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Chain indices and path independence

Leon Willenborg

Summary: Methods are considered to calculate a set of consistent price index
numbers from an inconsistent set of chained index numbers. The
inconsistencies are due to the existence of cycles in the price index graph
cycles. The initial index numbers are calculated using an index formula, to
the user’s choice. It is only required to satisfy a few simple consistency
conditions. This does not include transitivity. One method (due to Hill) uses
spanning trees to solve (or rather: sidestep) the inconsistency problem. The
second method seeks to adjust the initial values in such a way that the new
index numbers satisfy a transitivity criterion, and are close to the original
index numbers. The approach in the present paper isinspired by levelling in
land surveying.

Keywords, transitivity, transitive closure, cycles, cycle space, spanning tree,
minimum-cost spanning tree, chained price index numbers, chaining, price
index digraph, adjustment, constrained regression, potential, price leve,
extension of functions.

1. Introduction

In this paper we consider consistency problems in certain cyclic digraphs, where
price index values (or logarithms thereof) have been associated with the arcs. These
guantities are required to obey certain rules. If they do not, the digraph (with these
guantities) is considered inconsistent. Examples of such problems arise with chained
indices. In case such inconsistencies arise one is not able to calculate a composite
index number independent of the path chosen to connect two states. These states can
be moment in time, countries, countries at a certain time, etc. For instance, the well-
known Laspeyres and Paasche price indices are not transitive. For instance, in case
of the Laspeyresindex, we have for three periods 1, 2, 3:
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where p' denotes the price vector, and ' denotes the quantity vector for period
i =1,2,3 and ‘ * ‘denotes the standard dot, or inner, product. (See section 4.3 for this

notation). It means that the price index comparing periods 1 and 3 directly does not
yield the same result as calculating it when going van period 1 to 3 via period 2.



Index number theory is not the only area in which such consistency problems arise.
Levelling, which is part of land surveying, which in turn is part of geodesy, similar
consistency problems arise, although due to a very different cause. But despite this
difference the same correction method can be used. In the present paper we take an
approach inspired by levelling to solve the kind of problems the (G)EKS method
triesto solve.

In fact we would like to introduce the kind of problems considered in this paper by
means of an application levelling. The problem here is to determine the height
difference between two points a and b in an area on the surface of the earth. This
areais assumed to be small enough so as to be able to neglect the earth’s curvature.
So the levelling problem is stated in flat space. We may assume that point a in this

b

a

Figure 1. A levelling network.

areais at sealevel. Point b is assumed to be so far removed from point a so that no
direct measurement of the height of point b is possible. The height levels are in fact
measured by using a known base length and a series of angular measurements.* It is
possible to use intermediate points to measure height differences. Thisyieldsalinear
digraph connecting points a and b. See Figure 1.

The nodes correspond to the points from which measurements are taken or that are
used in measurements. An arc indicates that a height difference has been measured.
The direction of the arc indicates from which point the measurement is taken and
which point has been used as a target point for this measurement. The problem with
this approach is that, although the measurements between different arcs can be
considered independent, they are usually not without measurement errors. As a
result of this, the height difference between the two reference points depends on the
path taken within the measurement network connecting them. In levelling this is
considered unacceptable. It is, however, possible to adjust the measurement errorsin
such a way that the corrected height differences yield an answer for the height
difference between the reference points that isindependent of the path taken.

 In our discussion here we are not primarily interested in the details of the actual measuring
process used in levelling by surveyors. In fact, with thisin mind we may assume that heights
are measured directly, instead of being calculated from measured angles and a measured base
length. The latter is the case in practice, but for our purposesit is sufficient if we assume the
former.



When we switch to index number theory, a problem similar to that in levelling
would be one in which two countries are compared that differ economicaly so
significantly that no direct comparison is possible (or useful), only a comparison via
a sequence of countries where each one does not differ too much from itsimmediate
predecessor (if any) in the row. A natura requirement is that by following another
sequence of intermediate countries connecting the two countries (a path), the same
result should be obtai ned.

In the present paper the idea to adjust the heights in the levelling problem is taken
and applied to the index number case when a, say bilateral, index number is not
transitive. Thisis called the regression approach. Although the key idea for making
adjustments is the same in levelling and price index theory, there is an essential
difference. In levelling the height measurements are the causes of the
inconsistencies. In price index theory intransitivity arises even with exact results.
The source here lies in the formulas used. Comparabl e between the two situations is
that the measurement processes involved in both areas are time consuming and
expensive. Particularly collecting the dtatistical data and subsequently processing
themis costly.

The regression approach is not the standard one taken in price index theory. The
usual remedy in price index theory is to avoid that more than one path between any
two points can be taken. This can be done by working with a so-called spanning
tree. Such a tree contains al points of the original digraph, but only a subset of its
arcs. In that case there is only one (shortest) path connecting two points. In index
theory one does not take an arbitrary spanning tree but a special one, using special
kinds of weights. This method will also be discussed in this paper.

The remainder of the paper is organized as follows. We start in section 2 with
explaining some important notation, terminology and conventions used in the
remainder of the paper. Some of this is borrowed from the literature on index
number theory and other fields; some of it is specific for this paper.

In section 3 we formulate the basic problem we want to consider in this paper.
Stated abstractly, it is about functions defined on certain (di)graphs that are required
to satisfy certain conditions. These conditions involve the concept of trangtivity.
The problem formally amounts to extending certain functions defined on the arc set
of digraphsto its transitive closure. In case this |eads to inconsistencies the functions
are approximated by other functions that do satisfy the requirements. The main
difficulty with these functions resides in their behaviour on the cycles in the graph
corresponding to the digraph. Therefore we consider cycles in graphs, spanning trees
and bases for such cyclesin section 3, as a preparation for the sequel.

In section 4 spanning trees are considered. They are important for the two types of
solutions of the problem sketched in section 3. So this section is about an auxiliary
structure needed to discuss our solutions to the key problem of this paper.

Section 5 is also about another auxiliary structure, namely one that is used for one of
the solution methods. It is about cycles in (di)graphs: what they are and how all of
them can be found (in asense). Thisis essentially atopological subject. Although all



of it iswel known in the literature on algorithmic graph theory, it is probably not
for areadership interested in an economic topic such as index numbers.

Section 6 addresses the solution of the key problem in this paper. It discusses two
different approaches to solve this problem. The first approach, due to Hill, is based
on a specia spanning tree, part of the full the index digraph for the states (i.e.
moments in time, countries, countries in time) in consideration. Because a spanning
tree is used, there is a unique shortest path connecting any two points in the digraph.
Functions defined on the arc set of atree can be completed in a consistent way to the
index digraph is used next to find a solution to the problem. For the second type of
solution constrained linear regression analysis is used to find a solution. The
constraints that are used in this approach are derived from a basic set of cyclesin the
digraph (or corresponding graph). The regression approach adjusts the values
associated with the arcs of the digraph in such away that they form a consistent set.

Section 7 describes an important application of the (second) approach of this paper.
It shows how functions defined on the edges (arcs) of graphs (digraphs) can be
replaced by functions on the set of points of the graph that can in turn be used to
define the function defined on the edges. This function is comparable to a height
function (calculated from height differences) or a potential function in physics.

The discussion in section 7 concludes the main part of the present paper.

References to some relevant entriesin the literature are given at the end of the paper.

2. Notation, conventions and ter minology

For our discussion below the concept of a (price) index digraph is convenient. This
isagraph in which the vertices denote states, i.e. reference points in time (e.g. years)
or space (e.g. countries in Europe) or combinations of these (e.g. countriesin Europe
each of these considered in a period of years). An arc indicates that an index number
has been calculated for the endpoints connected of the arc. The arc also indicates
which role each point plays: either base point (where the arc starts) or reference
point (where the arc ends). The number actually associated with an arc, can either be
a price index number, or its logarithm (to some fixed base), depending on the
situation. In case of the Hill (or MST) or regression approach the numbers are price
index numbers (origina or adjusted). In case of the regression approach this number
can a so be the logarithm of a price index number (original or adjusted).

In price index theory the concept of abilateral priceindex is used. It is understood to
be a function that depends only on price and quantity information of two states
(points in time, more particularly). We need a related but different concept as well,
that we shall call bistate, meaning that it refers to the comparison of two states
(references point in time, or space, or both). It may depend on more parameters than
the four in a bilateral price index. In the parlance of index humber theory it thenisa
multilateral formula, in the sense that it depends on price and quantity parameters
from more than two points. However the value of this function is related to the two



states mentioned before (in a particular order). What parameters are used to calculate
these values is irrdevant. This is e.g. the case fore the method based on regression
analysis. A bistate price index may either be bilateral or multilateral.

An important object in this paper is that of an index digraph. This is a digraph in
which the points are states and the arcs denote states for which an index number has
been calculated, adjusted or not. Usually the way in which the original index
numbers have been calculated is unimportant for this paper. We only require that the
number associated with each arc is the reciproca of that with the opposite arc. For
that reason we usually consider reduced index digraphs which do not contain an arc
and its companion arc pointing in the opposite direction. For a self-arc (where head
and tail of the arc coincide) this value should be 1 (in a multiplicative setting) or 0
(inan additive setting). Thisalso impliesthat if an arc ispresent in anindex arc sois
its reversed companion arc. As aresult of this convention we do not need to specify
the values for self-arcs and for the reversed arc of each arc. We aso require that all
states are connected, that isthere is a path in the index digraph connecting any given
pair of states.

With an index digraph we associate an index graph. The index digraph and the
corresponding index graph share the same set of points (states). With each arc (and
its oppositely oriented mate) in the index digraph we associate an edge in the index
graph.

The main technique uses the extension of partial functions defined on a sub(di)graph
of the full (di)graph on the given set of states. We assume that the incomplete
digraph is a connected acyclic graph. This can be topologically sorted. More
precisely we assume, without restricting generality, that arcs comply with the
topological sorting applied, in the sense that arcs (v,w) are only in this index

digraphif 7(v) < 7(w), where T isthetopologica sort.

Most of the calculations that are supposed to be carried out are on numbers, not on
formulas. For that reason we distinguish between an index number and an index
formula. In Balk (2008, p. 4) such a difference is also made, except that there an
‘index’ is used to indicate what we call an *index formula’.

The symbol ‘//I' is used to denote the end of a proof, example, problem, etc.

3. Formulation of the problem

We consider the situation where an index digraph is given which is incomplete. Our
task is to calculate a complete, consistent function on a digraph, which is as close to
the origina index digraph as possible, for the common domain. In other words, the
problem is to extend a function on the arrows of an incomplete digraph on n points
to a function on the full digraph on n points. The complete function should satisfy
the transitivity property, anong some other ones.



The situations arise as one has, in case of N countries, say, to decide for what pairs
of counties one wantsto calculate price index values. If n isnot small, it may be too
much work to calculate these numbers for al the pairs. So instead one wants to
calculate them only for a subset of pairs. The minimum number is actually n—1 in
which case one has a tree in which the points represent the countries under
consideration. Requiring two basic properties, to be discussed below (see section
6.1), one can calculate them for a (relatively small) subset of countries and then
hope to be able to calculate them by chaining for all pairs of countries. More
abstractly this process is that of extending a function defined on a subgraph of n
points to the full digraph of n points. The question is, whether this is always
possible.

To answer this question, there are two situations to consider. The first one is when
the index digraph we are presented with is a tree. In that case no adjustments of
function values need to take place, because there is no way to reveal inconsistencies.
The completion problem in this case is straightforward and it leads to a (unique)
completed function, i.e. on the full digraph on n points. The second situation arises
when the index digraph is a connected cyclic digraph. In this case the values of the
function on arcs lying on a cycle may have to be adjusted first. Thisisthe caseif the
incompl ete function does not satisfy the cycle criterion. The values of the arcsin any
linear filaments of the index digraph remain unaffected by these adjustments.

After a possible readjustment, the resulting partial function satisfies the cycle
criterion and it can aso be completed unambiguously. Also this completion is
straightforward.

The only nontrivial problem that has to be solved is the adjustment of the values of
the partia function in case of a connected, cyclic digraph. We solve this problem by
using a technique from regression anaysis. We only borrow the interpolation
technique. Our application is, however, nonstochastic. The idea to use this approach
was inspired by levelling in land surveying, as stated in the introduction,

4. Calculating spanning trees

For both methods considered in the present paper we use spanning trees.

In the first method (originating from Hill) spanning trees are used to calculate a
connected sub(di)graph of the full (di)graph on n states (countries, points in time,
etc.) with a minimum number of edges (arc), each corresponding to a bistate index
number. This is precisely a spanning tree. In Hill's method one does not use an
arbitrary spanning tree, but one that minimises a particular weight function defined
on the edges of the graph. Thisis aminimum spanning tree (MST). How to calculate
an MST isawell known problem in agorithmic graph theory.

The second method presented in the present paper deals with any cyclesin the index
graph directly. Functions defined on the arcs of an index digraph may be
inconsistent. If so, they need to be adjusted for the arcs in one or more cycles. In
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order to find a suitable collection of the cyclesin such adigraph, also spanning trees
can be used. They yield a basis for the so-called cycle space. How to find these so-
called elementary cyclesisdiscussed in section 5.1.

4.1 Spanningtrees

In the present section we consider spanning trees in a connected graph. In the
present paper they are used for two reasons:

1. to calculate a special kind of spanning tree (a Minimum-weight Spanning
Tree or MST) from a full (di)graph on n points to derive index numbers
from directly (cf. section 6.1).

2. asand auxiliary structure to calculate a set of cyclesthat form a basis for the
so-called cycle space of agraph (cf. section 6.2).

Let G =(V,E).be aconnected graph and T a spanning tree for G . ‘Connected
means that any two points v,w in V can bejoined by apathin G. T isagraph
T =(W,F) thatisasubgraphof G (thatisW OV, F 0 E), with

1. W=V
2. T isatree
Since T isatreewith |V |= n vertices, itsnumbersof edges equals | F |=n—1.

If wetake G =T , atreewith n vertices, and consider G* = (V, E*), the transitive

n
closure of G, we have | E* |= (2} and hence the number of cycles in the basis of
~(n n-1 )
G* is (ZJ—(n—l) 2( 5 J A well-known result (due to Cayley) is that the

n
number of spanning trees for the complete graph K, on n points (with (ZJ edges)

is "2, It is even possible to count the number of spanning trees in a general graph,
but since the expression for this is somewhat daunting, we refer the reader to
Gibbons (1985, Theorem 2.6).

For agraph G to determine a spanning tree T, use a depth-first search algorithm

(see e.g. Gibbons, 1985, p.20), for instance. This can be done fairly efficiently, in
time O(max(n, m)) for an undirected graph.

4.2 Minimum-weight Spanning Tree (MST)
Now suppose that we have a graph G = (V,E) and a weight (or cost) function
w: E - [0,00) that assigns a weight (or cost) to each edge of G. A minimum-



weight spanning tree (MST)? for G isaspanningtree T =(V,F),where F O E
such that Z@F w(e) is minimum of al spanning trees T for G . Severa agorithms

are known to calculate an MST for G. A well-known one is Prim’'s algorithm,
which is described in e.g. Aho, Hopcroft and Ullman (1987, pp 234 ff.) or Gibbons
(1985, pp 40 ff.). Another algorithms to calculate an MST for a connected graph is
Kruskal’s agorithm (see Aho, Hopcroft and Ullman (1987, pp. 237ff.).

We now give a sketch of Prim’s algorithm. Let U be a set that at the beginning only
contains a single (and otherwise arbitrary) point from V. Let L be a set that
initially is empty but will contain the edges of the MST when the algorithms
terminates During the execution of the agorithm this set will grow, one edge a a
time, to a full spanning tree of G, which is MST. At each step it finds the edge
{uMOE with uU and vOV\U and the weight associated with its, i.e.

w({u,v}, is minima among the weights associated with edges connecting U and
V\U at this moment; it then adds v to U and (u,V) to L. Repeat this step until
U =V, and the edges of the MST arein L.

4.3 Suitableweight functions

The MST approach is well-known for price index numbers. See Hill (1999a, 1999b)
and aso Balk (2008, section 7.6). To apply the MST approach in index number
theory, we need to specify a suitable weight function. It is common to use the so-
called Paasche-Laspeyres spread to calculate weights. It is defined as follows:

PLS; 5InP"(p’,a’,p',a')-InP"(p’,a’, p',d) |, (4.1)
where
o pleg
PL(p.q’,pg) =2 (4.2
p'eq

isthe Laspeyres price index, and

o piegl
PP(p',q’,p',q) =21 (43
p'eq

is the Paasche price index. Here p',q' are the vector of prices and quantities,
respectively, at state t (which can be a region, time period, etc). The dot (‘¢ ’)
denotes the standard inner product.

Itisclear thet holds PLS; 20, PLS, = PLS, foral i,j, PLS; =0 forall j.

For our purposes, it is not so important how the weights are calculated. If desired,
completely different weights could be used instead of the Paasche-L aspeyres spread.

2 Such atree is also called a minimum-cost spanning tree in the literature, for instance in
Aho, Hopcroft and Ullman (1987).
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Once these weights have been calculated for the full digraph on n points, the next
goal isto calculate an MST. There are severa adgorithms to do that, as indicated in
section 4.1, of which Prim’s method is one of the best known. Once we have an
MST®, we can use it to calculate an index number for any ordered pair (i, j) of
states (see section 6.1).

Asafinal topic in this section we consider what happens when the original (di)graph
is extended with one point and one or more links/arcs connecting this new point to
one or more points from the old (di)graph. If the MST for this augmented (di)graph
isthe MST of the old (di)graph plus the new node and one arc from the new node to
and old node, then the results for the old (di)graph remain unchanged in the
extended (di)graph. This situation occurs when the newly added arc is added first or
last in the (greedy) process of calculating the MST for the new (di)graph. However,
itisaso possible that anew arc is added not at the start or at the end, but somewhere
in between. In that case the new MST may be markedly different from the old one.
Hence the results for the old and the new situation may be quite different.

5. Calculating adjustmentsfor connected, cyclic digraphs

To determine the cycle structure of a digraph G= (V,A), the orientation of the

edgesis of no importance. So instead of working with the digraph G we work with
the associated graph G, which hasthe same set V' of vertices/ pointsas G, and in

which {a,b} is an edge if (a,b) or (b,a) isan acin G, ie(ab)dA or
(b,a) O A.

5.1 Findingabasisof cycle space

5.1.1 Cycles

First consider a (finite) graph,G = (V,E), with V the set of vertices and E the set
of edges, i.e. unordered pairs {a,b} with a,b[JV . Suppose that the size of V isn,
i.e. [V|=n,andthesizeof Eis m,i.e. | E|=m, where n and m areintegers. A
path in G is an ordered list of edges €,€,,...,6 in G, such that each edge e,
(j =1...,k—=1) and its successor €,,, have exactly one vertex in common. We are
particularly interested in specia paths, simple cycles,* that have the properties of
being

1. Closed, i.e. where €, and €, have exactly one vertex in common.

3 Or infact any other spanning tree.

* We sometimes denote these by cycles.
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2. Simple, i.e. where € and g, are the only edges on the cycle that have a

vertex in common.

In Figures 2 and 3 some examples are shown of simple cycles, and those that are
not. These latter are called compound cycles.

v3
e3 o2
v4
(
e4 el
v5 o5 vl
Figure 2. Simple cycle
v4 e3
v3
e4
e2
v5
v2
e5 el
vl
Compound cycle if traversed more than once:
viyv2,yv3,v4,v5v1v2,v3,v4,v5,vl or
el,e2,e3,e4,e5,el,e2,e3,e4,e5
(twice going round) Compound cycle
viyv2yv3,v4,v5v6,v3,v7,v8,vl or
el,e2,e3,e4,e5,e6,e7,e8,e9
Consists of simple cycles
v4 vlv2yv3,v7,v8yvlor
e3 el,e3,e7,e8,e9
e5 and
v3 v4,v5,v6,v3,v4 or
e4,e5,e6,e3
e2
vl el Compound cycle
v2 vliv2yv4,v3yv2v4yvl or

el,ed,e3,e2,e4,e5

Figure 3. Several examples of compound cycles.
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5.1.2 Ring-sum

We now introduce the ring-sum operation of two graphs that yields another graph.
The operation is important because applied to the set of cyclesin agraph G giveit
the structure of a vector space, aswe will later seein section 5.1.3. This vector space
isthe cycle space (of G).

Let G, =(V,,E,) and G, =(V,,E,). Then thering-sum of G, and G,, denoted
by G, U G,, isdefined as follows:
G UG, =M, UV, (E UE)\(E n E)).

That is, the set of verticesof G, [1 G, isthat of G, and G, combined, and the edge

set consists of those edges that arein G, or in G, but not in both of these graphs.
The ring-sum has the following properties, as one can easily check:

GUG=V,p =G,, (5.0
i.e. thegraph G robbed of dl its edges,

GUG,=G,0G=¢G, (5.2
where G~ G [ G (neutral element), and

G U0G,=G,0G,, (5.3
foral G,,G, (commutativity)

G, 0G,)0G, =G (G,UG,), (5.4
foral G,,G,,G, (associativity) .
From (5.4) it follows that we can write G G, U G; without ambiguity.

The ring-sum can also be used for subgraphs of a given graph G, in particular to its
cycles. The ring-sum of two simple cycles can be a smple cycle (if the cycles have
one edge in common) or not (if they do not have one edge in common). Examples of
this latter case are the following:

1. no edge and no vertices in common, or
2. no edge, but one or more verticesin common

3. more than one edge in common

5.1.3 Cycle space

Let T, be aspanning tree of agraph G . T; can be used to calculate a basis of the

cycle space of G, as follows. For each e[1E\ F augmenting G with € yields a
cycle, with possibly some tree-like or linear pieces (filaments) attached to it.

Trimming these filaments off, yieldsacycle y,.Theset {y, |edE\F} of cycles

13



in G forms a basis of the cycle space of G. It has
|E\F Fm—=(n-1) =m-n+1 elements. This cycle basisis generally not unique
for agraph G . Choosing another spanning tree from G yields another basis for the
cyclespaceof G.

The cycles in a graph form a vector space (over GF (2)°). In Figure 4 an example

of a graph is given with a basis of its cycle space. In Figure 5 some cycles of the
graph in Figure 4 are shown, expressed as the ring-sum of cyclesin the basis space.

C6 C3
Cc7

C5

C4
Cc2

C1

Figure 4. A graph with a spanning tree and a basis of cycles derived
from it

® GF(2) is the finite field, consisting of the elements 0 and 1 only, with addition and
multiplication defined as follows :

0+0=00+1=1+0=11+1=0,00=0,01=1-0=11-1=1.

14



vé
v4
v4 va v6

®

v2 v2

vl v2

v5

v5
v9
v9
v6
v4 v6
v5 vs
v8 v5
v8
v3
v2 v2 vl
v2
v7

v7

Figure5. Examples of cycles expressed asring sums

As in other vector spaces, the choice of a basis for the cycle space of agraph G is
generally not unique.

A basis for the cycle space of a connected graph G, consisting of elementary
cycles, can be obtained from a spanning tree of G, as follows. First determine a
spanning tree T .We obtain a set of elementary cycles by joining the edges in the

origina graph that are not in the spanning tree T;. Each such edge yields an

elementary cycle.

The last concept we want to define in this section is that of a cycle matrix. Let
I ={C,,...,C,} beacyclebasisof agraph G =(V,E). Let x: E - [0,0) bea
function. Let C beacyclein G. Thisfunction x satisfiescycle C if ZeDE X, =0
holds. Let X =(X,,...,X, ) be the vector representation of the functionx, where
E={e,..,e} For abasiscycle CUI thereis a (-1,0,1)-(row) vector V. such
that v.X = 0. If x satisfies each basis cyclethereisa pxk (-1,0,1)-matrix C such

that CX =0. This matrix C is a cycle matrix. Instead of CX =0 we shall write
Cx=0.

5.1.4 Cyclegraph

In the present section we consider once more the cyclesin agraph G = (V,E) and

focus on another structure, namely the cycle graph of G . Such a graph is not unique
and depends on the basis set of cycles that has been generated, in away as indicated

insection 4.1, i.e. using aspanning tree T, for G. Let C; denote the set of basis

cyclesin G as generated from T. We write this graph as Cyc; = (C;,F;),
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where C; is the set of basis cycles from G viewed as vertices (points) in Cycg,
and F; isthe set of edges, consisting of sets {U,V} where U and V are cycles of
G (and hence elements of C) and there is an edge el E such that €belongs to

U aswell asto V. In other words, the cycles U and V have at least one edge
from G in common.

5.2 Adjustment by regression

The constrained linear regression technique that we consider in this section is well-
known. The application to index number theory that we consider in this paper is
perhaps a bit unusual, as it is used here as an interpolation technique for a
nonstochastic problem. The MST approach is favoured in index number theory.

Let C denotethe (m—n+1) xm cycle matrix of G with respect to some spanning
tree T, of G. Then C is of full row rank. Let W be an mxm non-singular

weight matrix. This can be chosen as the user prefers. One can, for instance, use the
Paasche-L aspeyres spread (see section 4.3)

Let y denote the ‘vector of observations'. Let X denote the vector that is an

adjustment of y that satisfies the cycle conditionCX = 0. We assume that X is
obtained by minimising the expression (X —Yy)'W ™ (X—Y) under the condition

Cx =0. This can be done by means of the Lagrangian multiplier method. It yields
what in statistics would be called the RGL S-estimator®

X=y-WC'(CWC")*Cy=(I, ~WC'(CWC')*C)y = Py, (5.5)
where |, isthe mxm identity matrix and P isthe mxm matrix, defined by
P=1_-WC'(CWC")™C. (5.6)

The matrix CWC' is non-singular because C isof full row rank m—n+1 and W
is supposed to be non-singular. The matrix P is a projection matrix, or equivalently

it isidempotent, i.e. P? = P. Itsrank equas TrP=m-(m-n+1) =n-1, andit
satisfies the equality CP =0, implying CX = 0, as requested.

If wewrite ¥ = C'(CWC')'C we have
P=1_-Wg, (5.7)

with | ,Wand 2 all symmetric matrices, so that

® RGLS=Restricted Generalized Least Squares. In our case we are not dealing with an
estimator at all, because there are no observations with errors, yielding random variables.
Our setting is nonstochastic. But in this setting the same result is obtained as in the statistical
setting.
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P=1_-3SW. (5.8

We now have for X as the solution to a minimisation problem:
(X-y)W™(X-y) =(Py-y)W™(Py-y) =
Y(P-1,)W*(P=1,)y=yZWzy (5.9

Note that the results are free of any distributional assumptions. there is no

stochastics involved. For our problem we do not need it, for it is not statistical: we
are not dealing with random variables. We therefore do not have to look at the

(coyvariance of X, and the like. We only need an interpolation technique, to
calculate adjusted results.

Remark 5.1. It is clear if the origina digraph is augmented with new arcs and / or
new nodes in such away that the cycle structure of the old graph is not changed, the
results for the old nodes and arcs remain the same in the augmented (di)graph.
However, in case the cycle structure does change, the situations before and after the
augmentation are not comparable anymore and the results, before and after
augmentation, are bound to be different.

6. Completion of partial, consistent functions

6.1 Trees

Suppose we have a digraph G= (V,A), where V isthe set of vertices (or points)

and A is the set of arcs, i.e. ordered pairs (a,b) of vertices a,b in A. G is

typicaly not a complete graph, in the sense that A is the full set of edges, i.e.
V xV . Instead A istypicaly a proper subset of this set, that is ALIV XV . We
assume that a function

x:A- 0O (6.1)

is defined on the arcs of G . If (a,b) isanarcinA, then we write X, , instead of

X(a,b) asthe value of x for the argument (a,b).
For X there are some requirements. First of all, we assume that
Xa,b = _Xb,a’ (62)

for al points (a,b) 0 A. The operation to change arc (a,b) into arc (b,a) is one of
changing the direction or orientation. In case (a,b) isanarcin G but (b,a) isnot,
this acts as a definition for the value of (b, a). From (6.2) it follows that

so that
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x. . =0, (6.3)

for al pointsain G .

Furthermore, if (a,b) and (b,c) arearcsin G and (a,c) nor (c,a) arearcsin A,
then we can define

Xa,c = Xa,b + Xb,c (64)

for the arc (a,c) when augmentedto G . In case (a,b) isaready anarcof G , we
require that

Xa,c = Xa,b + Xb,c' (65)

Remark 6.1 In the actua application to index number theory we do not work with
the additive form of the requirements as in (6.2) and (6.5), but in the multiplicative
form. In that form we have a function x: A - (0,%) defined on the arcs. The

conditions are then:
Xap = ]/xb,a , (6.6)

X

a,c

= XapXpc - (6.7)

Remark 6.2 We now consider what happens if the following conditions are
supposed to hold:

1 X, =X, fordl a,bdV (6.8)

,a

2. Xy S X, + X, foral a,b,cOV (6.9

Suppose we start (6.9) for some a,b,c0V. Now take X,. and consider the
diversion through the node b. This vyields, using (6.9) and (6.8):
Xoe € Xap T Xoo = Xap — Xep» Which can aso be written as. X, + X, < X, -
This result, which holds for al a,b,cOV , yields X, . = X,, + X, ., Which is (6.5).
So, surprisingly perhaps, the conditions (6.8) and (6.9) are in fact equivalent to those
in (6.2) and (6.5) and they are not more general.

Problem 6.1: Extend afunction X defined on the set of arcs of adirected tree T in
an additive or multiplicative setting to a function on the full digraph on the pointsin

T.1

The solution of this problem is quite straightforward. This extension is also unique.

Consider a subtree T, of G, and define x first on the arc set of 'Ii, and extend X

then to the arc set of fs* . If we have a weight function defined on the arcs of G,

expressing the relative importance of thearcsof G, we can take an MST for G..
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For any tree there is a unique shortest path joining any two of its nodes. So if a
spanning tree is identified in a connected graph, this can be used to provide the
unique path connecting two nodes on the graph.

Suppose we have a connected index graph G = (V,E), associated with an index
digraph G =(V,A). Assume that holds: if (a,b) A then (b,a)dA. Let
X: A - [0,0) be positive function. Our aim is to extend X to a larger set, in a
consistent way. We sart with considering a single arc: if (a,b)JA so
x(a,b) =x,, is given, then we define x,,=1/x,,. Assume that if

min{ X, ,, X, .} = X,, then (a,b) O A (and hence (b,a) J A).

Let W: A - [0,00) be a weight function on the arcs of G this yields a weight
function w: E - [0,), where w({a,b}) =w((a,b)) if (a,b) J A. Suppose that
if {a,b} A then W(a,b) =min{w(a,b),w(b,a)}. Suppose furthermore that
G = (V,E) contains cycles (otherwise it is a tree and hence there is no problem).
Let Tg ysr bean MST for G. T s iSused to generate the cyclesin G in the way

we have seen before (in section 4.2).

Example 6.1. Let the directed tree at the top of Figure 6 be given.

Figure6. A digraph with itstransitive closure

The bottom digraph of Figure 6 is the transitive closure of the digraph at the top. ///
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Example 6.2. Let the directed tree in Figure 7 be given. Assume that for its arcs

Figure7. A directed tree
values X;; have been given.
The known values are givenin Table 1.

Table 1. Tablewith partial function defined on the edges of thetreein Figure6.

1 2 3 4 5 6 7
110 X3
2 0 Xy
3 0 X34 X37
4 0 X5
5 0
6 0 X
7 0

The cdlls that are left blank correspond to values that are yet unknown. Using (6.3),
the values (i,i) on the diagonal are al 0. From equation (6.2) it follows that we

only have to calculate one triangle of this table (viewed as a matrix), say the upper
triangle. The lower triangle follows from this. Using (6.4) repeatedly we can
augment the missing values in the upper triangle of Table 1. The result is Table 2
(see the Appendix).

Trangtivity holds for the completed function, as presented in Table 2. For instance:
Xog = Xog  Xgg T Xps = (Xog + Xgy) + Xpg = Xo + Xy,
Xos = Xog F Xy + Xgs = =(Xyg = Xp5) + (Xyg + Xgp + Xy5)

=X T X5 =Xy X5
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To verify that similar equalities hold for all entries and all intermediate values is
straightforward, but rather tedious.

6.2 Connected, cyclic digraphs

In case G contains cycles, the requirement that the transitivity condition holds is
equivalent with the requirement that summing the x-values associated with the arcs
in a cycle should be zero. If y isacyclein G , we can write this requirement
symbolically as

Z any Xab = 0. (6.10)

We assumethat if G contains an arc (c,d) with associated X-value X, thenitis
possible to add the arch (d,c) to G with associated X-value— X, if this arc is
not already presentin G .

An oriented cycle is a cycle that can be fully traversed following the direction of
each of its arcs. For each cycle y we have two oriented cycles y and j . We can

replace requirement (6.10) by the following one in terms of the oriented cycles

Z(a,b)D;‘/ Xab = Z(a,lﬂ 5 Xab =0. (6.112)

We are now in the position to state the problem for cyclic, connected graphs. Given
a digraphG = (V, A), which is supposed to contain cycles (otherwise there is no
inconsistency problem). Furthermore a real-valued function y: A — [ is given

that is not supposed to satisfy the cycle requirement (6.10) (or (6.11)), or
equivalently, that is not supposed to be transitive. The aim is to replace the function
y by a function x: A - [ that is ‘close to y’' and that satisfies the cycle

condition (6.10) (or (6.11)). What ‘close toy’ means has to be made precise by
choosing a suitable metric. See section 5.2.

But first it is necessary to take a closer ook at the cycle space of a graph. First we
note that we only have to take the arcs into account that are part of a cycle. All those
arcs that are not can be left out; the score of the function y on each of these arcs

can be left as it is. So we can concentrate on X: A, — [ where A, is the

adjacency matrix of the subgraph of G containing only arcs that are on a cycle and
the points of V' incident to these arcs. We write this subgraph, its points and cycles

as G, =(V,, A).
It should be noted that the cycle condition (6.8) only holds for (§c .

Suppose that we have a function X: A, — [ that satisfies the cycle condition on

G for dl the cycles of the underlying graph, which we assume to be connected. Our

aimistoextend x to X :V xV - O applying rule (6.4), with X |At:x. Thisis
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essentially the same as in the case of trees. In this case we have to assume conditions
(6.2) and (6.5) in order to be able to calcul ate the completion of X.

Example 6.3. Suppose that for the arcs of the cyclic digraph in Figure 8 the values

Figure9. An acyclic digraph

X; aregiven.

In Table 3 are the values given, associated with thearcsin Figure 8.

12 3 4 5 6 7 8
1 O )(12
2 O X23 X27
3 o X34 X35 X37
4 0
5 O X56 X57
6 0
7 0 Xog
8 0

Table 3. Tablewith partial function defined on the ar cs of the digraph in Figure 8.
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We reason as in Example 6.2, the cells that are left blank correspond to values that
are yet unknown. Using (6.3), the values (i,i) on the diagonal are al 0. From

equation (6.2) it follows that we only have to calculate one triangle of this table
(viewed as a matrix), say the upper triangle. The lower triangle follows from this.
Using (6.4) repeatedly we can augment the missing values in the upper triangle of
Table 3. The result is Table 4 (in the Appendix), where we have only shown the
diagonal and upper triangular elements. ///

7. Potential functions

In this section we assume that we are dealing with aindex digraph with a consistent
function X defined on its arcs. The corresponding index graph may be a tree or a
connected, cyclic digraph. X may be obtained after adjusting another function. What
we want to show in the present section isthat we can define afunction 77:V - [ -

called a potential” — which is derived from amapXx :V xV - 0. It may also be
seen as a height function, giving heights of points with respect to a fixed reference
point at sealevel, say.

To calculate such a function 72, pick apoint o[V and for sLIV let y be apath
connecting oand < and define

m(s) =Y, any Xqp - (7.0

Due to the cycle consistency of X', 71is a well-defined function. This means that
any other path connecting 0 and < will yield the same vaue for 7n(s). The

function71 hasthe property that X can be derived fromit:
X (a,b) = X;,, = 71(a) - 71(b). (7:2)

Clearly 72is not the only function which allows one to calculate x™ . For any d (1
the function 77, (.) = 77(.) + d will do as well.

Remark 7.1 Instead of as a potential one might think of the function 77 also as a
height, asin the levelling case, which was the motivating example for this paper. //

The advantage of apotential 77over X isthat it allows aranking of the elementsin
V , i.e. the states.

Now we use a price index formula to calculate price index numbers for some pairs
i,] of states: we either calculate this for (i, j) or for (j,i). Denote the result by

" In the price index literature 77is called a price level (cf. Eichhorn & Voeller, 1976, ch. 4).
We stick to ‘potential’, borrowed from physics, to bring out more clearly the similarity of
these seemingly unrelated concepts from different fields of enquiry.
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z; or z;, respectively. The other value can then be calculated as its reciprocal

value. Then we calculate the logarithms (to some fixed base, say €) of these values.
Let y; =log(z;), where ‘log’ denotes the natural logarithm. We aso have

z;, =exp(y;) =€”" . These y -values are then adjusted in case they do not satisfy

the cycle condition. The adjusted values are denoted by x; for arc (i, j) . Let the
adjusted z -values be denoted by ¢;; for arc (i, j) .

For a pair (s,t) of states and a (directed) path y connecting s witht, we have,
using (7.2), that

%j

Ca =My Sy =M€ = exXp(Z, %)

= eXp(Z(i,j)Dy(”(i) - 71(]))
= exp(7r(s) - 7i(t)) =™ e . (7.3)

This result is independent of the particular path ) taken. Any other path connecting
s and t would yield the same result. From thisit is clear that the adjusted index ¢

is aratio of two functions, one of which is dependent on the state s, and the other
one on the state t, for any states S and t. It is trivia to see that an index of this
formistransitive. (cf. Eichhorn & Voeller, 1976, theorem 2.1.17).

Remark 7.1: We have applied the regression approach to the full graph on n points
(viewed as a digraph). It would be possible to apply the regresson method to a
smaller digraph. If this digraph contains all the arcs/ comparisons we are interested
in, this may be enough. But the full digraph offers maximum consistency, for these n
points. /I

8. Discussion

In this paper we consider a consistency problem in (di)graphs, which we apply to
price index theory, in case the index used is not transitive. The approach by Hill by
working with a subgraph that is a minimum spanning tree (MST) avoids any
inconsistency problems because there are no cyclesin here.

An alternative to the MST-approach, would be to work with random spanning trees
from a given internet graph, and average the results obtained for each spanning tree.
In more detail, what has to be done is, in this order: generate random spanning trees,
calculate the function completions, calculate the potentials, average the potentials
and calculate the ordering of the states due to the averaged potentials. The main
problem to be solved with this approach is to randomly sample the space of trees
that exist on a given set of points (states). This set can be huge, even for a modest
number of states. It requires Monte Carlo sampling.
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Another approach is elaborated in the present paper. One starts with an arbitrary
index graph whose point set includes all given states. An arbitrary index formula
may be applied to ca culate index numbers. We only require it to behave neatly with
respect to self-arcs and reverse arcs. Inconsistencies may arise when the index graph
contains cycles. It may happen that chaining the index numbers associated with the
arcs in a cycle may not yield 1 on completion of a cycle. In that case the method
adjusts the index values corresponding to arcs lying on a cycle that are forced to
obey the cycle constraints. (The index numbers associated with arcs on linear
filaments need not to be adjusted.) The adjustment is done by a technique borrowed
from regression analysis called constrained regression. The constraints are derived
from a cycle basis of the cycle space of the index graph. If the index graph is
complete, we are ready. If not, and it is a subgraph of a complete graph, we have an
incomplete function on the arcs of the complete graph (associating some arcs index
numbers). Extending this function is the next step to find a consistent, full function
on the complete index digraph. Doing this is straightforward. The extension is
unique. When we have consistent index numbers associated with the arcs of the
index digraph, it is possible to associate values to the points of this graph
(corresponding to states, i.e. countries, time periods, or both) in such a way that the
value associated with an arc equals the difference (or quotient, in the multiplicative
setting) of the values associated with the points defining the arc. This can be seen as
an economic analogue of a height (as in the levelling case, which was an inspiring
example) or a (electric or gravitational) potential in a conservative force field. Here
the work done to move a point mass (or a point electric charge) from ato b in a
gravitational (or electric) field, is independent from the actual path chosen to go
from ato b. Comparing ‘economic potentials associated with different states should
yield (logarithms of) price index numbers. As with heights and potentials, only
differences (or ratios) of economic potentials are meaningful, not absolute values. In
the price index number literature the concept of ‘price levels is related to the
‘potentials’ in this paper. Taking the logarithm of the price levels yields the
potentials.

Gini (1931), Eltetd & Koves (1964), Szulc (1964) and Van |Jzeren (1956) all ded
with the same problem as considered in the present paper. The aim of these authors
was also to approximate index numbers that do not satisfy the trangitivity rule by
numbers that do. The replacements are supposed to match the corresponding original
numbers as closely as possible, using a suitable metric. The approaches by Eltetd &
Koéves (1964) and Szulc (1964) are referred to in the index literature as the EKS
method (and sometimes the GEK S method, when Gini, who was discovered to be an
early precursor, is also included). The EKS and Van 1Jzeren’s third method can aso
be formulated as minimisation problems (cf. Balk, 2008, p.46).

The approach taken in the present paper is both more general and more natural,
using a standard approach from linear regression analysis. It aso explicitly reveals
the influence of the topology of the index graph on the adjustments, expressed by
the cycle matrix C .
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So far we did not dwell on cost aspects. But setting up an index number graph which
guite some states is expensive and time consuming. The situation is comparable to
that of levelling in land surveying. Each observation of an angle or a distance
involves a cost. So the costs are here associated with observations linked to the arcs
of the levelling network. To compare two states in a price situation requires even
more expensive price surveys. In this case the costs are associated with the points
(corresponding to states) of the corresponding index network. Once these data are
available, calculating bistate index numbers is cheap. These values are associated
with the arcs of an index digraph.
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Appendix. Tableswith completed functions

This appendix contains two tables with completed functions. These tables belong to
section 6.1 (Table 2) and section 6.2 (Table 4). They are too big to be inserted there.
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Table 2. Completed function, derived from Table 1.

1 2 3 4 5 7
1{0 Xi3 ™ X3 X3 X3+ Xgy X3+ Xgy T Xys X3+ X7 ~ Xg7 X3 T Xy
2] - X3 + X3 X2 Xoz T X3 Xog T Xgy + X5 Xos T X57 = Xez Xog T Xg7
3| - X3 X2 0 X3 Xy T Xy X3z = Xe7 X37
41 - X3 = Xy T X T Xy ~ Xy 0 X45 = Xy T Xy = Xe7 = Xgy T Xy
5 TXig T Xy T Xgs T Xg T Xy T Xys s = Xgs ~ Xgs 0 T X5 T Xgy T Xp3 T Xy Xps = Xgy T Xy
6| - X3 =Xy T Xey "Xy Xy Xy T Xy H Xy Xy T Xy H Xy Xy T Xy ~ Xg T Xgy 0 Xe7
- X3 ~ X7 T X3 T Xy X7 X3y ~ Xg7 Xgs T Xgy = Xy Xe7 0




Table 4. Completed function, derived from Table 3.

1 2 3 4 5 6 7 8
110 Xio X3 + X3 Xp ¥ Xzt Xy Xp ¥ X3+ Xgs Xpp + X5 T X5 ¥ X5 X + Xy Xpp F Xy + Xg
2] - X5 0 X2 Xyg Xy Xyg F Xg5 Xyg * Xg5 + X5 Xy Xy7 + Xog
3| - Xpp = X3 ~ X3 0 X3 X35 Xg5 + Xsg X7 Xg7 * Xg
4 T X T X T Xy T X T Xy Xy 0 = Xgy X5 ~ Xy F Xg5 + Xeg T Xyt Xy T Xy Xy + Xg
5| - X = X3 T X5 T X3 T Xss ~ X35 X3y ~ X5 0 Xs6 Xs7 Xs7 T Xzg
6| - Xp X3 T Xgs TXsg T Xz TXgs TXgg T Xgs TXgg Ky TXgs T Xgg T Xsg 0 T Xeg T Xsy T Xgg + X5y + Xog
- X = Xy ~ Xy ~ Xy X3y ~ Xg7 ~ Xg; Xge ~ X7 0 X78
8| - Xip = Xo7 = Xpg = Xy T Xg T Xy T Xz Xy T Xy TXgg T Xy T Xpg Xge ~ X7 ~ X7g X7g 0
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