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Chapter 1

Introduction

When we try to answer a question about a population, for example, how happy the

Dutch PhD students are, we often do not have information about all the units in the

population, but only for a sample of it. The representativeness of the sample is then

crucial to make a reliable inference of the population. To ensure representativeness,

the gold standard of drawing a sample is in a probabilistic manner. That is, we first

define the scope of the population we are interested in such as PhD students enrolled

in a Dutch university in 2024. The probability of each unit being included in the

sample is then decided based on the research question and perhaps also the amount

of resources the researcher has. The inclusion probability can be the same for every

unit, as in simple random sampling, or the probability can be specified given some

unit characteristics, as in probability proportional to size. The problem of drawing

a probability sample based on different needs or limitations has been well-studied

in the past decades. See, for example, Cochran (1977); Kish (1965). The acquired

sample is then called a probability sample.

To estimate the target estimand from the probability sample, such as the pop-

ulation total or mean of the target variable, a series of estimators can be used.

For instance, for simple random sampling, the sample mean is a well-known and

often-used estimator for the population mean.
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Here we introduce some notation for the following discussion. Suppose we are

interested in a finite population U of size N . The target variable, or study variable, Y

is expressed for unit i ∈ {1, 2, 3, ..., N} as yi and we are interested in the population

mean of the target variable µ = N−1
∑

i∈U yi. If the probability sample (S) of size n

is obtained by simple random sampling, µ is often estimated by ȳSRS = n−1
∑

i∈S yi.

If the probability sample is from an unequal probability design, that is, P(i ∈ S)

is not the same for every i, µ may be estimated by design-based estimators such

as the Horvitz-Thompson estimator ȳHT = N−1
∑

i∈S wiyi or Hájek estimator ȳw =∑
i∈S wiyi/

∑
i∈S wi, where the design weight wi = 1/P(i ∈ S) (Hájek, 1971; Horvitz

& Thompson, 1952).

Although probability sampling generally guarantees the unbiasedness and/or

consistency of statistical inference, it has limitations as well. The collection of a

probability sample is usually time and resource-consuming, and response rates to

surveys have been decreasing over the last few decades. At the same time, a large

amount of nonprobability samples, samples for which the inclusion mechanism is

unknown to the researcher, are available or can be easily collected. Think of data

scraped from social media, sensor data, or administrative data. If the nonprobability

sample is treated as a simple random sample, selection bias/error may occur. Specifi-

cally, if µ is estimated by the nonprobability sample (NP ) with ȳNP = n−1
NP

∑
i∈NP yi

where nNP is the size of the nonprobability sample, the error can be expressed as

Error(ȳNP ) = ȳNP − µ.

If the nonprobability sample is from an underlying sampling mechanism (b), the bias

is then

Bias(ȳNP ) = Eb(ȳNP )− µ
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where E(·) is an expectation function. Also, since nonprobability samples are usually

easy to collect, we often have a large nNP . If we again treat the nonprobability

sample as a simple random sample, the resulting estimated variance is small and

the confidence interval can barely cover the true value (Meng, 2018).

To avoid the threat of selection bias, a correction is needed before inferring from

a nonprobability sample. Correcting selection bias in a nonprobability sample is

certainly not a new topic, but it draws lots of attention from statisticians nowadays

given the emerging data sources and new analysis techniques. Many influential sta-

tistical journals have published special issues on nonprobability samples or closely

related topics, such as the Journal of Survey Methodology and Statistics, Survey

Methodology, and Journal of Official Statistics. In this dissertation, we propose a

selection bias correction method for large nonprobability samples in terms of inclu-

sion fraction fNP = nNP/N . Some practical analysis issues such as model selection,

imbalanced samples, and small area estimations are also discussed.

1.1 Correcting Selection Bias by Pseudo Weights

One of the often-used methods for selection bias correction is pseudo-weighing. It

assigns a set of unit weights to the nonprobability sample so that the target estimand

can be estimated by design-based estimators. The weights may be constructed by as-

suming the nonprobability sample comes from probability sampling (with unknown

inclusion probabilities) and trying to estimate the inclusion probabilities P(i ∈ NP )

by utilizing some auxiliary information. Ideally, if the weights are properly con-

structed, the resulting estimators are unbiased or consistent no matter which target

variable is of interest. Most pseudo-weighting methods are based on the following

assumptions:

1. The nonprobability sample is from the target population U .
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2. The inclusion probability for every unit of the population is positive. That is,

P(i ∈ NP ) > 0 for every i ∈ U .

3. The auxiliary information (x) governs the inclusion mechanism of the non-

probability sample so that P(i ∈ NP |x, y) = P(i ∈ NP |x).

The first assumption may be violated by overcoverage. For example, if the nonprob-

ability sample is collected from social media, people who specified themselves from

the Netherlands may not be from the Netherlands. The second assumption is neces-

sary for applying design-based estimators after the pseudo-weights are constructed.

This assumption may not always be valid. For example, people who do not have

an account on the social medium used to collect the data for the nonprobability

sample will have a zero chance of being included. The third assumption is similar

to the Missing At Random assumption in missing data literature (Rubin, 1978). In

practice, researchers may apply auxiliary variables that are believed to be related

to the inclusion mechanism of the nonprobability sample or related to the target

variables, but it is hard to verify whether the assumption is met or not.

Many methods for constructing the pseudo-weights have been proposed in the

literature. Elliott and Valliant (2017) give a review of selection bias correction and

discuss one of the pseudo-weighting methods originally proposed in Elliott and Davis

(2005). The method assumes the inclusion fraction of the nonprobability sample is

small so that the nonprobability sample and the reference probability sample do

not have any overlapping parts. This may be valid in large populations such as the

United States. In the Netherlands, many registers cover a large proportion of the

population, and this assumption may be easily violated. Therefore, in Chapter 2 we

propose a pseudo-weighting framework for large inclusion fractions. The proposed

method requires a reference probability sample that shares some auxiliary variables

with the nonprobability sample but does not necessarily have the target variable.
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This is referred to as a two-sample setup. A propensity model is then fitted given

the non-overlapping part of the two samples. We also discuss different relations be-

tween the nonprobability sample and the reference probability sample. That is, the

inclusion mechanism of the nonprobability sample may be affected by the reference

probability sample because of, for instance, the response burden. A nonparametric

variance estimation framework is also proposed to estimate the uncertainty of the

estimated population mean under various kinds of propensity models.

1.2 Model Selection for Weight Construction

The proposed framework in Chapter 2 and many proposed methods in the literature

allow researchers to fit all kinds of models to estimate the inclusion probability

of the nonprobability sample. Many machine learning techniques for probability

estimation can then be used. However, machine learning techniques often rely on a

proper model selection process, for example cross-validation, to guarantee predictive

performance. Those model selection processes may not be immediately useful for

selection bias correction since they mainly focus on prediction problems. Here we

borrow the terminology from Efron (2020). That is, many model selection techniques

try to find a model with a minimum Mean Squared Error on the unit level

MSE(ŷ) = Eb[n
−1

n∑
i=1

(ŷi − yi)
2].

The estimation problem, on the other hand, focuses on having the smallest MSE of

the estimated population parameter (e.g., the estimated population mean ȳ) and it

tries to find a model with minimum

MSE(ȳ) = Eb[(ȳ − µ)2].
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Of course in a perfect scenario, we may find a model that returns the smallest

MSE(ŷ) and MSE(ȳ) at the same time, but this is not always the case in practice.

Given that the fundamental aims of prediction and estimation are different, in

Chapter 3 we try to find a suitable performance measure that can indicate the

performance of the constructed weights. Since constructing weights may involve a

propensity estimation step, we examined the model performance measures which

are often used for probability estimation to see whether they are useful for selection

bias correction. Some possible measures developed from related literature such as

calibration are discussed as well.

1.3 Imbalanced Samples

Under the two-sample setup, since the nonprobability sample is often much larger

than the probability sample, their union results in an imbalanced dataset when

fitting a propensity model. Imbalanced samples often cause modeling difficulties,

and many approaches have been proposed to deal with it. For example, undersam-

pling the majority group (i.e., nonprobability sample) or oversampling the minority

group (i.e., probability sample). Instead of merely under- or oversampling, some

other methods such as the Synthetic Minority Oversampling Technique (SMOTE)

are widely used in machine learning literature. SMOTE tries to create a sample that

is similar to the minority group and is shown to be effective in machine learning lit-

erature. However, these approaches cannot immediately be used for selection bias

correction since the estimation steps in Chapter 2 need to be adjusted accordingly.

Therefore, in Chapter 4, we discuss the adjustment of these approaches and try to

find the ideal way to deal with the imbalance in the two-sample setup.
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1.4 Small Area Estimation Based on a Nonproba-

bility Sample

Besides estimating the population mean or total, often the estimate of a certain

subgroup is of interest as well. As in the example at the beginning, we may be

interested in not only how happy the Dutch PhD students are, but also how happy

the Dutch PhD students in each department are. Since the sample size of each

department may not be large enough to draw a reliable inference, some adjustments

are needed. This type of problem is referred to as Small Area Estimation (SAE).

The massive literature on SAE is based on probability samples, see, for example,

reviews in Parker, Janicki, and Holan (2023); Pfeffermann (2013), while the discus-

sion of doing SAE on nonprobability samples is limited. When doing SAE on a

nonprobability sample, some differences should be taken into account. For exam-

ple, the design weights of the probability sample are replaced by the constructed

pseudo-weights of the nonprobability sample. The weights are therefore subject to

the variation of the propensity model. Also, as in the difference between MSE(ŷ)

and MSE(ȳ), a model that returns the smallest MSE in small areas may not neces-

sarily return the smallest MSE(ȳ). If both SAE and overall estimates are important

to the researcher, some decisions should be made during the modeling process.

1.5 Outline

In the following chapters, the proposed selection bias correction framework for large

inclusion fractions is introduced in Chapter 2. A discussion of suitable performance

measures for selection bias correction is given in Chapter 3. The proposed remedy

for unbalanced samples is in Chapter 4. The approaches for small area estimation

from a nonprobability sample are in Chapter 5. All of these chapters are supported



8 Chapter 1. Introduction

by simulation studies and applications of real-life data. Finally, the dissertation is

concluded with some discussion and suggestions for practitioners.
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Chapter 2

Correcting Selection Bias in Big

Data by Pseudo Weighting

Abstract

Nonprobability samples, for example observational studies, online opt-in surveys,

or register data, do not come from a sampling design and therefore may suffer

from selection bias. To correct for selection bias, Elliott and Valliant (2017) (EV)

proposed a pseudo-weight estimation method which applies a two-sample setup.

That is, a set-up where other than the target nonprobability sample, a probability

sample that shares some common auxiliary variables with the nonprobability sample

is used. By estimating the propensities of inclusion in the nonprobability sample

given the two samples, we may correct the selection bias by (pseudo) design-based

approaches.

However, the EV method is not suitable for large inclusion fractions of the pop-

ulation or for units having high inclusion probabilities for either sample, which is

often seen in administrative data sets and more and more common for Big Data.

In this research, we extend the EV method to be suitable for all ranges of inclusion

probabilities, while retaining the attractive properties of the original study. Any
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model that is suitable for propensity estimation can be easily applied, for instance,

a machine learning model.

Furthermore, the possible dependency between the selection of the nonprobabil-

ity sample and the probability sample is discussed, to deal with the scenario where

inclusion in the nonprobability sample is affected by being included in the probabil-

ity sample. For variance estimation, two finite population bootstrap algorithms are

proposed that account for the two-sample setup. These algorithms can be applied

to a wide range of estimators and estimation methods. We show in a simulation

study based on a real data set that the proposed method outperforms other compar-

ing methods, and that the pseudo population bootstrap algorithms give reasonable

variance estimates.

Keywords: Selection Bias, Big Data, Nonprobability Sample, Propensity Score,

Pseudo Population Bootstrap

Liu, A.-C., Scholtus, S., & De Waal, T. (2023). Correcting selection bias in big

data by pseudo-weighting. Journal of Survey Statistics and Methodology, 11(5),

1181-1203. https://doi.org/10.1093/jssam/smad042

 https://doi.org/10.1093/jssam/smad042
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2.1 Introduction

2.1.1 Nonprobability and Probability Samples

Probability sampling according to a well-designed sampling design, enables one to

obtain valid estimates for population parameters of interest. However, the collection

of probability samples is time-consuming and expensive. On the contrary, a wide

diversity of new data sources, for example, Big Data, register data, and opt-in

online surveys, can provide a massive amount of information at a low cost within

a short time (Baker et al., 2013; Beaumont, 2020; Cornesse et al., 2020). These

nonprobability samples do not come from a known sampling design, and therefore,

it is uncertain whether we can make an unbiased inference from the nonprobability

sample to the population of interest.

2.1.2 Selection Bias

Since the inclusion mechanism of a nonprobability sample is unknown, estimates

based on a nonprobability sample may suffer from selection bias because under-

or over-representation of certain units in the sample is unknown. Treating the

nonprobability sample as if collected by simple random sampling may result in biased

estimates even when the sample size is large. In fact, as noted in Bethlehem (2010);

Meng (2018); J. Rao (1966) and Kim and Wang (2019), when the nonprobability

sample is treated as a simple random sample from the population, selection bias

occurs when the inclusion in the sample is correlated to the target variable we are

interested in.
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2.1.3 Existing Approaches

To solve the issue of selection bias, some approaches focus on estimating the target

variables or parameters at the population level, while other approaches focus on

estimating the inclusion probabilities of the units in the nonprobability sample. The

two approaches can be combined to achieve doubly robust estimation (Y. Chen, Li, &

Wu, 2020). For reviews of existing methods, we refer to Elliott and Valliant (2017),

J. Rao (2020), and Cornesse et al. (2020). No matter which kind of approach is

chosen, auxiliary information of the population is necessary, such as the full auxiliary

information for the entire population (Heckman, 1976), population totals of the

auxiliary variables (Little, West, Boonstra, & Hu, 2020), or a probability sample

that shares some common auxiliary variables with the nonprobability sample. The

last situation is termed as the two-sample setup. In this setup it is assumed that the

two samples come from the same population we are interested in and the probability

sample is a (relatively) good representation of the population we are interested in as

long as the design weights are considered. By combining the information from the

two samples, we may be able to correct for the selection bias in the nonprobability

sample. This two-sample setup may allow researchers to have more data sources

to choose from compared to methods requiring auxiliary information for the full

population. For example, variables from an attitude questionnaire can be used as

auxiliary information, which are usually not available on the population level. Many

researchers also apply the two-sample setup, for example, Y. Chen et al. (2020);

Elliott and Valliant (2017); Kim and Wang (2019); Valliant and Dever (2011); and

Valliant (2020).

One approach that can be applied to the two-sample setup is a pseudo-weighting

approach proposed by Elliott and Valliant (2017) which we will refer to as the EV

method. The EV method assumes there exists an underlying (unknown) stochastic
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mechanism for units to be included into the nonprobability sample, and the selection

bias can be corrected by estimating the propensity of the units to be included in

the nonprobability sample. The nonprobability sample is then treated as having

been obtained from an unequal probability sampling design as known from the

sampling literature. For example, one may use the Horvitz-Thompson estimator to

obtain estimates for the population mean, or apply a weighted regression (Horvitz

& Thompson, 1952).

The EV method is appealing for four reasons. First, when more than one target

variable or the relation of multiple variables is of interest, which is often the case in

practice (Haziza & Beaumont, 2017), only one propensity model needs to be fitted.

Even though we may trade off with efficiency, estimating only one propensity model

is less cumbersome than the approaches that model every target variable individu-

ally. The second reason is that the EV method handles the design weights of the

probability sample after the propensity model is fitted, which tends to make the

propensity estimation more stable compared to methods that consider the design

weights during the propensity estimation (Gelman, 2007; Little, 2004). The post-

processing of the design weights leads to the third appealing point. Any method

focusing on probability estimation of binary categories, such as machine learning

methods, can easily be plugged into the EV method in order to estimate propen-

sity scores without considering the design weights during the model fitting process.

For example Rafei, Flannagan, and Elliott (2020) apply Bayesian additive regres-

sion trees as the estimation model to mitigate the effect of model misspecification.

Fourth, the EV method can also serve as the inclusion propensity estimation part

to achieve doubly robust estimation (Y. Chen et al., 2020).
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2.1.4 The EV Method in Big Data

Unfortunately, the EV method is not suitable for large inclusion probabilities, while

large inclusion probabilities are often found in Big Data, or simply in a small pop-

ulation of interest, e.g., all the listed enterprises in a certain industry. When an

administrative data set suffers from incompleteness due to delayed reporting, it can

also be seen as a nonprobability sample with a large inclusion fraction. For exam-

ple, in the simulation study in Section 2.4, we use the records of odometers of all

privately-owned cars in the Netherlands from the Dutch Online Kilometer Registra-

tion. The record is entered when a car visits a garage for maintenance, repair, or

testing. When the records are used to produce road traffic statistics, some cars may

have not visited a garage yet, which results in a nonprobability sample (Buelens,

Burger, & van den Brakel, 2018). Also, when some units have large propensities

of being included in both samples, even when the overall inclusion fraction of the

nonprobability sample is relatively small, the original EV method is not suitable.

The latter situation can occur for business surveys, where large inclusion fractions

are often used in strata containing larger enterprises (Ouwehand & Schouten, 2014).

In this research, we extend the EV method so that it not only enjoys the merits of

the original method, but is also suitable for large inclusion fractions. Our extension

assumes a unique linkage key for units in both samples to identify the overlapping

part between the nonprobability sample and the probability sample. The unique

key can be license plate numbers in the above example, personal IDs, or company

registration numbers. If a unique key is not available, the overlapping part can

also be estimated by auxiliary variables as in probabilistic record linkage, or by the

method in Kim and Tam (2020).

We also address the issue of the possible dependency between the inclusion in

the nonprobability sample and the inclusion in the probability sample. When the
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probability sample is drawn before the nonprobability sample, the inclusion in the

probability sample may affect the inclusion in the nonprobability sample. For ex-

ample, businesses in the Netherlands are obliged to fill in a short-term business

statistics panel survey when asked (probability sample) and are also always obliged

to report data to the value-added tax (VAT) register. Since some businesses are

late reporters, the available VAT data for producing early estimates of short-term

statistics are incomplete and can be considered a nonprobability sample that is likely

to be selective (Ouwehand & Schouten, 2014). When businesses are drawn into the

panel survey, some of them might also be more likely to become an early VAT re-

porter, since they already have the data at hand. This would create an unintended

dependency between the two samples. Dependency of the two samples may also

be introduced intentionally in order to reach groups that are underrepresented in a

probability survey. For example, one may try to increase the precision of estimates

for minority groups by snowball sampling, and a screening procedure could be used

to give the units already in the probability sample a lower (or zero) probability to be

included in the nonprobability sample. We will show in the simulation study that

this dependency of inclusion is important to be considered during the estimation

process.

Variance estimation by resampling is discussed given the two-sample setup. Since

we are focusing on large inclusion fractions of the samples from a finite population,

the assumption of independent and identically distributed observations in the stan-

dard bootstrap method is not met (Efron, 1979). We apply algorithms extended from

pseudo population bootstrapping, which can be applied for any estimator which is

a smooth function of population means, for example, a total, a ratio, or a coefficient

of linear regression. Also, the algorithms enjoy the generality that many kind of

sampling design of the probability sample and any kind of propensity estimation

process, e.g., machine learning methods, can be applied in this framework.
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In the next section, we will first introduce the original approach by Elliott and

Valliant (2017) and then propose our extended approach for the cases where the two

samples are independent, respectively dependent. Section 2.3 discusses variance

estimation algorithms. A simulation study comparing the proposed method and

other methods is given in Section 2.4, and Section 2.5 concludes the paper with a

discussion.

2.2 Methods

2.2.1 The EV Method

Following Elliott and Valliant (2017), we consider a finite population U of size N .

Let S∗
i ∈ {0, 1} denote an inclusion indicator for a nonprobability sample (NP), and

let Si ∈ {0, 1} denote an inclusion indicator for a probability sample (P) for unit i.

Three common assumptions are made:

A1 For all the units i in U , P(i ∈ NP ) and P(i ∈ P ) are non-zero.

A2 A common set of auxiliary variables xi which govern the inclusion mechanism

of the nonprobability sample is available in both the nonprobability sample

and the probability sample, while the target variable yi is only available in the

nonprobability sample.

A3 The design weights of the probability sample di are available for both the prob-

ability sample and the nonprobability sample, or it is possible to estimate

di = P−1(Si = 1|qi) with a set of variables qi which govern the inclusion

mechanism of the probability sample for all units in the two samples, as ex-

plained in Elliott and Valliant (2017) and Rafei et al. (2020).
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For notational simplicity, below we presume qi ⊂ xi, while the inclusion mechanism

of the nonprobability sample is not necessarily governed by qi. Elliott and Davis

(2005) derive

P(S∗
i = 1|xi = xo) =

P(xi = xo|S∗
i = 1)P(S∗

i = 1)

P(xi = xo)

=
P(xi = xo|S∗

i = 1)P(S∗
i = 1)P(Si = 1|xi = xo)

P(Si = 1)P(xi = xo|Si = 1)

∝ P(xi = xo|S∗
i = 1)P(Si = 1|xi = xo)

P(xi = xo|Si = 1)
.

(2.1)

using Bayes’ rule; this derivation is equation (2.4) in Elliott and Valliant (2017).

Avoiding direct estimation of P(xi = xo|S∗
i = 1) and P(xi = xo|Si = 1), Elliott

and Valliant (2017) use discriminant analysis on the combined nonprobability and

probability samples, setting ZEV
i = 1 for units from the nonprobability sample and

ZEV
i = 0 for units from the probability sample, thus obtaining

P(xi = xo|ZEV
i = 1)

P(xi = xo|ZEV
i = 0)

=
P(ZEV

i = 1|xi = xo)P(xi = xo)/P(ZEV
i = 1)

P(ZEV
i = 0|xi = xo)P(xi = xo)/P(ZEV

i = 0)

∝ P(ZEV
i = 1|xi = xo)

P(ZEV
i = 0|xi = xo)

,

(2.2)

which yields

P(S∗
i = 1|xi = xo) ∝ P(Si = 1|xi = xo)

P(ZEV
i = 1|xi = xo)

P(ZEV
i = 0|xi = xo)

.

Note that Elliott and Valliant (2017) make a fourth additional assumption:

A4 The sampling fractions of the probability sample and the nonprobability sample

are small so that there are no common units in both samples. Specifically

requiring that

P(xi|ZEV
i = 1) = P(xi|S∗

i = 1, Si = 0) ≈ P(xi|S∗
i = 1)

P(xi|ZEV
i = 0) = P(xi|S∗

i = 0, Si = 1) ≈ P(xi|Si = 1).

(2.3)
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Our proposed method (see Section 2.2.2), does not require this assumption.

The estimated pseudo weight is then the inverse of the estimated propensity

(Czajka, Hirabayashi, Little, & Rubin, 1992)

wi,EV ∝ di
P̂(ZEV

i = 0|xi = xo)

P̂(ZEV
i = 1|xi = xo)

. (2.4)

The estimated wi,EV can then be plugged into, for example, a Hájek estimator

∑
i∈NP

wiyi/
∑
i∈NP

wi

for estimating the population mean of a target variable y.

It is worth to note that some literature suggests to use the inverse of the estimated

odds as the weights without considering the design weights of the probability sample,

that is, wi = P(ZEV
i = 0|xi = xo)/P(ZEV

i = 1|xi = xo) (Schonlau & Couper, 2017).

However, this is only valid when the designed inclusion probability of the probability

sample P(Si = 1|xi = xo) is the same for all the units in the two samples, such as

simple random sampling.

2.2.2 The Proposed Method

In practice, assumption A4 does not always hold. Under a Big data scenario,

the nonprobability sample may cover a large proportion of the population so that

the sampling fraction is not ignorable. Even when the inclusion fraction of the

nonprobability sample is small, it is possible that some units in the population have

large propensities to be included in both nonprobability and probability samples,

and therefore assumption A4 is again invalid. In the proposed method, we inherit

the assumptions A1 to A3 but relax assumption A4. Therefore, the merits of the

original paper are also valid in our extension.
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Probability sample
(S = 1)

A BB C

Non-probability sample
(S* = 1)

Figure 2.1: Venn diagram of the samples used. The A set contains
the overlapping units of the two samples, which is removed and only

the units in the B set are used for fitting the propensity model.

The target population is divided into three nonoverlapping subpopulations: U =

A∪B∪C, with A = {i : Si = S∗
i = 1}, B = {i : Si+S∗

i = 1}, and C = {i : Si+S∗
i =

0}. See Figure 2.1 for the Venn diagram of the three subpopulations. That is, we

assume that

A5 It is possible to identify (in any case with a high probability) the overlapping

units between the two samples, i.e. subpopulation A.

Within subpopulation B, define Zi = 1 if (S∗
i , Si) = (1, 0) and Zi = 0 if (S∗

i , Si) =

(0, 1). In the subpopulation B, it can be derived analogously to Equation (2.1) that

P(S∗
i = 1, i ∈ B|xi = xo)

=
P(xi = xo|S∗

i = 1, i ∈ B)P(S∗
i = 1, i ∈ B)

P(xi = xo)

=
P(xi = xo|S∗

i = 1, i ∈ B)P(S∗
i = 1, i ∈ B)P(Si = 1, i ∈ B|xi = xo)

P(Si = 1, i ∈ B)P(xi = xo|Si = 1, i ∈ B)

= g1 ×
P(xi = xo|S∗

i = 1, i ∈ B)P(Si = 1, i ∈ B|xi = xo)

P(xi = xo|Si = 1, i ∈ B)
,

(2.5)
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where g1 = P(S∗
i = 1, i ∈ B)/P(Si = 1, i ∈ B), and Equation (2.2) becomes

P(xi = xo|Zi = 1, i ∈ B)

P(xi = xo|Zi = 0, i ∈ B)

=
P(Zi = 1|xi = xo, i ∈ B)P(xi = xo|i ∈ B)/P(Zi = 1|i ∈ B)

P(Zi = 0|xi = xo, i ∈ B)P(xi = xo|i ∈ B)/P(Zi = 0|i ∈ B)

= g2 ×
P(Zi = 1|xi = xo, i ∈ B)

P(Zi = 0|xi = xo, i ∈ B)
,

(2.6)

where g2 = P(Zi = 0|i ∈ B)/P(Zi = 1|i ∈ B). Since within subpopulation B, it

holds that S∗
i = 1 if and only if Zi = 1 and that S∗

i = 0 if and only if Zi = 0, we now

obtain from Equation (2.5) and Equation (2.6) for all possible sampling fractions:

P(S∗
i = 1, i ∈ B|xi = xo)

= g × P(Si = 1, i ∈ B|xi = xo)
P(Zi = 1|xi = xo, i ∈ B)

P(Zi = 0|xi = xo, i ∈ B)
,

(2.7)

with g = g1g2, where

g =
P(S∗

i = 1, i ∈ B)P(Zi = 0|i ∈ B)

P(Si = 1, i ∈ B)P(Zi = 1|i ∈ B)

=
P(S∗

i = 1, i ∈ B)P(Si = 1|i ∈ B)

P(Si = 1, i ∈ B)P(S∗
i = 1|i ∈ B)

=
P(i ∈ B)

P(i ∈ B)
= 1.

Since P(Si = 1|xi = xo) is assumed to be known for all the units in the two samples,

we can write:

P(S∗
i = 1, i ∈ B|xi = xo) = P(S∗

i = 1|xi = xo)P(i ∈ B|S∗
i = 1,xi = xo)

= P(S∗
i = 1|xi = xo)P(Si = 0|S∗

i = 1,xi = xo)

= P(S∗
i = 1|xi = xo)P(Si = 0|xi = xo).

(2.8)
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By design, the probability of unit i to be included in the probability sample does

not depend on S∗
i after conditioning on xi. Similarly,

P(Si = 1, i ∈ B|xi = xo) = P(Si = 1|xi = xo)P(S∗
i = 0|Si = 1,xi = xo). (2.9)

Often it is assumed that P(S∗
i = 0|Si = 1,xi = xo) = P(S∗

i = 0|xi = xo), that

is, the inclusion of the nonprobability sample is independent of the inclusion of

the probability sample; see, e.g., Robbins, Ghosh-Dastidar, and Ramchand (2021).

Therefore,

P(Si = 1, i ∈ B|xi = xo) = P(Si = 1|xi = xo)P(S∗
i = 0|xi = xo). (2.10)

As noted in the introduction, there may also exist applications where this assumption

is not reasonable. In the next subsection we will first discuss the scenario where the

two samples are independent, and later in Subsection 2.2.2 the scenario where the

two samples are dependent is discussed.

Independent Samples

Combining Equations (2.8) and (2.10) with (2.7), we obtain:

P(S∗
i = 1|xi = xo)

P(S∗
i = 0|xi = xo)

=
P(Si = 1|xi = xo)

P(Si = 0|xi = xo)

P(Zi = 1|xi = xo, i ∈ B)

P(Zi = 0|xi = xo, i ∈ B)
. (2.11)

Since P−1(Si = 1|xi = xo) = di,

P(Si = 1|xi = xo)

P(Si = 0|xi = xo)
=

1/di
1− 1/di

=
1

di − 1
.

Also we denote

Oi =
P(Zi = 1|xi = xo, i ∈ B)

P(Zi = 0|xi = xo, i ∈ B)
.
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Oi can be estimated by any model that is suitable for binary class probability estima-

tion, for example, logistic regression or some machine learning method. Combining

this notation together with Equation (2.11) we obtain

P̂(S∗
i = 1|xi = xo) =

Ôi/(di − 1)

1 + Ôi/(di − 1)
=

Ôi

Ôi + di − 1
. (2.12)

Note that P̂(S∗
i = 1|xi = xo) is computed for all units in the nonprobability sample,

including those in subpopulation A. The weight is again the inverse of the propensity

wi,ind =
1

P̂(S∗
i = 1|xi = xo)

= 1 +
di − 1

Ôi

(2.13)

Dependent Samples

In some cases it is not appropriate to assume that the inclusion in the nonprobability

sample is independent of the inclusion in the probability sample. In such a case, the

following formulation should be used. Again combining Equations (2.8) and (2.9)

with (2.7) we now have,

P(S∗
i = 1|xi = xo)

=
P(Si = 1|xi = xo)

P(Si = 0|xi = xo)

P(Zi = 1|xi = xo, i ∈ B)

P(Zi = 0|xi = xo, i ∈ B)
P(S∗

i = 0|Si = 1,xi = xo).
(2.14)

The new term P(S∗
i = 0|Si = 1,xi = xo) can be modelled on units in the probability

sample using, e.g., logistic regression:

log
P(S∗

i = 1|Si = 1,xi = xo)

P(S∗
i = 0|Si = 1,xi = xo)

= βTxi,

which yields the following estimate

P̂(S∗
i = 0|Si = 1,xi = xo) = 1/(1 + exp(βTxi)) ≡ Li.
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The rest of Equation (2.14) is estimated as before, and we find

P̂(S∗
i = 1|xi = xo) = ÔiL̂i/(di − 1). (2.15)

Hence, we have obtained an estimated inclusion probability that can be computed

for all units in the nonprobability sample, including those in subpopulation A. The

resulting pseudo-weight is

wi,dep =
1

P̂(S∗
i = 1|xi = xo)

=
di − 1

ÔiL̂i

. (2.16)

For some applications it may be reasonable to assume that the inclusion in the

nonprobability sample is independent of the inclusion in the probability sample.

In particular, this assumption seems reasonable if it is known that the probability

sample was drawn after the nonprobability sample became available. By definition,

all units in the population with a given combination of values in x have the same

(known) probability of being included in the probability sample and this sample was

selected randomly using these probabilities. Therefore, in theory, if the nonprobabil-

ity sample was ‘selected’ before the probability sample was drawn, then conditional

on xi the fact that Si = 1 cannot provide any additional information about the

likelihood that S∗
i = 1 or S∗

i = 0.

By contrast, when the probability sample is selected before the nonprobability

sample, it is possible to construct examples where P(S∗
i = 0|Si = 1,xi = xo) ̸=

P(S∗
i = 0|xi = xo) because for some or all units in the population the event of being

included in the probability sample somehow affects the likelihood of being included

(later) in the nonprobability sample. However, in general it is not possible to test

this using only the observed data. At best, one could test the stronger assumption

that P(S∗
i = 0|Si = 1,x1i = x1o) = P(S∗

i = 0|x1i = x1o) for the subset of auxiliary
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variables that are available for all units in the target population (in particular, the

design variables of the probability sample). This could be done by estimating a

logistic regression model of the form

log
P(S∗

i = 1|Si = so,x1i = x1o)

P(S∗
i = 0|Si = so,x1i = x1o)

= βT
1 x1i + γSi

on the entire target population. If the null hypothesis that γ = 0 is not rejected,

then one would conclude that P(S∗
i = 0|Si = 1,x1i = x1o) = P(S∗

i = 0|x1i = x1o)

and therefore also that the weaker assumption P(S∗
i = 0|Si = 1,xi = xo) = P(S∗

i =

0|xi = xo) holds. However, in practice for large populations this test may be too

sensitive against small deviations from γ = 0.

2.3 Variance Estimation

Since the proposed propensity estimation method allows any type of propensity es-

timation model to be applied, our goal for the variance estimation is to construct

a general framework that is suitable for a wide range of target parameters and

propensity estimation models. Given the two-sample setup, the variance of the

target parameter estimates can be decomposed into the variation from the ’sam-

pling mechanism’ of the nonprobability sample, the variation from the design of the

probability sample, and the propensity estimation process.

In the nonprobability sample part, so far we have assumed that the nonprobabil-

ity sample came from some unequal probability sampling mechanism and the first

order inclusion probability πi = P(S∗
i = 1|xi = xo) is estimated by Equation (2.12)

or (2.15). The design-based estimators for the target parameter can then be applied,

for example, the Horvitz-Thompson estimator ŶHT =
∑n

i=1 yi/πi for the population
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total estimation. Usually to complete the variance estimation for a certain estima-

tor, the second order inclusion probability πij = P(S∗
i = 1, S∗

j = 1) for every i ̸= j

should be considered. For instance, the variance of the Horvitz-Thompson estimator

is (Cochran, 1977)

V ar(ŶHT ) =
N∑
i=1

(1− πi)

πi

y2i + 2
N∑
i=1

N∑
j>i

(πij − πiπj)

πiπj

yiyj.

However, the "true" sampling mechanism is unknown for the nonprobability sample,

and therefore the second order inclusion probability is, in general, unknown and

hard to estimate. A choice may be to assume that the nonprobability sample is

from a high entropy sampling design so that πij ≈ πiπj (Yang, Kim, & Song, 2020),

although it is not obvious how to test whether this assumption is valid or not.

Rather than assuming the nonprobability sample is from a high entropy sampling

design, we offer a framework where researchers’ understanding of the nonprobability

sample can be considered and assist to obtain a reasonable variance estimate. For ex-

ample, if the goal of a nonprobability survey is to collect one thousand participants,

then we may see it as a fixed size design. Or if some units in the nonprobability

sample are observed more than once, we may assume the sample is drawn with

replacement. When the understanding of the inclusion mechanism of the nonprob-

ability sample is limited, it may still be possible to have a reasonable estimate of

the variance. Since the sample size of the probability sample is often smaller than

the size of the nonprobability sample, the uncertainty of the point estimate may

mainly come from the probability sample. As long as the sampling design of the

probability sample is considered, the resulting variance can give an idea of the order

of magnitude of the uncertainty.

Many resampling methods have been proposed to capture the variation in a prob-

ability sample, see for example J. Rao, Wu, and Yue (1992). In order to achieve the
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flexibility for researchers to include their knowledge of the inclusion mechanism of

the nonprobability sample, and allow the possibility of considering the dependency

between two samples, we implement a pseudo population bootstrap. The pseudo

population bootstrap was proposed by Booth, Butler, and Hall (1994), and an ex-

tension suitable for Poisson sampling is considered by Chauvet (2007) with fixed

sample size. See Mashreghi, Haziza, and Léger (2016) for an excellent overview

paper on finite population bootstrapping. The pseudo population bootstrap can be

applied for estimators that are smooth functions of population means, for example,

totals, ratios, or coefficients of linear regression. In the simulation of Antal and

Tillé (2014), they found that the pseudo population approach also works well for

estimating the variance of an estimated median. Pseudo population bootstrap has

also been applied for variance estimation for imputed survey data (S. Chen, Haziza,

Léger, & Mashreghi, 2019).

The traditional pseudo population bootstrap for a probability sample creates a

pseudo population by copying the units in the sample (approximately) di times,

and then repeatedly drawing samples according to the sampling design to capture

the uncertainty of the sampling process. Since pseudo population bootstrap mimics

the drawing process in the population, it is more flexible for a large variety of

sampling designs compared to other resampling methods for finite populations. The

tradeoff may be when the population size is large, it is computationally demanding.

We extend the traditional pseudo population bootstrap to our situation with a

probability sample and a nonprobability sample by assuming E[P̂(S∗
i = 1|xi =

xo)] = P(S∗
i = 1|xi = xo). The nonprobability sample is then expanded into a

pseudo population from which both samples can be drawn and the overlapping

units can be identified.
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2.3.1 Variance Estimate for Independent Samples

Algorithm 1 Pseudo population bootstrap for independent samples

1: Estimate Ôi, and the weights of the nonprobability sample (wi ≡ wi,ind).
2: Normalize the weights by wiN/

∑
i∈NP wi to obtain

∑
i∈NP wi = N .

3: Randomly round wi to its ceiling with probability wi − ⌊wi⌋ and to its floor
otherwise to obtain [wi], with the property that

∑
i∈NP [wi] = N .

4: Create a pseudo population by copying unit i [wi] times.
5: Draw a bootstrap probability sample (SP ) from the pseudo population according

to the design of the probability sample, with inclusion probabilities 1/di.
6: Draw a bootstrap nonprobability sample (SNP ) from the pseudo population with

inclusion probabilities 1/wi.
7: Remove the overlapping units in SP and SNP , and then estimate Ôi to complete

the estimation of the weights and the target parameter.
8: Repeat Step 5 to 7 for R times to acquire R estimates.
9: Compute the bootstrap variance of the R estimates.

The variance of the proposed estimator in independent samples is estimated by

Algorithm 1. A pseudo population is created by replicating units in the nonprobabil-

ity sample, and both the nonprobability bootstrap sample (SNP ) and the probability

bootstrap sample (SP ) are drawn from it. We create only one pseudo population in-

stead of two separate pseudo populations (one for the nonprobability sample and one

for the probability sample) since in Step 7 the overlapping part of the two samples

should be recognized and accounted for. Therefore, our estimation approach for the

variance is based on an underlying assumption that the nonprobability sample and

the probability sample have similar quality in terms of measurement and selectivity,

so that we can draw a bootstrap probability sample similar to the original prob-

ability sample from a pseudo population which is created from the nonprobability

sample only. If the probability sample size is much larger than the nonprobability

sample, which would be unusual in practice, this method may not be suitable since

too many copies of the units in the nonprobability sample are used to represent the

probability sample.
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To create the pseudo population, the estimated weight for each unit in the

nonprobability sample is treated as the ’design weight.’ The weight is rounded

to its ceiling with probability wi − ⌊wi⌋ and to its floor otherwise with setting∑
i∈NP [wi] = N , to obtain [wi] (Fellegi, 1975). Units in the original nonprobability

sample are replicated [wi] times to become the pseudo population. Note that the

[wi] copies are treated as different units in the population. Therefore, an overlap

of the P and NP samples in a bootstrap sample will occur when exactly the same

copy of a unit is selected for both samples. Bootstrap samples SP are drawn from

the pseudo population based on the original design. SNP are drawn with probability

1/wi considering the knowledge of the (possible) sampling mechanism of the non-

probability sample, for example, whether the sample size is fixed or not. A target

parameter θ is estimated by SNP and by SP . That is, first discard the overlap-

ping units of SNP and SP , and then estimate wind as in Equation (2.13). If, for

example, the aim is to estimate the population mean, then θ can be estimated by

θ̂ =
∑

i∈NP wiyi/
∑

i∈NP wi, where yi is the variable of interest. A large number R

of bootstrap (non-)probability samples are drawn, and the estimated variance of the

estimators is V̂ ar(θ̂) = (R− 1)−1
∑R

r=1(θ̂r − θ̄)2 with θ̄ = R−1
∑R

r=1 θ̂r.

It is worth noting that some pseudo population bootstrap literature suggests

creating D pseudo populations to deal with the effect of random rounding in Step

3. That is, Steps 3 to 9 are repeated D times, and the variance is estimated by

taking the mean of the D variance estimates. However, it is sufficient to have only

one pseudo population, see Mashreghi et al. (2016) and especially Chauvet (2007).

Later in the Simulation study, we will also give results for D = 10 which do not

show obvious differences with D = 1.
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2.3.2 Variance Estimate for Dependent Samples

Algorithm 2 Pseudo population bootstrap for dependent samples

1: Estimate L̂i, Ôi, and the weights of the nonprobability sample (wi ≡ wi,dep).

2: Normalize the weights by wiN/
∑

i∈NP wi to obtain
∑

i∈NP wi = N .

3: Randomly round wi to its ceiling with probability wi − ⌊wi⌋ and to its floor

otherwise to obtain [wi], with the property that
∑

i∈NP [wi] = N .

4: Create a pseudo population by copying unit i [wi] times.

5: Calculate P(S∗
i = 1|Si = 0,xi = xo) and P(S∗

i = 1|Si = 1,xi = xo) for all the

units in the pseudo population.

6: Draw a bootstrap probability sample (SP ) from the pseudo population according

to the design of the probability sample, with inclusion probabilities 1/di.

7: Draw a bootstrap nonprobability sample (SNP ) from the pseudo population with

probability P̂(S∗
i = 1|Si = 0,xi = xo) or P̂(S∗

i = 1|Si = 1,xi = xo) given the

unit is in SP or not.

8: Estimate L̂i, Ôi using SP and SNP to complete the estimation of the weights

and the target parameter.

9: Repeat Step 6 to 8 for R times to acquire R estimates.

10: Compute the bootstrap variance of the R estimates.

Algorithm 2 is for the variance estimation for dependent samples, which requires

two extra steps. The probability bootstrap sample is drawn first from the pseudo

population, then the nonprobability bootstrap sample is drawn given the units drawn

in the probability bootstrap sample. That is, the probability of drawing a unit i

into SNP is P̂(S∗
i = 1|Si = 1,xi = xo) = 1− L̂i for units that are drawn in SP , and

P̂(S∗
i = 1|Si = 0,xi = xo) for units that are not drawn in SP . We can calculate
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P(S∗
i = 1|Si = 0,xi = xo) by the law of total probability,

P(S∗
i = 1|xi = xo) = P(S∗

i = 1|Si = 1,xi = xo)P(Si = 1|xi = xo)

+ P(S∗
i = 1|Si = 0,xi = xo)P(Si = 0|xi = xo),

which can be re-arranged and plugged into the estimates before to obtain

P̂(S∗
i = 1|Si = 0,xi = xo) = 1− di + diÔiL̂i + L̂i(di − 1).

The rest of the process is the same as for the independent samples.

2.4 Simulation Study

2.4.1 Design

The proposed methods are compared with other methods that apply the same two-

sample setup for selection bias correction. The compared methods are:

• Naive estimator: treat the nonprobability sample as a simple random sample.

• Proposed methods: wind from Equation (2.13) and wdep from Equation (2.16).

To illustrate the effect of removing the overlapping part, a second choice, wind,2,

is estimated as if the overlapping part is unknown so that all the data in both

samples are used in the estimation procedure.

• EV: the original pseudo-weight estimation from Equation (2.4) proposed by

Elliott and Valliant (2017).

• CLW: a weighted logistic regression with solving the score equation:

l(β) =
∑
i∈NP

xi −
∑
i∈P

diπ(xi, β)xi = 0,
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where NP and P stand for the nonprobability sample and the probability sam-

ple, and π(xi, β) stands for the estimated propensity given the auxiliary vari-

ables xi and the parameters for the logistic regression β (Y. Chen et al., 2020).

The final weight is the inverse of the estimated propensity wi = π−1(xi, β).

• VD: a weighted logistic regression with solving the score equation (Valliant,

2020; Valliant & Dever, 2011):

l(β) =
∑
i∈NP

xi[1− π(xi, β)]−
∑
i∈P

diπ(xi, β)xi = 0,

where the final weight is the inverse of the estimated propensity wi = π−1(xi, β).

• WVL: an adjusted version of VD. The modeling process is the same as VD,

but the weights are calculated differently. Rather than using the inverse of

pi ≡ π(xi, β) as weights, WVL use the inverted odds ratio (1 − pi)/pi as

weights, which is constrained by pi ≤ 0.5 (Wang, Valliant, & Li, 2021).

• KW: a weighted logistic regression where the propensity is estimated only by

the probability sample. That is, assign zi = 1 for the overlapping units and

zi = 0 for the non-overlapping units in the probability sample (Kim & Wang,

2019). The fitted model is then applied for calculating the propensity of being

included in NP for each unit i of the nonprobability sample given xi.

It is worth to note that other than the methods proposed in this paper and EV, the

rest of the methods consider the design weights of the probability sample during the

logistic regression fitting procedure.

A real data set is used as the population for the simulation study. The data set

is the registered data from the Dutch Online Kilometer Registration, which contains

around 6.7 million records of the privately-owned cars in the Netherlands in 2012.



32 Chapter 2. Correcting Selection Bias in Big Data by Pseudo Weighting

The variables include x1 = first registration year of the car, x2 = engine type of

the car, x3 = age of car owner, and the target variable y = mileage of the car. See

Buelens et al. (2018) for more details of the data set. Following these authors, we

treat all variables, including x2 (using the codes 1, 2, 3, and 4 for different engine

types), as numerical ones. We draw a simple random sample without replacement

of size N = 100, 000 to serve as the population of the simulation study.

The inclusion fractions of the nonprobability sample fNP = nNP/N are 0.05, 0.3,

0.5, and the inclusion fractions of the probability sample fP = nP/N are 0.01, 0.1,

which reflect the common setting of a large inclusion fraction of the nonprobability

sample and a smaller inclusion fraction of the probability sample. The two samples

are either drawn independently or dependently, see the next paragraph. In total, 12

(= 3× 2× 2) combined scenarios are run.

Both samples are drawn by fixed-size unequal probability sampling without re-

placement with random systematic sampling where

P(S∗ = 1) = exp(c1 + x)/(1 + exp(c1 + x))

where x = x2 − x3/20 for the nonprobability sample, and

P(S = 1) = exp(c2 + x1/30)/(1 + exp(c2 + x1/30))

for the probability sample. Constants c1 and c2 are used for controlling the sample

size, and x2 is treated as a numerical data to allow c1 to be easier to compute. When

drawing two dependent samples, the units already drawn in the probability sample

are given the auxiliary value x− 2 instead of x, resulting in a smaller chance to be

included in the nonprobability sample.

The target parameter is the population mean ȳ = N−1
∑N

i=1 yi = 11741.79,
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which is estimated by ˆ̄y =
∑

i∈NP wiyi/
∑

i∈NP wi with the corresponding estimated

weights wi. The relative bias

M−1

M∑
m=1

(ˆ̄ym − ȳ)/ȳ × 100%

and the root mean square error

RMSE = (M−1

M∑
m=1

(ˆ̄ym − ȳ)2)1/2

are shown to reflect the performance of the methods, where M = 1, 000 is the

number of replications.

2.4.2 Results

Table 2.1 and 2.2 show the relative bias and RMSE of the compared methods. The

proposed methods wind and wdep perform better when the samples are drawn with

the corresponding dependency. Theoretically, wdep is unbiased for both independent

and dependent two samples. However, the estimate is less efficient when using wdep

for the independent two samples. Bias increases when the overlapping part is not

removed. However, wind,2 still enjoys the efficiency that outperforms some of the

other methods in terms of RMSE.

Relative to other comparing methods, CLW is more robust to the dependency

of the two samples in terms of relative bias. The bias of KW is large when the

probability sample size is small and when the two samples are dependent, since the

estimation process only uses units in the probability sample. It is not shown here

but we also observed that when the probability sample has a large inclusion fraction,

KW also works well.
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2.4.3 Variance Estimate

The simulation design for the validation of the variance estimates is the same as

before. When the number of pseudo populations D is set equal to 1, the pseudo

population bootstrap is run R = 500 times. That is, 500 (non-)probability samples

are drawn from the same one pseudo population for each scenario. We also show

the results for D = 10 and R = 50 for independent samples, to illustrate the effect

of multiple pseudo populations. The (non-)probability bootstrap samples are drawn

by fixed-size random systematic sampling given the known inclusion probability for

the probability sample or the estimated propensities for the nonprobability sample.

The true variances are calculated by means of Monte Carlo Simulation. Table 2.3

shows the relative bias of the estimated variances and the coverage rate of the

95% confidence intervals CIm = (ˆ̄ym − 1.96sem, ˆ̄ym + 1.96sem) where sem is the

estimated standard error for replication m. The coverage rate is calculated as CR =

M−1
∑M

m=1 1(ȳ ∈ CIm)×100% where 1(·) is the indicator function and ȳ is the true

mean of the constructed pseudo-population. The variance estimates for the proposed

methods are generally close to the true variances as long as the inclusion fraction

of the nonprobability sample is large, as noted in Section 2.3. The coverage rate of

the confidence intervals are in general close to 95%. Only in the dependent samples

when fNP = 0.3, fP = 0.1, the coverage rate is notably lower. This can be explained

because the point estimate (see Table 2.1) has a relatively large bias compared to the

other conditions. Although this bias is not particularly large (0.58%), its magnitude

is similar to the relative standard error of the point estimate (0.60%, as can be

computed from Table 2.1 and 2.2) and this is enough to have a significant impact

on the coverage rate of the confidence interval.
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2.5 Conclusion and Discussion

To correct the possible selection error in a nonprobability sample, we have extended

the pseudo-weight approach from Elliott and Valliant to more general formulations.

The proposed methods can be applied for all kinds of inclusion fractions of nonprob-

ability and probability samples, and retain the merits of the original method. In a

simulation study we showed that the proposed methods outperform other related

methods and the dependency between the two samples is crucial to be considered to

obtain a reliable estimate. Algorithms for estimating the variance by a pseudo pop-

ulation bootstrap approach are demonstrated, and we showed that the algorithms

guarantee reasonable variance estimates in the simulation study.

Some limitations may be found in practice when applying the proposed method.

Like with many other related works, we applied the two-sample setup for propensity

estimation. It is assumed that the inclusion probabilities of both the probability

sample and nonprobability sample are all non-zero and the two samples are from

exactly the same population. This may not be the case in practice. Also, the two-

sample setup is highly relying on the quality of the probability sample, while in

practice often probability samples suffer from non-response or other quality issues,

which may affect the estimated propensities. The measurement of the variables in

the two samples may not always be the same and result in estimation difficulties.

The design variable(s) of the probability sample are needed in the nonprobability

sample or it should be possible to estimate probabilities to be included into the

probability sample for the units in the nonprobability sample as noted in Rafei et

al. (2020), which may not always be the case.

We use the non-overlapping parts of the probability sample and the nonproba-

bility sample for the estimation. Therefore, if one sample is a subset of the other

one, or the non-overlapping part of the two samples is trivial, it is not suitable to
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apply the proposed method. However, if the nonprobability sample is a subset of

the probability sample, the situation reduces to the well-known problem of missing

data inside a probability sample. If, on the other hand, the probability sample is a

subset of the nonprobability sample, it is a data integration problem since the target

variable is known for both samples. See, e.g., J. Rao (2020) for a review of methods

that can be used in this situation. Identifying the overlapping part between the two

samples may not be easy. Although we offer the result of including the overlapping

part in the sample, attempting to remove the overlap by probabilistic linkage may

be an alternative option in practice. How probabilistic linkage will affect the pro-

posed method remains unknown for now. If the design variable(s) or unique ID are

not available, the CLW method may be a good option since the simulation shows

that the CLW method is relatively robust to the possible dependency between the

inclusion of the two samples. If the required information is available, efficiency is

gained by applying our proposed method.

In this research we only applied logistic regression for the odds estimate, while

any model suitable for binary class probability estimation can be easily plugged into

the proposed methods. If researchers are interested in applying the doubly robust

framework for selection bias correction (Y. Chen et al., 2020), the method discussed

here can also be applied for the propensity estimation step in the doubly robust

approach.

Although we did not look into it in this research, some post procedures of pseudo

weights may also benefit the parameter estimation. For example, after the weights

are estimated by the proposed method, the estimation may be improved by cali-

brating the estimated weights with other auxiliary variables that are related to the

target variable, as traditional calibration in probability samples (Deville & Särndal,

1992; Wu & Sitter, 2001). At that stage, one might use auxiliary variables for which

(estimated) population totals are available but not values for individual units outside
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the nonprobability sample. Other techniques such as trimming or post-stratification

of the pseudo weights may also be a remedy for the large variance of the pseudo

weights (Cochran, 1977; Rafei et al., 2020).

To estimate the uncertainty of the estimated target parameter, we propose

pseudo population bootstrap algorithms in order to be suitable for many possible

sampling designs, propensity estimation models, and target parameters. In princi-

ple, the proposed algorithms can be applied for not only the proposed pseudo weights

but also other selection bias correction methods which focus on propensity estima-

tion. It is important to note that the validity of the estimated confidence interval

depends on the unbiasedness of the point estimate as shown in the simulation study.

In the simulation, we illustrate the algorithm with unequal probability sampling.

Other sampling methods, for example multi-stage sampling, can also apply the pro-

posed algorithms with some adjustments. See Mashreghi et al. (2016) and Chauvet

(2007) for detail. Other than the pseudo population bootstrap, the Bayesian boot-

strap may also be a good alternative to understand the uncertainty (Dong, Elliott,

& Raghunathan, 2014; Little & Zheng, 2007), while research is needed in order to

be suitable for the two-sample setup.
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fNP fP Naive wind wdep wind,2 EV CLW VD WVL KW
Ind 0.05 0.01 2379 246 248 285 249 341 380 253 2379

0.10 2377 237 238 278 243 245 332 243 321
0.30 0.01 1805 122 146 475 150 240 1851 157 845

0.10 1803 73 77 538 163 90 671 166 106
0.50 0.01 1343 98 158 486 141 229 2581 149 294

0.10 1345 46 61 521 112 73 623 115 65
Dep 0.05 0.01 2379 282 258 292 259 335 373 264 3446

0.10 2317 262 228 275 240 241 330 241 664
0.30 0.01 1799 356 138 476 149 236 1837 156 1798

0.10 1729 380 98 517 160 95 646 162 735
0.50 0.01 1335 266 138 483 139 225 2415 148 1326

0.10 1266 259 57 491 108 73 585 110 1092

Table 2.2: The RMSE of compared methods. Ind stands for inde-
pendent samples, and Dep stands for dependent samples. Different
inclusion fractions are shown. The smallest RMSE of each scenario is

bolded.

Ind D = 1 Ind D = 10 Dep D = 1
fNP fP RB CR RB CR RB CR
0.05 0.01 -7.81 94.10 10.20 94.02 398.00 96.80

0.10 11.61 96.40 -1.75 94.76 -2.98 95.10
0.30 0.01 2.58 94.70 1.61 94.51 -2.00 93.60

0.10 0.86 95.00 1.54 94.53 4.16 87.60
0.50 0.01 3.06 95.40 -2.44 93.83 -5.24 93.60

0.10 -6.91 93.80 -4.16 94.02 -2.05 93.60

Table 2.3: The Relative Bias (%) of the estimated variances and
the Coverage Rate of the confidence intervals (%) of the variance
estimates. Ind refers to independent samples where the variances of
wind are estimated by Algorithm 1. Dep refers to dependent samples
where the variances of wdep are estimated by Algorithm 2. D is the

number of the pseudo populations.
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Chapter 3

Performance Measures for Sample

Selection Bias Correction by

Weighting

Abstract

When estimating a population parameter by a nonprobability sample, i.e., a sample

without a known sampling mechanism, the estimate may suffer from sample selection

bias. To correct selection bias, one of the often-used methods is assigning a set of

unit weights to the nonprobability sample, and estimating the target parameter

by a weighted sum. Such weights are often obtained with classification methods.

However, a tailor-made framework to evaluate the quality of the assigned weights

is missing in the literature, and the evaluation framework for prediction may not

be suitable for population parameter estimation by weighting. We try to fill in the

gap by discussing several promising performance measures, which are inspired by

classical calibration and measures of selection bias. In this paper, we assume that

the population parameter of interest is the population mean of a target variable.

A simulation study and real data examples show that some performance measures
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have a strong positive relationship with the mean squared error and/or error of

the estimated population mean. These performance measures may be helpful for

model selection when constructing weights by logistic regression or machine learning

algorithms.

Keywords: Model Evaluation, Nonprobability Sample, Population Parameter Es-

timation, Data Integration

Liu, A.-C., Scholtus, S., Van Deun, K. & De Waal, T. Performance Measures for

Sample Selection Bias Correction by Weighting. Journal of Official Statistics (Ac-

cepted)
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3.1 Introduction

Probability samples have long been the gold standard for drawing reliable conclu-

sions from the target population. However, probability samples often require much

time and resources to collect. On the other hand, more and more naturally occurring

data are available nowadays. For example, social media data, administrative data,

or sensor data. These data sources are easier to collect in terms of time and cost

or are already available due to digitalization (Cornesse et al., 2020). However, the

inclusion mechanisms of these data sources are often unknown. Such data sets that

have not been obtained through a known sampling mechanism are termed nonprob-

ability samples. Without a known sampling mechanism, nonprobability samples are

often treated as a simple random sample when estimating a population parame-

ter (e.g., a population mean), and therefore may suffer from sample selection bias.

When the inclusion mechanism of the nonprobability sample depends on the target

variable we are interested in, selection bias is critical even with a large sample size

(Meng, 2018). For example, during the COVID-19 pandemic, an intensive survey

was conducted by Facebook to investigate COVID-related features. Over 250,000

participants in the U.S. filled in the survey which was invited by the Facebook pop-

on ad. The participants had a self-selection process after they saw the ad, and this

process may have been affected by the COVID-related features. Although the num-

ber of participants was massive, the vaccination uptake rate was overestimated by

17% compared to the official figure. The large sample size also resulted in a narrow

estimated variance so that the confidence interval could hardly cover the true value

(Bradley et al., 2021).

Intensive research on selection bias correction methods has appeared. In general,

selection bias correction methods can be categorized into y-modeling (modeling the

target variables), weighting, and combining y-modeling and weighting (e.g., doubly
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robust estimation). See Elliott and Valliant (2017); Meng (2022); J. Rao (2020);

Wu (2022) for reviews. Here we focus on the weighting methods. In a weighting

method, a set of unit weights is derived from, for example, inverse inclusion propen-

sities (i.e. inclusion probabilities) or calibration given some estimated or known

population values of auxiliary variables. The population parameter of interest is

then estimated by a design-based estimator, e.g., the Horvitz-Thompson estimator

or Hájek estimator (Hájek, 1971; Horvitz & Thompson, 1952).

Such weights can be constructed in many different ways. The main aim of this

paper is to select the best approach for constructing weights for a nonprobability

sample out of a set of candidate approaches. However, a tailor-made model evalua-

tion framework for the constructed weights is missing in the literature. Given the na-

ture of selection bias correction frameworks, model evaluation methods for common

statistical analyses, such as scoring rules in prediction (Gneiting & Raftery, 2007),

may not be suitable, since the interest is in having an unbiased estimated popula-

tion parameter instead of a perfect unit-level prediction of the inclusion propensity.

The relation between the constructed weights and the target variable will affect the

performance of the weights (Meng, 2018). For example, as an extreme case, if the

target variable is a constant for every unit in the population, the performance of

any constructed set of weights should be the same (assuming the weights sum up

to the number of units in the population), while many often-used model evaluation

indexes such as AIC fail to reflect this.

Besides, finding the correct propensity model for the nonprobability sample is

not necessarily the goal when correcting for selection bias, similar to that it is not

necessary to find the correct imputation model when imputing missing data (Vi-

dotto, Kaptein, & Vermunt, 2015). The inclusion mechanism of the nonprobability

sample at hand may be unique. Without any strong reason, it is hard to believe

that the acquired model can be applied to any other nonprobability sample. Having
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a correct model can assist in deriving many nice properties, as noted in Wu and

Thompson (2020). However, it is hard to know even if the correct model exists or

is considered in the candidate set of models (Zhang, 2019). Instead of trying to

find the correct model, we try to find the best model out of the candidate set of

models by a performance measure. That is, a performance measure that reflects the

underlying Mean Squared Error (MSE) and/or error of the estimated parameter.

Ideally, that measure has a strong correlation with the MSE or error and we will be

able to choose the best model based on the measure. We may then conduct variable

selection or model selection, which is especially critical for the weighting method to

prevent the variance of the correction method from outweighing the corrected bias.

Literature suggests that only auxiliary variables that have strong relations with the

target variable should be considered, while how to perform variable selection is not

clear (Brick, 2013; Mercer, Kreuter, Keeter, & Stuart, 2017).

In the following sections, we will start by discussing the background in Section

3.2, and some possible performance measures for selection bias correction are de-

scribed in Section 3.3. A simulation study and examples of real data sets will follow

in Sections 3.4 and 3.5. Section 3.6 ends this paper with a discussion and by drawing

some conclusions.

3.2 Background

Before discussing the performance measures, it is useful to discuss the source of the

selection bias and the mechanism of weighting methods. The discussion will focus

on taking the population mean as the parameter of the target variable, while it can

also be extended to more than one target variable or other parameters that are a

linearizable function of the population mean.
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3.2.1 Selection Bias

We assume that we are interested in a finite population (U) with index i ∈ {1, 2, ..., N}.

The population mean of the target variable y, µ = N−1
∑

i∈U yi, is the parameter

of interest. We also assume that we have observed a nonprobability sample (NP )

of size nNP where NP ⊂ U . If NP is treated as a simple random sample without

replacement from the population and used to estimate the population mean, the

error in the nonprobability sample can be expressed as (Meng, 2018)

Error(ȳNP ) = ȳNP − µ =
1

nNP

∑
i∈NP

yi − µ =
Cov(s, y)

s̄
, (3.1)

where s is the inclusion indicator of the nonprobability sample, that is si = 1

if i ∈ NP and 0 otherwise, and the population mean of the inclusion indicator

s̄ = N−1
∑

i∈U si. The population covariance of s and y is

Cov(s, y) =
1

N

∑
i∈U

(si − s̄)(yi − µ).

Assuming that the nonprobability sample is drawn from the population by means

of some sampling mechanism (b) with unknown inclusion propensities P(si = 1)

(i ∈ U), we can find the bias of (ȳNP ) by taking the expectation of (3.1) over

repeated sampling (Eb). We then get

Bias(ȳNP ) = Eb

(
Cov(s, y)

s̄

)
. (3.2)

Take the vaccination rate case in the Introduction as an example, the target

variable yi is whether a person is vaccinated and si is whether a person responds

to the Facebook survey. If a vaccinated person has a higher or lower tendency to
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respond to the Facebook survey, selection error will occur in the estimated vaccina-

tion rate. Neither Error(ȳNP ) nor Bias(ȳNP ) can be estimated by the nonprobability

sample only. Even if P(si = 1) is known for units in NP , we still need to assume

that the relationship between s and y in the nonprobability sample is the same as

the relationship between s and y in the population (Nishimura, Wagner, & Elliott,

2016).

3.2.2 Correcting Selection Bias by Weighting

When correcting selection bias by weighting, often the target parameter µ is es-

timated by a design-based estimator ȳw =
∑

i∈NP wiyi/
∑

i∈NP wi where wi is a

weight assigned to unit i. The usage of a design-based estimator implies that we

assume all units in the population have a non-zero probability of being included in

the nonprobability sample. Our goal in this paper is to obtain a set of weights that

minimizes MSE(ȳw) = Eb[ȳw − µ]2. Besides minimizing the MSE, it is often also

of interest to minimize the error and the bias incurred in estimating the population

mean. The error can be expressed as (Meng, 2018, 2022)

Error(ȳw) = ȳw − µ =
Cov(sw, y)

sw
(3.3)

where sw = N−1
∑

i∈U siwi and the bias as

Bias(ȳw) = Eb

(
Cov(sw, y)

sw

)
(3.4)

Construct Weights by Inverse Propensity Estimation

From (3.4) we can see that the bias can be corrected if the constructed weights

satisfy wi ∝ P(si = 1)−1, since then Eb(siwi) becomes a constant and therefore

Eb (Cov(sw, y)) becomes zero no matter what the values of y are. That is, if the
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true inclusion propensities are used, the bias vanishes for any target variable, similar

to what normally happens in a design-based estimator. However, as mentioned in

the Introduction, it is hard to know whether true inclusion propensities are obtained.

Construct Weights by Calibration

Besides propensity weighting, another often used correction method is calibration,

see for example, Y. Chen et al. (2020); Kim and Wang (2019); Yang et al. (2020), and

also a review in Wu (2022). Unlike inverse propensity weighting, it does not consider

the underlying inclusion mechanism of the nonprobability sample but merely tries

to obtain a set of weights that allows the weighted sum of the values of the target

variable y observed in the nonprobability sample to be equal or close to the popu-

lation total of y. The constructed weights are only valid for the target variable y

under consideration but are not necessarily valid for other target variables. To con-

struct the weights, a set of auxiliary variables x with known or estimated population

totals is needed. Ideally, the relations between the auxiliary variables and the target

variable are strong so that if a set of weights can (approximately) obtain the known

totals of the auxiliary variables, it can also assist in obtaining the population total

of the target variable. The relation between y and x can usually only be observed

in the nonprobability sample. An assumption is needed that the relation between y

and x is the same when s = 1 and s = 0 so that f(y|x, s) = f(y|x) given the density

function f(·) for y or P(s|x, y) = P(s|x) (Little et al., 2020). Instead of directly

constructing the weights by x, an alternative may be to fit the model P(s|x, y) with

P(s|x, ŷ) or P(s|ŷ). That is, construct the weights with the assistance of a model

for y. This y-model should ideally be correctly specified (Marella, 2023). Of course,

the y-model may not always be correctly specified. Later in the simulation we also

explore the scenario when the y-model is incorrect.
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3.3 Performance Measures for Selection Bias Cor-

rection

In this section, we discuss some possible measures to evaluate a set of weights

for selection bias correction. A performance measure is a nonnegative function

of the weights, which has positive linear dependence with the mean squared error

of the estimator of the finite population parameter of interest, constructed using

these weights. That is, a measure that can give a good indication of the underly-

ing unknown MSE(ȳw) or Error(ȳw) defined in Section 3.2.2. All the measures we

present here are expected to have a positive relation with MSE(ȳw) and/or absolute

Error(ȳw).

The performance measures are presented under the two-sample setup, which

has often been used in the selection bias correction literature, e.g., Y. Chen et

al. (2020); Elliott and Valliant (2017). In the two-sample setup, along with the

nonprobability sample, a probability sample (P ) from the same population of size

nP is available. For both P and NP , the design weights di = 1/P(i ∈ P ) and a

common set of auxiliary variables x are available. Here we do not limit the possibility

of whether the two samples are overlapping or not. The sample resulting by merging

the nonprobability sample and the probability sample is denoted as Sc so that the

size of Sc is n = nNP + nP , i.e. overlapping units (if any) are counted twice.

3.3.1 Measures without y-Model

Here we discuss some measures that are often used for probability estimation or

model evaluation in general. Since propensity estimation may be applied to con-

struct weights, one may wonder whether performance measures for probability esti-

mation will be helpful for evaluating the propensities.
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In the following, we first discuss the mean cross entropy (MXE) and Brier score

under the pseudo-weight method from Elliott and Valliant (2017). That pseudo-

weight method first estimates π̂i = P(si = 1|i ∈ Sc) and constructs the final weights

with wi = di(1− π̂i)/π̂i, for details see Elliott and Valliant (2017). That is, the de-

sign weights of the probability sample are considered after modeling π̂i, which allows

the probability estimation methods to be applied in a standard way for estimating

πi (i.e., without weighting the units by the design weights) and therefore many

nonparametric or machine learning methods can be applied, for example, Bayesian

Additive Regression Trees (BART) as proposed in Rafei et al. (2020); Rafei, Flan-

nagan, West, and Elliott (2022) (these articles also offer a broader discussion of

estimation for nonprobability samples).

MXE

For MXE and Brier score the performance of the model is evaluated on π̂i instead

of the estimated propensity to be included in the nonprobability sample p̂i = 1/wi,

since the goal is to maximize the impurity of the estimated π̂i but not of the underly-

ing propensities. MXE under the two-sample setup is (Caruana & Niculescu-Mizil,

2004; Kullback, 1997),

MXE(π̂) = − 1

n
[
∑
i∈NP

log(π̂i) +
∑
i∈P

log(1− π̂i)]. (3.5)

A smaller value for MXE indicates better performance according to this measure.

So, π̂i closer to 0 or 1 will be preferable by MXE.

Brier’s Score

A similar measure is Brier’s score which is a distance-based measure. A smaller

value of the Brier score reflects a smaller distance between the π̂i and the si and
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therefore π̂i close to 0 or 1 is also preferred. The formula is (Brier et al., 1950)

Brier(π̂, s) =
1

n

∑
i∈Sc

(π̂i − si)
2. (3.6)

AIC

For model selection, the Akaike information criterion (AIC) is one of the often-used

measures (Akaike, 1974; Schwarz, 1978). AIC is based on the value of the likelihood

function L̂ of the estimated model with a penalty on the used number of parameters

(k) of the model,

AIC(k, L̂) = 2k − 2 ln(L̂). (3.7)

An AIC for complex design survey data has also been proposed by Lumley and

Scott (2015). For many machine learning methods, it is difficult or even impossible

to calculate AIC since the likelihood function is unknown, and sometimes even the

number of parameters is unknown as well (e.g., a tree model).

Cal1

As noted in Section 3.2.2, calibration is an often-used method for selection bias

correction. The calibration property may be suitable for not only constructing the

weights but also serving as a performance measure. Based on the calibration prop-

erty, we may examine the performance of the weights by auxiliary variables which

are strongly correlated to the target variable (Deville & Särndal, 1992). If the dif-

ferences between weighted totals of the auxiliary variables and the corresponding

known totals are small, we may conclude that we have a good set of weights. Un-

der the two-sample setup, the population means of the auxiliary variables can be

estimated from the probability sample by
∑

i∈P dixi/
∑

i∈P di. Therefore we can
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calculate

Cal1(w, d) =
J∑

j=1

|
∑

i∈NP wixij∑
i∈NP wi

−
∑

i∈P dixij∑
i∈P di

|, (3.8)

which is the sum of the absolute differences between the weighted and design-based

estimates of the population means over J auxiliary variables from the two samples.

A set of weights with the smallest value of Cal1 will then be chosen. This approach

has been applied by Yang et al. (2020) as a loss function for weight construction

and as a performance measure for tuning. Since Cal1 is sensitive to the scale of the

auxiliary variables, it may be standardized by

J∑
j=1

1

σj

|
∑

i∈NP wixij∑
i∈NP wi

−
∑

i∈P dixij∑
i∈P di

|, (3.9)

where σj is the standard deviation of xj and may be estimated by ((σ2
j,NP+σ2

j,P )/2)
0.5.

σ2
j,NP and σ2

j,P are the estimated variances of xj from the nonprobability sample and

the probability sample, where σ2
j,NP is estimated by assuming that NP was obtained

by a simple random sample, which may not be a realistic assumption in practice.

(3.9) has been applied in Austin (2009); Kern, Li, and Wang (2021); McCaffrey,

Ridgeway, and Morral (2004).

3.3.2 Measures with y-Model

Cal2 and Cal3

As noted in Section 3.2, it may be useful to also consider a y-model when using

the weighting approach. The first two measures with y-models that we consider

are transformations of (3.8). An underlying assumption of (3.8) and (3.9) is that

the auxiliary variables and the target variable have a linear relation, which may

not be met in practice (Deville & Särndal, 1992). As an alternative, Wu and Sitter

(2001) proposed a model-calibration method that allows all types of relationships
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between the auxiliary variables and the target variable. Rather than using x as in

(3.8), a model ŷ = m̂(x) is fitted on the nonprobability sample, where m̂(·) can be

any function. The weights are then evaluated by the weighted total of ŷ in the two

samples, that is, the performance measure will be

Cal2(w, d) = |
∑

i∈NP wiŷi∑
i∈NP wi

−
∑

i∈P diŷi∑
i∈P di

|. (3.10)

We also look at the difference between the weighted sum of the observed y and the

weighted sum of ŷ,

Cal3(w, d) = |
∑

i∈NP wiyi∑
i∈NP wi

−
∑

i∈P diŷi∑
i∈P di

|. (3.11)

With the usage of y in the nonprobability sample, (3.11) may be less subject to

model misspecification compared to (3.10).

MSB

One way to estimate the selection bias is the Measure of Unadjusted Bias (MUB) pro-

posed by Little et al. (2020), which may also be useful for evaluating the performance

of the acquired weights. In Boonstra, Little, West, Andridge, and Alvarado-Leiton

(2021), it is shown that MUB outperforms other measures such as the R-indicator,

Coefficient of Variation (CV), or Area Under the receiver-operating characteristic

Curve (AUC) (for details on these measures, see Boonstra et al. (2021)) in reflect-

ing the amount of selection bias. MUB aims to estimate ȳNP − µ by assuming the

inclusion mechanism is from a function of P(s = 1|x, y) = g[(1 − ϕ)ŷ + ϕy], where

ϕ ∈ [0, 1] is an unknown model parameter that allows different degrees of ignora-

bility to be considered, and g[·] is some function. A model ŷ = m̂(x) is fitted on

the nonprobability sample, and m̂(x) is used in the probability sample to calculate
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ŷ. When ϕ = 1, MUB(ϕ) completely depends on the observed y in the nonproba-

bility sample, and when ϕ = 0, MUB(ϕ) completely depends on ŷ, which is aligned

with Cal3, see Little et al. (2020) for details. The definition of MUB(ϕ) under the

two-sample setup is

MUB(ϕ) =
ϕ+ (1− ϕ)rŷy
ϕrŷy + (1− ϕ)

√
σ2
y

σ2
ŷ

(¯̂yNP − ¯̂yU), (3.12)

where ¯̂yNP = n−1
NP

∑
i∈NP ŷi, ¯̂yU =

∑
i∈P diŷi/

∑
i∈P di, rŷy is the correlation coeffi-

cient of ŷ and y, i.e.

rŷy =

∑
i∈NP (yi − ȳNP )(ŷi − ¯̂yNP )

nNPσŷσy

,

and σ2
y, σ2

ŷ are estimated by σ̂2
y = n−1

NP

∑
i∈NP (yi− ȳNP )

2 and σ̂2
ŷ = n−1

NP

∑
i∈NP (ŷi−

¯̂yNP )
2. Note that in this setup we assume that the auxiliary variables used to obtain

ŷ are not available outside of the two samples. If the population totals of the

auxiliary variables are available, MUB may give a more accurate error estimation

since using the estimated population value is naturally losing efficiency compared to

a known population parameter (Zhang, 2019). A performance measure that borrows

the strength of MUB(ϕ) may be:

MSB(ϕ) ≡ |MUB(ϕ)− ȳNP + ȳw|. (3.13)

That is, if the difference between the naive estimate ȳNP for y and the weighted

mean ȳw is close to MUB(ϕ), we may conclude that the acquired set of weights can

correct the underlying selection bias.

It is worth noting that, since µ is fixed, ȳw naturally has a perfect positive

relationship with Error(ȳw), see (3.3). We can have an idea of the direction of the
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error by merely looking at whether the estimated ȳw is moving away from or towards

ȳNP . However, merely looking at ȳw does not prevent us from over-correction, i.e.,

when ȳNP − µ has an opposite sign to Error(ȳw). We hope to understand whether

the selection error is over-corrected by considering the MUB(ϕ) in the measure. If

Error(ȳw) is zero, ideally the value of MSB should also be zero.

KS

Another model evaluation index in the nonresponse literature is the Kolmogorov-

Smirnov (KS) distance (Chambers, 2001). KS distance is a non-parametric index

that calculates the maximum difference between two empirical cumulative distribu-

tion functions. Unlike AIC, KS can be applied to the result from any model. Under

the two-sample setup, we calculate the maximum difference by

KS(w, d) = max
t
|
∑

i∈NP wiI(yi ≤ t)∑
i∈NP wi

−
∑

i∈P diI(ŷi ≤ t)∑
i∈P di

| (3.14)

for t ∈ (−∞,∞), where I(·) is an indicator function.

3.4 Simulation

3.4.1 Simulated Data

We evaluate the performance measures by examining the relation of the performance

measures with MSE(ȳw) and absolute Error(ȳw). A population of size 10,000 with

auxiliary variables x1, x2, x3, x4 ∼ N(1, 1) is created. The target variable y = 3x1 +

x2−5x3+0.1x4+e, where e ∼ N(0, 1). The finite population mean of y is µ ≈ −0.9.

The auxiliary variables are available both for the probability and nonprobability

samples while the target variable is only available in the nonprobability sample. The

probability sample is repeatedly drawn by means of simple random sampling without
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replacement with inclusion probability 0.05, that is, d = 20 is the design weight for

all units in the probability sample, and results in nP = 500. The nonprobability

sample is repeatedly drawn by means of fixed-size unequal probability sampling

without replacement. We do this by randomized systematic sampling with inclusion

probability p = exp(c+ x1 + x2− 0.5x3)/(1 + exp(c+ x1 + x2− 0.5x3)), where c is a

constant so that the inclusion fraction of the nonprobability sample is fixed at 0.1,

which results in nNP = 1, 000 (Madow, 1949). The result of a nonlinear propensity

model p = exp(c+x1+0.5x2x4)/(1+exp(c+x1+0.5x2x4)) is shown in Section 3.7,

which shows a similar conclusion as the linear one.

3.4.2 Estimation and Evaluation

The weights are constructed by Elliott and Valliant’s (2017) pseudo-weight method

as discussed in Section 3.3.1, since Elliott and Valliant’s method offers a rela-

tively stable estimation compared to methods considering design weights during

the propensity model estimation (Liu, Scholtus, & De Waal, 2023). To reflect differ-

ent possible model choices, the propensity model π̂i = P(si = 1|i ∈ Sc) is fitted by a

machine learning algorithm, XGBoost, and logistic regression (T. Chen & Guestrin,

2016).

XGBoost is a flexible and powerful algorithm in prediction problems, and it has

been applied in Castro-Martín, Rueda, and Ferri-García (2020) and Klingwort and

Burger (2023) for selection bias correction. As for many machine learning algo-

rithms, hyperparameters should be chosen before fitting the XGBoost model (see,

e.g., T. Chen and Guestrin (2016) for these hyperparameters). In the simulation,

we use the default hyperparameters in XGBoost. A more detailed tuning scheme

will be performed later in the real data examples. Note that the AIC cannot be

calculated for XGBoost since the number of parameters and the likelihood function



3.4. Simulation 57

are unknown.

For logistic regression, the correct model and 33 incorrectly specified or over-

specified models are fitted. These incorrectly specified or over-specified models,

for example, miss some auxiliary variables, have some extra interactions between

variables, or have higher-order terms of the variables. The incorrectly specified

models may reflect the effect of a Not Missing At Random mechanism. See the

online supplement for details on the models used or Table 3.1 for a few examples.

In total, 35 models/methods are used to estimate the propensity scores to reflect

the relation between the measures and different degrees of the estimated MSE of

the estimated population mean, which is M̂SE(ȳw) = R−1
∑R

r=1[ȳw,r − µ]2, where

ȳw =
∑

i∈NP wiyi/
∑

i∈NP wi, and R = 1, 000 is the number of replicates in drawing

a probability and nonprobability sample. The averages of the performance measures

under each model are recorded.

For measures considering a y-model as in Section 3.3.2, we apply linear regres-

sion with the correct model (using x1, x2, x3, x4 as the auxiliary variables) and an

incorrect model (using x2 and x4 only) to show the effect of different model use.

The adjusted R2 of the correct model in the nonprobability sample is around 0.967,

and the adjusted R2 of the incorrect model is around 0.011.

3.4.3 Results

Figures 3.1 and 3.2 show the relations between each measure and M̂SE(ȳw) for the 35

specified models. The number after MSB is the value of ϕ, e.g, MSB05 indicates that

ϕ = 0.5 is used. Figure 3.1 shows that in general all measures are positively related

to M̂SE(ȳw) under the correct y-model. Figure 3.2 shows the effect of an incorrect

y-model, therefore only measures with a y-model are shown. For Cal2, the relation

is only clear when the correct y-model is used, while under the incorrect y-model,
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a low correlation between Cal2 and M̂SE(ȳw) is observed. Cal3 and MSB0 show

the opposite relation between the measures and M̂SE(ȳw). However, if the unknown

parameter ϕ is well chosen, between 0.5 and 0.75 in this case, zero estimated MSB

is then corresponding to zero M̂SE(ȳw). KS has a negative relation with M̂SE(ȳw)

when the wrong y-model is applied.

MXE and Brier have a similar tendency since π̂ is mostly around 0.7 and the

difference between these performance measures will only be obvious when the es-

timated probability is close to 0 or 1. XGBoost indeed gives a good estimation in

terms of impurity (low MXE and Brier), however, low impurity does not necessar-

ily guarantee a good population parameter estimate. In fact, when the estimated

propensity is close to 0, although this results in a low impurity, this also causes a

large weight and a large variation of the parameter estimates.

In Table 3.1 we list the best 10 models in terms of Bias = R−1
∑R

r=1 ȳw,r − µ. It

is interesting to see that the correct propensity model does not necessarily perform

the best in terms of both Bias and MSE. Some overfitting models may capture the

underlying variation and allow a better parameter estimation. A similar discussion

can also be found in the imputation literature, see, e.g., Vermunt, Van Ginkel,

Van der Ark, and Sijtsma (2008); Vidotto et al. (2015).

3.4.4 Selecting Smallest Error

We also examine whether the performance measures are able to pick out the best

model in terms of absolute Error(ȳw). In every set of the drawn samples, 35 mod-

els are fitted as before. Kendall rank correlation coefficient (τ) between absolute

Error(ȳw) of the 35 models and each measure is calculated to reflect whether the

measures are able to rank the models correctly (Kendall, 1948). Kendall τ is cal-

culated by the probability of the same order of pairs of two units of a variable,
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Table 3.1: Best 10 propensity model ranked by Bias. The bold
model is the correct model for drawing the nonprobability sample,

and the bold Bias and MSE are the smallest values.

Propensity Model Bias MSE
(x1 + x2 + x3 + x4)

2 0.12 0.48
(x1 + x2 + x3)

2 0.12 0.35
x2 + x4 + x1 ∗ x3 0.29 0.30
x1 + x2 + x3 0.32 0.30
x1 + x2 + x3 + x4 0.32 0.33
x1 ∗ x3 0.94 1.00
(x1 + x3)

2 0.95 1.01
x1 + x3 1.03 1.16
x1 + x2

2 + x2
3 1.27 1.86

x1 + x2
3 1.62 2.78

subtracting the probability of different order of pairs of two units, that is, how con-

sistent the orders between the two variables are (here the performance measure and

absolute Error). Kendall τ = 1 if two variables share the same rank, and τ = −1

if two variables have totally opposite rankings. That is, if τ = 1 for a performance

measure and absolute Error(ȳw), it means that in every possible subset of the 35

models, we will be able to pick out the best model based on the value of the per-

formance measure. The averages of τ for all measures over a thousand runs are

reported.

Tables 3.2 and 3.3 show the average Kendall rank correlation coefficient between

absolute Error(ȳw) and each measure. In general, measures considering a y-model

are strongly correlated with the actual underlying error, that is, we are able to pick

out the smallest error model based on Cal2, Cal3, MSB, and KS under the correct

y-model. Under the incorrect y-model, only MSB with ϕ ∈ [0.75, 1] may give a good

indication.
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Table 3.2: Kendall τ between absolute Error(ȳw) and each measure
under the correct y-model. Measures include different variants of
calibration (Cal1, Cal2, Cal3), measure of selection bias (MSB) with
different ϕ, Mean cross entropy (MXE), Brier score, Kolmogorov-

Smirnov distance (KS), and Akaike information criterion (AIC)

Cal1 Cal2 Cal3 MSB0 MSB0.5 MSB1 MXE Brier KS AIC
τ 0.66 0.98 0.99 0.99 0.99 0.99 0.59 0.59 0.91 0.66

Table 3.3: Kendall τ between absolute Error(ȳw) and each measure
under the incorrect y-model. Measures with a y-model include two
variants of calibration (Cal2, Cal3), measure of selection bias (MSB)

with different ϕ, and Kolmogorov-Smirnov distance (KS).

Cal2 Cal3 MSB0 MSB0.25 MSB0.5 MSB0.75 MSB1 KS
τ 0.02 -0.96 -0.96 -0.54 0.61 0.97 0.99 -0.89

3.5 Experiments on Real Data Sets

The experiment looks at the performance measures under various real data sets.

Since in practice the true models for target variable y and the inclusion mechanism

of the nonprobability sample are usually unknown to the investigator, we try to

mimic this situation in the experiment. Three data sets in R packages are used,

i.e., Iris data (Anderson, 1935), Election data from the Survey package (Lumley,

2020), and MU284 data from the Sampling package (Tillé & Matei, 2021). See the

references therein for the details of the data sets. These data sets are treated as

populations where one of the variables is treated as the indicator of inclusion in

the nonprobability sample, one continuous variable is treated as the target variable

of which the population mean is of interest, and the rest of the variables are the

auxiliary variables. The variable specification is shown in Table 3.4.

Since the propensity model of the nonprobability sample is unknown in this

case, we may only look at absolute Error(ȳw) but not MSE(ȳw). A simple random

sample with an inclusion fraction of 0.1 is drawn from the population and treated

as the available probability sample. The construction of the weights is again the
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Table 3.4: Data sets and the used variables in the experiment

Data Inclusion Indicator Y X
Iris si = 1 if Species is Sepal.Length Sepal.Width, Petal.Length,

setosa, else si = 0 Petal.Width
Election si = 1 if p < 0.005, TotPrecincts PrecinctsReporting, Bush,

else si = 0 Kerry, Nader, votes
MU284 si = 1 if CL < 15, P85 P75, RMT85, CS82, SS82,

else si = 0 S82, ME84, REV84, REG

pseudo-weight method from Elliott and Valliant (2017) where XGBoost is used for

the propensity estimation. We grid search a range of tuning parameters of XGBoost

under reasonable ranges including

• Learning rate (η): Learning rate is between 0 and 1, and the default value is

0.3. A higher learning rate means a larger contribution of each tree. A set of

{0, 0.3, 0.5, 0.7} is used.

• Minimum loss (γ): The minimum loss that needs to be reduced when par-

titioning. It ranges from 0 to ∞ and the default value is 0. Here we use

{0, 1, 2}.

• Minimum child weight: The minimum of the sum of weights in a child node.

It ranges from 0 to ∞ and the default value is 1. {1, 3, 5, 7} is used.

In total, there are 4× 3× 4 = 48 combinations of the tuning parameters. Error(ȳw)

of each combination is calculated, and the relations between Error(ȳw) and the

measures are shown. Note that, unlike a prediction task, we do not use cross-

validation for tuning since the goal is not to find a model for future prediction

but to estimate population parameters by means of the probability sample and the

nonprobability sample. The y-model is fitted by linear regression, using all the

auxiliary variables as predictors.
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Figures 3.3, 3.4, and 3.5 show the relationships between the performance mea-

sures and absolute Error(ȳw). In general, the patterns are similar to those in the

simulation. The measures with a y-model for target variable y better reflect the

underlying absolute Error(ȳw). It also can be seen that the three data sets offer suf-

ficient auxiliary information so that Cal2, Cal3, and MSB reflect clear indications

of model performance, while Cal1 may not be useful when some auxiliary variables

have a negative correlation with the target parameter. MXE, brier, and KS show a

positive relationship with absolute Error(ȳw) in Iris data but that is not the case in

Election and MU284 data.

3.6 Conclusion and Discussion

Weighting is one of the popular methods for selection bias correction. In order to

evaluate the constructed weights, we discussed several performance measures that

can be considered in practice. However, unfortunately we are not able to identify

the best performance measure for a given situation. One reason for this is that,

given the nature of the weighting, many often-used performance measures are not

suitable. What we may conclude is that, based on the results of the simulation

and the examples, measures considering a y-model have the potential to perform

well. Among all the discussed measures, MSB is especially a reliable measure of

performance given that it is less sensitive to model misspecification of y. However,

it may still be challenging to reveal the actual error left in the data set after weighting

because of the uncertainty with respect to the parameter ϕ. In Little et al. (2020),

it is suggested that ϕ = 0.5 may be used and also checking ϕ = 0 and ϕ = 1 as a

sensitivity analysis.

An interesting result from our simulation study is that the best-performing in-

clusion propensity model in terms of Bias and MSE of the estimated population
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parameter is not necessarily the correct model for these inclusion propensities.

The performance measures considered in this paper aim to assess the useful-

ness of weights constructed to correct for selection bias when estimating population

means. Measures of bias other than those discussed in the paper have been pro-

posed that may serve as a performance measure for other population parameters,

see for example, Andridge, West, Little, Boonstra, and Alvarado-Leiton (2019) for

proportion estimation or West et al. (2021) for regression coefficient estimation. Fu-

ture research is needed to examine the usage of these measures for other population

parameters than population means.

We illustrated the performance evaluation framework by Elliott and Valliant’s

method since it is flexible to many kinds of models/algorithms and gives stable esti-

mates. The weights may also come from other approaches, for example, approaches

by Y. Chen et al. (2020); Valliant (2020), and still fit in the framework we discussed

here. Also, if more than one target variable is of interest, performance measures can

be calculated with regard to different variables at the same time and one can choose

a set of weights that fits well for most of the target variables.

3.7 Appendix: Simulation Results for Non-linear

Propensity Model

The simulation results when the propensity model is p = exp(c+x1+0.5x2x4)/(1+

exp(c+ x1 + 0.5x2x4)). See Section 3.4 for the rest of the simulation setup.
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Chapter 4

Selection Bias Correction for

Imbalanced Samples

Abstract

Selection bias correction is generally crucial to have reliable inference for a nonprob-

ability sample. Often the correction is applied with the two-sample setup. That is,

along with the nonprobability sample we are interested in, a probability sample shar-

ing some common auxiliary variables is used for constructing correction weights for

the nonprobability sample. The two-sample setup allows one to calculate weighted

estimates for population parameters of interest based on the nonprobability sample.

Since the nonprobability sample is usually easy to collect, we often end up with a

large nonprobability sample and a small probability sample. The imbalance of the

two samples may cause difficulties in modeling the propensity of units to be included

in the nonprobability sample, which is an essential step for constructing correction

weights for the nonprobability sample. This paper discusses some often-seen so-

lutions for imbalanced samples in machine learning literature, i.e., undersampling,

Synthetic Minority Oversampling Technique (SMOTE), and a mixture of both. A
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selection bias correction framework is adjusted to incorporate the imbalance solu-

tions. A simulation study and a real data application are shown. The results indicate

that SMOTE has the potential to deal with imbalances in selection bias correction.

Keywords: Descriptive Inference, Imbalanced Sample, Nonprobability Sample,

SMOTE, Undersampling

Liu, A.-C., Scholtus, S., Ang, L., Van Deun, K. & De Waal, T. Selection Bias

Correction for Imbalanced Samples. (Submitted)
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4.1 Introduction

Because of digitalization, many new data types emerge, for example, social media

data, sensor data, or administrative data. These data are usually not based on a

known sampling design and are termed nonprobability samples. If a nonprobability

sample is treated as a simple random sample, selection bias may occur for popula-

tion parameter estimation. To correct for selection bias, many correction methods

adopt the two-sample setup. That is, along with the nonprobability sample, a prob-

ability sample sharing some common auxiliary variables from the same population

is used, see for example, Y. Chen et al. (2020); Elliott and Valliant (2017); Liu et

al. (2023). In the two-sample setup, by combining the nonprobability sample and

the probability sample, the inclusion probabilities (or propensities) of the units in

the nonprobability sample can be estimated, and the reciprocals of these inclusion

propensities can be used as weights for the units in the nonprobability sample. A

design-based estimator (e.g., Hájek estimator) can then be applied for population

parameter estimation. Other correction methods can also be found in recent reviews

of selection bias correction methods, see for example, J. Rao (2020); Wu (2022).

Given that a nonprobability sample is often time and cost-efficient to collect, re-

searchers often have a massive nonprobability sample and a relatively small probabil-

ity sample. This means that researchers frequently end up with an imbalanced com-

bined sample, which may cause difficulties when estimating the inclusion propensi-

ties of the nonprobability sample. The problem of imbalanced samples has been well-

studied in prediction; see, for example, discussions in Batista, Prati, and Monard

(2004); Estabrooks, Jo, and Japkowicz (2004). One straightforward approach to deal

with imbalanced samples is to downsize the majority group. In our case, this would

mean drawing a subsample of the nonprobability sample so that it has a similar size

as the probability sample. A large proportion of the nonprobability sample may
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then be discarded from the propensity modeling process. Another popular way to

deal with an imbalanced sample is the Synthetic Minority Oversampling Technique

(SMOTE) proposed by Chawla, Bowyer, Hall, and Kegelmeyer (2002). SMOTE

creates synthetic samples for the minority group in a nonparametric manner. That

is, weighted combinations of a unit and its nearest neighbors are used to create a

synthetic "new sample". It has been shown that SMOTE improves massively the

prediction performance. Many variants of SMOTE have also been proposed for dif-

ferent types of data or different goals of modeling. For example, SMOTE-ENC is for

a data set containing both continuous and categorical data (Mukherjee & Khushi,

2021). A review of the developments around SMOTE can be found in Fernández,

Garcia, Herrera, and Chawla (2018).

However, neither under- nor oversampling can immediately be applied for selec-

tion bias correction since the probability sample does not always come from simple

random sampling. Also, after under- or oversampling, the sample size is changed

and the calculation of the correction weights should also be adjusted accordingly.

In Section 4.2, we will start by introducing a selection bias correction framework.

Since we aim for a scenario where the nonprobability sample is larger than the prob-

ability sample, the method proposed by Liu et al. (2023) is considered. Algorithms

for under- and oversampling and a mixture of both are discussed in Section 4.2.2.

A weighted version of SMOTE is also discussed for a probability sample resulting

from random sampling schemes different from simple random sampling. A simula-

tion study and an application to a real data set are presented respectively in Section

4.3 and 4.4 to evaluate the algorithms under different scenarios. Section 4.5 ends

this paper with a short discussion and some conclusions.
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4.2 Methods

4.2.1 LSW Method for Selection Bias Correction

We start by presenting the method for correcting for selection in a nonprobability

sample proposed by Liu et al. (2023), which we will refer to as the LSW method

(for details of this method, see Liu et al. (2023)).

We consider a nonprobability sample (NP ) with size nNP from a finite popu-

lation (U) indexed by i = 1, 2, ..., N with N the population size. In NP , y and

x are available where y is a target variable and x is a set of auxiliary variables.

For simplicity, here we consider only a single target variable y, but this can easily

be generalized to more target variables. The target parameter of interest is the

population mean of y, i.e. µ = N−1
∑

i∈U yi.

Along with the nonprobability sample, a reference probability sample (P ) with

size nP from the same population is available with the same set of auxiliary variables

x and design weights di = 1/P(i ∈ P ), but not necessarily with y. Some assumptions

are considered:

1. For all the units in the population 0 < P(i ∈ NP ) < 1 and 0 < P(i ∈ P ) < 1;

2. P(i ∈ NP ) is fully governed by x;

3. The design weights of the probability sample are available (or can be calcu-

lated) for both NP and P ;

4. The overlapping units between NP and P can be identified.

Assumptions 1 and 2 are common assumptions in the selection bias correction lit-

erature to allow for valid inference. Assumptions 3 and 4 are especially for the

LSW method. If Assumption 4 does not hold, the pseudo-weighting method from
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Elliott and Valliant (2017) may be applied, although the efficiency of the resulting

estimator is then less than the LSW estimator (Liu et al., 2023).

In order to estimate propensities for units to be included in NP , we fit a propen-

sity model f(x). This model is fitted with the non-overlapping part of the two sam-

ples (B). Within B, we assign zi = 1 if i ∈ NP \P , and zi = 0 if i ∈ P \NP as the

dependent variable. The model f(x) can be any probability estimation method, for

example, logistic regression or a classification tree. After fitting f(x), the odds

Oi =
P(zi = 1 | i ∈ B,xi)

P(zi = 0 | i ∈ B,xi)
(4.1)

are calculated given f(x). The final weights, i.e. the reciprocals of the inclusion

propensities, are calculated as

wi =
1

P(i ∈ NP | xi)
= 1 +

di − 1

Oi

. (4.2)

The population mean is estimated by

ŷ =
∑
i∈NP

wiyi(
∑
i∈NP

wi)
−1.

Ideally, it satisfies

E(ŷ) = µ.

Here we focus on the scenario where the inclusion in the nonprobability sample is

independent of the inclusion in the probability sample, which might not always be

the case as discussed in Liu et al. (2023).



4.2. Methods 77

4.2.2 Balancing the Two Samples

When fitting a propensity model f(x) on a nonprobability sample and a probability

sample, the model may be sensitive to the imbalances between the two samples since

we often have a large nonprobability sample and a small probability sample. To deal

with imbalances, either under- or oversampling can be used. After fitting f(x) with

under- or oversampling samples, the weights are then constructed for the whole NP

for inference.

Unweighted under- and oversampling

In undersampling, a subset is selected from the majority group by simple random

sampling without replacement. Therefore, one will end up with a smaller sample

size than the original data. Alternatively, one can oversample the minority group by

either simply adding copies of the original data of the minority group, or creating

data points that are similar to the units in the minority group.

After under- or oversampling, the calculation in (4.2) needs to be adjusted. Here

we introduce further notation. We denote the set of units i ∈ B where zi = 0 by B0

and the set of units i ∈ B with zi = 1 by B1. The size of B0 is nB0 =
∑

i∈B(1− zi),

the size of B1 is nB1 =
∑

i∈B zi, and nB0 + nB1 = nB. We limit our discussion to

the scenario where 0 < nB0 < nB1. Suppose we aim to have a sample where the

(original) majority group has a proportion of F . One choice of F , for example, may

be 0.5 to have a fully balanced sample. We can achieve F = 0.5 by undersampling

the B1 set to obtain a subset B−
1 of size n−

B1 = nB0, or oversampling the B0 set

to acquire a larger set B+
0 of size n+

B0 = nB1. Assuming all the units have the

same probability of being undersampled, respectively oversampled, the calculation

of weights in (4.2) is completed by Oi = OF
i /p, where OF

i is the odds calculated
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from the balanced sample and a fixed term

p =
F

(1− F )

nB0

nB1

. (4.3)

Finally,

wi = 1 +
(di − 1)p

OF
i

. (4.4)

The detailed derivation of (4.4) can be found in the Appendix 4.6.

Algorithm 3 Undersampling
Require: di, B0, B1, NP, F
1: Calculate p with (4.3)
2: Draw a simple random sample without replacement from B1 with sampling

fraction p, and denote the drawn subsample by B−
1

3: Fit propensity model f(x) on B0 ∪ B−
1 , where zi = 1 if i ∈ B−

1 and zi = 0
otherwise.

4: Estimate the odds OF
i of the units in NP given f(x).

5: Calculate the weights with wi = 1 + (di − 1)p/OF
i .

For undersampling, p is aligned with the sampling fraction of the units in B1.

Algorithm 3 presents the process of undersampling. In oversampling, studies have

shown that simply adding copies of units in the minority group contributes little to

model performance (Blagus & Lusa, 2013). Therefore, here we introduce SMOTE

which creates a set of synthetic data points from the minority group. The general

idea is that SMOTE creates synthetic data points by combining data points with

their neighbors. The corresponding process is shown in Algorithm 4. The ratio

of the majority group (F ) is used to calculate the number of synthetic units (R)

that need to be created. For every unit in B0, K nearest neighbors from other

units in B0 are found using a distance function based on xi. If the design weights

of the probability sample are not included as one of the auxiliary variables in xi,

the distance should be calculated not only by using the xi but also by using the

design weights. Considering weights in the distance calculation can leverage the
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auxiliary information to improve the selection of the neighbors. A similar concept

can be found in the nonresponse literature where including the response propensity

in the imputation model can improve the performance of the imputation (Andridge

& Little, 2009).

From the literature on nearest neighbor imputation, we also learn that the ef-

ficiency of the imputation can be increased if K > 1 (Fuller, 2011). If K is small,

the imputation bias is smaller while the imputation variance is larger. If K is

large, the smoothness and symmetry of the density around the unit and its neigh-

bors are crucial to guarantee reasonable synthetic data points. In SMOTE, after

K neighbors (ri1, ri2, ..., riK for unit i) are found, a random draw of the neighbors

is performed and the drawn neighbor is assigned as rq. The drawing process can

be conducted by giving all the K neighbors an equal chance to be drawn or letting

P(rq = rik) ∝ D(xi, rik)
−1, where D denotes the distance function. That is, the

closer the neighbor, the higher the chance to be drawn. Another random value α

is drawn from U(a, b), where U(·) is the uniform distribution on the interval (a, b).

We use α ∼ U(0, 1) as in the original paper by Chawla et al. (2002). The synthetic

data point is created by sq = xi + α(rq − xi). The process is repeated until [R]

synthetic units are created, where [·] denotes rounding into the closest integer. Here

we presume the records in the sample are placed in a random order, or else the

order should be shuffled before creating the synthetic sample, since the units with

a smaller i have a higher chance of being replicated.

When the data is extremely imbalanced, nB0 ≪ nB1, the choice between under-

or oversampling may be difficult. Undersampling implies that a large proportion of

B1 is discarded, and the model is fitted with a small sample size. On the other hand,

in oversampling, a large amount of synthetic data is created given limited true data.

The distribution of the synthetic data may differ a lot from the true distribution of

the minority group. As a trade-off, instead of merely under- or oversampling, another
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Algorithm 4 Oversampling by SMOTE
Require: di, B0, B1, NP, F,K
1: Calculate the size of synthetic data R = nB1/F − nB and round it to [R]
2: Find K nearest neighbors (rik) from B0 for every i ∈ B0

3: Assign i← 1
4: for q = 1 to [R] do
5: Draw a neighbor of i from {ri1, ri2, ..., rik} and assign as rq
6: Draw α ∼ U(0, 1)
7: Create a synthetic data point by sq = xi + α(rq − xi)
8: Assign i← i+ 1. If i = nB0 + 1, then i← 1
9: end for

10: Row combine all the sq with B0 to form B+
0

11: Fit propensity model f(x) on B+
0 ∪ B1, where zi = 1 if i ∈ B1 and zi = 0

otherwise.
12: Estimate the odds OF

i of the units in NP given f(x).
13: Calculate p with (4.3) and the weights with wi = 1 + (di − 1)p/OF

i .

option is to perform both under- and oversampling at the same time. The process is

shown in Algorithm 5 where the aim of the algorithm is to create a balanced sample

with a sample size equal to nB.

Oversampling by weighted SMOTE

When the probability sample was not obtained by simple random sampling, besides

the original SMOTE, a weighted type of SMOTE may be used to create a synthetic

data set that ideally has a similar distribution as a simple random sample from the

population. It is achieved by deciding the number of synthetic units created from a

unit by the design weight of the unit. This weighted type of SMOTE is shown in

Algorithm 6. First, the sum of the design weights in B0 is regularized to be equal

to nB1(1− F )/F by d∗i = diCB0, where

CB0 = nB1
1− F

F

(∑
i∈B0

di

)−1

. (4.5)
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Algorithm 5 A mixture of SMOTE and undersampling
Require: di, B0, B1, NP, F,K
1: Draw a simple random sample without replacement from B1 with size F × nB,

and denote this sample by B−
1

2: Calculate the size of synthetic data R = nB(1− F )− nB0 and round it to [R]
3: Find K nearest neighbors (rik) from B0 for every i ∈ B0

4: Assign i← 1
5: for q = 1 to [R] do
6: Draw a neighbor of i from {ri1, ri2, ..., rik} and assign as rq
7: Draw α ∼ U(0, 1)
8: Create a synthetic data point by sq = xi + α(rq − xi)
9: Assign i← i+ 1. If i = nB0 + 1, then i← 1.

10: end for
11: Row combine all the sq with B0 to form B+

0

12: Fit propensity model f(x) on B+
0 ∪ B−

1 , where zi = 1 if i ∈ B−
1 and zi = 0

otherwise.
13: Estimate the odds OF

i of the units in NP given f(x).
14: Calculate p with (4.3) and the weights with wi = 1 + (di − 1)p/OF

i .

In the second step, a fully synthetic data set can be created by assigning d̃i = d∗i ,

while units with small weights may be removed due to rounding in the next step.

Another option, and also the one we apply in the simulation, is to assign d̃i = d∗i −1,

and the original probability sample is combined with the synthetic data. In the third

step, stochastic controlled rounding is applied to prevent systematic rounding bias

(Fellegi, 1975). That is, d̃i is rounded up to the smallest integer that is not less

than d̃i with probability d̃i − ⌊d̃i⌋ and rounded down otherwise, where ⌊d̃i⌋ is the

rounded-down value of d̃i. After the process, we have E([d̃i]) = d∗i when d̃i = d∗i .

The process is repeated until for each i, [d̃i] corresponding synthetic data points are

created. The calculation of the final weights is now

wi = 1 +
di − 1

OF
i diCB0

. (4.6)

See Appendix 4.6 for a detailed derivation of (4.6).
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Algorithm 6 Oversampling by weighted SMOTE
Require: di, B0, B1, NP, F,K
1: Calculate CB0 by (4.5), and regularize the weights to obtain

∑
i∈B0

d∗i = nB1(1−
F )/F

2: Assign d̃i ← d∗i − 1
3: Randomly round d̃i to its ceiling with probability d̃i − ⌊d̃i⌋ and to its floor

otherwise to obtain [d̃i]
4: Find K nearest neighbors (rik) from B0 for every i ∈ B0

5: for every i ∈ B0 do
6: for q = 1 to [d̃i] do
7: Draw a neighbor of i from {ri1, ri2, ..., rik} and assign as rq
8: Draw α ∼ U(0, 1)
9: Create a synthetic data point by siq = xi + α(rq − xi)

10: end for
11: end for
12: Combine all the siq with B0 to form B+

0

13: Fit propensity model f(x) on B+
0 ∪ B1, where zi = 1 if i ∈ B1 and zi = 0

otherwise.
14: Estimate the odds Oi of units in NP given f(x).
15: Calculate the weights with wi = 1 + (di − 1)/(OF

i diCB0).

4.3 Simulation

4.3.1 Setup

A finite population U of size N = 30, 000 is created with y, x1, x2, x3 ∼ N(µ =

1, σ = 1), i.e., the normal distribution with mean µ = 1 and standard deviation

σ = 1. We are interested in estimating the population mean of the target variable

y. The true population mean µ = N−1
∑

U yi ≈ 1. To reflect different amounts of

auxiliary information researchers have, the correlation between y and every auxiliary

variable x is 0.7 as more informative auxiliary information, and the correlation

between y and each x is 0.3 as less informative auxiliary information. The correlation

between each x is 0.3. Selective nonprobability samples are drawn with inclusion

probabilities πi = exp(β0 − 2yi)/[1 + exp(β0 − 2yi)], where β0 is a constant allowing

control of the sample size of the nonprobability sample. The inclusion fractions of
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the nonprobability sample (fNP ) are 10, 30, 50, and 70 percent, and the inclusion

fractions of the probability sample (fP ) are 1, 5, 10, 30, and 50 percent to reflect

different levels of imbalances. We only look at the combinations of inclusion fractions

where fP < fNP , which results in 14 combinations. Two sampling designs of the

probability sample are considered, namely Simple Random Sampling (SRS) and

Probability Proportional to Size (PPS). When the probability sample is from a

PPS design, the inclusion probability is proportional to x1. Several approaches are

conducted for comparison:

• Naive: Treat the nonprobability sample as a simple random sample.

• LSW: Apply the LSW method without any adjustment for imbalance.

• Undersampling (US): Draw a subsample of the nonprobability sample by Al-

gorithm 3.

• Oversampling with SMOTE (OS): Create synthetic samples by Algorithm 4.

• Mix: A combination of undersampling and SMOTE by Algorithm 5.

• Oversampling with Weighted SMOTE (OS2): Create synthetic samples by

Algorithm 6. This is only applied to the PPS probability samples.

The under- or oversampling is done in such a way that the B sample is fully balanced,

that is, F = 0.5 so that around half of the units in the final sample are units with

zi = 1 and the other half with zi = 0. The number of nearest neighbors is K = 5 for

all the algorithms applying SMOTE and the R package smotefamily is used. The

propensity model is a logistic regression fitted with all the auxiliary variables. The

performance of each approach is evaluated with estimated Relative Bias RB(ŷ) =

M−1
∑M

m=1(ŷm − µ)/µ and mean squared error MSE(ŷ) = M−1
∑M

m=1(ŷm − µ)2

where m is the index of simulation runs with m = 1, 2, ...,M and M = 1000.
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4.3.2 Results

The results from SRS samples are in Table 4.1, and the results of PPS samples are

in Table 4.2. In general, the original SMOTE performs very well across different

scenarios. Undersampling does contribute to decreasing bias in some cases, however,

it does not compensate for the large variation. Although the mixture of under- and

oversampling does not perform the best, it is still better than doing nothing to

balance the samples (as in LSW) most of the time. When the sample is from a PPS

sampling, performing the original SMOTE or the weighted SMOTE may both be

good options.

4.4 Application

In the simulation study, the data are created with a symmetric distribution and the

number of variables is small, which is an ideal scenario for SMOTE (Blagus & Lusa,

2013). In this section, we apply the algorithms on a (semi) real-world data set to

evaluate the performance of each algorithm in a practical scenario.

The data set we use represents a synthetic business population consisting of

900,000 records; see Ang, Clark, Loong, and Holmberg (2024) for the location of

the data set, along with information on how it was created. The data set aims to

resemble the real-world population of employing businesses in Australia in terms of

the distribution of businesses across industry groupings, geographic locations and

business size. Data for the population was generated by using a combination of

published business outputs from the Australian Bureau of Statistics (ABS), as well

as business survey information and employee tax data sourced from the Business

Longitudinal Analysis Data Environment (BLADE) in the ABS DataLab. A goal

of the data generation process was to ensure the characteristics of the variables
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125.86

125.68
125.83

126.04
125.96

-127.35
-111.88

-111.80
-111.87

-111.96
-111.93

1
30

75.82
59.61

58.67
58.57

59.50
58.68

-86.84
-76.99

-76.38
-76.31

-76.90
-76.39

5
30

75.79
59.48

59.19
59.18

59.54
59.23

-86.83
-76.92

-76.73
-76.72

-76.96
-76.76

10
30

75.79
59.52

59.38
59.37

59.58
59.42

-86.83
-76.94

-76.85
-76.85

-76.98
-76.88

1
50

36.31
28.43

27.73
27.64

28.13
27.74

-60.10
-53.17

-52.51
-52.41

-52.86
-52.51

5
50

36.32
28.36

28.06
28.03

28.28
28.07

-60.11
-53.11

-52.83
-52.80

-53.03
-52.84

10
50

36.31
28.35

28.15
28.12

28.28
28.17

-60.10
-53.10

-52.91
-52.89

-53.03
-52.93

30
50

36.34
28.33

28.27
28.27

28.31
28.33

-60.12
-53.09

-53.03
-53.03

-53.06
-53.08

1
70

13.91
10.69

10.27
10.20

10.40
10.27

-37.19
-32.60

-31.94
-31.84

-32.10
-31.94

5
70

13.91
10.67

10.47
10.45

10.59
10.48

-37.19
-32.58

-32.27
-32.23

-32.44
-32.28

10
70

13.91
10.66

10.51
10.49

10.58
10.51

-37.20
-32.57

-32.33
-32.30

-32.44
-32.34

30
70

13.91
10.63

10.55
10.55

10.58
10.56

-37.19
-32.51

-32.39
-32.39

-32.44
-32.40

50
70

13.90
10.63

10.61
10.63

10.63
10.62

-37.19
-32.51

-32.48
-32.52

-32.51
-32.51
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created would mimic their real-world counterparts. Variables available in the data

set include:

• earnings - Total weekly wages and salaries reported by the business

• rep.emp - Total number of employees reported by the business

• ovt - Total overtime paid to employees by the business

• frame.emp - An out-of-date value for the total number of employees in the

business

• indgrp - Industry class for the business

• size2 - Business size grouping based on the frame.emp variable

• state - Broad geographic identifier for the business

The target variables are ovt and earnings, which descriptive statistics are shown

in Table 4.3. Both target variables are extremely skewed. The mean of ovt is 519

and 76% of the data is zero. For earnings, the mean is 20, 090 and 9.3% of the data

is zero.

Table 4.3: Descriptive statistics of target variables

ovt earnings
Minimum 0 0

1st quartile 0 3819
Median 0 9459

Mean 519 20090
3rd quartile 0 16619

Maximum 1259194 8262828

The nonprobability sample is drawn with inclusion probabilities proportional to

pi.mar, where pi.mar was generated using a two-stage process. At the first stage,

an initial probability pi.mar1 was produced, where
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pi.mar1 =
exp(ϕ0 + ϕ1x)

1 + exp(ϕ0 + ϕ1x)

with (ϕ0, ϕ1) = (0.09, 0.009), and x is the frame.emp variable. At the second stage,

the pi.mar1 values were adjusted downwards by a pre-specified factor in some indgrp

classes, to simulate a reduced likelihood of being present on the big data set for those

industries. The resulting probabilities were the final pi.mar values. The modelled

inclusion probabilities result in units with smaller frame employment having a lower

chance of being included in the nonprobability sample.

The same approaches are compared as in the simulation study. Since the data

set is a combination of continuous data and categorical data, the package themis is

used for the classic SMOTE where the categorical variable is created by the majority

category of the neighbors. For weighted SMOTE for categorical data (Algorithm

6), the values of the drawn nearest neighbors are used.

4.4.1 SRS sample

Again we look at the scenario where the probability sample is a simple random

sample. The inclusion fractions of the probability sample are 0.1% and 0.5%, and

the inclusion fractions of the nonprobability sample are 1% and 3%. Both samples

are drawn 300 times, The propensity model is fitted with auxiliary variables size2

and indgrp with logistic regression and the results are shown in Table 4.4. The

presented MSE of ovt is 10−2 of the original MSE, and the presented MSE of earnings

is 10−5 times the original MSE. Both oversampling with SMOTE and the mixture

of under- and oversampling improve the estimates regarding MSE and relative bias.

Undersampling, however, is worse than no adjustment in most cases. The weighted

SMOTE introduces a large MSE and bias, which may result from the skewness of

the target variables and how the categorical variables were created.
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Table 4.4: MSE and Relative Bias for SRS samples. The smallest
(absolute) value of each row is bold.

% MSE
fP fNP Naive LSW OS US Mix

ovt 0.1 1 231.328 51.221 28.869 3679.292 27.036
0.5 1 247.183 38.716 29.056 40.843 32.122
0.1 3 211.640 36.530 17.763 1499.057 17.893
0.5 3 215.571 27.035 13.617 31.120 15.737

earnings 0.1 1 308.846 45.490 21.734 538.798 20.599
0.5 1 307.609 33.824 21.470 35.251 26.204
0.1 3 296.198 46.346 21.396 657.055 20.916
0.5 3 291.531 30.083 12.718 35.645 15.240

RB (%)
ovt 0.1 1 26.434 7.704 -2.642 19.832 -1.677

0.5 1 27.039 7.876 5.784 7.866 6.365
0.1 3 27.024 8.081 -3.174 16.814 -2.612
0.5 3 27.152 8.067 4.539 8.362 5.116

earnings 0.1 1 27.218 7.838 -2.964 14.207 -1.908
0.5 1 27.115 8.055 5.908 7.936 6.583
0.1 3 26.947 8.191 -3.392 14.083 -2.887
0.5 3 26.701 7.836 4.339 8.047 4.913

4.4.2 Stratified SRS sample

A stratified SRS sample is considered to reflect a practical scenario. A realistic

business survey sample design was conducted by first assigning the population data

set into strata based on State (state), Industry class (indgrp), and Size (size2 ). The

size categories were: 0-4 employees, 5-19 employees, 20-299 employees, and 300+

employees. The Bethel-Chromy algorithm (Bethel (1989), Chromy (1987)) was used

to produce an optimal allocation of sample to strata, to meet the following accuracy

constraints for the earnings variable:

• Relative Standard Error (RSE) of 1.5% at the National level

• RSE of 5% for each Industry class

• RSE of 5% for each State
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A minimum sample size of 6 was applied for each sampled stratum, while the large

units (that is, those in the 300+ size strata) were fully sampled with a sampling

fraction of 1. In total, the sample size of the stratified SRS sample is 7715, with

3259 units having P(i ∈ P ) = 1.

Being fully sampled, the large units in the population have P(i ∈ P ) = 1, which

is often seen in the business survey scenario but it violates the first assumption as

discussed in Section 4.2. Therefore, we separate the population into two sets. Set

CE is units with P(i ∈ P ) = 1, and set U \ CE is units with P(i ∈ P ) < 1. In

the set U \ CE, all the estimation steps are the same as before and the weight is

denoted as WU\CE. The propensity model is fitted with size2, indgrp, and state. In

CE, since only the units in the nonprobability sample have a value of y, another set

of weights is constructed. A propensity model is fitted in CE with zi = 1 if i ∈ NP

and zi = 0 otherwise. The weights are then

WCE =
1

P(i ∈ NP | i ∈ CE,xi)
.

The final estimate of µ is

ŷ = fCE

∑
i∈CE yi WCE,i∑
i∈CE WCE,i

+ (1− fCE)

∑
i∈U\CE yi WU\CE,i∑
i∈U\CE WU\CE,i

,

where fCE is the proportion of the CE set in the population. The nonprob-

ability samples are drawn as in the SRS sample cases, with inclusion fractions

fNP = {3, 5, 7, 10, 30} percent. The results are shown in Table 4.5. The presented

MSE is again the original MSE times 10−2 for ovt and times 10−5 for earnings.

Balancing two samples with either under- or oversampling does not improve the

performance in many cases when the probability sample is from a stratified SRS.
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Table 4.5: MSE and Relative Bias for stratified SRS samples. The
smallest (absolute) value of each row is bold.

% MSE
fNP Naive LSW OS OS2 US Mix

ovt 3 217.845 4.459 4.773 83.233 4.903 4.844
5 206.626 3.305 3.809 50.437 4.209 3.880
7 203.416 1.968 2.462 39.838 2.615 2.481

10 195.689 1.145 1.596 30.212 1.708 1.619
30 198.902 0.457 2.585 26.257 2.567 2.589

earnings 3 299.790 1.019 0.973 78.840 0.994 0.939
5 293.386 0.740 0.942 44.595 0.977 0.978
7 293.815 0.539 1.004 37.236 0.848 1.007

10 291.984 0.371 1.041 30.370 0.809 1.033
30 291.497 0.592 3.319 29.066 2.468 3.314

RB (%)
ovt 3 27.471 0.615 1.014 16.259 0.223 0.950

5 27.014 0.486 1.173 12.465 0.573 1.138
7 27.082 0.314 1.364 11.409 0.550 1.333

10 26.694 -0.043 1.259 10.093 0.480 1.249
30 27.106 0.550 2.793 9.585 2.277 2.792

earnings 3 27.091 1.073 1.045 13.831 0.227 0.940
5 26.883 0.991 1.199 10.386 0.450 1.162
7 26.927 0.910 1.409 9.499 0.546 1.378

10 26.861 0.728 1.453 8.556 0.693 1.434
30 26.868 1.028 2.742 8.313 2.096 2.738

The only improvement we found is after undersampling, earning has a smaller rel-

ative bias.

4.5 Conclusion and Discussion

When correcting selection bias with a two-sample setup, an imbalanced combined

sample is often seen and may hinder the propensity estimation. In this research, we

evaluate algorithms that aim to deal with imbalance in the prediction problem in a

selection bias correction framework. In general, as long as the target variable is not

skewed, oversampling by SMOTE is the most promising approach for decreasing the
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MSE and bias. The mixture of under- and oversampling also improves the parameter

estimation. On the other hand, undersampling the nonprobability sample introduces

additional variance and sometimes bias. In the application on (semi-) real data, we

have two extremely skewed target variables with many zeroes. It can be seen that

when the probability sample is a simple random sample, under- or oversampling still

improves the performance, while this is not the case when the probability sample is

from a stratified SRS. Variants of SMOTE may be examined for future studies. For

example, different distance functions for choosing the nearest neighbors, different

ways to draw the nearest neighbors, and different ways to combine the neighbors

and the sample.

Data availability

The data set of the application can be found at https://doi.org/10.5281/zenodo.11095755,

and the code can be found at https://github.com/cheerup731/Imbalanced.
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4.6 Appendix

Here we present the derivation of (4.4) and (4.6).

Undersampling

For the proposed undersampling approach (Algorithm 3), the propensity model is

estimated on B− = B0 ∪B−
1 . That is to say, instead of Oi(B) from (4.1) we model

Oi(B
−) =

P(zi = 1 | i ∈ B−,xi)

P(zi = 0 | i ∈ B−,xi)
.

To find the correct pseudo-weights based on (4.2), we can work out the relationship

between Oi(B
−) and Oi(B).

Define the subsampling fraction p− = nB0F/nB1(1− F ). We obtain:

P(zi = 1 | i ∈ B−,xi)

P(zi = 0 | i ∈ B−,xi)
=

P(zi = 1, i ∈ B− | xi)

P(zi = 0, i ∈ B− | xi)

=
P(zi = 1, i ∈ B−, i ∈ B | xi)

P(zi = 0, i ∈ B−, i ∈ B | xi)

=
P(zi = 1, i ∈ B | xi) · P(i ∈ B− | zi = 1, i ∈ B,xi)

P(zi = 0, i ∈ B | xi) · P(i ∈ B− | zi = 0, i ∈ B,xi)

=
P(zi = 1, i ∈ B | xi) · p−

P(zi = 0, i ∈ B | xi)

=
P(zi = 1 | i ∈ B,xi)

P(zi = 0 | i ∈ B,xi)
p−.

In the second line, it was used that B− ⊆ B. In the fourth line, it was used that

P(i ∈ B− | zi = 1, i ∈ B,xi) = P(i ∈ B− | zi = 1, i ∈ B) = p−,

since the subsample is obtained by simple random sampling without replacement

from B1. In the same line, it was also used that P(i ∈ B− | zi = 0, i ∈ B,xi) = 1.
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We conclude that Oi(B
−) = Oi(B)p− or, equivalently, Oi(B) = Oi(B

−)/p−.

Hence, with this undersampling approach we can compute the pseudo-weights ac-

cording to (4.2) as follows:

wi =
1

P(S∗
i = 1 | xi)

= 1 +
di − 1

Oi(B−)
p−. (4.7)

Oversampling by SMOTE

For the proposed oversampling approach based on the original SMOTE method

(Algorithm 4), the propensity model is estimated on B+ = B+
0 ∪B1 to predict

Oi(B
+) =

P(zi = 1 | i ∈ B+,xi)

P(zi = 0 | i ∈ B+,xi)
.

This time, we work out the relationship between Oi(B
+) and Oi(B).

If we ignore the effect of rounding in Algorithm 4 and assume that the records

in B0 are placed in a random order before running the algorithm, it holds that

P(i ∈ B | i ∈ B+
0 ,xi) = P(i ∈ B | i ∈ B+

0 ) =
|B ∩B+

0 |
|B+

0 |
=
|B0|
|B+

0 |
≡ p+.

Furthermore,

|B+
0 | = |B0|+R = nB0 +

nB1

F
− (nB0 + nB1) = nB1

1− F

F
.

Hence, the probability p+ can be expressed as p+ = nB0F/nB1(1− F ) (= p−).

We can now apply a similar derivation as in the case of undersampling, but

here it is convenient to start with Oi(B) rather than Oi(B
+). (Note that this time
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B ⊆ B+ whereas previously we had B− ⊆ B.) We obtain:

P(zi = 1 | i ∈ B,xi)

P(zi = 0 | i ∈ B,xi)
=

P(zi = 1, i ∈ B | xi)

P(zi = 0, i ∈ B | xi)

=
P(zi = 1, i ∈ B, i ∈ B+ | xi)

P(zi = 0, i ∈ B, i ∈ B+ | xi)

=
P(zi = 1, i ∈ B+ | xi) · P(i ∈ B | zi = 1, i ∈ B+,xi)

P(zi = 0, i ∈ B+ | xi) · P(i ∈ B | zi = 0, i ∈ B+,xi)

=
P(zi = 1, i ∈ B+ | xi)

P(zi = 0, i ∈ B+ | xi) · p+

=
P(zi = 1 | i ∈ B+,xi)

P(zi = 0 | i ∈ B+,xi)

1

p+
.

In the fourth line, in addition to the above-defined probability p+ it was also used

that P(i ∈ B | zi = 1, i ∈ B+,xi) = 1.

Hence, it follows that Oi(B) = Oi(B
+)/p+. Within Algorithm 4 we can therefore

compute the pseudo-weights according to (4.2) by:

wi =
1

P(S∗
i = 1 | xi)

= 1 +
di − 1

Oi(B+)
p+. (4.8)

Note that, as p+ = p−, this expression actually has the same form as (4.7).

The expression for the pseudo-weight used in Algorithm 5 can be obtained by

a combination of the two above derivations for undersampling and oversampling by

SMOTE.

Oversampling by weighted SMOTE

For the proposed oversampling approach based on weighted SMOTE (Algorithm 6),

the propensity model is again estimated on B+ = B+
0 ∪ B1 to predict Oi(B

+). An
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important difference compared to Algorithm 4 is that here the probability

P(i ∈ B | i ∈ B+
0 ,xi) =

P(i ∈ B, i ∈ B+
0 | xi)

P(i ∈ B+
0 | xi)

=
P(i ∈ B0 | xi)

P(i ∈ B+
0 | xi)

cannot be reduced to a single value that does not depend on i. Given that each

record i ∈ B0 with regularized weight d∗i is associated in B+
0 with one copy of the

original record and d∗i − 1 synthetic records, it might be reasonable to assume that

P(i ∈ B | i ∈ B+
0 ,xi) =

1

1 + (d∗i − 1)
=

1

d∗i
.

Here, the regularized weight d∗i = diCB0, with CB0 as defined in Section 4.2.2 so

that
∑

i∈B0
d∗i = nB1(1− F )/F .

With the above assumption in place, we obtain analogously to the above deriva-

tion for Algorithm 4:

P(zi = 1 | i ∈ B,xi)

P(zi = 0 | i ∈ B,xi)
=

P(zi = 1 | i ∈ B+,xi)

P(zi = 0 | i ∈ B+,xi)
d∗i .

That is to say, Oi(B) = Oi(B
+)d∗i = Oi(B

+)diCB0. Within Algorithm 6 we can

therefore compute the pseudo-weights according to (4.2) by:

wi =
1

P(S∗
i = 1 | xi)

= 1 +
di − 1

Oi(B+)diCB0

. (4.9)
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Chapter 5

Correcting Selection Bias in

Contingency Tables

Abstract

When inferring population characteristics from a nonprobability sample, i.e., a sam-

ple that does not come from a known sampling scheme, it is crucial to correct the

possible selection bias therein. Often selection bias correction methods focus on

estimating the means or totals of target variables on the population level. How-

ever, researchers are often also interested in estimates within some subgroups of the

population. In this paper, we apply two small area estimation methods on nonprob-

ability samples. One is a design-based method using iterative proportional fitting,

and the other one is a model-based method based on a hierarchical Bayesian model.

These methods are combined with an often-used method for selection bias correc-

tion, namely pseudo-weighting. A simulation study and an application on a real

dataset are presented. Although we do not find one method that is suitable in all

scenarios, there are some patterns we observed that may assist the choice of method

in the future.
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5.1 Introduction

Nonprobability samples, for example, online opt-in surveys, and administrative data,

can offer a massive amount of data within a short period. Since the inclusion

mechanism is unknown to researchers, the inference from a nonprobability sample

may suffer from selection bias. A massive amount of literature has been discussing

how to correct selection bias, see for example, Elliott and Valliant (2017); J. Rao

(2020). Much of the existing literature focuses on estimating the population mean

or total of a target variable. However, we are often not only interested in estimates

at the highest level of aggregation but also in estimates for domains. For example,

if the vaccination rate of a country was estimated from an online survey, researchers

may be interested in not only the vaccination rate of the whole country but also the

vaccination rate in different age groups.

In this paper, we discuss possible methods to estimate a contingency table of

population proportions from a nonprobability sample. This is closely related to

Small Area Estimation (SAE). Although small area estimation often refers to esti-

mating population parameters of geographical areas, it is not necessarily limited to

geographical areas but can also refer to domains of the population such as differ-

ent age groups or education levels (J. N. Rao & Molina, 2015). A nonprobability

sample is often large and it may not suffer that much from a common problem in

small area estimation, such as observing only a few or even zero sample units in an

area. However, area estimation from nonprobability samples faces the challenge of

an unknown inclusion mechanism of the sample. Estimating the inclusion mecha-

nism of the nonprobability sample may be done by for example the approaches by

Elliott and Valliant (2017) or Liu et al. (2023) for large inclusion fractions. These

approaches calculate pseudo-weights for the units in the nonprobability sample. The



100 Chapter 5. Correcting Selection Bias in Contingency Tables

pseudo-weights may be used in the same way as survey weights for a probability sam-

ple to obtain estimates for population parameters. However, these pseudo-weights

generally result in a larger variability compared to survey weights in a probability

sample.

We examine two promising methods in small area estimation to see how these

methods perform in a nonprobability sample context. In small area estimation, the

domain estimates may be improved by a design-based method or a model-based

method. See Parker et al. (2023); Pfeffermann (2013) for recent reviews. In the

current paper, we first of all apply a design-based method, namely Iterative Propor-

tional Fitting (IPF), or raking (Ireland & Kullback, 1968). IPF can resolve possible

measurement errors or sampling errors in tables (Little & Wu, 1991). IPF presumes

the size Nk of each domain k (k = 1, ..., K) is known, and the cell values of a con-

tingency table of the target variable by domain are calibrated proportionally given

the known domain size. IPF has been applied in Villalobos-Alíste, Scholtus, and de

Waal (2024) and has shown promising results when integrating a probability sample

and a nonprobability sample. A variety of estimation choices can be made when ap-

plying IPF to a nonprobability sample. For example, after a set of pseudo-weights

is constructed for selection bias correction in the nonprobability sample, researchers

can choose between either applying IPF on the weighted contingency table or using

the estimated population parameters as known margins for IPF.

Besides IPF, we also look at a model-based method with hierarchical Bayesian

models proposed by Vandendijck, Faes, Kirby, Lawson, and Hens (2016). This

method was meant for small area estimation from a probability sample, where the

inclusion probabilities or design weights of the probability sample are considered

when modeling the target variable. For the nonprobability sample context, we re-

place the design weights with the constructed pseudo-weights so that the prediction

model can also consider the information of the estimated selection mechanism of the
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nonprobability sample.

In the following, we will start by introducing the estimation goal and the methods

in Section 5.2. A simulation study with an artificial data set is presented in Section

5.3 to reflect different relations between the target variable, domains, and auxiliary

variables. In Section 5.4, the methods are examined on a real data set, and the

paper is concluded with a discussion in Section 5.5.

5.2 Methods

5.2.1 Setup

Figure 5.1: Illustration of the target contingency table with K = 3

Consider a finite population U of size N with index i ∈ {1, 2, ..., N}. The first

goal is to estimate the population contingency table Y ×Z of a target variable Y and

a domain variable Z. We limit Y ∈ {0, 1} to simplify the discussion. The domain

variable Z may be a combination of more than one variable, for example, Gender ×

Age group. The proportion of each cell in Y ×Z is denoted as pjk where j ∈ {0, 1} is

the indicator of the corresponding categories of Y , and k ∈ {1, 2, ..., K} is the index

of the categories of Z. We use · to denote the sum over categories, for example,

p·k =
∑

j pjk and p·· = 1. Along with the contingency table, often the population
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proportions of the target variable pj·, i.e., the marginal proportions of Y , are also of

interest. An illustration of the target contingency table is in Figure 5.1.

Assume the population proportion of each domain k of Z is known and denoted

as dk = Nk/N , with Nk the population size of units in domain k. We have a

nonprobability sample NP of size nNP with Y, Z, and perhaps auxiliary variables X

that govern the inclusion mechanism of the nonprobability sample or are related to

Y to assist the selection bias correction process.

5.2.2 Correcting Selection Bias by Pseudo-Weighting

One often-used method for selection bias correction is pseudo-weighting. It as-

sumes that the nonprobability sample comes from an unknown inclusion mecha-

nism, and tries to capture the inclusion mechanism given the auxiliary information.

The pseudo-weights for the units in the nonprobability sample (wi) may be con-

structed from known population totals of the auxiliary variables, or from a proba-

bility sample drawn from the same finite population sharing some common auxiliary

variables. Here we do not limit our discussion to one specific pseudo-weight construc-

tion method. Readers interested in various options of pseudo-weight construction

may consult Elliott and Valliant (2017); J. Rao (2020); Wu (2022).

Many pseudo-weighting methods focus on estimating the population total or

mean. A design-based estimator can then be used after the pseudo-weights are

constructed. For example, the estimated p1· may be

yw =

∑
i∈NP wiyi∑
i∈NP wi

. (5.1)

To estimate proportions for the cells of Y ×Z, one choice is simply summing up

the pseudo-weights in each cell and dividing the sum by N or by the sum of pseudo-

weights in the sample. However, similar to using design weights of a probability



5.2. Methods 103

sample in small area estimation, directly using pseudo-weights for SAE may not

return a reliable estimate because of the large variation of the (pseudo-)weights and

small sample sizes in the domains. In the following, we discuss two methods in SAE

and combine them with pseudo-weights. The first one is a designed-based method,

namely IPF, and the second one is a method based on a hierarchical Bayesian model.

5.2.3 Design-Based SAE Model

Here we introduce the IPF process from Ireland and Kullback (1968). IPF adjusts

a contingency table given some known marginal distributions, and it is not limited

to binary variables but is applicable to all types of categorical variables. Assume we

have a seed table with cell values p(0)jk . Given dk is known, the cell values of the target

table may be estimated by p
(1)
jk = p

(0)
jk dk/p

(0)
·k . If more than one margin is known,

the cell values will be updated iteratively. That is, if the marginal distribution of

Y is also known, then in iteration t + 1 the cell values are updated in two steps:

p
∗(t)
jk = p

(t)
jk dk/p

(t)
·k and p

(t+1)
jk = p

∗(t)
jk pj·/p

∗(t)
j· , where the superscript (t) denotes the

iteration index. If the maximum of p
(t+1)
jk − p

(t)
jk within the table is larger than a

given tolerance, the process is repeated by iterating over all known margins until the

estimates converge or until a specified maximum number of iterations T is reached.

Since IPF multiplies each cell value with some number, it is important that if the

target population table does not contain any zeroes, the seed table should also not

contain any zeroes to guarantee a reliable estimate. To combine pseudo-weights with

IPF, we have several options:

1. Apply IPF to the seed table from the unweighted NP with dk and p1· = yw,

p0· = 1− yw as the known margins.

2. Apply IPF to the seed table from the weighted NP with only dk as the known

margin.
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3. Apply IPF to the seed table from the weighted NP with dk and p1· = yw,

p0· = 1− yw as the known margins.

In the first option, the constructed pseudo-weights are not directly used for SAE,

only the estimated margin yw is used. This may prevent large variations of pseudo-

weights in each cell, while the cell values may still be subject to selection bias. The

second and the third options both apply pseudo-weights for SAE. In the third one,

the estimated margin yw is again used as the known margin, which results in the

information of the pseudo-weights being used twice in this case. Therefore, the

quality of the constructed pseudo-weights is especially important if option three is

used.

5.2.4 Model-Based SAE Model

For the model-based SAE, we apply a hierarchical Bayesian model proposed by

Vandendijck et al. (2016). The model is mainly for binary target variables. The

proportion of Y = 1 for domain k (k = 1, · · · , K) is

p̃k =
p1k
p·k

.

We may estimate p̃k by a combination of the observed values yik in NP and estimated

values ŷik in U \NP

est(p̃k) =
1

Nk

{
∑
i∈Zk

Riyik +
∑
i∈Zk

(1−Ri)ŷik}, (5.2)

where Ri is the inclusion indicator of NP. To acquire ŷik, a model for yik is fitted in

NP, which is assumed to have a form of

yik|p̃ik ∼ Bernoulli(p̃ik)
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logit(p̃ik) = β0 + f(w̃ik) + vk + ui, (5.3)

where β0 is a constant, and f(w̃ik) is a function of regularized (pseudo-)weights. As

suggested by Vandendijck et al. (2016), we regularize the sum of (pseudo-)weights

by the sample size nk in domain k, i.e.,

w̃ik =
wiknk∑
i∈Zk

wik

.

For the function f(w̃ik), we apply a B-spline model which is shown to be promising

(Vandendijck et al., 2016). It has a form of

f(w̃ik) =
B∑
b=1

θbBb(w̃ik),

where B(·) is a B-spline basis function and θb is a corresponding regression coeffi-

cient. We follow the original paper by Vandendijck et al. (2016) where the degree

of B-spline functions equals 2 and B = 20 quantile knots. See Vandendijck et al.

(2016) for more details. A domain-dependent random effect vk in the original paper

is the effect of the geographical area which is estimated by the mean of neighbors’

areas. Instead of geographical areas, here we look at a scenario where the domains

consist of some demographic traits of the units. Therefore, vk is the random effect

of the domain variable. In the simulation and application, we apply two domain

variables, and the effect of each domain variable is then modeled separately. A unit

random effect ui with E(ui) = 0 is also used.

To calculate ŷik, since Nk is known, the only missing element in U \NP is w̃ik. To

estimate w̃ik, Si, Pillai, and Gelman (2015); Vandendijck et al. (2016) assume that

the (pseudo-)weights in the population consist of several strata h ∈ {1, 2, ..., H},

and units in the same stratum share the same (pseudo-)weight. The number of

strata (H) is aligned with the number of unique values of the (pseudo-)weights in
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each domain in the sample. As long as the population size of each stratum Nhk is

known, we can then calculate ŷik. To estimate the population size of each stratum,

the sample size nhk is assumed to follow a multinomial distribution.

(n1k, n2k, ..., nHk) ∼ Multinom(nk;
N1k/w1k∑H
h=1 Nhk/whk

,
N2k/w2k∑H
h=1 Nhk/whk

, ...,
NHk/wHk∑H
h=1Nhk/whk

)

The estimated population size of stratum h is regularized by the known population

size of each domain Nk

Ñhk =
N̂hkNk∑H
h=1 N̂hk

Finally, the second term in (5.2) is estimated by

∑
i∈Zk

(1−Ri)ŷik =
∑
i∈Zk

H∑
h=1

(Ñhk − nhk)p̂hk.

5.3 Simulation

5.3.1 Simulation Setup

In the simulation, we examine the performance of the methods under different rela-

tions between the target variable, domain variables, and auxiliary variables. A finite

population of size N = 5, 000 is created. Two domain variables z1 and z2 are drawn

from a Bernoulli distribution, where z1 has four categories {1, 2, 3, 4} with prob-

abilities {0.1, 0.2, 0.3, 0.4}, and z2 has three categories {1, 2, 3} with probabilities

{0.3, 0.3, 0.4}. Two auxiliary variables x1 and x2 are drawn from a normal distribu-

tion with mean equal to 5 and variance equal to one. The target binary variable y is

created by the values of the domain variables and/or the auxiliary variables. That

is, pi = P(yi = 1) is calculated by three y-models:

• Model 1: logit p = −0.1x1 − 0.1x2 + 0.1z1 + 0.1z2
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• Model 2: logit p = −0.1x1 − 0.1x2

• Model 3: logit p = −0.1x2 + 0.1z1 + e, where e ∼ N(µ = 0.2, σ = 1)

Domain variables z1 and z2 are treated as numeric variables when specifying p. Non-

probability samples are drawn repeatedly 500 times by fixed-size unequal probabil-

ity sampling without replacement with random systematic sampling. The inclusion

probability of the nonprobability sample depends on the auxiliary variables with

P(R = 1) = exp(c + x1 + x2)/(1 + exp(c + x1 + x2)), where c governs the sizes of

nonprobability samples with {500, 1000, 1500, 2000}. In Model 1, p depends on both

domain and auxiliary variables, and therefore pjk differs in each domain and p̂jk from

the nonprobability sample is subject to selection bias. In Model 2, p only depends

on the auxiliary variables. That is, pjk/p·k is the same across domains. In Model 3,

a noise variable e is added to reflect the scenario where not all the information of the

target variable can be explained by domain and auxiliary variables, and therefore

the selection bias is relatively small.

To construct the pseudo-weights, we apply the method proposed by Liu et al.

(2023) since the inclusion fractions of the nonprobability samples are large. Proba-

bility samples with x1 and x2 are repeatedly drawn 500 times from the population

by simple random sampling without replacement of size 500. The non-overlapping

units of the nonprobability sample and the probability sample, referred as set V ,

are used to fit a logistic propensity model. The propensity model is fitted with the

dependent variable R̃i = 1 if unit i (i ∈ V ) is from the nonprobability sample and

R̃i = 0 otherwise. Both auxiliary variables x1 and x2 are used as the independent

variables in the propensity model. The weights for the units in the nonprobability

sample are then

wi = 1 +
DP − 1

Oi
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where DP = 10 is the design weight of the probability sample and

Oi =
P(R̃i = 1|xi, i ∈ V )

P(R̃i = 0|xi, i ∈ V )

is calculated from the propensity model. The following methods are compared:

• naive: Treat NP as if it has been obtained by simple random sampling and

use the corresponding direct estimator.

• LSW: Sum up wi in each cell and divide by the sum of wi in the whole non-

probability sample.

• IPF: Apply IPF to NP with dk as the known margin. This method reflects

the ability of selection bias correction merely by IPF, and the information of

wi is not used. IPF is conducted by R package mipfp (Barthélemy & Suesse,

2018).

• IPF+yw: Apply IPF to NP with both dk and p1· = yw, p0· = 1 − yw as the

known margins.

• IPF.w: Apply IPF to the weighted NP with dk as the known margin.

• IPF.w+yw: Apply IPF to the weighted NP with dk and p1· = yw, p0· = 1− yw

as the known margins.

• Bayes.w: Hierarchical Bayesian Model as described in Section 5.2.4, where

vk ∈ {z1, z2}. R package INLA is used for Bayesian estimation and splines is

used for B-splines (R Core Team, 2024; Rue, Martino, & Chopin, 2009).

• Bayes: Hierarchical Bayesian Model without modeling weights. That is, (5.3)

is replaced by

logit(p̃ik) = β0 + vk + ui, (5.4)
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with vk ∈ {z1, z2}.

The target table y × z1 × z2 has 2 × 4 × 3 = 24 cells. The performance of the

methods in SAE is evaluated by the Relative Mean Squared Error over all cells

RMSEA =
1

M

M∑
m=1

1∑
j=0

K∑
k=1

(p̂mjk − pjk)
2

pjk
,

and Mean Squared Error over all cells

MSEA =
1

M

M∑
m=1

1∑
j=0

K∑
k=1

(p̂mjk − pjk)
2

where p̂mjk is the estimated value of cell (j, k) in replication m ∈ {1, 2, ...,M = 500},

and pjk is the fixed value of cell (j, k) in the true table of the finite population.

Note that RMSEA equals the average value across M simulations of a normalized

version of Pearson’s chi-square test statistic for the estimated table with the true

table as its reference distribution. The performance of the marginal distribution of

y is estimated by bias of p1·

BiasY =
1

M

M∑
m=1

p̂m1· − p1·,

and Mean Squared Error of p1·

MSEY =
1

M

M∑
m=1

(p̂m1· − p1·)
2.

p̂m1· is the estimated value of p1· of replication m.
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5.3.2 Results

Tables 5.1, 5.2, and 5.3 show the results of Models 1, 2, and 3 respectively. To make

these tables easier to read, the presented values are 103 times the actual values. As

expected, we can see that the pseudo-weighting method (LSW) worsens the small

area estimation compared to naive estimation due to the additional variance from

the estimation of the pseudo-weights. IPF-related methods improve the performance

when the correction weights are not considered in the table (IPF, IPF+yw). On the

other hand, the hierarchical Bayesian models (Bayes.w and Bayes) perform better

than IPF-related models. The Bayesian models considering the correction weights

(Bayes.w) give the smallest RMSEA and MSEA in Models 1 and 2. When the quality

of weights is not ideal, as in Model 3, the Bayesian model without considering the

correction weights (Bayes) is better.

When estimating p1·, the pseudo-weighting method (LSW) in general improves

the performance of the naive estimates. While in Model 3, BiasY of the naive

estimate is small so that the MSEY of LSW is mainly subject to large variation.

As long as yw is used as the known marginal value, the performance of IPF for

marginal estimation is always the same as LSW as expected. The weighted IPF

(IPF.w) performs well in some cases in terms of bias. The Bayesian models return

large BiasY but much smaller variance, and therefore result in smaller MSEY as well.

5.4 Application

5.4.1 Dataset

We use a real data set SD2011 from the R package synthpop as the target popula-

tion to reflect a scenario where the relations between the target variable, auxiliary

variables, and domain variables are unknown. The population size is 4,867, with the
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target variable sport equal to one representing "Active engagement in some form

of sport or exercise" and otherwise zero. The domain variables are age group and

education level. Age group consists of six categories namely 16-24, 25-34, 35-44,

45-59, 60-64, and above 65. Education level consists of four categories namely "pri-

mary school or no education", "vocational or grammar school", "secondary school",

and "post-secondary or higher". For each domain variable, one of the categories is

treated as a reference category when estimating vk in Bayesian related model. In

total, we have K = 6 × 4 = 24 domains and 48 cells in the table. The target pop-

ulation table is shown in Table 5.4. The inclusion probability of the nonprobability

sample depends on two continuous variables: depress and no friend where

P(Ri = 1) =
nNP (30− depressi + no friendi)∑

i∈U(30− depressi + no friendi)

and nNP are {1500, 2000, 2500}. Simple random probability samples with depress

and no friend are drawn with size 500. Both nonprobability samples and probability

samples are repeatedly drawn 500 times. The estimation process is the same as that

in the simulation. In practice, the inclusion information of the nonprobability sample

may not always be known or available. To reflect the scenario of limited information,

the propensity model is fitted by the correct model (depress and no friend) and an

incorrect model (depress only).

5.4.2 Results

Table 5.5 and 5.6 show the results of the correct propensity model and incorrect

propensity model. The presented RMSEA are 10 times the actual values, and MSEA,

BiasY, and MSEY are 103 times the actual values. In terms of small area estimation,

IPF, IPF+yw, and Bayes.w all improve the performance compared to the naive

approach. IPF+yw is especially the best out of all the scenarios. For marginal
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estimation, BiasY and MSEY of LSW are larger when the incorrect model is used,

while the performance of LSW is still the best so that the estimators with constrained

yw also perform the best. It can also be seen that the Bayesian model is sensitive

to the quality of the correction weights especially for marginal estimation.

5.5 Conclusion and Discussion

We examined two SAE methods and combined them with pseudo-weights to improve

the estimation of contingency tables from a nonprobability sample. The simulation

and application results show that no single method performs best for all the scenarios

and estimands. A possible explanation for the differences between the results of the

simulation study and the application, especially those for RMSEA and MSEA, maybe

that in the application the naive approach already estimates the internal cell values

of the contingency table quite accurately. We leave it to future research to examine

if this is the cause for the differences between the results. Besides, the best model

for SAE is not necessarily the best model for marginal estimation, although we may

hope they both have good quality in practice. Some patterns are observed and may

be useful for developing new methods in the future. For example, if the quality of the

pseudo-weights is good, using the estimated margins as constraints in IPF improves

the estimation compared to the naive approach. The weighted table, however, may

return a worse SAE compared to naive estimates. On the other hand, the Bayesian

model in general improves the SAE performance but does not always improve the

performance of the marginal distribution. It seems interesting to investigate the

possibility of constraining the marginal distribution in a Bayesian model so that

both small area and marginal estimation can perform well. Also, although it is not

shown in this paper, another benefit of the Bayesian model is that it can easily

estimate the uncertainty of the estimates (Vandendijck et al., 2016).
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In this paper, we only looked at the scenario where the target variable is only

available in a nonprobability sample. Future studies may look into a scenario where

the target variable is available in nonprobability and probability samples. Also, in

practice, the target variable is not necessarily binary but may have more than two

categories. Especially the Bayesian model needs to be extended for future studies

involving target variables with more than two categories.
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Table 5.4: Target population table of the application (%)

Y Age Education Freq Y Age Education Freq
Yes 16-24 primary/no edu. 0.23 No 16-24 primary/no edu. 0.62
Yes 25-34 primary/no edu. 0.43 No 25-34 primary/no edu. 0.23
Yes 35-44 primary/no edu. 1.17 No 35-44 primary/no edu. 0.25
Yes 45-59 primary/no edu. 3.35 No 45-59 primary/no edu. 0.47
Yes 60-64 primary/no edu. 2.32 No 60-64 primary/no edu. 0.43
Yes 65+ primary/no edu. 9.08 No 65+ primary/no edu. 0.64
Yes 16-24 vocational/grammar 2.14 No 16-24 vocational/grammar 4.73
Yes 25-34 vocational/grammar 2.26 No 25-34 vocational/grammar 0.76
Yes 35-44 vocational/grammar 3.99 No 35-44 vocational/grammar 1.44
Yes 45-59 vocational/grammar 8.92 No 45-59 vocational/grammar 2.38
Yes 60-64 vocational/grammar 2.34 No 60-64 vocational/grammar 0.76
Yes 65+ vocational/grammar 2.12 No 65+ vocational/grammar 0.39
Yes 16-24 secondary 1.81 No 16-24 secondary 3.45
Yes 25-34 secondary 2.77 No 25-34 secondary 2.22
Yes 35-44 secondary 2.65 No 35-44 secondary 1.58
Yes 45-59 secondary 5.36 No 45-59 secondary 2.45
Yes 60-64 secondary 1.97 No 60-64 secondary 1.01
Yes 65+ secondary 3.60 No 65+ secondary 0.86
Yes 16-24 post-secondary/higher 0.41 No 16-24 post-secondary/higher 0.49
Yes 25-34 post-secondary/higher 2.18 No 25-34 post-secondary/higher 3.80
Yes 35-44 post-secondary/higher 1.99 No 35-44 post-secondary/higher 2.01
Yes 45-59 post-secondary/higher 1.93 No 45-59 post-secondary/higher 2.38
Yes 60-64 post-secondary/higher 0.95 No 60-64 post-secondary/higher 0.58
Yes 65+ post-secondary/higher 1.34 No 65+ post-secondary/higher 0.78
p1· 65.3 p0· 34.7
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Chapter 6

Epilogue

6.1 Summary

Statistics are often estimated from a sample rather than from the entire population.

If the inclusion probability of the sample is unknown to the researcher, that is,

a nonprobability sample, naively treating the sample as a simple random sample

may result in selection bias. Attention to correcting selection bias is increasing

due to the availability of new data sources. These data are often easy to collect

and may be so-called "Big Data" considering the large inclusion fraction of the

population. This dissertation proposes a novel framework for correcting selection

bias in nonprobability samples. The general idea is to construct a set of unit weights

for the nonprobability sample by borrowing the strength of a reference probability

sample. If a proper set of weights is constructed, design-based estimators can be used

for population parameter estimation given the weights. To evaluate the uncertainty

of the estimated population parameter, a pseudo population bootstrap procedure

is proposed given different relations between the nonprobability sample and the

probability sample.

Three practical challenges for pseudo-weighting are also discussed. The proposed

framework is flexible and many kinds of probability estimation models can be used.
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The question is raised about how to select a proper model given the population

parameter in question. A series of performance measures are tested, and we found

that modeling the target variable when evaluating the performance of weights may be

useful. The second challenge comes from the large size of the nonprobability sample.

Since we often have a large nonprobability sample assisted with a small probability

sample, we end up with an imbalanced combined sample which can cause problems

when estimating model parameters. Several remedies for imbalanced samples are

discussed and the proposed framework is also adjusted accordingly. The results show

that SMOTE is a promising technique for dealing with imbalanced samples. Finally,

we look at the scenario where not only the population level estimates are of interest

but also subpopulation estimates. Several approaches to combine pseudo-weights

with small area estimation are discussed. Of all approaches, we found that combining

a hierarchical Bayesian model with weights is a relatively stable estimation approach.

If both population-level and area-level estimates are of interest, aligning the weighted

estimates with estimated marginal totals may be a better option.

6.2 Discussion

The dissertation mainly focuses on correcting selection bias for descriptive inference

such as a finite population mean or total, since often this is the goal for official

statistics. Other population quantities may also be of interest, such as the relation

between more than one target variable or the causal relation between variables. The

attention may then be on not only a certain finite population but also a population

across different times and space.

Also, in our method and many other pseudo-weighting methods, we assume the

inclusion mechanism of the nonprobability sample exists but is unknown to the re-

searcher. Some may find assuming the existence of an inclusion mechanism a strong
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assumption. However, if the relation between the auxiliary variables and the target

variables are strong enough, the discrepancy between the nonprobability sample and

the finite population can be reduced by weighting even if the nonprobability sample

is not from a probability sampling process.

It is necessary to again stress the importance of the auxiliary variables since

many correction methods largely rely on the common auxiliary variables between

datasets as the bridge between the nonprobability sample and the population in

mind. Practitioners may already think of the selection bias correction step before

collecting a nonprobability sample. That is, if the goal is to collect an online opt-in

survey, the auxiliary variables that are already collected in some probability sample

are worth being included in the opt-in survey as well.

Furthermore, since we look at the context of large inclusion fractions, an over-

lap between the nonprobability sample and the reference probability sample is in-

evitable. Some scenarios, such as the probability sample being a subset of the

nonprobability sample, are not discussed in this dissertation. It may also be inter-

esting to investigate a scenario where the researcher has more than one probability

sample from which to choose. Given probability samples, deciding which sample is

better for selection bias correction is still an open question. One direction may be

considering the design of the probability sample to calculate the variance as shown

in Scholtus, Liu, and De Waal (2024). It may be also interesting to combine more

than one probability sample during the correction process.

Finally, it is important to note that, in practice, we often have multiple problems

at the same time. We may need to deal with the possible measurement error in the

common auxiliary variables before correcting the selection bias, or missingness may

occur in the datasets. More research is needed to deal with multiple quality issues

in one data set.
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Chapter 7

Samenvatting

Statistieken worden vaak gebaseerd op een steekproef in plaats van de gehele pop-

ulatie. Als de insluitkansen van de steekproef onbekend zijn bij de onderzoeker,

kan het naïef behandelen van de steekproef als een enkelvoudig aselecte steekproef

leiden tot vertekening (selectiebias). De aandacht voor het corrigeren van selec-

tiebias neemt toe vanwege de beschikbaarheid van nieuwe gegevensbronnen. Deze

gegevens zijn vaak eenvoudig te verzamelen en kunnen zogenaamde "Big Data"

worden genoemd vanwege de grote inclusiefractie van de populatie. Dit proef-

schrift stelt een nieuw raamwerk voor om selectiebias in niet-kanssteekproeven te

corrigeren. Het algemene idee is om een set gewichten voor eenheden van de niet-

kanssteekproef te construeren door informatie van een referentiekanssteekproef te

lenen. Als een juiste set gewichten wordt geconstrueerd, kunnen op deze gewichten

gebaseerde schatters worden gebruikt voor het schatten van populatieparameters.

Om de onzekerheid van de geschatte populatieparameter te evalueren, wordt een

pseudo-populatiebootstrap voorgesteld, gegeven verschillende relaties tussen de niet-

kanssteekproef en de kanssteekproef.

Drie praktische uitdagingen voor pseudo-weging worden ook besproken. Het
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voorgestelde raamwerk is flexibel en er kunnen veel soorten schattingsmodellen wor-

den gebruikt. De vraag hoe een geschikt model te selecteren gegeven de populatiepa-

rameter waarin we geïnteresseerd zijn, werd gesteld. Een reeks prestatiematen wordt

getest en dit laat zien dat het modelleren van de doelvariabele bij het evalueren van

de prestatie van gewichten nuttig kan zijn. De tweede uitdaging komt door de grote

omvang van de niet-kanssteekproef. Omdat we vaak een grote niet-kanssteekproef

hebben met een kleine kanssteekproef, eindigen we met een onevenwichtige gecombi-

neerde steekproef en dit kan leiden tot schattingsproblemen. Verschillende oplossin-

gen voor onevenwichtige steekproeven worden besproken en het voorgestelde raamw-

erk wordt ook dienovereenkomstig aangepast. De resultaten laten zien dat SMOTE

veelbelovend is voor het omgaan met onevenwichtige steekproeven. Tot slot kijken

we naar het scenario waarin niet alleen de schattingen op populatieniveau van belang

zijn, maar ook schattingen van subpopulaties. Verschillende manieren om pseudo-

gewichten te combineren met schattingen van kleine domeinen worden besproken.

Van alle manieren vonden we dat het combineren van een hiërarchisch Bayesiaans

model met gewichten een relatief stabiele schattingsmethode is. Als zowel schattin-

gen op populatieniveau als op domeinniveau van belang zijn, kan het benchmarken

van de gewogen schattingen op de geschatte marginale totalen een betere optie zijn.
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