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A DESIGN BASED PROCEDURE FOR THE ANALYSIS OF
EXPERIMENTS EMBEDDED IN COMPLEX SAMPLE SURVEYS

Jan A. van den Brakel'

Summary: Experiments embedded in ongoing sample surveys are particularly
appropriate to test effects of alternative survey methodologies on estimates of
finite population parameters. Ignoring the sampling design in the analysis of
such experiments, typically leads to design-biased parameter and variance
estimates, which makes the analysis results incommensurable with the
estimation results of the regular survey. To test hypotheses about differences
between sample estimates observed under alternative survey methodologies, a
design-based approach for the analysis experiments embedded in complex

sample surveys is proposed.

Keywords: completely randomized designs, generalized regression estimator,

measurement error models, randomized block designs, Wald statistic

1. Introduction

Generally, survey sampling is a very laborious process that potentially invokes many
sources of non-sampling errors. Therefore a lot of research in the field of survey
methodology is aimed at the improvement of the quality and efficiency of sample
survey processes. An important part of this research is to consider and test
alternative survey methodologies. Large-scale field experiments embedded in
ongoing sample surveys are particularly appropriate to quantify the effect of
alternative survey implementations or approaches on response behaviour or sample
estimates. In National Statistical Offices, sample surveys are generally kept
unchanged as long as possible to construct uninterrupted time series of the estimated
population parameters. It remains inevitable, however, that survey processes be
adjusted from time to time. In such situations, embedded experiments can be applied
to detect and quantify possible trend disruptions in time series due to adjustments of
the survey process. Applications can be found in Van den Brakel and Renssen
(1998). To compare the effect of K different survey approaches on the main
estimates of the finite population parameters of an ongoing survey, a sample drawn
from a finite population is randomly divided into K subsamples according to an
experimental design. The sampling units of each subsample are assigned to one of
the K survey approaches or treatments. Generally there is one large subsample that is
assigned to the regular survey, which serves for official publication purposes as well
as the control group in the experiment. The purpose of such embedded experiments
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is the estimation of finite population parameters observed under different survey
implementations or treatments and to test hypotheses about the differences between
these sample estimates. In this paper a design-based analysis procedure for
embedded experiments, designed as a completely randomized design (CRD) or a
randomized block design (RBD), is proposed. Design-unbiased estimators for the
population parameters observed under each of the K treatments as well as design-
unbiased estimators for the covariance matrix of the contrasts between these
estimates are derived using the Horvitz-Thompson estimator or the generalized
regression estimator. These estimators account for the sampling design, the
experimental design and the weighting procedure of the ongoing survey and give
rise to a design-based Wald statistic to test hypotheses about differences between
finite population parameter estimates of the sample survey.

2. Embedding experiments in sample surveys

The embedding of experiments in sample surveys is sometimes also referred to as
the superimposition of experiments on sample surveys. First a sample is drawn from
a finite target population by means of a generally complex sampling design. Next
the sample is according to an experimental design randomly divided into K
subsamples. The most straightforward approach is to use a CRD. The application of
unrestricted randomization, however, is generally not the most efficient design
available. Fienberg and Tanur (1987, 1988) argued that the application of an RBD
where sampling structures like strata, primary sampling units (PSU’s), clusters,
interviewers and the like might improve the precision of an experiment
considerably. Moreover, unrestricted randomization is not always feasible from a
practical point of view. For example in CAPI surveys where interviewers collect
data in geographical areas around their place of residence, restricted randomization
of sampling units within interviewers or geographical regions which are unions of
adjacent interviewer regions might be required to avoid an unacceptable increase of
the travel distance of the interviewers. This naturally leads to RBD’s with
interviewers or regions as block variables, see e.g. Van den Brakel and Van Berkel
(2002).

The main advantages of embedded experiments is the random selection of the
sampling units from a finite target population, which increases the possibility to
generalize the results observed in the sample of the experiment to larger populations
(Fienberg and Tanur, 1987, 1988). From a financial point of view the conduction of
embedded experiments is efficient since the regular survey is also used as control
group. In some situations the data obtained in the subsamples assigned to the
alternative treatments can even be used for the regular publication purposes of the
ongoing survey, see e.g. Van den Brakel (2002). Furthermore, embedded
experiments form a safe transition from an old to a new survey design. Running the
old and new approach in parallel by means of an embedded experiment creates the

possibility to quantify possible trend disruptions and one can still fall back on the



old approach for the regular publication purposes if the new approach turns out to be
a failure. Nevertheless it should be realized that in an embedded experiment two
more or less competing objectives are combined. According to the purpose of the
regular survey, that is the estimation of population parameters as precise as possible,
the subsample assigned to regular survey should be maximized. According to the
purpose of the experiment, that is the estimation of contrasts between the subsample
estimates as precise as possible, the subsample sizes are preferably equal, since
balanced designs maximize the power of the tests about treatment effects (see e.g.
Montgomery, 1997).

3. Analysis of embedded experiments

The main purpose of embedded experiments is the estimation of subsample means
observed under different treatments and to test hypotheses about the differences
between these subsample estimates. This requires an analysis procedure that
accounts for the sampling design, the experimental design and the estimation
procedure applied in the regular sample survey. The application of such an analysis
procedure is also a natural consequence of the random selection of sampling units
from a target population, with the purpose to generalize the observed results to
populations larger then the sample included in the experiment.

3.1 Measurement error models

Although the analysis procedure proposed in this paper is predominantly design-
based, some use is made of measurement error models. Design-based sampling
theory is largely based on the traditional notion that observations obtained from
sampling units are true fixed values observed without error (e.g. Cochran, 1977).
This approach, however, is not tenable if experiments are conducted to test
systematic differences between finite population parameter estimates due to different
survey implementations or non-sampling errors. Therefore a measurement error
model has to be introduced to relate systematic differences between estimates of
finite population parameters to different survey implementations or treatments. We
will follow the approach to measurement error modeling in surveys of Biemer and
Stokes (1991). It is assumed that the observations obtained in the experiment are a
realization of the following measurement error model:

o _ o o
Vi =u; + B,y +EL.

Here yy, is the response of sampling unit i assigned to treatment k and interviewer /
on the @ -th occasion, u, the true intrinsic value of sampling unit i, £, an additive
effect of treatment £, 7/,“ an effect of interviewer / and 8,{,)5 an error component on
the o -th occasion that the intrinsic value of sampling unit i is measured under
treatment k. The model allows for mixed interviewer effects, i.e. ¥, =y, +&/7,

where ¥/ and &7 denote the fixed and random interviewer effects of interviewer /.



The superscript & expresses which variables are random with respect to the

measurement error model.

Since for each sampling unit K response variables are defined under K different

treatments, the measurement error model can be expressed in matrix notation as
a . A0 o
Ya =Ju, +B+jy; +e), (3.1

where y§ =V, Vi) B=(B,..., B) . & =(g,...€%) and j a K-
vector with each element equal to one. Let £, and Cov, denote the expectation
and the covariance with respect to the measurement error model. It is assumed that
E, (&£7)=0 andthat random interviewer effects between interviewers are
independent. Furthermore, it is assumed that E, (g7 ) =0 and that measurement

errors between different sampling units are independent. Hence
E,(yi)=ju, +B+ivy,.
and

Var, () + jjVar, (%) : i=iand] =1
Cov, (yy,¥iy) = jiVar, (&) :i#iandl=1D.
O:i#/7and/ #10’

Obviously, any correlation between the response of different sampling units
assigned to the same interviewer can be modeled by means of the random
interviewer effects. Any fixed interviewer effect influences the bias of the response

values.

3.2 Hypothesis testing

After having defined a measurement error model for the observations obtained in the
experiment, we can relate systematic differences between population parameters due
to different survey implementations. Suppose that L interviewers are available for
the conduction of the fieldwork. The population U of size N can conceptually be
divided into L groups U, of size NN, such that all sampling units within a group are
potentially interviewed by the same interviewer. Let Y* =(Y¥,*,...,Y, %)
denote the K dimensional vector of population means of y?, i.e.

= 1 & LN, N, 1 &

Vo= ig Dt B i v i S D e

Since we are interested in systematic differences between population means
observed under the K different treatments, random deviations between
the components of Y*“ should not lead to significant differences in the analysis of

the experiment. This is accomplished by formulating hypotheses about

E X" —iiu +ﬁ+'i& =Y
a JN,:I i J/:1 Nl/j]_ ’



and consequently results in the formulation of the following hypothesis:
H,:CY=0

— . (3.2)
H, :CY=#0

Here C=(jl-I) denotes a (K—1)xK contrast matrix. Since CY =Cp, it
follows that hypothesis (3.2) concerns the treatment effects as represented by [
in the measurement error model. Consequently, the differences between the
population means exactly correspond to the treatment effects. Now the hypothesis
about treatment effects can be tested by estimating Y instead of B, where
we account for the sampling design, the experimental design and the weighting
procedure of the regular sample survey. If ?“ denote such a design-unbiased
estimator for Y and V the covariance matrix of ?“, then hypothesis (3.2) can be
tested with the Wald statistic W = Y*'C" (cveH™ cY”.

3.3 Estimation of subsample means

To test hypothesis (3.2), a sample s, drawn from a finite population U of size N is
available. Let 7, and 7. denote the first and second order inclusion probabilities
of the i-th and i,i’-th sampling unit(s) respectively with respect to this sampling
design. In the case of a CRD, s is randomly divided into K subsamples s, of size
n,.If n, =Y, n, denotes the number of sampling units of s, then the conditional
probability that sampling unit i is assigned to treatment &, given the realization of s,
equals 7, /n, . In the case of an RBD the sampling units of s are deterministically
divided in B blocks s, . The sampling units within each block, are randomized over
the K treatments. Let #n,, denote the number of sampling units assigned to treatment
k in block b. Then n,, =Y, n, denotes the size of s,, n,, =4, n,
denotes the size of subsample s, assigned to treatment k and n,, =Y, > n,,
denotes the size of sample s. The conditional probability that sampling unit i is
assigned to treatment k, given the realization of s and that i€ s,, equals n,, /n,, .
Each subsample s, can be considered as a two-phase sample, where the first phase
corresponds to the sampling design used to draw sample s and the second phase to
the experimental design used to divide s into K subsamples s, . As a result the first
order inclusion probabilities with respect to the subsamples are given by
7, =(n, /n,)m, in the case of a CRD and 7, = (n,, / n,, )7, in the case of an
RBD. Now, the Horvitz-Thompson estimator for )7,(“ based on the observations
obtained in subsample s, is given by

2o 1wk
b _Nzﬂ*'

iesy i

To allow for the weighting procedure of the regular survey, the analysis is based on
the generalized regression estimator. The use of auxiliary information by means of
this estimator has the advantage that it might reduce the design variance of the



subsample estimates and that it corrects, at least partially, for the bias due to
selective nonresponse (Bethlehem, 1988). In the present context the generalized
regression estimator represents a design-based analogy of covariance analysis in
standard experimental design methodology. Let X, =(x,,...,X,; )" a vector of
order / with each element x, an auxiliary variable of sampling unit i. According to
the model assisted approach of Sérndal et al. (1992), the intrinsic values u, in the
measurement error model for each unit in the population are assumed to be

an independent realization of the linear regression model:

u,=b'x, +e,, (3.3)

where b denotes a vector of order H with regression coefficients and ¢ the

residuals of the regression model. Let @] denote the variance of e,. It is required

that all @] be known up to a common scale factor; that is @] =

P =v,0°, with v,
known. The finite population means of these variables are denoted by the vector X.

Let

-1 o
bi’ — inxi‘) zxiyzik
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denote the population regression coefficients of b in (3.3) observed under treatment
k,

—1

t o

A X.X. va.k
by =1 D5 | X (3.4)

i€ sy, ﬂ-ja)j iesy 7[1' a),'

the Horvitz-Thompson estimator for b} based on the observations obtained in s,
and

ik _ 2 j (3.5)

*

N ies;, ﬂ-l

i

the Horvitz-Thompson estimator of X based on the sampling units in s, . Now the
generalized regression estimator for ¥,“ based on the observations obtained in
subsample s, is given by

}70{

k;greg

=7 457 (X-X,). (3.6)

The generalized regression estimator can be approximated by a first order Taylor
linearization about (¥, ,b,,X), where b, = E_(b?) and is given by

A

Vo
Yk: greg

zﬁ%b;(i—i). (3.7)

Note that Y

. . . . . - o .
t.greg 18 an approximately design-unbiased estimator for Y,”. Since

E, Yk"’ = }7,( , Z“ is also an approximately unbiased estimator for ¥, . The vector

sgreg
Aar _ Aa Aot
Yiree = (1) Y

. . . .
ligreg >+ s Y kgreg) 15 @n approximately unbiased estimator for'Y .



3.4 Variance estimation of contrasts between subsample means

Let V denote the covariance matrix of ?G“REG. Since the subsamples are drawn
from a finite population without replacement, the subsample estimates are
dependent. As a result there is nonzero design covariance between the elements of
?gREG. An estimator for V requires vectors y; containing the observations of all
K treatments from each sampling unit. In the experimental designs under
consideration, however, each sampling unit is assigned to only one of the K
treatments and thus only one of the components of y?, for i€ s is actually
observed. Therefore, a design-unbiased estimator for V cannot be obtained. Van
den Brakel and Binder (2000) try to overcome this problem by imputing
the unobserved components. The usefulness of their results, however, depends on
the correctness of the imputation model. The problem of the missing observation can
also be circumvented by deriving an approximately design-unbiased estimator for
the covariance matrix of the K-/ contrasts C?GD’REG , denoted as CVC'. Let E_ and
E, denote the expectation with respect to the sampling design and the experimental
design, respectively. Equivalently Cov, and Cov, denote the covariance with
respect to the sampling design and the experimental design. Consider the following

variance decomposition:

CVC' = Cov,E.E(CYppe) + E,Cov.E(CYonpe) + E, E.Cov(CYppe) (3.9)

o R e

Under the condition that there exists a constant vector a of order H, such that
a'x ;=1 forall ie U, i.e. that at least the size of the finite population is used as
auxiliary information in the weighting scheme, Van den Brakel (2001) proves under

the assumptions of measurement error model (3.1) that

Cov,E.E,(CVgpee) = 3 CEC

vl iel]
= 1 1 t
E,Cov.E,(CYqppc) = 7 Y| —-1€EC (3.9)
el i
A t
EaEsCOVc (C?GREG) = EaE\' (CDC’) _% 2 CE’C
et T

where X, =Var,(g) denotes the covariance matrix of the measurement errors,

and D denotes a K X K diagonal matrix with elements

a It * _pt ’ 2
gLt 1 Z[m(y,k bkxf)_iz’%(yfk—bkxf)w _ 5% (3.10)

=
n, (n,—1) S Nr, n, ies N7, n,

! /

in the case of a CRD and
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in the case of an RBD. Inserting the three components in (3.9) into (3.8) gives
CVC' =E_E ,CDC'. Conditionally on @ and s, we can directly derive an
approximately design-unbiased estimator for D. Therefore, CVC' can
conveniently stated implicitly as the expectation over the measurement error model
and the sampling design. Expressions for E_ E d, are derived in Van den Brakel
(2001) under different sampling designs for CRD’s and RBD’s. Given
the realization of & and s, the allocation of the sampling units to subsample s, can
be considered as simple random sampling without replacement from s in the case of
a CRD and simple random sampling without replacement from s, in the case of an
RBD. Consequently a design-unbiased estimator for d, is given by

n, (n, —1) i Nr, Ny fes, Nr.

4 13

o o o _"at : o2
gL 1 v n, (Vi kai)_iszr(yi’k ka,v»)W =% G
ny
/

in the case of a CRD and

PSRRI (NP SRR E 08

= My (= 1) &5, Nz, Mo sy Nz, (3.13)
B Q2

Sk
=1 Py

in the case of an RBD, where s,, denote the n,, sampling units of block b assigned
to treatment k. As a result, an approximately design-unbiased estimator for CVC' is
given by CDC', where the diagonal elements of D are defined by (3.12) or (3.13).

Results for the extended Horvitz-Thompson estimator follows as a special case from
the results obtained for the generalized regression estimator with the common mean
model as weighting scheme (Sédrndal et al., 1992, section 7.4), i.e. (x;)=1 and
a),2 =®”. The common mean model only uses the population total as auxiliary
information and thus satisfies the condition that there exists a constant H-vector such
that a'x, =1 forall i€ U . Under this weighting scheme it follows that

.
v 1 yza Vo
Yeares =[Z ”*J [ E?JEYk , (3.14)

and b} =Y. An approximately design-unbiased estimator for the covariance

matrix of the contrasts between the subsample means is given by (3.12) or (3.13)
for a CRD or an RBD respectively, where b%'x, = 7%



The variance estimation procedure proposed in this section is derived under general
complex sampling designs, which also allows for the dependency between the
subsample estimates. Therefore it is remarkable that no second order inclusion
probabilities are required in the variance estimators. After detailed consideration,
this is a consequence of 1) the assumption of constant treatment effects, 2)
the application of a weighting scheme that satisfies the condition a’x, =1 for all
ie U, 3) the assumption that measurement errors 87 are independent, 4) the
specific randomization mechanism of CRD’s and RBD’s, and 5) variances
of contrasts between subsample means are calculated. Consequently, the variance
estimators have the structure as if the K subsamples have been drawn independently
from each other where the sampling units are drawn with unequal inclusion
probabilities with replacement. See Van den Brakel (2001) for a more detailed
discussion about this result.

3.5 The Wald test

To test hypothesis (3.2), the design-based estimators for the subsample means and
the covariance matrix of the contrasts between the subsample means give rise to

the following design-based Wald statistic:
W =Y pcC (CDC) ' CY -
Due to the diagonal structure of ﬁ, this Wald statistic can be simplified to

2

-1 S
0{ 1 K YO!

W= i Ligreg _ z Y EeE ] (3.15)

= 4, |&g4)|\5g 4

If s is drawn by means of simple random sampling without replacement and the
experimental design is a CRD, then the conditions given by Lehmann (1975,
appendix 8) can be applied to show that C?(‘;XREG — N(CB,CVC'). Under general
complex sampling designs, in the analysis of survey data, it is generally assumed
that a limit theorem holds so that CY ke — N(CB,CVC'"). Then it follows under
the null hypothesis, that W is asymptotically chi-squared distributed with K-/
degrees of freedom, to calculate p-values or critical regions for W.

3.6 Pooled variance estimators

In the case of an RBD, the variance estimation procedure might be improved by
pooling the estimators for the population variances S fk , which are implicitly defined

in (3.11), within each block. The pooled estimator for the population variance in

block b is given by

2
a  jal
nb+(y/k /) 1 ZK Z 1y, (Vi — b X))

1 , (3.16)
k 1 ie sy, Ny, k=l ies, Nﬂ'i, ,




or alternatively

a "ol ¥
nh+(y,k Ix)_ 1 3 1y, (Vi ~ by X"’)W . (3.17)

k 1 iesy on iEsy, Nrx,.
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In some specific situations, the derived Wald statistic coincides with the F-statistic,
known from the more traditional model-based analysis procedures. Consider an
RBD embedded in a self-weighted sampling design where the allocation of the
sampling units to the treatments is proportional over the blocks, i.e. 7, =n,, /N
and ny /ny, =n, In,, forallb.Let ¥ =0/n )Y, vy, V5 =0/m )X, Vi »
and Y =/n )Y, vy If n,, =n,, —1, then itfollows for the extended
Horvitz-Thompson estimator and the pooled variance estimator (3.16) that

2

o 1 1 K d
dk=n——222(y,k V=YY =— (3.18)

B
e My b=l k=1 i€ Spy n+k

Denote Yy, :(1/”1:/)2@ Vs - Under the pooled variance estimator (3.17) it
follows that

1 B K

=——222(J’1k ybk) =— (3.19)

n+k n++ b=1 k=liesy,

If these pooled variance estimators are substituted into the Wald statistic (3.15), then

it follows that

K
= i(zmk(w !
d k=1 )
It follows that W /(K —1) with d defined in (3.18) corresponds to the F-statistic of
an ANOVA for the two-way layout without interactions. If ¢ defined in (3.19) is
applied, then W /(K —1) corresponds to the F-statistic of an ANOVA for the two-
way layout with interactions. (See e.g. Scheffé, 1959, ch. 4.)

For a CRD, a pooled variance estimator follows as a special case from (3.13) or
(3.14) by taking b= 1, n,, =n,, and n, = n,. Under both estimators, W /(K —1)
corresponds to the F-statistic of an ANOVA for the one-way layout. (See e.g.
Schefté, 1959, ch. 3.) If n,, — oo, then the F-statistic of an ANOVA for the one-
and two-way layout tend to Z[zK-u /(K —1), so the Wald statistic and the F-statistic
have the same limit distribution.

3.7 Advantages of RBD’s

The main advantage of RBD’s is the elimination of the variation between the blocks
in the analysis of treatment effects. The variance reduction achieved with blocking
by embedded experiments follows if the variance components (3.10) and (3.11) are
compared. This suggests to use sampling structures like strata, PSU’s, clusters,
interviewers and the like as block variables in an RBD (Fienberg and Tanur, 1987,

10



1988). Consider for example an experiment embedded in a stratified sampling
design. It follows from the variance expression (3.10) and (3.11) that the efficiency
of a stratified sampling design is nullified in the case of a CRD, while it is preserved
under an RBD where strata are used as block variables. Furthermore, an RBD with
strata as block variables ensures that each stratum is sufficiently represented within
each subsample. In the case of experiments embedded in two-stage sampling designs
or cluster samples, it might be efficient to use PSU’s or clusters as block variables,
since in most practical situations, the sampling units from the same PSU or cluster
have a higher degree of homogeneity compared with sampling units from different
PSU’s or clusters. If the data collection is conducted by means of CATI or CAPI,
then interviewers are potential block variables. An RBD with interviewers as block
variables eliminates 1) the variation in the observations due to fixed or random
interviewer effects specified in the measurement error model (3.1) and 2) the
variation of the target parameter of the sampling units between interviewers. The
second component might be substantial in surveys where data are collected by
means of CAPI, for then interviewers work in separated relatively small regions.
Generally, response rates between interviewers might differ substantially. This
implies that blocking on interviewers makes it better possible to preserve the
orthogonality properties of the experimental design, e.g. a proportional allocation of
sampling units to treatments over the blocks, which improves the power of the
experiment (see Van den Brakel and Van Berkel, 2002). The main disadvantage of
using interviewers as block variables is that such designs might complicate the data
collection considerably, since each interviewer must collect data under each of the K
treatments.

4. Embedded experiments with different randomization levels

In this section we consider the analysis of embedded experiments where the
randomization levels of the experimental units and the sampling units are different.
Consider for example an experiment embedded in a two-stage sampling design,
where PSU’s are households and secondary sampling units (SSU’s) are persons.
According to the experimental designs considered in the preceding section, the
SSU’s are randomized over the treatments by means of a CRD or an RBD. In many
situations, however, it might be infeasible to apply different treatments within the
same PSU (household) from a practical point of view. In such situations PSU’s are
randomized over the treatments and consequently the experimental units do not
coincide with the ultimate sampling units of the sampling design.

Consider a finite population U that consists of M PSU’s. The j-th PSU consists of
N, SSU’s. Let N = Zﬁil N, denote the population size. To test hypothesis (3.2), a

two-stage sample s, drawn from U is available. Let 71'_][- denote the first order

inclusion probability of the j-th PSU in the first stage of the sampling design and

7

7y, the first order inclusion probability of the i-th SSU in the second stage given
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that the j-th PSU was selected in the first stage. In the case of a CRD, the sample of
PSU’s is randomized over the K treatments. Let m, denote the number of PSU’s
assigned to subsample s, . Then m, = YK m . denotes the total number of PSU’s
in s. The conditional probability that PSU ; is assigned to treatment &, given the
realization of the first stage equals m, /m, . In the case of an RBD, the PSU’s are
deterministically divided in B blocks s,. The PSU’s within each block are
randomized over the K treatments. Interviewers or strata of the first stage design are
potential block variables in this situation. Let m,, denote the number of PSU’s
assigned to treatment k in block . Then m,, =Y, m, denote the number of
PSU’s in block b, m,, =Y, m, the number of PSU’s in subsample s, and

L =20, > m,, the total number of PSU’s in s. The conditional probability
that PSU j is assigned to treatment &, given the realization of the first stage and that
PSU jes,, equals m,, /m,, . Considering each subsample as a realization of a
two-phase sample (see section 3.3) it follows that the first order inclusion
probabilities of the j-th PSU in the first stage of s, equals ﬂ'j’ =(my /m,)7; in the
case of a CRD or ﬂ'“ = (my, /' m, )7, in the case of an RBD. The first order

inclusion probability of the i-th SSU in subsample s, is given by 71' = 7[ "l Let

iy *
n; denote the number of SSU’s drawn from each of the j PSU’s in the second stage
and let y;’k denote the observation obtained from the i-th SSU, drawn from the j-th
PSU assigned to the £-th treatment. The Horvitz-Thompson estimator for 17,( based

on the observations in s, is given by

:_22 yl]k// E_ yff];’ “.1)

jesk i=1 7[ 7[”] /esk

where )A/f;( denotes the Horvitz-Thompson estimator for the population total of the j-
th PSU assigned to the A-th treatment. The generalized regression estimator for Y,
based on the observations in s, is given by expression (3.6), where the Horvitz-
Thompson estimator for the regression coefficients f)f and the population means of
the auxiliary information X . are defined by (3.4) and (3.5), respectively using the

first order inclusion probabilities derived in this section.

The covariance matrix of the contrasts between the first order Taylor linearization of
the subsample means is again given by CVC' = E_E _CDC'. In the case of an
RBD, the diagonal elements of D are given by

L1 1 m, (3% -bI%) 1 < m, (5% bR,
d. = — —- — 21, 42)
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Here x,, denotes the vector with auxiliary information of the i-th SSU drawn from
the j-th PSU. An approximately design-unbiased estimator for the covariance matrix
of the contrasts between the subsample means is given by CDC’ . In the case of an
RBD, the diagonal elements of D are given by
. R 2

N m, (3% -b7'%) 1 m,, (5% —b% .
dkzz z 5 (Vi — by j)_ 2 b (Vi =Dy X ) (4.4)

/ 1/
bm My my =1 e Nz, My sy Nz,

where )A/jjc —lA),’flf(j is given by (4.3). In the case of a CRD an expression for the
diagonal elements of D and D are given by (4.2), (4.3) and (4.4) by taking B=1,

m,, =m,,and m,, =m,.

An expression for the extended Horvitz-Thompson estimator is defined by (3.14),

using the first order inclusion probabilities derived in this section. An expression for

the variance components d, is obtained by (4.3) where

~Aa naoala ik _ ro o

y_jk_bk X, = 7_)}#_}7]{ N;.

iy

To improve the variance estimation procedure, the pooled variance estimators
proposed in section 3.6 can be applied in equivalent way. Hypothesis (3.2) can be
tested with Wald statistic (3.15), using the subsample estimates and the variance

components derived in this section.

An experiment embedded in a two-stage sampling design can be designed as an
RBD with PSU’s as block variables and SSU’s are the experimental units, or as an
experiment where PSU’s are the experimental units. If the variation between the
PSU’s is large and the variation between the SSU’s within PSU’s small, then an
RBD where PSU’s are block variables and SSU’s are experimental units will be
preferable. If the variation between PSU’s is small and the variation between SSU’s
within PSU’s is large, then under both experimental designs there will be a large
variance component arise from the variation between SSU’s within PSU’s. In this
situation an RBD with PSU’s as block variables and SSU’s as experimental units
has the advantage that more degrees of freedom are available in the variance
estimation procedure. If, however, the PSU’s are completely observed, i.e. the
sampling design is a cluster sample, then it might be efficient to apply an
experimental design where PSU’s are experimental units. Using PSU’s as
experimental units in this situation avoids the introduction of a large variance
component from the variation between SSU’s within PSU’s, since PSU’s are
completely observed under one of the K treatments. As emphasized in the
introduction of this section, an experimental design where PSU’s are the
experimental units will generally be considered for practical reasons if the
application of different treatments within a PSU is not feasible.
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5. Testing hypotheses about ratios of population totals

The analysis procedure developed in the preceding sections can be applied to test
hypotheses about estimates of population means or totals. In many sample surveys,
however, target parameters are defined as the ratio of two population totals.
Therefore, the methodology from the preceding sections will be extended to the
analysis of ratios. Let R, =Y, /Z, denote the ratio of two population totals

observed under treatment k. Then R=(R,,..., R, )" denotes the K dimensional

vector with ratios observed under the different treatments of the experiment. The

purpose of the experiment is to test the following hypothesis:
H,:CR=0

: 6.1
H, :CR#0

Let yg and zj denote the observations obtained from experimental unit i,
assigned to interviewer / and treatment £ on the & -th occasion. Both variables
are assumed to be a realization of measurement error model (3.1). The generahzed
regressmn estimator for R, , is given by Rk greg = Yk — Zk - areg » Where Yk ~areg and
Zk, areg are the generalized regression estimators of the population totals ¥, and Z,
based on the observations obtained in subsample s,. Finally

A A A t . . .
6reG = (Rigregs- s Ri.greg )" denotes the generalized regression estimator for R.

Let V denote the covariance matrix of Rggg- To derive an expression for the
covariance matrix of the K-1 contrasts between Rggge . @ linear approximation of
R oree Must be obtained first. The first order Taylor linearization of Ry areg about
the point R, is given by

RO{

k;greg

&+%4Y ~ R (5.2)

greg k;greg )
k

Subsequently I;kawg and ZA,?“% in (5.2) are linearized with a first order Taylor
approximation about (Y,,b,,X) and (Z;,d;,X) respectively, where d,
denotes the H-dimensional vector with the regression coefficients of the regression

function of z;; on X,. Then it follows that

o 1 oo > 5o >
ngrcngk +Z_(Yk +b;<(X_Xk)_Rk(Zk +d;((X_Xk)))
k
A 1 ’
ERk +E£+Z—(b;X—de;X)
k
where
:_zyzk i_Rk(Zii_d;(Xi)
k ies, 7[: .

The covariance matrix of the contrasts of Rggge 1S approximated with the
covariance matrix of the first order Taylor linearization of the contrasts of R¢gee
which is obtained by that of E* = (Ef,..., EZ)". The same analysis used for the
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derivation of the covariance matrix of the contrasts between the subsample means in
section 3, can be applied to show that CVC' = E_E CDC'. In the case of an
RBD, D is a diagonal matrix with elements

2

B o o
d=Lty L 1 ylme 1 gmey 53
k— 52 ’ .
Zk bh=1 nbk nb+ _1 ies, JT. I’Zb+ i’e“'b ..

13 4

where
a _ L« { o {
ey =Yy —bix, — R (z;, —d;X,).

An estimator for CVC' is given by CDC’ where the diagonal elements of D are

given by

~ 1 &1 1 n.e; 1 n,. €, i

dp=>—2 — )y -y e (5.4)
Zk:greg b=1 My Ty, -1 €Sy, T, Py iesy T

where

o nal Do a Jao
€ _yik_bk Xi_R (Zik_dk Xi)‘

kigreg

For experiments embedded in two- or multi-stage sampling designs, where the
PSU’s correspond to the experimental units (section 4), an expression for the
diagonal elements of D under an RBD is given by

2
1& 1 1 my,. e, 1 my &%

)
Zk p=1 My, M, -1 jesy, 7[_]‘ m,, JES) ﬂ-j’
where
n. o t o t
S Vi _kaij —R, (Z(jk - dkxi/)

A /
Cik = 2 ]

i=1 o,

An expression for the diagonal elements of D under an RBD is given by

A ~ 2
A0

. 1 &1 1 m, &% 1« m,,e

_ b+~ jk b+" jk
dp =2, DN R X (5.6)
JESy ﬂ.»/’ mbk sy, 7'[/.,

A

n a jo a a  jo!
R N\O Vi —b; X _Rk;greg(zilk —d, X
€k = :
i=1
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An expression for the diagonal elements d, and d . under a CRD follows as a

special case from (5.3) and (5.4) or (5.5) and (5.6), respectively by taking B =1,

n,=n,, and n,, =n

., or m, =m,, and m,, =m,. Expressions for the

.-
extended Horvitz-Thompson estimator follow directly as a special case from the
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generalized regression estimator with the common mean model as a weighting
scheme. The pooled variance estimators proposed in section 3.6 can be applied in an
equivalent way for the variance estimators for contrasts between ratios. Finally
hypothesis (5.1) can be tested with the Wald statistic defined in (3.15) where };,f’fg,leg
is replaced by I%,EX gre and the appropriate expressions for the variance components
d . are applied.

6. Discussion

To test hypotheses about estimates of finite population parameters of a sample
survey, observed under different survey approaches or treatments, a design-based
Wald statistic for the analysis of CRD’s or RBD’s embedded in generally complex
sampling designs is derived. Parameter and variance estimators are based on the
Horvitz-Thompson estimator or the generalized regression estimator, which account
for the randomization mechanism of the sampling design, the experimental design
and the estimation procedure of the regular survey in the analysis of the experiment.
The application of a design-based analysis procedure in combination with the
random selection of experimental units from a finite population by means of random
sampling, enables us to generalize the results observed in the specific sample of the

experiment to the entire survey population.

At first sight, an analysis procedure that accounts for the sampling design might be
considered as an alternative to test hypotheses about the regression coefficients of a
linear model or linear combinations of the subsample estimates, which reflect the
treatment effects of the experiment. The superimposition of the experimental design
on the sampling design, however, determines which specific features of the sampling
design are nullified or preserved. For example, the effect of stratified sampling or
two-stage sampling on the variance of the treatment effects is nullified under a CRD.
Therefore, the application of such an alternative analysis procedure can still lead to
misleading results, since the superimposition of the experimental design on the
sampling design is ignored by the variance of the treatment effects. Furthermore the
interpretation of the results is more complicated if the treatment effects are specified
as the regression coefficients in a linear model, which are not directly linked with

the finite population parameters as they are defined in the sample survey.

Since the subsamples are drawn without replacement from a finite population
according to a general complex sampling design, a rather complicated expression for
the covariance matrix with nonzero off-diagonal entries is expected. Although we
allow for general complex sampling designs, as well as the dependency between the
subsample estimates, the derived estimator for this covariance matrix has the
structure as if the subsamples are drawn independently from each other where the
sample units are selected with unequal probabilities with replacement. No second
order inclusion probabilities are required, which simplifies the analysis

considerably. As a result a Wald statistic, derived from a design-based perspective
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under general complex sampling designs, is obtained that still has the attractive
relative simple structure of standard model-based analysis procedures.

The analysis procedure proposed in this paper is currently implemented in Statistics
Netherlands’ software package Bascula in order to facilitate the application of these
methods. The calculations, however, can also be performed indirectly with software
packages that facilitate survey estimation procedures like Stata or Sudaan. Therefore
it should be recognized that the variance components in (3.13) and (4.4) can be
calculated with the analytical variance estimator for a multi-stage sampling design
where the first stage is drawn with replacement and subsequently taking the
experimental units and the block variables as the PSU’s and the stratum variables,
respectively.
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