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LPSXWDWLRQ IRU HFRQRPLF GDWD XQGHU

OLQHDU UHVWULFWLRQV

Devwudfw= Lq wklv sdshu zh sursrvh d qhz dssurdfk wr lpsxwh gdwd xq0

ghu olqhdu uhvwulfwlrqv1 Li wkh gdwd duh qrupdoo| glvwulexwhg zh zloo xvh

vlpxodwlrqv iurp wkh vwdqgdug qrupdo glvwulexwlrq1 Li wkh gdwd duh qrw

qrupdoo| glvwulexwhg zh vwxg| wkh xvh ri wkh Glulfkohw glvwulexwlrq1

Nh|zrugv= Lpsxwdwlrq/ olqhdu uhvwulfwlrqv/ qrupdo glvwulexwlrq/ Glulfkohw

glvwulexwlrq/ HP dojrulwkp

4 Lqwurgxfwlrq

Plvvlqj gdwd lv d suhydohqw sureohp lq vxuyh| dqdo|vlv1 Dw Vwdwlvwlfv Qhwkhu0

odqgv lpsxwdwlrq lv riwhq xvhg wr hvwlpdwh dqg �oo lq plvvlqj gdwd lwhpv/ vlqfh

plvvlqj ydoxhv uhvxow lq ohvv h!flhqw hvwlpdwhv gxh wr wkh uhgxfwlrq ri wkh vdpsoh

vl}h ri wkh gdwdvhw1 Ehvlghv/ li wkh qrquhvsrqghqwv duh mxgjhg wr eh vljql�fdqwo|

gl�huhqw iurp wkh uhvsrqghqwv rq wkh edvlv ri dx{loldu| lqirupdwlrq/ wkhq lp0

sxwdwlrq uhgxfhv wkh qrquhvsrqvh eldv1 Ilqdoo|/ lpsxwdwlrq lv dssolhg ehfdxvh

vwdqgdug frpsohwh gdwd phwkrgv vxfk dv uhjuhvvlrq dqdo|vlv fdqqrw lpphgl0

dwho| eh xvhg wr dqdo|vh gdwd zkhq lwhpv duh plvvlqj1

Vhyhudo lpsxwdwlrq phwkrgv kdyh ehhq ghyhorshg/ vhh iru dq ryhuylhz ri wkh

phwkrgv wkdw duh iuhtxhqwo| xvhg/ iru h{dpsoh/ Olwwoh dqg Uxelq +5335,/ Uxelq

+4<;:, dqg Ndowrq dqg Ndvsu}|n +4<;9,1 Lpsxwdwlrq phwkrgv fdq eh hlwkhu

ghwhuplqlvwlf ru vwrfkdvwlf1 Ghwhuplqlvwlf phwkrgv ghwhuplqh lpsxwhg ydoxhv

xqltxho|/ wklv phdqv wkdw zkhq wkh lpsxwdwlrq surfhvv lv uhshdwhg wkh vdph

ydoxh zloo eh lpsxwhg1 Vwrfkdvwlf phwkrgv ghshqg rq vrph vruw ri udqgrp0

qhvv/ zklfk phdqv wkdw zkhq wkh surfhvv lv uhshdwhg/ rwkhu ydoxhv pd| eh lp0

sxwhg1 Ghwhuplqlvwlf lpsxwdwlrq phwkrgv dyrlg wkh orvv lq suhflvlrq dvvrfldwhg

zlwk wkh dgghg udqgrpqhvv dv rssrvhg wr vwrfkdvwlf phwkrgv1 Wkhuhiruh wkhvh

phwkrgv duh zhoo vxlwhg wr hvwlpdwh phdqv ru wrwdov1 Krzhyhu/ wkh yduldqfh zloo

eh xqghuhvwlpdwhg dqg wkh vkdsh ri wkh glvwulexwlrq zloo eh glvwruwhg1 Vr iru

wkh fuhdwlrq ri jhqhudo sxusrvh gdwdvhwv/ vwrfkdvwlf lpsxwdwlrq lv suhihuuhg1

D surshuw| ri hfrqrplf gdwd lv wkdw wkhuh duh pdq| orjlfdo frqvwudlqwv rq wkh

gdwd lwhpv/ vxfk dv wkh idfw wkdw frpsdq| sur�wv pxvw htxdo wxuqryhu plqxv

h{shqvhv1 Frpprqo| xvhg lpsxwdwlrq phwkrgv vxfk dv krw ghfn dqg +udqgrp,

uhjuhvvlrq lpsxwdwlrq prvwo| gr qrw surylgh lpsxwdwlrqv wkdw vdwlvi| wkhvh

olqhdu uhvwulfwlrqv1

Lq wklv sdshu zh wkhuhiruh vxjjhvw wkh xvh ri rwkhu lpsxwdwlrq vfkhphv wr rewdlq

lpsxwdwlrqv wkdw zloo vdwlvi| wkhvh olqhdu uhvwulfwlrqv1 Lq vhfwlrq 5 frqvlvwhqw
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lpsxwdwlrq lv glvfxvvhg lq wkh fdvh ri qrupdoo| glvwulexwhg gdwd1 Lq vhfwlrq 6

frqvlvwhqw lpsxwdwlrq lv glvfxvvhg zkhq wkh gdwd duh qrw qrupdoo| glvwulexwhg1

Wkh glvwulexwlrq xvhg wr prgho wkhvh gdwd lv wkh Glulfkohw glvwulexwlrq1 Udq0

grp qxpehu jhqhudwlrq dqg sdudphwhu hvwlpdwlrq zloo dovr eh wuhdwhg dv zhoo

dv wkh HP dojrulwkp1 Zh dovr wrxfk xsrq wkh vxemhfw ri pruh frpsoh{ hglw

vwuxfwxuhv lq d glvfxvvlrq rq gluhfwlrqv iru ixwxuh uhvhdufk1

5 Lpsxwdwlrq xqghu uhvwulfwlrqv zkhq wkh gdwd duh pxowlyduldwh

qrupdoo| glvwulexwhg

Lq jhqhudo wkhuh duh wzr w|shv ri olqhdu hglw uhvwulfwlrqv= edodqfh dqg lqhtxdolw|

hglw uhvwulfwlrqv1 Wkh| fdq eh zulwwhq dv iroorzv

f � [ � . � � �. f ��� � [ ��� � @ [ � +4,

f � [ � . � � �. f ��� � [ ��� � � [ � +5,

Zh zloo �uvw glvfxvv edodqfh hglw uhvwulfwlrqv1 Frqvlghu d gdwd yhfwru [/ zkhuh

[ @ +[ � [ � � � � [ � ,
�
1 Dvvxph wkdw wkh f � / m @ 4> = = = > n�4 duh doo htxdo wr rqh/

vr [ � @
S ��� �

�	� � [ � 1 Lw lv dvvxphg wkdw [ lv n0yduldwh qrupdoo| glvwulexwhg zlwk

phdq > dqg fryduldqfh pdwul{ 	1 Vlqfh [ � @ [ � . � � �.[ ��� � / wkh fryduldqfh

pdwul{ 	 zloo eh vlqjxodu1 Qrwh wkdw 	 zloo eh vlqjxodu iru dq| ydoxh ri f� / m @

4> = = = > n � 41 E| phdqv ri dq hljhqydoxh ghfrpsrvlwlrq 	 fdq eh ghfrpsrvhg

lqwrF�F
�
/ zkhuhF lv wkh ruwkrjrqdo pdwul{ ri hljhqyhfwruv dqg� lv d gldjrqdo

pdwul{ zlwk wkh hljhqydoxhv ri 	 rq wkh pdlq gldjrqdo1 Vlqfh 	 lv vlqjxodu/

rqh ru pruh hljhqydoxhv zloo eh htxdo wr }hur1 Lq wklv fdvh rqo| rqh hljhqydoxh

zloo eh htxdo wr }hur ehfdxvh wkhuh lv rqo| rqh olqhdu edodqfh frqvwudlqw1 Wkxv

�@ gldji� � > = = = > � ��� � > 3j dqg zh zloo dvvxph � � � � � � � � ��� � A 31

Wudqvirupdwlrq ri [ zloo ohdg wr wkh iroorzlqj=

F
�
+[�>, � Q � +3>�,

Qrz fuhdwh ] ri rughu n � 4/ zklfk frqvlvwv ri gudzlqjv iurp wkh vwdqgdug

qrupdo glvwulexwlrq iru m @ 4> = = = > n � 4 dqg }hur iru wkh nwk hqwu|1 Fdofxodwh

�] @�


�
]/ zlwk �



� @gldjis� � > = = = >

s

� ��� � > 3j1 Qrwh wkdw

�] � Q � +3>�,

Vr �qdoo| zh fdofxodwh

[ @ F�].>

Zh duh qrz deoh wr jhqhudwh ydoxhv iurp wkh pxowlyduldwh vlqjxodu qrupdo glvwul0

exwlrq ri[ wkdw vdwlvi| wkh olqhdu edodqfh hglw uhvwulfwlrq/ xvlqj wklv vlqjxodulw|1

Krzhyhu/ wkhuh duh suredeo| dovr vrph dydlodeoh lwhp ydoxhv1 Iru lqvwdqfh/ zkhq
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rqo| [ � dqg [ � duh plvvlqj dqg wkh rwkhu [*v duh revhuyhg1 Zh wkhq zdqw

wr hvwlpdwh wkh ydoxhv ri [ � dqg [ � wdnlqj wkh ydoxhv ri wkh rwkhu revhuyhg

[*v lqwr dffrxqw1 Iru wklv sxusrvh zh qhhg wr pdnh xvh ri wkh frqglwlrqdo

glvwulexwlrq ri [ � dqg [ � jlyhq [ � > = = = >[ � 1

Gxh wr wkh idfw wkdw [ lv pxowlyduldwh qrupdoo| glvwulexwhg/ wkh iroorzlqj krogv1

Ohw xv sduwlwlrq [ � Q � +>>	, dv [ @ +\
�
� \

�
� ,
�
/ zkhuh

\ � @

3

E

E

C

[ �

111

[ �

4

F

F

D

dqg \ � @

3

E

E

C

[ ��� �
111

[ �

4

F

F

D

Li zh sduwlwlrq > dqg 	 dffruglqjo| zh kdyh
#

\ �

\ �

$

� Q � +

#

> �

> �

$

>

#

	 �	� 	 � �

	 � � 	 �	�

$

,

Lw lv zhoo nqrzq wkdw

\ � m\ � � Q � +> ��� � >	 �	��� � ,

zkhuh

> ��� � @ > � .	 � � 	
� �
�	� +\ � �> � ,>

	 �	��� � @ 	 �	� �	 � � 	
� �
�	� 	 � �

Iru d ghwdlohg surri vhh h1j1 Dqghuvrq +4<;7,1 Gxh wr wkh idfw wkdw
S �

�	� � [� @

[ � �S ��� �
�	���	� � [ � / wkh fryduldqfh pdwul{ 	 �	��� � lv vlqjxodu1 Wklv phdqv wkdw

djdlq zh fdq ghfrpsrvh wklv pdwul{ e| phdqv ri dq hljhqydoxh ghfrpsrvlwlrq=

	 �	��� � @ �F���F
�
/ zkhuh �� @ gldji�� � > = = = > �� � � � > 3j zlwk �� � � �� � � � � � � �� � � � A

3 1 Wkhuhiruh

\ � m\ � � Q � +> ��� � > �� �� ��


,

�F
�
+\ � �> ��� � , m\ � � Q � +3> ��,

Qh{w jhqhudwh ]� � Q +3> 4, iru m @ 4> = = = >p � 4/ dqg wdnh ] � @ 3/ qrz

fdofxodwh �] @��
��
]1 Vr

�] � Q � +3> ��,

Wkxv

�F
�
+\ � �> ��� � , m\ � @ �]

\ � m\ � @ �F�].> ��� �

514 Hvwlpdwlrq ri > dqg 	

Wkh qh{w lvvxh zh qhhg wr ghdo zlwk lv wkh idfw wkdw zh xvh > dqg 	 wr jhqhudwh

lpsxwdwlrqv/ exw wkh suhvhqfh ri plvvlqj gdwd frpsolfdwhv wkh hvwlpdwlrq ri >
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dqg 	1

Wkh H{shfwdwlrq0Pd{lpl}dwlrq +HP, dojrulwkp kdv ehhq ghyhorshg e| Ghps0

vwhu/ Odlug dqg Uxelq +4<::, wr fdofxodwh pd{lpxp olnholkrrg hvwlpdwhv lq wkh

suhvhqfh ri plvvlqj gdwd1 Wkh HP dojrulwkp lv d srsxodu wrro lq vwdwlvwlfv dqg

lv zlgho| xvhg1 Iru d ghwdlohg ghvfulswlrq ri wkh HP dojrulwkp iru pxowlyduldwh

qrupdoo| glvwulexwhg gdwd vhh Olwwoh dqg Uxelq +5335, dqg Vfkdihu +4<<:,1

Ohw[ ghqrwh wkh frpsohwh gdwd pdwul{1 Ghqrwh wkh revhuyhg sduw ri [ e|[ �����

dqg wkh plvvlqj sduw e| [ ��� � / vr wkdw [ @ +[ ����� >[ ��� � ,1 Wkh lqwxlwlrq ehklqg

wkh HP dojrulwkp lv wkdw wkh plvvlqj gdwd pdwul{ [ ��� � dqg wkh hvwlpdwhv iru

wkh sdudphwhuv/ lq wklv fdvh > dqg 	/ duh lqwhughshqghqw1 Wkh +ixqfwlrq ri,

[ ��� � dsshdulqj lq wkh orjolnholkrrg ixqfwlrq zloo eh hvwlpdwhg edvhg rq dq lql0

wldo hvwlpdwh ri > dqg 	 dqg wkh revhuyhg gdwd [ ����� 1 Qh{w zh uh0hvwlpdwh >

dqg 	 edvhg rq[ ����� dqg wkh ydoxhv wkdw kdyh ehhq �oohg lq iru +wkh ixqfwlrq ri,

[ ��� � dqg lwhudwh xqwlo wkh hvwlpdwhv frqyhujh1 Wkh lghd ehklqg wkh dojrulwkp

lv wkdw zh zrxog olnh wr pd{lpl}h wkh frpsohwh gdwd olnholkrrg exw vlqfh zh gr

qrw nqrz lw/ zh pd{lpl}h lwv h{shfwdwlrq lqvwhdg1 Wkh HP dojrulwkp frqvlvwv

ri wzr vwhsv/ dq h{shfwdwlrq vwhs dqg d pd{lpl}dwlrq vwhs1

H{shfwdwlrq vwhs1

Iru hdfk lwhudwlrq w frpsxwh c � +>>	, @ H^c+>>	, m [ ����� >> � �
�
>	

� � �
`/ zkhuh

c+>>	, lv wkh frpsohwh gdwd orjolnholkrrg dqg wkh h{shfwdwlrq lv wdnhq zlwk

uhvshfw wr wkh frqglwlrqdo glvwulexwlrq ri wkh plvvlqj gdwd jlyhq wkh revhuyhg

gdwd dqg wkh sdudphwhu hvwlpdwhv >
� � �

dqg 	
� � �

1

Lq wkh fdvh ri glvwulexwlrqv iurp d uhjxodu h{srqhqwldo idplo| zh rqo| qhhg wr

fdofxodwh wkh h{shfwhg vx!flhqw vwdwlvwlfv lq wklv vwhs1

Pd{lpl}dwlrq vwhs1

Rqfh zh kdyh c � +>>	,/ zh fdq fdofxodwh wkh pd{lpxp olnholkrrg hvwlpdwhv

edvhg rq wkh frpsohwh gdwd orjolnholkrrg/ dqg wkxv uh0hvwlpdwh > dqg 	1

Wkh pdlq glvdgydqwdjh ri HP lv lwv vorz frqyhujhqfh udwh/ zklfk lv vkrzq wr eh

olqhdu/ hvshfldoo| frpsduhg wr wkh txdgudwlf frqyhujhqfh udwh ri wkh Qhzwrq0

Udskvrq dojrulwkp1 Qhyhuwkhohvv/ wkh frqyhujhqfh ri HP lv prqrwrqlf dqg wkh

dojrulwkp lv dvvxuhg wr frqyhujh wr d orfdo rswlpxp/ wkdw lv= c+>
� � �

>	
� � �

, �
c+>

�
>	

�
,/ vhh Ghpsvwhu/ Odlug dqg Uxelq +4<::, iru d ghwdlohg ghvfulswlrq dqg

surri ri wkhvh surshuwlhv1

Wkh HP dojrulwkp fdq eh dssolhg wr qrupdoo| glvwulexwhg gdwd dv iroorzv1

Vxssrvh wkdw [ � > l @ 4> = = = > q ri rughu n � 4 frqwdlqv wkh lwhp uhvsrqvhv iru

uhfrug l1 Vr wkh frpsohwh gdwd pdwul{ lv [ @ +[ � � , � � �	� � � ��� 
�� �	� �	� � � ��� � 1 Iru hdfk

uhfrug l vxeglylgh wkh lwhpv lqwr dq revhuyhg sduw dqg d plvvlqj sduw/ wkxv

[
�
� @ +[

�
� � ����� >[

�
� � ��� � ,1 Ohw >

�
dqg 	

�
ghqrwh wkh sdudphwhu hvwlpdwhv dw lwhud0

wlrq w1
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Lq wkh H0vwhs wkh frpsohwh gdwd orjolnholkrrg lv fdofxodwhg e| wdnlqj wkh h{shf0

wdwlrq ri wkh glvwulexwlrq ri wkh plvvlqj gdwd jlyhq wkh revhuyhg gdwd [ ����� dqg

wkh fxuuhqw sdudphwhu hvwlpdwhv >
�
dqg 	

�
1 Vlqfh wkh qrupdo glvwulexwlrq lv dq

h{srqhqwldo idplo| zh rqo| qhhg wr fdofxodwh wkh h{shfwdwlrqv ri wkh vx!flhqw

vwdwlvwlfv1

Uhfdoo wkdw wkh vx!flhqw vwdwlvwlfv ri wkh qrupdo glvwulexwlrq duh

W � +[, @



[

� � �
[ � � > m @ 4> = = = > n

W � +[, @



[

� � �
[ � � [ � � > m> o @ 4> = = = > n

Wkh h{shfwdwlrq vwhs ri wkh dojrulwkp frqvlvwv ri fdofxodwlqj wkh h{shfwdwlrqv ri

wkh vx!flhqw vwdwlvwlfv zklfk phdqv wkdw H^[ � � m [ � � ����� >> � >	 �
` dqg H^[ � � [ � � m

[ � � ����� >> � >	 �
`/ iru l @ 4> = = = > q/ dqg m> o @ 4> = = = > n qhhg wr eh fdofxodwhg1

H^[ � � ` @

+

[ � � li [ � � lv revhuyhg

[
�

� � li [ � � lv plvvlqj

dqg

H^[ � � [ � � ` @

;

A

A

A

A

?

A

A

A

A

=

[ � � [ � � li [ � � dqg [ � � duh erwk revhuyhg

[
�

� � [ � � li [ � � lv plvvlqj dqg [ � � lv revhuyhg

[ � � [
�

� � li [ � � lv revhuyhg dqg [ � � lv plvvlqj

[
�

� � [
�

� � .Ydu+[
�

� � >[
�

� � , li [ � � dqg [ � � duh erwk plvvlqj

zkhuh [
�

� � duh wkh hohphqwv ri [ � � ��� � fdofxodwhg e|

H^[ � � ��� � m [ � � ����� >> � >	 �
` @ >

�
��� � .	 �

��� � � ����� +	
� ����� � ����� , �

�
+[ � � ����� �> � ����� ,

dqg Ydu+[
�

� � >[
�

� � , duh wkh hohphqwv ri wkh fryduldqfh pdwul{ ri wkh plvvlqj lwhpv

fdofxodwhg e|

Ydu+[ � � ��� � m [ � � ����� >> � >	 �
, @ 	

�
��� � � ��� � �	 �

��� � � ����� +	
� ����� � ����� , �

�
	
� ����� � ��� �

Qrwh wkdw Ydu+[ � � >[ � � ,/ Ydu+[
�

� � >[ � � , dqg Ydu+[ � � >[
�

� � , doo duh htxdo wr }hur

vlqfh rqh ri wkh [*v lv revhuyhg dqg wkxv uhjdughg dv �{hg1 Dovr qrwh wkdw

[
�

� � dqg Ydu+[
�

� � >[
�

� � , duh ghshqghqw rq w/ zklfk lv ohiw rxw iru hdvh ri qrwdwlrq1

Qrz gh�qh

Y
�
+[ � � ��� � ,� � @

+

Ydu+[
�

� � >[
�

� � , li [ � � dqg [ � � duh erwk plvvlqj

3 rwkhuzlvh

Iru wkh P0vwhs wkhvh hvwlpdwhg frpsohwh gdwd vx!flhqw vwdwlvwlfv duh xvhg wr

fdofxodwh wkh pd{lpxp olnholkrrg hvwlpdwhv/ dqg wkxv uh0hvwlpdwlqj > dqg 	1

Vr [ � zloo ehfrph [
�
� @ +[

�
� � ����� >H^[ � � ��� � m [ � � ����� >> � >	 �

`
�
, dqg wkh qhz hvwl0

pdwhv iru > dqg 	 duh

>
� � �

@
4

q



[

� � �
[ �

8



	
� � �

@
4

q
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� � �

�
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�
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�
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�
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515 Zk| wkh olqhdu edodqfh uhvwulfwlrq lv dozd|v vdwlv�hg

Lw lv fuxfldo wkdw wkh hvwlpdwhv jhqhudwhg e| wkh HP dojrulwkp vdwlvi| wkh olqhdu

edodqfh uhvwulfwlrq rq wkh gdwd1 Lq wklv vhfwlrq zh zloo vkrz wkdw wkh| gr1 Li

D
�
>
�
@ 3 zlwk D d n�4 yhfwru uhsuhvhqwlqj wkh uhvwulfwlrq/ lw vkrxog krog wkdw

D
�
>
� � �

@ 31 Zh nqrz wkdw wklv uhvwulfwlrq krogv iru wkh revhuyhg frpsohwh fdvhv

ri wkh gdwd pdwul{ [/ vr D
�
[ @ 31 Wklv phdqv wkdw iru hdfk qrquhvsrqghqw l

wkh iroorzlqj krogv iru wkh uhvsrqghqwv zlwk qr plvvlqj lwhpv= D
�
� � ��� � [ � � ��� � @

�D �
� � ����� [ � � ����� / zkhuh k lv d uhvsrqghqw zlwkrxw dq| lwhp qrquhvsrqvh dqgD � � ��� �

lv wkh yhfwru zlwk wkh uhvwulfwlrq rq wkh plvvlqj lwhpv iru wkh qrquhvsrqghqw1

Ri frxuvh lw dovr krogv wkdw D
�
� � ��� � > ��� � @ �D �

� � ����� > ����� iru hdfk plvvlqj gdwd

sdwwhuq1

Qrz frqvlghu d uhfrug [ � zklfk frqwdlqv plvvlqj ydoxhv1 Vxeglylgh [ � lqwr dq

revhuyhg dqg d plvvlqj sduw/ wkxv [
�
� @ +[

�
� � ����� >[

�
� � ��� � ,1 Wkh vhw ri uhvsrqghqwv

zlwkrxw lwhp qrquhvsrqvh lv ghqrwhg e| U dqg wkh qxpehu ri uhvsrqghqwv

zlwkrxw lwhp qrquhvsrqvh e| u1

Lq wkh HP dojrulwkp wkh plvvlqj lwhpv iru qrquhvsrqghqw l zloo eh uhsodfhg e|

wkhlu h{shfwhg ydoxhv=
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Zh zloo vwduw dw w @ 31 Dvvxplqj wkhuh duh vx!flhqw frpsohwh fdvhv/ wkh

frpsohwh fdvhv phdq dqg fryduldqfh pdwul{ zloo eh xvhg dv vwduwlqj ydoxhv/

zklfk phdqv wkdw D
�
>
�

@ 31

Wkh lpsxwhg lwhpv qhhg wr vdwlvi| wkh uhvwulfwlrq/ wklv phdqv wkdw wkh iroorzlqj

kdv wr krog
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Wkh phdq/ >
�
lv fdofxodwhg edvhg rq wkh revhuyhg dqg hvwlpdwhg gdwd lq wkh

suhylrxv vwhs dqg vlqfh D
�
� � ��� � H^[ � � ��� � m [ � � ����� >>

�

>	
�

` @ �D �
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Iru hdfk uhfrug l lw krogv wkdw D
�
Y
�

+[ � � ��� � , @ 31 Wr vkrz wkdw wklv krogv

vxeglylgh D lqwr d plvvlqj dqg dq revhuyhg sduw dqg vxeglylgh wkh pdwul{

Y
�
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Qh{w frqvlghu wkh fdvh zkhuh zh duh dw w @ 41 Lpsxwh iru qrquhvsrqghqw l rqfh

djdlq/ exw qrz edvhg rq wkh qhz hvwlpdwhv iru > dqg 	=
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Lq d vlplodu zd| lw fdq eh vkrzq wkdw wklv krogv iru wkh iroorzlqj lwhudwlrqv

w @ 5> 6> = = = 1 Vr dw hdfk lwhudwlrq wkh olqhdu edodqfh uhvwulfwlrq zloo eh vdwlv�hg1

516 Vwduwlqj ydoxhv

Wkh HP dojrulwkp uhtxluhv d vwduwlqj ydoxh iru > dqg 	 iru wkh �uvw lwhudwlrq1

Wkh phdq yhfwru dqg fryduldqfh pdwul{ fdq/ iru h{dpsoh/ eh fdofxodwhg iurp

wkh frpsohwho| revhuyhg gdwd ru e| dydlodeoh fdvhv1 Xvlqj wkh frpsohwh fdvhv

surylghv frqvlvwhqw hvwlpdwhv ri wkh sdudphwhuv li wkh gdwd duh PFDU dqg li

wkhuh duh dw ohdvw n.4 revhuydwlrqv1 Lq jhqhudo wkh fkrlfh ri wkh vwduwlqj ydoxh

lv qrw fuxfldo/ xqohvv wkh iudfwlrq ri plvvlqj gdwd lv yhu| kljk +Vfkdihu +4<<:,,1

Lq rxu fdvh/ krzhyhu/ wkh fkrlfh ri wkh vwduwlqj ydoxh lv yhu| fuxfldo lq wkh

vhqvh wkdw li wkh vwduwlqj ydoxh grhv qrw vdwlvi| wkh olqhdu uhvwulfwlrq/ D
�
>
�

@ 3/

wkh �qdo hvwlpdwhv ri wkh sdudphwhuv zloo qrw hlwkhu1 Wklv uxohv rxw wkh xvh ri

dydlodeoh fdvhv hvwlpdwhv1

517 Frqfoxvlrqv

Wklv lpsxwdwlrq phwkrg zloo suhvhuyh wkh glvwulexwlrq ri wkh gdwd dqg pd|

wkhuhiruh eh yhu| xvhixo1 Dqrwkhu dgydqwdjh ri wklv phwkrg lv wkdw zh gr qrw

kdyh wr vshfli| wkh w|sh ri hglw frqvwudlqw +dv orqj dv lw frqfhuqv d edodqfh

frqvwudlqw,1 Wkh lqirupdwlrq derxw wkh hglw frqvwudlqw lv dxwrpdwlfdoo| lqfru0

srudwhg lq wkh vlqjxodu fryduldqfh pdwul{1 Xqiruwxqdwho|/ wklv phwkrg fdqqrw

eh xvhg iru lqhtxdolw| frqvwudlqwv dv wkh gdwd fdqqrw eh qrupdoo| glvwulexwhg

;



wkhq1 Dqrwkhu srlqw ri frqfhuq lv wkh ghshqghqfh rq wkh qrupdo glvwulexwlrq/

zklfk lv qrw yhu| uhdolvwlf zlwk uhjdug wr hfrqrplf gdwd1 Zh wkhuhiruh kdyh

ghyhorshg dqrwkhu phwkrg wkdw pd| zrun zhoo rq gdwd wkdw duh qrw qrupdoo|

glvwulexwhg1

6 Lpsxwdwlrq xqghu uhvwulfwlrqv zkhq wkh gdwd duh qrw qrupdoo|

glvwulexwhg

614 Wkh vwdwlvwlfdo glvwulexwlrq ri hfrqrplf gdwd

Wkh phwkrg ghvfulehg deryh zloo zrun zhoo iru gdwd wkdw duh qrupdoo| glvwul0

exwhg1 Krzhyhu/ h{dplqlqj uhdolvwlf gdwd iurp Vwdwlvwlfv Qhwkhuodqgv ohdgv wr

wkh frqfoxvlrq wkdw wkh gdwd duh rqo| uduho| qrupdoo| glvwulexwhg dqg wkdw wkh|

duh prvwo| yhu| vnhz1 Frqvhtxhqwo|/ zh zloo wu| wr �w dqrwkhu glvwulexwlrq rq

rxu gdwd1 Glvwulexwlrqv iru prghov duh riwhq fkrvhq rq wkh edvlv ri wkh udqjh ri

wkh udqgrp yduldeoh1 Iru d yduldeoh frqvwudlqhg ehwzhhq }hur dqg rqh wkh ehwd

glvwulexwlrq kdv suryhg xvhixo1

Wkh ehwd glvwulexwlrq lv gh�qhg e| wkh suredelolw| ghqvlw| ixqfwlrq +sgi,
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+4� {,
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> 3 ? { ? 4> �> � A 3

zkhuh �+�, lv wkh jdppd ixqfwlrq gh�qhg e| �+{, @
U �
� x � �

�
h
���
gx1

Wklv ixqfwlrqdo irup lv h{wuhpho|  h{leoh lq wkh vkdshv lw zloo dffrpprgdwh1

Lw lv v|pphwulf li � @ � dqg dv|pphwulf rwkhuzlvh1 Ehvlghv lw fdq eh kxps0

vkdshg +�>� A 4, ru X0vkdshg +�> � ? 4,1 Qrwh wkdw lw uhgxfhv wr wkh xqlirup

glvwulexwlrq li � @ � @ 41 Dovr qrwh wkdw li [ � ehwd+�> �, wkhq 4 � [ �
ehwd+�>�,1

Dq h{whqvlrq ri wkh ehwd glvwulexwlrq lv wkh vr0fdoohg Glulfkohw glvwulexwlrq/ dovr

uhihuuhg wr dv wkh pxowlyduldwh ehwd1 Lwv sgi lv
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Qrwh wkdw ehfdxvh
S �

� � � {� @ 4/ wklv lv dfwxdoo| d +n� 4,0glphqvlrqdo glvwulex0

wlrq1 Rqh yduldeoh fdq eh rewdlqhg iurp wkh rwkhu rqhv1 Frqvhtxhqwo|/ wkh sgi

lv vrphwlphv zulwwhq dv
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(a1) (a2)

(b1) (b2)

(c1) (c2)

Iljxuh 41 Vrph elyduldwh Glulfkohw ghqvlw| sorwv iru +d4, k @ +4> 4> 5,/ +d5,

k @ +4> 4> 9,/ +e4, k @ +5> 5> 5,/ +e5, k @ +5> 5> 9,/ +f4, k @ +3=5> 3=5> 3=5, dqg

+f5, k @ +3=5> 3=5> 3=9,1

Wkh Glulfkohw lv d frqyhqlhqw glvwulexwlrq rq wkh vlpsoh{1 Wkh idplo| ri Glulfkohw

glvwulexwlrqv lv dq h{srqhqwldo idplo| dqg kdv �qlwho| pdq| frpsohwh vx!0

flhqw vwdwlvwlfv1 Zh zloo uhihu wr wkh Glulfkohw glvwulexwlrq jlyhq e| +7, zlwk

Glu ��� � +� � > = = = > � � , dqg wkh Glulfkohw glvwulexwlrq jlyhq e| +8, zlwk Glu ��� � +� � >

= = = > � ��� � >� � ,1 Qrwh wkdw lq wkh fdvh ri n @ 5 wkh Glulfkohw uhgxfhv wr wkh ehwd

glvwulexwlrq1

Lq Iljxuh 4 vrph h{dpsohv ri Glulfkohw ghqvlwlhv +n @ 6, duh vkrzq1 Ilj0

xuh 4 +d4, vkrzv wkh ghqvlw| iru k @ +4> 4> 5, dqg +d5, vkrzv wkh ghqvlw| iru

k @ +4> 4> 9,1 Wzr kxpsvkdshg ghqvlwlhv duh vkrzq lq Iljxuh 4 +e4, dqg

+e5, zlwk wkh sdudphwhuv k @ +5> 5> 5, dqg k @ +5> 5> 9, uhvshfwlyho|1 Ilqdoo|

lq Iljxuh 4 +f4, dqg +f5, wzr X0vkdshg ghqvlwlhv duh vkrzq zlwk sdudphwhuv

k @ +3=5> 3=5> 3=5, dqg k @ +3=5> 3=5> 3=9,/ uhvshfwlyho|1

Wkh �uvw dqg vhfrqg rughu prphqwv ri wkh Glulfkohw glvwulexwlrq duh

H[� @
��

�
> m @ 4> = = = > n

Ydu[� @
�� +�� �� ,

� � +�. 4,
> m @ 4> = = = > n

zkhuh � @
S �

�	� � �� 1

43



Wkh fryduldqfhv ri wkh [*v duh

Fry+[� >[ � , @
��� � �

� � +�. 4,
m> o @ 4> = = = > n> m 9@ o

Qrwlfh wkdw li wkh phdqv duh khog frqvwdqw exw � lv doorzhg wr lqfuhdvh/ wkh ydul0

dqfhv dqg fryduldqfhv ghfuhdvh1 Iru wklv uhdvrq � fdq eh uhjdughg dv vrph vruw

ri suhflvlrq sdudphwhu= dv � lqfuhdvhv wkh glvwulexwlrq ehfrphv pruh wljkwo|

frqfhqwudwhg derxw wkh phdq1

Wkh iroorzlqj wkhruhpv dsso| +iru d ghulydwlrq ri wkhvh wkhruhpv vhh Zlonv

+4<95,,1

Wkhruhp 4 +Pdujlqdo Glulfkohw,

Li +[ � > = = = >[ � , lv d udqgrp yduldeoh yhfwru kdylqj wkh +n�4,0yduldwh Glulfkohw

glvwulexwlrq Glu ��� � +� � > = = = > � � ,/ wkhq wkh pdujlqdo glvwulexwlrq ri +[ � > = = = >[ � � ,/

n � ? n lv wkh +n � �4,0yduldwh Glulfkohw glvwulexwlrq Glu � � � � +� � > = = = > � � � � � >� � � .

� � �. � � ,1

Wkhruhp 5 +Frqglwlrqdo Glulfkohw,
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� , zkhuh [ � dqg k � frqvlvw ri u hohphqwv

dqg [ � dqg k � frqvlvw ri v hohphqwv dqg n @ u . v/ wkhq
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615 Lpsxwdwlrq ri pxowlyduldwh plvvlqj lwhp ydoxhv

61514 Wkh hglw frqvwudlqwv

Djdlq zh zloo �uvw frqvlghu d edodqfh hglw frqvwudlqw1 Zh eholhyh wkdw zh fdq

lpsxwh wkh plvvlqj lwhpv lpphgldwho| vdwlvi|lqj wkh hglw frqvwudlqw dqg suh0

vhuylqj wkh glvwulexwlrq ri wkh gdwd e| pdnlqj xvh ri wkh Glulfkohw glvwulexwlrq1

Frqvlghu hglw uxoh +4, dqg wudqvirup lw e| glylglqj wkh gl�huhqw sduwv e| wkh wr0

wdo[ � / wklv lv grqh lq rughu wr uhvwulfw wkh grpdlq ri wkh yduldeohv �[ � > = = = > �[ ��� �

wr wkh vlpsoh{> zh wdnh �[� @ f� [� @[ � > m @ 4> = = = > n � 41
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Qrwh wkdw zh dvvxph wkdw wkh wrwdo/ [ � / lv nqrzq1 Wklv lv grqh iru wzr uhdvrqv1

Iluvw ri doo vlqfh [ � lv dq djjuhjdwh wkh qrquhvsrqvh udwh zloo suredeo| eh orz1

Dqg vhfrqgo| li lw lv lqghhg plvvlqj zh h{shfw wr eh deoh wr hvwlpdwh wklv

ydoxh yhu| zhoo edvhg rq wkh rwkhu yduldeohv lq wkh vxuyh|/ zkhuhdv wkh gl�huhqw

vxewrwdov duh idu pruh gl!fxow wr hvwlpdwh wklv zd|1

44



61515 Lpsxwdwlrq

D vshfldo fdvh dulvhv zkhq rqo| rqh �[� > m @ 4> = = = > n � 4 lv plvvlqj1 Lq wklv

lqvwdqfh ghgxfwlyh lpsxwdwlrq fdq eh xvhg1 Ghgxfwlyh lpsxwdwlrq phdqv wkdw

wkh ydoxh ri wkh plvvlqj lwhp fdq eh hvwdeolvkhg zlwk fhuwdlqw| edvhg rq wkh

rwkhu lwhpv lq wkh vxuyh|1

Li doo lwhpv ri wkh gdwd yhfwru �[ duh plvvlqj/ zh fdq rewdlq lpsxwdwlrqv e| gudz0

lqj iurp Glu ��� � +� � > = = = > � ��� � ,1 Krzhyhu/ dv zh phqwlrqhg hduolhu/ d frpprq

flufxpvwdqfh lv wkdw d ihz lwhp ydoxhv duh plvvlqj dqg wkh rwkhuv duh revhuyhg1

Lq wklv fdvh rqh qhhgv wr gudz ydoxhv iurp wkh frqglwlrqdo glvwulexwlrq ri wkh

plvvlqj lwhpv jlyhq wkh revhuyhg rqhv/ zklfk lv dovr d Glulfkohw glvwulexwlrq dv

zdv hvwdeolvkhg lq Wkhruhp 51

Sduwlwlrq �[ lqwr �[ ��� � dqg �[ ����� / zkhuh �[ ��� � uhsuhvhqwv wkh plvvlqj lwhpv dqg
�[ ����� uhsuhvhqwv wkh revhuyhg lwhpv1 Wkh yhfwru zlwk plvvlqjv/ �[ ��� � / frqvlvwv

ri p hohphqwv dqg �[ ����� frqvlvwv ri r hohphqwv/ zklfk lv wkh qxpehu ri revhuyhg

lwhpv dqg p. r @ n � 41 Sduwlwlrq k dffruglqjo|1 Wkhq lw krogv wkdw

+4� 4
�
�[ ����� , �

�
�[ ��� � m �[ ����� � Glu� � � +k ��� � , +9,

Wkxv lpsxwdwlrqv iru plvvlqj lwhpv fdq eh rewdlqhg e| gudzlqj iurp wkh frq0

glwlrqdo Glulfkohw glvwulexwlrq phqwlrqhg lq +9,1

616 Udqgrp qxpehu jhqhudwlrq

Lq rughu wr lpsxwh plvvlqj ydoxhv zh qhhg wr jhqhudwh udqgrp ydoxhv iurp wkh

Glulfkohw glvwulexwlrq1 Wklv fdq eh grqh dv iroorzv1

Uhfdoo wkdw li X � � jdppd+�> �, dqg X � � jdppd+�> �, wkhq ] @
� �

� � � � � �
ehwd+�>�,1 Wklv fdq eh jhqhudolvhg wr wkh Glulfkohw glvwulexwlrq/ vhh iru h{dp0

soh Zlonv +4<95,1

Vxssrvh X � > = = = > X ��� � duh lqghshqghqw udqgrp yduldeohv kdylqj jdppd glvwul0

exwlrqv jdppd+� � > �,> = = = > jdppd+� ��� � > �,1 Iru m @ 4> = = = > n � 4/ ohw ]� @
� �

� � ��� � � � � 	�� � / wkhq +] � > = = = > ] ��� � , kdv wkh +n � 5,0yduldwh Glulfkohw glvwulexwlrq

Glu ��� � +� � > = = = > � ��� � ,1 Wkxv udqgrp ydoxhv iurp wkh Glulfkohw glvwulexwlrq fdq

eh rewdlqhg e| gudzlqj lqghshqghqwo| iurp jdppd glvwulexwlrqv1

617 Sdudphwhu hvwlpdwlrq

61714 Wkh phwkrg ri prphqwv hvwlpdwru

Wkh sdudphwhuv � � > = = = > � ��� � fdq eh hvwlpdwhg e| d phwkrg ri prphqwv hvwl0

pdwru1 Wkh phwkrg ri prphqwv hvwlpdwru lv frqvlvwhqw1

Wkh �uvw dqg vhfrqg rughu prphqwv ri wkh Glulfkohw glvwulexwlrq duh

� � @
��

�
> m @ 4> = = = > n � 4 +:,
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zkhuh � @
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�	� � � � 1 Uhzulwh +:, dv � @
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� � dqg vxevwlwxwh wklv lq htxdwlrq +;,1
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� � � [ � � / m @ 4> = = = > n � 41

Dowkrxjk wkh phwkrg ri prphqwv lv vwudljkwiruzdug/ hvwlpdwlrq edvhg rq wkh

phwkrg ri prphqwv jhqhudoo| lv qrw vwdwlvwlfdoo| h!flhqw1 Wkdw lv/ wkh dv|ps0

wrwlf yduldqfh0fryduldqfh pdwul{ ri wkh hvwlpdwruv lv xvxdoo| odujhu wkdq wkh

lqyhuvh ri wkh lqirupdwlrq pdwul{1 Krzhyhu/ hvwlpdwlrq edvhg rq wkh phwkrg

ri prphqwv fdq vhuyh dv dq h{fhoohqw lqlwldo jxhvv wr vwduw lwhudwlrqv lq wkh

Qhzwrq0Udskvrq dojrulwkp/ zklfk zh xvh wr pd{lpl}h wkh olnholkrrg1

61715 Pd{lpxp olnholkrrg hvwlpdwlrq

Lq rughu wr �qg d frqvlvwhqw hvwlpdwru/ wkdw lv vwdwlvwlfdoo| h!flhqw/ pd{lpxp

olnholkrrg hvwlpdwlrq fdq eh dssolhg1 Zkhq vdpsolqj iurp d glvwulexwlrq wkdw lv

d phpehu iurp dq h{srqhqwldo idplo| ri glvwulexwlrqv/ wkh pd{lpxp olnholkrrg

hvwlpdwruv zloo eh d ixqfwlrq ri wkh vx!flhqw vwdwlvwlfv1

Wkh olnholkrrg lv gh�qhg dv iroorzv

O+k m [, @
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Vlqfh wkh mrlqw ghqvlw| ri [ � > = = = >[ ��� � lv wkh Glulfkohw ghqvlw|/ wkh olnholkrrg

zloo eh
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Wdnlqj wkh qdwxudo orjdulwkp ohdgv wr wkh iroorzlqj orjolnholkrrg ixqfwlrq

c+k m[, @ oqO+k m [, @ q oq�+

��� �
[

�	� �
� � ,� q

��� �
[

� � �
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Wdnlqj wkh �uvw ghulydwlyh uhvxowv lq

c
�� +k m[, @
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Wklv ohdgv wr
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oq[ � � > s @ 4> = = = > n � 4 +<,

zkhuh �+�, lv wkh gljdppd ixqfwlrq gh�qhg e| �+{, @
��� �����

�
	�
�

@
���
�
�
	���
�
	 1

Zh qhhg vrph lwhudwlyh vfkhph wr vroyh wkh htxdwlrq c
�� +k m [, @ 3> s @

4> = = = > n � 41 D frpprqo| xvhg phwkrg lv wkh Qhzwrq0Udskvrq phwkrg1 Gh0

whuplqh dq lqlwldo ydoxh iru k/ iru h{dpsoh e| phdqv ri wkh phwkrg ri prphqwv

hvwlpdwru1 Wr �qg ak ����� wkdw vroyhv c
�
+k m [, @ 3/ fdofxodwh e| lwhudwlrq dqg

xqwlo frqyhujhqfh

k

����

@ k
� � �
�K � �

c
�

zkhuh K lv wkh Khvvldq/ wkh pdwul{ ri vhfrqg0ghulydwlyhv ri c jlyhq e|

C
�
c+k m[,
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�
+
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�
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zkhuh �
�
lv nqrzq dv wkh wuljdppd ixqfwlrq1

Wkh Khvvldq lv wkhuhiruh

K @ �q^gldji�
�
+� � ,> = = = >�

�
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zkhuh 
 ��� � ghqrwhv d yhfwru ri rqhv ri ohqjwk n � 41 Wkh lqyhuvh ri K fdq eh

hdvlo| fdofxodwhg xvlqj d zhoo0nqrzq pdwul{ lqyhuvlrq ohppd/ dovr uhihuuhg wr

dv wkh Vkhupdq0Pruulvrq irupxod1 Vr

K
� �

@ �4

q

k

G
� �

.
fG

� �

 ��� � 


�
��� � G

� �

4� f

�
��� � G

� �

 ��� �

l

Xqghu vrph uhjxodulw| frqglwlrqv wkh olnholkrrg ixqfwlrq lv vwulfwo| frqfdyh iru

h{srqhqwldo idplolhv/ dqg wkh POH h{lvwv dqg lv xqltxh1 Vlqfh wkh Glulfkohw glv0

wulexwlrq lv dq h{srqhqwldo idplo| wklv krogv wuxh iru wkh Glulfkohw glvwulexwlrq1
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D gluhfw surri kdv ehhq jlyhq e| Urqqlqj +4<;<,1

Krzhyhu/ zkhq zh duh idfhg zlwk plvvlqj lwhp ydoxhv [ lv qrw frpsohwho| re0

vhuyhg dqg wkh orjolnholkrrg fdqqrw eh fdofxodwhg gluhfwo|1 Lq rughu wr hvwlpdwh

wkh pd{lpxp olnholkrrg hvwlpdwhv zkhq vrph ri wkh yduldeohv lqyroyhg duh qrw

revhuyhg wkh HP dojrulwkp kdv ehhq ghyhorshg1

61716 Wkh H{shfwdwlrq0Pd{lpl}dwlrq dojrulwkp

Dv zh douhdg| glvfxvvhg lq vhfwlrq 5=4 wkh HP dojrulwkp fdofxodwhv pd{lpxp

olnholkrrg hvwlpdwhv lq wkh suhvhqfh ri plvvlqj gdwd1

Lq rughu wr dsso| wkh HP dojrulwkp zkhq wkh gdwd duh Glulfkohw glvwulexwhg wkh

h{shfwhg vx!flhqw vwdwlvwlfv qhhg wr eh fdofxodwhg/ vlqfh wkh Glulfkohw glvwulex0

wlrq lv dq h{srqhqwldo idplo|1

Wkhvh ydoxhv fdq eh hdvlo| frpsxwhg iurp wkh qdwxudo sdudphwhulvdwlrq ri wkh

h{srqhqwldo idplo| uhsuhvhqwdwlrq ri wkh Glulfkohw glvwulexwlrq1 Wkh ghqvlw|

ixqfwlrq ri wkh Glulfkohw iru [ @ +[ � > = = = >[ ��� � ,
�
fdq eh zulwwhq lq wklv irup

dv iroorzv

s+[ m k, @ h{sioq�+
��� �
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� � �
�� ,�

��� �
[
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oq�+�� , .

��� �
[

� � �
+� � � 4, oq[� j

Wkh qdwxudo sdudphwhu ri wkh Glulfkohw lv wkhuhiruh � � @ �� �4 dqg wkh vx!flhqw

vwdwlvwlf lv W +[� , @ oq[ � / m @ 4> = = = > n � 41 Xvlqj wkh jhqhudo idfw wkdw wkh

ghulydwlyh ri wkh qdwxudo orjdulwkp ri wkh qrupdol}dwlrq idfwru zlwk uhvshfw wr

wkh qdwxudo sdudphwhu lv htxdo wr wkh h{shfwdwlrq ri wkh vx!flhqw vwdwlvwlf/ zh

rewdlq

H^oq[� m k` @ �+� � ,��+

��� �
[

� � �
� � ,> m @ 4> = = = > n � 4

Wkh h{shfwdwlrq ri wkh vx!flhqw vwdwlvwlf frqglwlrqdo rq wkh revhuyhg ydoxhv

fdq dovr eh hdvlo| fdofxodwhg vlqfh wkh frqglwlrqdo glvwulexwlrq ri Glulfkohw glv0

wulexwhg yduldeohv lv dovr d Glulfkohw +vhh Wkhruhp 5,1

Frqvlghu [ @ +[ � > = = = >[ ��� � ,
�
zklfk lv +n � 5,0yduldwh Glulfkohw glvwulexwhg

zlwk sdudphwhuv � � > = = = > � ��� � 1 Iru hdfk uhfrug l/ l @ 4> = = = > q/ wkh plvvlqj [*v

duh suhvhqw lq wkh yhfwru [ � � ��� � @ +[ � > = = = >[ � � ,
�
dqg wkh revhuyhg [*v duh

uhsuhvhqwhg e| [ � � ����� @ +[ � � � � > = = = >[ ��� � ,
�
1 Wkh qxpehu ri plvvlqj ydoxhv iru

hdfk uhfrug lv wkxv ghqrwhg e| p � 1 Wkhq

a[ � � ��� � m[ � � ����� >k � Glu� � � � +� � > = = = > � � � ,

zkhuh

a[ � � ��� � @ +4� 4
�
[ � � ����� , �

�
[ � � ��� �

Lw iroorzv wkdw iru l @ 4> = = = > q dqg m @ 4> = = = >p �

H^oq a[ � � m [ � � ����� >k` @ �+�� ,��+

� �
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� � �
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Soxj wklv ydoxh lqwr htxdwlrq +<, dqg uh0hvwlpdwh wkh sdudphwhuv k1 Uhshdw

wklv surfhgxuh xqwlo wkh hvwlpdwhv frqyhujh1

618 Olqhdu lqhtxdolw| hglw uhvwulfwlrqv

Wklv surfhgxuh fdq eh vwudljkwiruzdugo| h{whqghg wr kdqgoh dq lqhtxdolw| hglw

uhvwulfwlrq dv phqwlrqhg lq +5,1 Wudqvirup wklv hglw vlploduo| e| glylglqj e|

wkh djjuhjdwh [ � 1 Wklv uhvxowv lq

�[ � . � � �. �[ ��� � � 4

Zh zloo qrz xvh wkh Glulfkohw glvwulexwlrq dv ghvfulehg lq htxdwlrq +8, ri gl0

phqvlrq n � 41 Wklv phdqv wkdw d yduldeoh htxdo wr 4�S ��� �
� � � �[� qhhgv wr eh

dgghg lq rughu wr uhgxfh wklv lqhtxdolw| wr dq htxdolw| uhvwulfwlrq1 Vr lq rughu

wr lpsxwh wkh plvvlqj lwhpv zh qhhg wr gudz iurp wkh +n� 4,0yduldwh Glulfkohw

glvwulexwlrq Glu+� � > = = = > � ��� � >� � ,1

Qrwh wkdw ghgxfwlyh lpsxwdwlrq fdqqrw eh xvhg lq wkh fdvh ri rqh plvvlqj �[� /

vlqfh zh gr qrw qrz wkh h{dfw vxp ri wkh vxewrwdov exw rqo| wkh pd{lpxp

ydoxh1

Ixuwkhupruh doo wkh phwkrgv ghvfulehg lq wkh suhylrxv vhfwlrqv fdq eh dssolhg

wr lpsxwh wkhvh lwhpv1

7 Glvfxvvlrq

Lq wkh whfkqltxhv ghvfulehg deryh iru erwk qrupdoo| dqg Glulfkohw glvwulexwhg

gdwd zh kdyh rqo| frqvlghuhg rqh edodqflqj hglw frqvwudlqw/ zkhuhdv lq uhdo olih

wkhuh duh ri frxuvh vhyhudo1 Wklv dovr phdqv wkdw yduldeohv fdq eh suhvhqw lq

pruh wkdq rqh frqvwudlqw/ zklfk vhulrxvo| frpsolfdwhv wkh lpsxwdwlrq surfhvv/

vlqfh wkh lpsxwhg ydoxhv qhhg wr vdwlvi| doo frqvwudlqwv dw rqfh1

Pruhryhu/ wkh lqhtxdolw| hglw frqvwudlqwv fdq dovr eh ri d ohvv xvhixo irup wkdq

wkh rqh phqwlrqhg lq +5,1 Iru h{dpsoh/ zkhq wkh| frqvlvw ri mxvw wzr yduldeohv/

zkhuh rqh yduldeoh lv wkh xsshu erxqg ri wkh rwkhu1

Wkh qhhg iru dq lpsxwdwlrq phwkrg wkdw vlpxowdqhrxvo| lpsxwhv doo plvvlqj

lwhpv lpphgldwho| vdwlvi|lqj doo olqhdu frqvwudlqwv/ edodqfh dv zhoo dv lqhtxdolw|

uhvwulfwlrqv/ zkloh suhvhuylqj wkh glvwulexwlrq ri wkh gdwd dulvhv1 Ixwxuh uhvhdufk

zloo eh irfxvvhg rq wklv vxemhfw1
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Uhihuhqfhv

^4` Dqghuvrq/ W1Z1 +4<;7,/ Dq Lqwurgxfwlrq wr Pxowlyduldwh Vwdwlvwlfdo Dqdo|0

vlv/ Vhfrqg Hglwlrq/ Qhz \run= Zloh| Vhulhv1

^5` Ghpsvwhu/ D1S1/ Odlug/ Q1P1 dqg G1E1 Uxelq +4<::,/ �Pd{lpxp Olnholkrrg

iurp Lqfrpsohwh Gdwd yld wkh HP Dojrulwkp +zlwk Glvfxvvlrq,/� Mrxuqdo

ri wkh Ur|do Vwdwlvwlfdo Vrflhw| E/ 6</ 406;1

^6` Ndowrq/ J1 dqg G1 Ndvsu}|n +4<;9,/ �Wkh Wuhdwphqw ri Plvvlqj Vxuyh|

Gdwd/� Vxuyh| Phwkrgrorj|/ 45/ 40491

^7` Olwwoh/ U1M1D1 dqg Uxelq/ G1E1 +5335,/ Vwdwlvwlfdo Dqdo|vlv zlwk Plvvlqj

Gdwd/ Vhfrqg Hglwlrq/ Qhz \run= Zloh| Vhulhv1

^8` Urqqlqj/ J1 +4<;<,/ �Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Glulfkohw Glvwulex0

wlrqv/� Mrxuqdo ri Vwdwlvwlfdo Frpsxwdwlrq dqg Vlpxodwlrq/ 65/ 54805541

^9` Uxelq/ G1E1 +4<;:,/ Pxowlsoh Lpsxwdwlrq iru Qrquhvsrqvh lq Vxuyh|v/ Qhz

\run= Zloh| Vhulhv1

^:` Vfkdihu/ M1O1 +4<<:,/ Dqdo|vlv ri Lqfrpsohwh Pxowlyduldwh Gdwd/ Orqgrq=

Fkdspdq ) Kdoo1

^;` Zlonv/ V1V1 +4<95,/ Pdwkhpdwlfdo Vwdwlvwlfv/ Qhz \run= Zloh| Vhulhv1

4:



Frqwulexwruv

Dxwkruv

Fduhq Whpshopdq

Ghsduwphqw ri Phwkrgv dqg Lqirupdwlfv/ Vwdwlvwlfv Qhwkhuodqgv

SR Er{ 7333

55:3 MP Yrruexuj

Wkh Qhwkhuodqgv

h0pdlo= GWPQCFEV1qo

Wrq Vwhhuqhpdq

Ghsduwphqw ri Hfrqrphwulfv/ Xqlyhuvlw| ri Jurqlqjhq

SR Er{ ;33

<:33 DY Jurqlqjhq

Wkh Qhwkhuodqgv

h0pdlo= D1J1P1VwhhuqhpdqChfr1uxj1qo

4;


