non-informative, uniform, prior to u4; for all
areas, the matrix A becomes unbounded. However, the precision matrix A1, which is
the matrix that appears in the Gibbs sampling algorithm below, has a well-defined value
in this non-informative limit. It is the tri-diagonal matrix with diagonal (1,2, 2, ...,2,1)
and with all elements just above and below the diagonal equal to —1. This is a singular
precision matrix of rank my — 1 as A~1y,, . = 0. The resulting random walk model is
also known as an intrinsic autoregressive model (Besag and Kooperberg, 1995; Rue and
Held, 2005). In order to guarantee identifiability of parameters, sum-to-zero constraints
tm,W; = 0 areimposed, fori = 1, ..., my. This ensures that only the fixed effects
(notably the intercept) and the area effect v; account for the time-average level of 6;;.

To complete the model specification, we assign a normal prior
p(B) = Np(Bo, )
to the coefficients B, where we set By, = 0 and take Q5 to be diagonal with relatively

very large variances, expressing negligible prior knowledge. The choice of prior for the
variance parameters 62, 62 and ;2 is explained below in |.2.
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I.1

1.2

IfwewriteY = ©,;Y;, 0 = 0,6, v=0v,u=0u;,w=O,;w;, as well as
Z=0; 0 Opzj,and X = O; O x|, then the combined model over all areas
becomes

Y =RAT.0+Za+e, e~N(0,d),
0=XB+Rirv+u+w,

where R4Tp = I, & I, @ Ly, and R4y = Iy, & 1y, are replication matrices.

(21)

Gibbs sampling

Inference about 6 is based on its posterior distribution p(9|f’). This distribution cannot
be obtained in closed form and cannot be directly sampled from. Therefore we use a
Markov chain Monte Carlo (MCMC) method, and in particular the Gibbs sampler
(Geman and Geman, 1984; Gelfand and Smith, 1990). Using the Gibbs sampler we
sample from the joint posterior p(|¥) where ¥ = (B, v, u, w, 02, 02, 52), the vector of
model parameters. The joint posterior is determined by the model and prior
specifications up to a normalization constant, as described in |.3. Using the 2nd line of
(21), which expresses 6 as a function of 1), we obtain samples from the posterior
distribution for 6.

The Gibbs sampler does not directly sample from the joint posterior. Instead, it
iteratively samples from the full conditional distributions

p(v,bgﬂ_/, Y1, s Wg-1, P g41, -, Pg), for a suitable decomposition of 1 in blocks 14,

g =1, ...,G. The full conditionals are generally easy to sample from; in particular, for
model (21) all full conditionals are normal or inverse chi-squared densities. With G the
number of parameter blocks and K the number of simulations, the Gibbs sampling
algorithm is as follows:

choose starting values ¢§,°) forg=1,..,G
forkin1to K
forginltoG

k 5 (k k k-1 k-1
draw 5 from p(hg |V, 1", . Y521, ¥, - G

After convergence, samples can be considered draws from p(l/)|1?).

Redundant multiplicative reparameterization

It turns out that convergence of the Gibbs sampler can be very slow for hierarchical
models with small variance components, as is the case in our application to
unemployment data. To speed up convergence we use the redundant multiplicative
reparameterization as described in Gelman (2006); Gelman et al. (2008). Thereto
multiplicative parameters &, &, and &, are introduced, and scaled random effects ¥, @;
and w; are defined by

v = &0, u; = &1, Wi = §yWi,
with o; ~ N(0, %), &t; ~ N(0,65A) and w; ~ N(0, G5l ,) so that, given &, &, and §,,,
Oy = |fv|0-v' Oy = |S(u|5-u' Oy = Ifwla-w
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1.3

Default inverse chi-squared prior distributions are assigned to 62, 62 and 62:
62 ~ Inv—x%(vy,s2), and 62 ~ Inv—y?(vy, s2).
The multiplicative parameters are assigned normal priors:

fv"'N(av:Vv)' fu"'N(a'u'Vu)' fw"'N(aw'yw)-

Together, the priors on the & and & parameters imply priors for a,, g,, and g,, from the
folded t-family (Gelman, 2006). In particular, if we take @, = 0 andy, = 1

)

o2 -(w+1)/2
p(o,) <1 + 1;2)
V,S

vV
and similarly for a,, and a,,. As argued in Gelman (2006), these priors are better
non-informative priors for standard deviation parameters in hierarchical models than
the onesimplied by the conventional inverse chi-squared priors. The latter priors can be
obtained by setting &, = 1 and y,, = 0, which fixes the multiplicative parameter &, to 1
and reproduces the original parameterization.

In terms of the redundant reparameterization (20) becomes
Yy =XiB + &Rrp?; + REp(Sully + §wWi) + €. (22)
The individual parameters &, and 7;, say, are not well identified, but this does not

matter since we are only interested in their product, v;, as a component of the vector of
interest 6;.

Derivation of the full conditionals

The expanded set of model parameters is written as ¥ = (B, ¥, i, 62, 52, &, &,). This
also defines the subdivision of i into blocks for which the full conditional posterior
distributions are derived. The redundant multiplicative reparameterization does not
really complicate the application of the Gibbs sampler, since all full conditionals are still
either normal or inverse chi-squared distributions.

The full conditional distributions can be derived from the joint distribution of the model
parameters given the data

pIY) < p)P(YIY),

where the likelihood implied by the model specification (22) is
POIY) = [ [ Mg, CXiB + EuRrptt + RER(Euts + i), @),
i

and the prior is decomposed as

p(b) = N5 (B0, 05) (1_[ N3, (0, 65)) <]_[ Nz, 0, &5A>) (]_[ N, O ﬁlmr))

X Inv—2 (v, 53) 0= (Vi 58) V=25 (Vs 53)

X va (av' Vv) Nfu (au: Vu) NEW (aw' YW) .
The full conditionals can be derived using the fact that the conditional posterior density
for a specific component ¥ is proportional to the joint posterior,

Pl WP, ¥) o p(|¥), where - denotes the parameter vector with the kth
component (block) deleted. So one can drop all factors of the joint posterior not
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involving 1, and then reexpress the remaining factors as a (unnormalized) known
density in Y. The following results concerning conjugate priors are useful for this
purpose, see for example Gelman et al. (2003). If for a vector x there is prior information
p(x) = N,(uo, Zg) and data d observed on linear combinations Dx with normal
measurement errors such that p(d|x) = N;(Dx, Q), then the posterior density for x is
p(x|d) = N.(u,Z) with

u=(D'Q 1D +331) " (D'Qd + Zglu,)

5= (D' D +351) .
Besides this result for combining normal densities we use a similar result for combining
normal and inverse chi-squared densities as functions of the variance parameter: a prior
p(0?) = Inv—x2,(v,s%) and likelihood p(x|6%) = N, (1o, %Z,) combine into a
posterior inverse chi-squared density

1
s (vs? + (x = o) 25" (x — uo))> :

where q is the dimension of x. Using these results we now derive the full conditionals
for each component of the parameter vector .

p(a?|x) = Inv—yx2, (v +4, 5

The full conditional for B is
P(BIYCD, V) o Ny (Bo, 0g) | | N3, (XiB + EuRrpi + REp Gy + Eui), @),
i
= p(BIYpP,¥) = Np(Ep,Vs), with
! g — _1\~1 ! g — 5 ~ ~ ~ _
Ep= (X0 X +05") " (X'&1 (¥ = &,RArp — RATp(Sull + &) ) + 055y ),
V= (X0 X +031) ",

where Rrp = RaTpRAT = I;m, @ tmym,, See (21).

The full conditional for 7 is
p(IpCD,7) o [ | (W5,00,53) Ny, (XiB + &Rrpti + REp (6l + i), @)

4

= iy, 7) = | [ Mo (Bo, V), with
i

’ - ~2\"1 ’ - > ~ ~
Ep, = (ngTP(Di "Rep + 1/05) $yRrp®; YYo= XiB — REp(Sutly + §wWi)),
.o on—1
Vy, = (ngqu)i 'Rep + 1/05) )
the components %; being conditionally independent.

The full conditional for i is
p(Elp D, V) o <]_[ N3 (0,534) Ny, (XB + EuRrpi + REp Gy + ), cm-)) :
i
= p@p0,7) = | [ Na(Fa, Vi), with (23)
i
! _ _ o -1 ! _ 2 o .
Ey, = (E3RT,®7 IR, + A71/62)  EuRTp®7 (Vi — XiB — §,Rrpy — £, REpW:),
, -1
Vo, = (GRTp®7 R, +471/57)

the components ii; being conditionally independent. For reasons of identifiability,
constraints i, u; = 0 are imposed, or in terms of @, i, %; = 0. These constraints are
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most easily imposed by drawing #i; from the unconstrained full conditional (24) and
subsequently adjusting to

!
~ Vﬂilmrtmr ~
U =\ Iy — 57— | Ui,

Vil
see Rue and Held (2005).
The full conditional for w is
PO, 1) (]_[ N, (0, Glmy) Ny, XiB + §uRpi + REp (6 + i), cm))

= oy, 1) = | [ Vo (Ba Vi), with 24)
i

I _ - -1 ’ _ 2 - ~
w; — (f&/RgpcDi 1R¥P + ImT/O-\%/) waqu)i 1(Yi - XiB - vaTPvi - fuRgPui) ’

o N -1
= (2RI R + I, /63)
the components w; being conditionally independent.

The full conditional for 62 is
p(62[YD, 1) (ﬂ N3,(0, 63)) Inv=x2, vy, 7).,
i
VpSe + 2 ﬁf)

= p(&glw(_aﬁ)) Y) = Inv_)(?,—g <Vv + Mmy, V. + m,
v

The full conditional for 62 is

p(62 |50, ¥) (1_[ Nz, (0, &5A)> Inv—x2, (Vy, 58,
i

v, S2 + ZiﬁgA‘lﬁi>

~ —52) S
= p(GE[WCW,Y) = Inv—x, (Vu +malmr = 1) vy +my(mr — 1)

As a consequence of the sum-to-zero constraints on ii, the number of additional
degrees of freedom is not mymy but my(mr — 1).

The full conditional for 62 is
p(62 W) Y) o (ﬂN (0,65 mr)> Inv—x2, (W, 5%),
VSS + ziwgwi)

w +mymr

= p(62 1YW, f/) = Im’_)(?,&, <Vw +mymr,
The full conditional for &, is
PCEIWE, 1) o N (o 1) | | N3, (XiB + EuRrpBt + REp Gy + £ui), @0,
i
= (&Y, Y) = Ng, (B, V), with
-1 ’ o2 . .
Ee = (ﬁ’RATPCD_lRﬁTPﬁ + 1/Vv) (ﬁ’RﬁTPCD LY —XB—&,0—&,Ww) + av/Vv) )

-1
Ve, = (”RATPCD_lRﬁTPﬁ + 1/Vv) :

Statistics Netherlands | Discussion paper 201417 35



The full conditional for &, is

PCEYCED, 1) o N, (@) | | N5, (0B + ot + REp (6l + i), @),
i

= p(ElW5, V) = Ne, (Bg, Ve,), with
ro " -1
Eg, = (@ RAT,O7 R4+ 1/1,)
X (a,Rﬁ%,CD_l(Y_' —XB - fVRﬁTPﬁ - waﬁFPVNV) + au/yu) ’

, _ . -1
Ve, = (R4 @R 0+ 1/1)

The full conditional for &, is

P, 1) o N, (@ ) | | N3, (XiB + ERrpti + REp Gy + £0), @),
i

= p(EW W, V) = Ne (Eg,,Ve,), with
ro_ B -1
Er, = (WR{F»® R + 1/%,)
X (W R4Fp (7 = XB = &,Rirp® — EuRATA) + /Y

o 5 -1
Vs, = (WRAT, 07 RETW + /%)

1.4 The Deviance Information Criterion

We use the deviance information criterion (DIC) as a model comparison measure
(Spiegelhalter etal., 2002). It is easily computed from the MCMC output. The deviance

IS
D() = —2log p(Y| 1) = mlog 21 + z log |®;] + Z El®E,.
i i

where E; = ?’i — X;B — Rypv; — RI,u;. The model fit is represented by the value of the
deviance at the posterior mean of ¢, D(E(l/J|Y2')), whereas model complexity is
measured by pogr = E(D(l,[))H?) — D(E(v,bl?)), i.e. the posterior mean of the deviance
minus the deviance at the posterior mean. This quantity is also known as the effective
number of model parameters. DIC is then defined, analogously to AIC, as

DIC = D(E(|Y)) + 2pes -

Models with lower DIC values are preferred.

I.5 Implementation
The above Gibbs sampler has been implemented in R (R Development Core Team,

2009), using the sparse matrix facilities of package Matrix (Bates and Maechler, 2010).
For convergence diagnostics, package coda (Plummer et al., 2010) has been used.
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II Results for time-series Model 7 vuw'

-—— SUrvey regression

---- basic unit-level model
------ basic area-level model
— time-series model 7vuw
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Figure 12 Comparison of estimates of unemployment fraction for 8 selected
municipalities over time.
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-—— SUrvey regression

---- basic unit-level model
------ basic area-level model
— time-series model 7vuw
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Figure 13 Comparison of standard errors for unemployed fraction for 8

selected municipalities over time.
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Figure 14 Comparison of relative standard errors averaged over all

municipalities.
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Figure 15 Fractions of estimates with relative error less than 20%.
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