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Abstract

This paper considers the relation between (total factor) productiv-
ity measures for individual production units and those for aggregates
such as industries, sectors, or economies. This topic has been treated
in a number of influential publications, such as Hulten (1978), Gollop
(1979), and Jorgenson, Gollop and Fraumeni (1987). What distin-
guishes this paper from other publications in this area is that I delib-
erately avoid the making of all kinds of (neoclassical) structural and
behavioural assumptions, such as the existence of production fron-
tiers with certain properties, or optimizing behaviour of the produc-
tion units. In addition, I also treat dynamic ensembles of production
units, characterized by entry and exit. Thus, a greater level of gener-
ality is obtained from which the earlier results follow as special cases.

Keywords: Producer; profit; profitability; productivity; aggregation;
index number theory.

JEL code: C43, O47.

1 Introduction

In a previous paper (Balk 2008a) I considered the measurement of productiv-
ity change for a single, consolidated production unit. This paper continues
by considering an ensemble of such units, and studying the relation between
aggregate and subaggregate (or individual) measures of productivity change.
The theory developed here is applicable to a variety of situations, such as
1) a firm consisting of a number of plants, 2) an industry consisting of a
number of firms, and 3) an economy or, more precisely, the market sector of
an economy consisting of a number of industries.

On an intuitive level the relation between aggregate and subaggregate,
or individual, measures of productivity change is not too difficult to under-
stand. Productivity is output quantity divided by input quantity and, thus,
productivity change is output quantity change divided by input quantity
change. Any aggregate is somehow the sum of its parts, which in the present
context implies that aggregate productivity is somehow a weighted mean of
subaggregate (or individual) productivities, where the weights somehow ex-
press the “importance” of the subaggregates, or individual units, making out



the aggregate. Hence, there are two, independent, factors responsible for
aggregate productivity change: 1) productivity change at subaggregate, or
individual, level, and 2) change of the “importance” of the subaggregate, or
individual, units.

Coming down to practice, things are rapidly becoming complicated. First,
firms produce and use multiple commodities, which brings input and output
prices into play. Quantities of different commodities cannot be added, but
must be aggregated by means of prices. Through time, prices are also chang-
ing, which implies that we cannot simply talk about aggregate prices and
quantities, but must talk about price and quantity index numbers. More-
over, aggregation rules are not unique anymore. Second, firms and industries
deliver to each other, which implies that “simple” addition of production
units easily leads to a form of double-counting of outputs and inputs. Third,
especially when we are dealing with firms or plants an important fact to
take into account is the dynamics of growth, decline, birth, and death of
production units.

All this is discussed in the coming sections. Section 2 discusses accounting
relations. Sections 3 to 7 discuss the case of a static ensemble of production
units. The theory developed in these sections is immediately applicable to
the situation of an economy consisting of a number of industries. Sections
8 and 9 proceed with the case of a dynamic ensemble. All the relations
developed in sections 3 to 9 are in terms of value-added as output measure.
Section 10 discusses the link between value-added based and gross-output
based productivity measures. Section 11, finally, points to further work.

At first sight, this paper might look rather intimidating because of its
abundant use of mathematical symbols. The purpose here is to be precise,
and for precision one needs a fairly detailed notation. Moreover, precision
is helpful when it comes to implementation. The mathematics of the pa-
per never goes beyond simple addition, subtraction, multiplication, division,
and the handling of weighted means. Basically it is an exercise in account-
ing. What distinguishes this paper from other articles in this area is that
I deliberately avoid the making of all kinds of (neoclassical) structural and
behavioural assumptions, such as the existence of production frontiers with
certain properties or optimizing behaviour of the production units.



2 Accounting identities

Consider an ensemble I of consolidated production units. For each unit and
period the KLEMS-Y accounting identity in nominal values reads

Cf(tL(k) + Clys + ¥ = R™ (k € K), (1)

where C’f(tL(k) denotes the primary input cost, C},,s the intermediate input
cost, R* the revenue!, and TI* the profit (defined as remainder). Interme-
diate input cost (on energy commodities, materials, and business services)
and revenue concern generally tradable items. The items in the capital and
labour classes, however, are specific for each unit; that explains why there
is an additional subscript. Cost and revenue are assumed to be positive.
Revenue may be positive, negative, or zero.
The KL-VA accounting identity then reads

Ol + T = R — O o = VAM (k € K), (2)

where V A* denotes value added. In this paper it will always be assumed
that VA > 0.

Adding-up the KLEMS-Y relations over all the units would imply double-
counting because of deliveries between units. To see this, it is useful to split
intermediate input cost and revenue into two parts, respectively concerning
units belonging to the ensemble K and units belonging to the rest of the
world. Thus,

Ciws = 3 Chiis + Cils, (3)
k' €K,k £k
where CE¥t is the cost of the intermediate inputs purchased by unit & from
unit &', and C¢&, ¢ is the cost of the intermediate inputs purchased by unit
k from the world beyond the ensemble K. Similarly,

Rkt — Z szk’t + Rket (4)
K€Kk £k
where RFF'* is the revenue obtained by unit k from delivering to unit &', and

RFet is the revenue obtained by unit & from delivering to units outside of K.
Adding up the KLEMS-Y relations (1) then delivers

Tt is assumed that with respect to output the units operate on a market.
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ZC?L(k)—i_Z > CEMS"‘Z s + > 1M =

ke kel k'elCk'#k ke ke
kk't ket
>, > RN+ R (5)
kEK k' €K k' #k kek

If for all the tradable commodities output prices are identical to input prices
(which means that there are no tax wedges), then the two intra-K-trade
terms cancel, and the foregoing expression reduces to

> Cra+ > Ciys + > M =3 R (6)

kel kel kel kel

This is the KLEMS-Y accounting relation for the ensemble IC, considered as
a consolidated production unit. The corresponding KL-VA relation is then

> Crpuy + 2 1 =3 R = Chis, (7)

kek kek kek kek
which can be abbreviated as

Cipe + I = RY — Cfye = VAM. (8)

One verifies immedlately that

VAM = 3" v AM, (9)
kek
which is the reason why the KL.-VA production model is the natural starting
point for studying the relation between individual and aggregate measures
of productivity change.
We first consider a static ensemble, that is, a ensemble of which the
composition does not change through time.

3 First decomposition

Aggregate profitability in the KL-VA model is defined as aggregate value
added divided by aggregate primary input cost,

VAR 3 VAM
CKL(IC) Zkeic C?L(k»)

(10)
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Using the logarithmic mean repeatedly, it appears that the logarithm of
aggregate profitability is a linear function of the logaritms of all the individual

profitabilities,
AICt Akt
In ( v ) > ¢FIn ( v ) : (11)

CII?L(IC) kek O%L(k)
with ¢* = L(VA*, Oy )/ LIV A, Ci k) and L(.) being the logarithmic
mean.? Notice that, because L(a, 1) is concave, the coefficients ¢** do not
necessarily add up to 1.
Aggregate profitability change, going from an earlier period 0 (also called
base period) to a later period 1 (also called comparison period), is naturally
measured by the ratio of period 1 profitability to period 0 profitability

VAR C}’?L(;C)
VAKO/ Cz’g%(;c)

Now, using expression (11), the logarithm of aggregate profitability change
can be decomposed symmetrically as

(VA’“/OI'?L ,q)

(12)

VAR C )
= (1/2) > (¢ = ") (In(VAM /Cip ) + In(VA™CiEy ) +

(1/2)I;C(¢“+¢'“°)(1n( AR Cipay) — In(VAM /CieLy))

k
kek CKlL(k) CKOL(k)

1/2
VAFL Y ARO
- Z(ﬁbkl_ﬁbm)ln (k>

S (1/2)(" + ¢*) (In(VAM )V AR) — In(CFL 0 /CRL ) - (13)

kek
Let there be given price and quantity indices such that for each unit the
value-added ratio and the primary-inputs-cost ratio can be decomposed into
two components,

2The logarithmic mean is, for any two strictly positive real numbers a and b, defined
by L(a,b) = (a — b)/In(a/b) if a # b and L(a,a) = a. It has the following properties: (1)
min(a,b) < L(a,b) < max(a,b); (2) L(a,b) is continuous; (3) L(Aa, Ab) = AL(a,b) (A > 0);
(4) L(a,b) = L(b,a); (5) (ab)'/? < L(a,b) < (a +b)/2; (6) L(a,1) is concave.
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VAR VAR = PEL(1,0)Q% 4(1,0) (14)
Ciruw/Cirm = Prergy (1, 0)Q%k Ly (1,0). (15)

Notice that it is not required that all the functional forms of the price and
quantity indices be the same. Substituting this into the last part of expression
(13) one obtains

N VAR CI’?L(IC)
VAKO/ C}’%%(ic)

kek C?L(k) CKOL(k

VAkl VAkO 1/2
= > (" =¢")n (k)) +

];C(l/?)(cb“ + ") In(Py4(1,0)/ Py (1,0)) +

> 7(1/2)(¢" + ¢™) In IPRODY, 4(1,0), (16)
ke

where individual value-added based (total factor) productivity change is de-
fined as the ratio of the output quantity index number over the input quantity
index number, TPRODY; 4(1,0) = Q 4(1,0)/Qlc4,y(1,0) (see Balk 2008a).
Thus, according to expression (16), aggregate profitability change can be de-
composed into three parts. The first part can be interpreted as the effect
of size change of the individual production units. The size of any individual
production unit is thereby measured by the coefficient ¢**, which is the rela-
tive mean of the unit’s value added and primary inputs cost. The weight of
each individual size change is the logarithm of mean profitability. The second
part gives the aggregate effect of differential price change at the output and
input side (which is also called terms-of-trade change). The third part gives
the aggregate effect of productivity change at the individual unit level.

Let there also be given price and quantity indices such that the aggre-
gate value-added ratio and the aggregate primary-inputs-cost ratio can be
decomposed into two parts,

VAM/VAICO = PXI/CA(L 0) I&A(L 0) (17>
Clruo/Cr1ue) = Prruoy (1, 0)Qk L) (1,0), (18)



and let aggregate value-added based productivity change, IPROD% ,(1,0),
be defined as ’&A(I,O)/Q’[C(L(,C)(l, 0). Substituting all this into expression
(16) and moving the aggregate price index numbers from the left-hand side to
the right-hand side delivers an expression for aggregate productivity change:

In IPRODY; ,(1,0)
1/2
VAL ARO
= (¢ = ") In | | =m0 — +
= Oy Ol

%:C(l/?)(cb’“1 + ") In(Py4(1,0)/ Py (1,0)) +

ST(1/2)(¢M + ¢™) In IPRODY; 4(1,0) —
ke

In(PFA(1,0)/ Pppe) (1, 0)). (19)

This can also be written as

In IPRODY ,(1,0)
1/2
VAR 1 ARO
= > (" =¢")n (ko) +

C?L(k) CKL(k)

k PE, (1,0
S/ (in(Fa00) - (PRl ) o
S(1/2) (¢ + ¢™) In IPRODY, 4(1,0) +
(;;c(l/2>(¢kl + ") — 1) In(Pf4(1,0)/ Py (1, 0)). (20)

There are four terms here. The first gives the aggregate effect of size change.
The second gives the aggregate effect of differential price change at the output
and input side of the production units. The third gives the aggregate effect
of unit-specific productivity change. The fourth term concerns, what I call,
a concavity discrepancy (which, generally, should be negligible).

Interestingly, if for all units £ € K and time periods ¢t = 0, 1 value added
equals primary input cost, VA = C’f(tL(k) or profit IT¥* = 0, and if there is
no differential price change, then only the third term remains,
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In IPRODY 4(1,0) = D> (1/2)(¢"" + ¢™) In IPRODy, 4(1,0), (21)
ke

with ¢ = VAR VAR = CRp o /CRY ) (t = 0, 1), which now add up to 1.
Thus, in this case, aggregate productivity change, expressed as a percentage,
is a weighted mean of individual productivity changes.

4 Second decomposition

Our second decomposition departs from the following, output-side related,

identity:?
VAICl . VAlcl
€

where

L VAkl VAkO
wk o VAKL» V7 AKO

= L V Akl Vv AKO
ZkEK V AKT > 7 AKO

(ke K).

Aggregate value-added change, measured as a ratio, is thus equal to a weighted
geometric mean of individual value-added changes. Notice that the coeffi-
cients ¥* add up to 1. Each coefficient is the (normalized) mean share of
production unit £ in aggregate value added.

Now, applying (14) and (17), and moving Pf,(1,0) from the left-hand to
the right-hand side, we obtain

nQy,(1,0) =Y ¢*In

kel

PI];A(L O)Qllﬁ/A(lv 0)
( PEA(1,0) ) 24)

Subtracting from both sides In QﬁL(,q(l,O) and applying the definition of
aggregate value-added based productivity change delivers

Pk ,(1,0)Q% ,(1,0)
In TPRODY ,(1,0) = 3 ¢FIn | LA VAL
A I%I:C P\I/CA(L 0) IIC(L(IC)(L 0)

3See Balk (2003a) or (2008b; 85-86) for a derivation.
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(24)

_Zwk

kek a1, 0)Q 1) (1, 0)Qf sy (1,0)

Using the definition of individual value-added based productivity change, the
last expression can be rewritten as

( PEA(1,0008 41,00y (1.0 )

InIPRODY} 4(1,0) = >~ ¢*In IPRODY ,(1,0) +

kek

PfA(1,0) Qi1 (1,0)
In ( Z¥al ) In | SO0 25
%‘cw ( Fa(1,0) ;gcw ( KL(IC)(LO)) (25)
It is straightforward to check that the definition of 1* (k € K) implies that

Py ,4(1,0) Qy4(1,0)

In VA ) k:l ( VA ) ) 26
zn(my) - 2o (G 20

Substituting this into expression (25) one obtains

In IPRODY , = > ¥ InIPROD{ 4(1,0) +
ke
Qual, ) o1 [ @iran(1,0)
1 VA In [ =222, 27
k%zcw ' (QvA(l 0) ! k%:cw ( KL(IC)(LO) (21)

Alternatively, using (15) and (18), the last term of expression (25) can be
rewritten, which results in

InIPRODY 4(1,0) = >~ ¢*In IPROD 4(1,0) +
ke

PO ( Phu(10
Z“’( ( (L, o>> 1 (Pﬁ(,qu,m))*

C;C(lL )/ CKL(k
YFIn : (28)
g}:c (CKL(IC )/CIIS%(K)

There are three terms here. The first is a weighted mean of unit-specific
productivity changes. The second is the aggregate effect of differential price
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change at the output and input side of the production units. The third can
be interpreted as the aggregate effect of relative size change, where the size
of a unit is measured by its primary-input cost share.

Again, if there is no differential price change then the second term at the
right-hand side vanishes. Moreover, if for all units £ € K and time periods
t = 0,1 value added equals primary input cost, VA = C?L(k), or profit
[1¥ = 0, then C}?L(k)/CI’%(,C) = VAV AX (t = 0,1), and by using the
definition of the logarithmic mean one easily checks that also the third term
vanishes.

Under these two conditions expression (28) reduces to

InIPRODY 4(1,0) = > ¢*In IPROD}, 4(1,0). (29)
keK

This expression starkly looks like expression (21). In (21) each individual
productivity change is weighted by the two-period arithmetic mean of relative
value added V A¥ /V AX whereas in (29) each individual productivity change
is weighted by the two-period normalized logarithmic mean of relative value
added. Recall that in the case of an arithmetic mean of shares normalization,
to ensure that the weights add up to 1, is unnecessary.

Expressions (21) and (29) are both discrete-time versions of the relation
stated in Proposition 3 of Gollop (1979) and there proved using a fair num-
ber of neoclassical assumptions. In discrete time there are several ways to
measure the continuous-time concept “relative value added”.

The first term at the right-hand side of expression (28) and the third term
at the right-hand side of expression (20) correspond to what sometimes is
called ‘the bottom-up approach’ to the measurement of aggregate (total- or
multi-factor) productivity change. In line with this approach, for example,
Van den Bergen et al. (2008; 400) rather casually remark that “... MFP
change (expressed as a percentage) of the big unit can be expressed as a
weighted arithmetic average of MFP change of the small units.”* It now
appears that in this approach the remainder terms of expressions (28) and
(20) are neglected. Is this an important issue?

An indication can be obtained from The Netherlands Growth Accounts
2007 published by Statistics Netherlands (2008). Table 3.7 gives the value-

4Recall that for index numbers in the neighbourhood of 1 their logarithms approximate
percentage changes.

13



added based MFP change of the aggregate ‘commercial sector’ for 2007 rel-
ative to 2006 as 1.6 %. The underlying unrounded figure is 1.6287 %. The
same table presents percentage changes for the nine constituting branches.
Using the underlying unrounded figures and weighting them with the 2006
nominal value-added shares from Table 3.5 delivers as bottom-up result for
the ‘commercial sector’ 1.6494 %. Thus the combined effect of differential
price change and size change appears to be - 0.0207 %.

As said, this is only an indication, based on a comparison of but two
adjacent years. It is likely that when the time span between the two peri-
ods compared becomes larger the effect of the two factors, differential price
change and size change, will become larger too. Further indications about
the magnitude of this effect can be obtained from Zheng (2005) (compare his
Tables 4.1 and 4.4 and see his Figure 5.1) and Harper et al. (2008) (see the
last two lines of their Table 7).

5 Third decomposition

Our third decomposition departs, rather naturally, from the input-side re-

lated identity:
ClCl Ckl
In (ij(m) = Z WF In ( KL(k)) ; (30)

%0
KL(K) kek CKL(k)

where

L (C}?L(k) Cf(OL(k) )

K K
CK}‘(}C) ’ CK%()C)

k k
Z L CKlL(k) CKOL(k)
kel OKT s oKo
KL(K) ~KL(K)

(k€ K).

&
Il

Aggregate primary-input cost change is thus equal to a weighted geometric
mean of individual primary-input cost changes. Notice that the coefficients
wk add up to 1. Each coefficient is the (normalized) mean share of production
unit £k in aggregate primary-input cost.

Applying expressions (15) and (18) and performing steps similar to those
in the previous section delivers

InIPRODY 4(1,0) = >~ w*In IPRODY, ,(1,0) —
ke

14



kek kek

k PIk(L (1’ k (1 0)
() -mom () o

It is straightforward to check that the definition of w* (k € K) implies that

Prepay (1, Qrrie(1,0)
21(W) Zl((m) (52)

kek kek

Substituting this into expression (31) one obtains

InIPRODY 4(1,0) = >~ w*In IPRODY, ,(1,0) —
kek

k QK LK) Qva(1,0)
> wfln (KL(k)(lO)) > WP 1n< €0 O)) . (33)

ke kex

Alternatively, using (14) and (17) expression (31) can be rewritten as

InIPRODY 4(1,0) = >~ w*In IPRODY 4(1,0) +
keK

Pf4(1,0) Pg (1, 0)
s (1“ (P’é(l,m) o (Pﬁmu,m)) B

VAkl/vAkO
k
;;Cw In (VA’Cl/VA’C()) . (34)

This expression exhibits the same structure as expression (28). However,
notice the negative sign in front of the term measuring relative size change.
This makes expression (34) less attractive than (28) for practical purposes.

It is left to the reader to check that, if there is no differential price change
and if for each production unit value added equals primary input cost, then
expression (34) reduces to (29).

6 Asymmetric decompositions

We now turn to a number of asymmetric decompositions. The first departs
from the output-side related identity:
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VAR VAR VAR

VAR~ e VAROY AR (35)

Aggregate value-added change is here written as a weighted arithmetic mean
of individual value-added changes.

Applying (14) and (17), moving P%,(1,0) from the left-hand to the right-
hand side, dividing both sides by Qf(1,0), and using (15) and (18),
respectively, leads to

IPRODY ,(1,0) = (36)
-1
5 VA ok 1.0 PO P10\ Cluw)/Cirgy
i VAR P4 (1,0) PIIEL(}C)(L 0) CIIEIL(IC))/CIE%(’C)

If there is no differential price change and if for each production unit value
added equals primary input cost, then expression (36) reduces to

VAR
2 1A%

kek

IPRODY ,(1,0) = Y ————TPRODY, ,(1,0), (37)

or, to compare with earlier expressions,

k1
IPRODy4(1,0) =1 =" gﬁm (IPRODY. ,(1,0) — 1). (38)

kek

Notice that the individual productivity changes are here weighted with com-
parison period value-added (= primary-input-cost) shares, not with base pe-
riod shares.

The second asymmetric decomposition departs from

~1
VAR VAR (VAR T
—_—— = (Z — | —= . (39)
V AKO VAKL \ 'V ARO
kek
Here aggregate value-added change is written as a weighted harmonic mean
of individual value-added changes. The same steps as above then lead to

(IPROD,(1,0) " = (40)
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k1 Pk 1,0 -
VA (IPRODVA(l O)P Val(l,0) ( i >)

k;cVA’a PFa(1,0) \ Py (1,0)

Clru)/Citra >1
CRroo)/CRY )

If there is no differential price change and if for each production unit value
added equals primary input cost, then expression (40) reduces to

kO _1 -t
IPROD§A(1,0)=(Z “;ﬁm (IPROD} 4(1,0)) ) . (41

Notice that the individual productivity changes are here weighted with base
period value-added (= primary-input-cost) shares.

Returning to the more general expressions (36) and (40), we notice that
the first is an arithmetic mean using base period value-added shares whereas
the second is a harmonic mean using comparison period value added shares.
They resemble Laspeyres and Paasche indices respectively. A symmetric
expression for aggregate value-added based productivity change is obtained,
in the spirit of Fisher, by taking the geometric mean of the two right-hand
sides.

We now consider the input-side related identity:

CI’%:(IC) -y C?L(k) C?L(k) (42)

K = K :
CK%(IC) kek CK(JJ:(IC) C%)L(k)
Aggregate primary-input cost change is here written as a weighted arithmetic

mean of individual primary-input cost changes. Applying (15) and (18),
moving PI’?L(/C)(L 0) from the left-hand to the right-hand side, dividing both

sides by Q% ,(1,0), and using (14) and (17), respectively, leads to
VA

(IPRODE,(1,0)) ' = (43)

cr, —1 k -1
% i, (7700100) (5 7))

kel CIIE% (K)
Py (1,0) VAR /Y AR
PE, o (1,0) VART [V ARD
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If there is no differential price change and if for each production unit value
added equals primary input cost, then expression (43) reduces to

IPRODE ,(1,0) = (Z “;j:l (1PRODY, (1,0))_1) L (44)

Notice that the individual productivity changes are here weighted with com-
parison period value-added (= primary-input-cost) shares.
The final decomposition departs from

-1

-1
C}’%%(/C) kek CII?L CKL(k

Aggregate primary-input cost change is here expressed as a weighted har-
monic mean of individual primary-input cost changes. The same steps as
above then lead to

IPRODY ,(1,0) = (46)
. P, (1,0) [ Phoa(1,0))
5 Skt ppop 1,0y a0 [ Pra(10)
rex Ok Pya(1,0) \ Pyp ) (1,0)
VAR Y AR\ T
<VA’<1/VAK0>

If there is no differential price change and if for each production unit value
added equals primary input cost, then expression (46) reduces to

VAk:O

k%% V AKO

IPRODE ,(1,0) =Y ———TPRODY ,(1,0). (47)
Notice that the individual productivity changes are here weighted with base
period value-added (= primary-input-cost) shares.

The four decompositions presented here — in expressions (36), (40), (43), and
(46), respectively — exhibit the same structure. They decompose aggregate
productivity change into the contributions of the individual production units.
Each of these contributions consists of four components: a weighting coeffi-
cient, individual productivity change, differential price change at the output
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and input side of the unit, and a measure of relative size change, respectively.
A second step is needed for aggregating the three unit-specific components,
productivity change, differential price change, and size change, respectively,
so that aggregate productivity change can be seen as coming from these
three “sources”. There are several methods available for executing this sec-
ond step, such as the method of Gini (1937), which is a generalization of the
Fisher price and quantity indices, or the simpler methods developed by Balk
(2003a).

The Gini method leads to rather complicated final expressions for aggre-
gate productivity change. The method advised by Balk (2003a), however,
leads to final expressions that at first sight look rather complicated but at
second sight appear to reduce to expressions (28) and (34). One example is
sufficient to demonstrate this; the remaining cases are left to the reader.

Consider expression (36), and let

P s (1,0) = Pl A(1,0) (P’“ <k><1,0>)‘ )

Pia(1,0) \ P (1,0)
denote unit-specific, value-added based differential price change, and
O}C(lL(k))/ C}f(OL (k)
Clro)/ CiLicy

denote unit-specific primary-input-cost based relative size change. With
these definitions expression (36) reads

Sk1(1,0) = (49)

IPRODY 4(1,0) = (50)

1% AkO
2 VA

kel

IPRODVA(l 0>PVAdsz(1 O)SKL<1 0).

Applying then the method advised by Balk (2003a) delivers the following
multiplicative decomposition of aggregate productivity change:

IPRODE ,(1,0) = (51)
k k
[T (1PROD} 4(1.0))" TT (Pfaess(1.0) ) 1T (Sk.1,0)" .
ke ke ke
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where the exponents are defined as

L(s},s9)
0" = Bk (kek 52
Ykek L(s, s7) ( ) (52)
with
g = VAPIPRODE(t 0 Phauyy (B OSEL(0) (o
* 7 Ykex VARIPRODY 4(t, 0) P aaips(t, 0)SE (£, 0) 7 o
(53)
Expression (51) can be written additively as
In IPRODY 4(1,0) = (54)
> 6 InIPRODY 4(1,0) + > 0" In Py, 4ir(1,0) + > 6" In S (1,0).
keK keK keK

This is the same expression as (28), except that the coefficients §* look far
more complex than the ¢*. The 1)* were defined as (normalized) logarithmic
means of base period and comparison period value-added shares, whereas
the 0% were defined as (normalized) logarithmic means of base period and
updated base period value-added shares, updated with productivity change,
differential price change, and size change. Inserting the various definitions,
and using relations (14) and (15), however, confirms that

0F = F (k € K). (55)

7 The differential price change term

In the case of a static ensemble of production units, the preferred decomposi-
tion of aggregate productivity change is given by expression (28). Aggregate
productivity change is decomposed according to three “sources”: unit-specific
productivity change, differential price change, and relative size change. It is
especially the second term that is hard to sell to economists. It is readily ac-
knowledged that productivity change at the level of production units “causes”
productivity change at the level of the aggregate, and one is also ready to
admit that relative growth or decline of production units contributes to ag-
gregate productivity change. But in which sense can productivity change,
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defined as output quantity change divided by input quantity change, be de-
pendent on price change? This section is devoted to an exploration of this
topic.

First, careful consideration of the expression defining P4 4;7,(1,0) reveals
that input or output price development as such does not play a role. It is
relative price development, that is, price development of the production unit
relative to the aggregate, that matters. If, at the production unit level, there
is no dispersion of input and output price developments, then P¥ Aairf(1,0) =
1, and the contribution to aggregate productivity change disappears.

Second, economists usually argue in terms of “levels”, and let aggregate
output (input) be the sum of unit-specific output (input). The hidden as-
sumption thereby is that output (input) is homogeneous over the production
units. However, even if at the level of individual commodities the price is
the same for every buyer/seller, then the “price” of the composite input and
output commodity will vary over the production units. Simple addition of
“quantities” of input or output, thus, is not admissible. The corresponding
“prices” play a role in the aggregation process, and compositional differences
in the two periods compared in principle influence the measurement of ag-
gregate quantity change. Thus price change must be taken into account as a
separate factor.’

Third, it is interesting to consider what happens when for all the pro-
duction units the same deflators are used, which is a situation very common
in empirical work on firm-level data. Thus, instead of expressions (14) and
(15), which reflect the true decompositions of the value-added and primary-
input-cost ratios, we use

VA’“/VA’f0 = PF(1,0)Q47,(1,0) (56)
)/CKL(k PKL(k (1, O)QKL(k (1,0), (57)

with
Pi(1,0) = Pry(1,0) (58)
va(1,0) = (Ppa(1,0)/PFa(1,0)Qv 4(1,0) (59)
Plk(z(k)(lao) = PIIEL(IC)(I 0) (60)
’?L(M(LO) = (PKL(k (1, 0)/PKL (1 0))QKL(k (1,0). (61)

See also Dufour, Tang and Wang (2008) on the importance of the contribution of
differential price change to aggregate productivity change.
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Then we obtain, instead of expression (28),

In IPRODY; 4(1,0) = (62)
> ¢ InIPRODy,(1,0) + 3~ ¢ In S (1,0),
keK kel

where IPROD,(1,0) = Q%4 (1, O)/Q’;;L(k)(l, 0). There are two terms left,
the first of which has the same structure as the first term of (28), whereas
the second is identical to the third term of (28). The differential price change
term, the second term of (28), has vanished, but the unit-specific productivity
change term is now “contaminated” by differential price changes, since

IPRODy(1,0) = IPRODY, 4(1,0)P§ 4 4i44(1,0) (k € K). (63)

Substituting the definitions of true productivity change and differential price
change, the last expression transforms into

. VARV AR iy (1,0)
IPROD,(1,0) CfclL(k))/CﬁoL(k) PEL(L0) (ke K). (64)
This is unit-specific profitability change, deflated by the ratio of aggregate
output and input price index numbers.

The unavailability of firm-specific prices or price index numbers means
that one cannot calculate firm-specific productivity index numbers. The best
one can do is calculate firm-specific profitability ratios deflated by aggregate
price index numbers. A recent contribution by Foster, Haltiwanger, and
Syverson (2008) sheds light upon the consequences of this shortcoming. They
worked with a sample of (almost) single-output establishments producing
physically homogeneous goods, so that establishment-level output prices and
quantities were available and comparable across establishments. There were
no deliveries between such establishments. Thus, in a KLEMS-Y framework
they could calculate approximations to deflated profitability index numbers,
IPROD**(1,0), and productivity index numbers, I PROD*(1,0).

Two general lessons are important to keep in mind. The first is that
there appeared to be appreciable differences between the distributions of
IPROD*(1,0) and IPROD**(1,0). The second is that one should be very
careful with interpreting the index numbers I PROD"**(1,0) as measures of
technological change.
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8 The case of a dynamic ensemble

We now consider a dynamic ensemble; that is, an ensemble that changes
through time. Thus, wherever necessary, we must add a superscript ¢t to .
The accounting identities as discussed in section 2 remain valid.

For any two time periods compared, whether adjacent or not, a distinction
must be made between continuing, exiting, and entering production units.
In particular,

Ko =cux? (65)
K= uN?, (66)
where C”' denotes the continuing units (available in both periods), X° the
exiting units (available in the base period only), and N'! the entering units

(available in the comparison period only). Aggregate profitability in period
t is measured as

VAR _ Ykekt VAR
Ckiy  Zrext Cir
and aggregate profitability change from period 0 to period 1 is measured as

the ratio of the two profitabilities. Using expression (11) and the distinc-
tion between the three groups of units, aggregate profitability change can be

(67)

written as
VAR VAR
n(———|-In|{=—| = (68)
(C[’?L(K)> (Cf’goLl IC))
VAR V AR
¢kl 1 + (bkl 1

20 ey T2 M e

Ako 1% Ak:O
(ka In (bk() In )

k%ﬂ Cf(OL (k) kGZXO O}C(OL (k)

The first minus the third term at the right-hand side can be decomposed
symmetrically like expression (13). Then, using expressions (14), (15), (17),
and (18), we finally get

23



In IPRODY ,(1,0) = (69)

yas yar )

kecot C?L(k) CKOL(k

Z (1/2)(¢"" + ¢"°) lnP\];A,diff(L 0) +

kecol
ST (1/2)(¢M + ¢*°) In IPRODY, 4(1,0) +
keCol
( Y (1/2) (¢ + ") — 1) (P4 (1,0)/ P (1,0)) +
keCol
VAkl VAkO
Z ¢k1 In (Ckl ) - Z ¢k01n (Cko ) :
keNt KL(k) kexo KL(k)

As might be expected, if K® = K! = C%, then expression (69) reduces to
(20). The last three terms of (69) can be rewritten, using the fact that

Z d)kl—'_ Z ¢k1 — Z ¢k:1 = quCl (70)
keCol keN? kekt
Z (ka + Z ¢k0 — Z ¢k0 = (bICO' (71>
keCol kex0 keko
One then obtains
In IPRODE ,(1,0) = 72
VA

v yae )
o))

kecot Of(lL(k) CKOL(k

Z (1/2)(¢™ + ¢**) In PX];A,diff<1’ 0) +

kecol

ST (1/2)(¢M + ¢*°) In IPRODY; 4(1,0) +

kecol
~1/2
Z ¢kl In VAkl P‘I/CA<17 O) .
keN1 Cf(lL(k) P?L(IC)(L O)
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/
Z A0 In V ARO ( P\I/CA(LO)>)12 +

kexo Crro \ Prrie(1,0
((1/2) (¢ + ) = 1) In (PE4(1,0)/ P i) (1,0))

There are six terms here, four of which are already more or less familiar. The
first gives the aggregate effect of size change of the continuing production
units. The second gives the aggregate effect of differential price change of
the continuing units. The third gives the aggregate effect of productivity
change of the continuing units. The fourth gives aggregate profitability of
the entering units, where each unit’s profitability is deflated by the square
root of the ratio of aggregate output and input price indices. The fifth gives
aggregate profitability of the exiting units, where each unit’s profitability
is inflated by the square root of the ratio of aggregate output and input
price indices. Taken together, the fourth and fifth term give the net effect
of entering and exiting units on aggregate productivity change. The final
term concerns, again, a concavity discrepancy (which should be negligible,
in general).

If for all units & € K' and time periods t = 0, 1 value added equals primary
input cost, VAF = C’f}L(k), and if there is no differential price change, then
expression (72) reduces to

InIPRODY 4(1,0) = > (1/2)(¢" + ¢*°) In IPRODY 4(1,0)  (73)

keCot
—(1/2) ( 2/\:/ DY ¢k0) In (P\I/CA(LO)/Pl’gL(IC)(LO)) :
keN1 kexo0

This can be checked by recalling that under the assumptions made the coeffi-
cients " = VAM /V AX add up to 1, so that ¢* =1 (¢t = 0,1). Apart from
the last term this expression is the same as (21). Notice, however, that the
coefficients ¢** (k € C%') do not add up to 1. Notice further that 3 pcpn ¢*
is the total share of the entering production units in aggregate value added of
period 1 whereas 3",cvo ¢* is the total share of the exiting producton units
in aggregate value added of period 0.
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9 Dynamic ensemble: more decompositions

In the case of continuing, exiting and entering production units, the value-
added identity (9) can be detailed as

VAR = 3" VAR 4+ 3 VAN = Y vAR L v A (74)
kecot kexo kecot

VAR = 3T VAR 4 3 vAR = 3 vAR 4 vaAN (75)
kecot keN? kecot

Thus, depending on the period we are looking at, aggregate value added is
the sum of aggregate value added of the continuing units and aggregate value
added of the exiting or entering units. Similarly, aggregate primary-input
cost is the sum of primary-input cost of the continuing units and primary-
input cost of the exiting or entering units:

KL(IC =3 CKL ) T > C}?L(k) =) Cf(OL(k) + CIAé%(X) (76)
keCol kex0 kecot

= Cﬁ?L@)*‘ > (g?Lm)EE > (%?Lm)4‘(3¥imn- (77)
keCot keNT keCot

It is now assumed that the sets X° and A/! are both non-empty. Using the
value-added identities (74)-(75), we obtain as decomposition of aggregate
value-added change

VAR VAN
In ( AKO) > w%( Ako) +¢XN1n<VAXO>, (78)

ke COl

where

L(M M)

wk — VvV AKL v AKO (k c COl)
- I, (VARL VAR I VANL Y AXO
Ekecm VAKI)» \V AKO + VAKL 7 AKO
VANT Yy AXO
wXN— L<VAIC17VA}CO)
= V Akl Y AkO VAN1T 1/ AX0\ °
ZkeCOl L (VA/cu VA)CO) + L (VAICl ) VAICO)

Notice that these coefficients add up to 1; that is, 3 pcco ¥ +¢*N = 1. Each
coefficient * is the (normalized) mean share of continuing production unit
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k in aggregate value added, whereas ¢»* is the (normalized) mean share of
the aggregate of exiting and entering units in aggregate value added.

Put otherwise, to the panel of continuing units we have added an artificial
continuing unit for which base period value added is given by VA and
comparison period value added by VAN, Aggregate value-added change
can then again be written as weighted geometric mean of individual value-
added changes.

Applying then (14) and (17), moving P¥,(1,0) from the left-hand to the
right-hand side, applying the definitions of aggregate and individual value-
added based productivity change, and using (15) and (18), we obtain

InIPROD} 4(1,0) = > ¢*InIPRODY, ,(1,0) +

keCot

Z W* lnP\];A,diff(LO) +

keCol
k1 kO
Z wk ln CKL(k))/OKL(k) +
kecol CI)?L(IC))/CIIE%(IC)

gy VANV AP0
(Oﬁfi(N)/Cﬁg(X))/PﬁL(zc) (1,0)

N In Cfr\([i(/\f)/ofg%(m ‘ (79)
C}’?L(/C)/ CIE%(IC)

There are five terms here. The first is a weighted sum of unit-specific pro-
ductivity changes of the continuing units. The second is the aggregate effect
of differential price change at the output and input side of the continuing
production units. The third can be interpreted as the aggregate effect of rel-
ative size change of the continuing units, where the size of a unit is measured
by its primary-input cost share.

The remaining two terms are related to the artificial continuing unit. The
first of these two terms measures deflated profitability change, deflated by
the ratio of aggregate price index numbers. The second measures relative size
change, where the size of the artificial unit is measured by its primary-input
cost share. Taken together, these two terms measure the net contribution of
entering and exiting units to aggregate productivity change.

If for all units & € K! and time periods t = 0, 1 value added equals primary
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input cost, VA = C’f(tL(k,), and if there is no differential price change, then
expression (79) reduces to

InIPROD} ,4(1,0) = > ¢*InIPRODY, ,(1,0) (80)

kecol
(VAN VAY) /PFL(1,0)
(CRE o/ Crt ) Phpoe (1,0)

+¢XN1n(

since

VARV AR VANV A
k AN —
P 1“<mm/wv<o e\ vy ) =0 (Y
e 1

The first part of expression (80) is the same as (29) except that the sum of
the weights S pccor ¥F < 1. Tt is also interesting to recall that

Qv 4(1,0) (VAM VAR /P 4(1,0)
IPRODY ,(1,0) = = ., (82)
A o (L0)  (CRruy/CRuuy)/ Pleray(L,0)

which is production unit k’s deflated profitability change. Thus the two terms
at the right-hand side of expression (80) exhibit the same structure.

Using the primary-input cost identities (76)-(77), we obtain as decomposition
of primary-input cost change,

Cluc Cln Cliw
In (C”CO( )> = > W' (Oko()>+wXNln (C’XO( )>, (83)
KL(K))  hecn KL(k) KL(X)

where
L C?L(k) C;C(OL(IC)
CKIl 9 C}CO
k KL(K) KL(K) k COI
w = Okl CkO0 ON1 X0 ( S )
Seen L ((Gh, o) 4 1 ((Gebn, G )
€ CKL(}C) ’ CKL(IC) CKL(IC) ’ CKL(IC)
N1 X0
)’ (CKL(N) CKL(X))
C)Cl 9 CICO
XN KL(K) KL(K)
w == Ckl k0 CcN1 X0 .
E L KL(k) KL(k) +7 KL(N) KL(X)
keCol CcK1 » KO CK1 » KO
KL(K) KL(K) KL(K) KL(K)
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Notice that these coefficients add up to 1; that is, ¥ ycco w*+w™ = 1. Each
coefficient w* is the (normalized) mean share of continuing production unit
k in aggregate primary-input cost, whereas ¥*V is the (normalized) mean
share of the aggregate of exiting and entering units in aggregate primary-
input cost.

Performing the same steps as above we obtain

InIPRODY 4(1,0) = > w*InIPRODY 4(1,0) +
kecol

Y w'in P\I;A,diff(lao) -
keCol

VARV AR

k e —

kg;f”1n<VAm/VAmJ’*

SN 1 (VAN /VAY) /PEL(1,0) B
(CR Lo/ Ci2 ) PRy (1, 0)

VANV AYO
XN
w (mcmvc) - (84)

There are five terms here. The first is a weighted sum of unit-specific pro-
ductivity changes of the continuing units. The second is the aggregate effect
of differential price change at the output and input side of the continuing
production units. The third can be interpreted as the aggregate effect of rel-
ative size change of the continuing units, where the size of a unit is measured
by its value-added share. Notice the minus sign.

The remaining two terms are related to the artificial continuing unit. The
first of these two terms measures deflated profitability change, deflated by
the ratio of aggregate price index numbers. The second measures relative
size change, where the size of the artificial unit is measured by its value-
added share. Notice here also the minus sign. Taken together, these two
terms measure the net contribution of entering and exiting units to aggregate
productivity change.

If for all units & € K! and time periods t = 0, 1 value added equals primary
input cost, VAFt = C}‘“}L(k), and if there is no differential price change, then
the same result is obtained as in the previous case.

29



10 Linking value-added based to gross-output
based productivity change

Recall that individual value-added based productivity change, I PROD?; ,(1,0),
is defined as the ratio of an output quantity index number Q% (1, 0) over an
input quantity index number Q% L(k)( 1,0). In this section we discuss the link
between this measure of productivity change and the gross-output based
measure, [ PROD*(1,0), defined as the ratio of an output quantity index
number Q%(1,0) over an input quantity index number Q';(L(k)EMS(l, 0) (see
Balk 2008a).

Balk (2003b) showed that, given price and quantity decompositions of
revenue, primary input cost and intermediate input cost, Q’}( LK E us(1,0) can
be defined as the Montgomery-Vartia index of Q’I“(L(k)(l, 0) and Q%,,5(1,0).
Then

InTPROD*(1,0) = InQ%(1,0)
L(C?L(k)v C?L(k)) k
- L(Ckl,CkO) anKL(k)(170>
_ L(CEus: Chus)
L(Ck!, Ck0)

In Qfars(1,0). (85)

Likewise, Q% 4(1,0) can be defined as the Montgomery-Vartia index of Q%(1,0)
and Q%,,5(1,0). Then

L(Rkl, RkO)
L(V AW, Ak0)
L(VAR v ARy
- L(Rkl,RkO) anKL(k‘)(17O)
_ L(Cls, CBus)
L(Rkl, RkO)

InIPRODE ,(1,0) = [ Qf(1,0)

In Qfs(1,0)].  (86)

Combining these two expressions delivers

6Diewert (1978) showed that any superlative index is a second-order approximation to
the Montgomery-Vartia index at the point where price and quantity relatives are equal to
1.
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L(Rkl, Rk[))

InIPRODY, ,(1,0) = L(V AR VAR

[ InIPROD*(1,0)+

L(C*k! 7Ck0 k1 k0
(Ckray Ckrwy)  L(VAR, VAN) I Qley iy (1.0) +
L(C*1, CH0) L(RFL, R¥0)
L(Cus: Chius) _ L(Chus: Chis) i

The factor in front of the square brackets, L(R*, R¥)/L(V A¥, VAR is
known as the Domar factor: the ratio of (mean) revenue over (mean) value
added. One easily checks that if revenue R equals cost C* (or value added
V A* equals primary input cost C’f}L(k), or profit IT* = 0) (¢t = 0, 1) then the
foregoing expression reduces to

L(Rkl, RkO)
L(V ARV AR0)

This corresponds to Proposition 1 of Gollop (1979). See Jorgenson, Ho and
Stiroh (2005; 298) for a modern derivation under the usual neoclassical as-
sumptions.

Return now to the case of a static ensemble and let the equality of revenue
and cost (or value added and primary input cost) hold for all the production
units £ € K. Assume also that there is no differential price change; that is,
P4 4ipr(1,0) = 1 for all k € K. Then expression (88) can be substituted
into expressions (21) and (29) to yield respectively

In IPROD?Y ,(1,0) = In IPROD*(1,0). (88)

L(Rkl, RkO)

In IPROD*(1
L(v AR, v Aky  IPROD(L0),

In IPRODY 4(1,0) = > (1/2)(¢"" + ¢")
kek
(89)
with ¢* = VA¥ /VAX (k€ K;t =0,1), and

L(Rkl, RkO)

In IPRODy 4(1,0) = Y ka(VAkl VA

kek

with ¥F = L(¢™, ")/ Speic L(9*, ¢*9) (k € K). These two relations con-
nect aggregate value-added based productivity change to disaggregate gross-
output based productivity change. Notice that each Domar factor is greater

In IPROD*(1,0), (90)
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than or equal to 1, so that the sum of the combined factors preceding
In IPROD¥(1,0) is also greater than or equal to 1. Each combined factor
approximates (mean) revenue of production unit k over (mean) aggregate
value added, and is called a Domar aggregation weight.

The two relations (89) and (90) correspond to relations derived in a
continuous-time framework, using a multitude of structural and behavioural
assumptions, by Hulten (1978) and Gollop (1979; Proposition 2). See Jor-
genson, Ho and Stiroh (2005; 375) for a modern derivation under neoclassical
assumptions. The usual interpretation of these relations is that the impact
of unit k’s productivity change is greater than corresponds to its share in ag-
gregate production, as measured by value added, because of the intermediate
deliveries to other units.

When one does not want to make assumptions about the equality of rev-
enue and cost and the absence of differential price change one must revert to
the more intricate expressions which result from the substitution of (87) into
(20) or (28) or (34). Interestingly, when (87) is substituted in (27) one obtains
the general, discrete-time version of the augmented Domar aggregation for-
mula as derived originally by Jorgenson, Gollop and Fraumeni (1987) under
the usual neoclassical assumptions. See Zheng (2005) for a reproduction.

11 Conclusion

In this paper I discussed what Hulten (2001) called the “top-down view of
sectoral productivity analysis, in which the aggregate TFP residual is the
point of reference.” For linking aggregate value-added based (total factor)
productivity change to subaggregate (industrial or individual) productivity
change and other sources I recommend, in the case of a static ensemble, the
decomposition given by expression (28), and, in the case of a dynamic en-
semble, provided that the sets of exiting and entering units are not empty,
the extended decomposition given by expression (79). Otherwise, the de-
composition given by expression (72) must be used. If one wants to replace
subaggregate value-added based productivity change by gross-output based
productivity change, and one does not want to make additional assumptions,
then expression (87) is the relation to use.

All these relations between aggregate and subaggregate productivity chan-
ge are mathematical identities. Of course, these relations can be used only
when detailed price and quantity data are available. In practice this require-
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ment will almost certainly be violated, which necessitates the invocation of
various simplifications. The exact relations then provide a starting point for
assessing the implications of such simplifications.

What remains to be discussed is the “bottom-up approach [which| takes
the universe of plants or firms as the fundamental frame of reference.” Here
one freely talks about productivity in terms of levels. Though the main
methods linking micro to macro were cursorily reviewed by Balk (2003¢)” a
reassessment with the instruments developed in this paper is called for.

"An additional method was developed by Diewert and Fox (2005).
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