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Surprwlhfrpplvvlh

Surprwruhq= Suri1gu1 V1H1 Ilhqehuj

Suri1gu1lu1 S1 Nrrlpdq

Ryhuljh ohghq= Suri1gu1 M1G1I1 Kdeehpd

Suri1gu1 W1D1E1 Vqlmghuv

Suri1gu1 P1M1F1P1 Yhuehhn

Frsurprwru= Gu1 U1K1 Uhqvvhq
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4 Lqwurgxfwlrq 4

5 Hpehgglqj h{shulphqwv lq vdpsoh vxuyh|v 8

514 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8

515 Frqfhswv ri h{shulphqwdo ghvljqv dqg vdpsolqj wkhru| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9

51514 H{shulphqwdo ghvljqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9

51515 Vdpsolqj wkhru| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :

51516 Frpsdulvrq ehwzhhq ghvljq dqg dqdo|vlv ri h{shulphqwv dqg vdpsolqj wkhru| ;

516 Ghvljq ri hpehgghg �hog h{shulphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <

51614 Ghvljq ri hpehgghg h{shulphqwv zlwklq vlpsoh udqgrp vdpsolqj

ghvljqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43

51615 Ghvljq ri hpehgghg h{shulphqwv zlwklq pruh frpsoh{ vdpsolqj

ghvljqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44

51616 Idfwruldo ghvljqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45

51617 Ghvljq ri +grxeoh, eolqg h{shulphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45

517 Hpehgghg h{shulphqwv frqgxfwhg dw Vwdwlvwlfv Qhwkhuodqgv 1 1 1 1 1 1 1 1 1 1 1 1 46

51714 Oderxu Irufh Vxuyh| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46

51715 Qdwlrqdo Wudyho Vxuyh| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47

51716 Mxvwlfh dqg Vhfxulw| Vxuyh| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49

51717 Wkh Ihuwlolw| dqg Idplo| Vxuyh| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4:

518 Dqdo|vlv ri hpehgghg �hog h{shulphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;

519 Glvfxvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55

6 D wkhruhwlfdo iudphzrun iru wkh dqdo|vlv ri hpehgghg h{shulphqwv 56

614 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56

615 Phdvxuhphqw huuru prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56

616 K|srwkhvhv whvwlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 59

617 Uhodwhg sureohpv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5<

618 Hvwlpdwlrq ri wuhdwphqw h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 65

619 Yduldqfh hvwlpdwlrq ri wuhdwphqw h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69

61914 Ghulydwlrq ri wkh fryduldqfh pdwul{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 69
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61915 Hvwlpdwlrq ri wkh fryduldqfh pdwul{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74

61916 Lqwhusuhwdwlrq ri wkh fryduldqfh pdwul{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 76

61: Zdog whvw iru wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

61:14 Wkh ghvljq0edvhg Zdog vwdwlvwlf 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:

61:15 Frqvwuxfwlrq ri fulwlfdo uhjlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7<

61; Glvfxvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 83

61< Dsshqgl{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84

61<14 Surshuwlhv ri wkh udqgrpl}dwlrq yhfwruv s�& iru d FUG 1 1 1 1 1 1 1 1 1 1 84

61<15 Surshuwlhv ri wkh udqgrpl}dwlrq yhfwruv s�& iru dq UEG 1 1 1 1 1 1 1 1 1 1 85

61<16 Surri ri irupxod +615:, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86

61<17 Surri ri irupxod +615;, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87

61<18 Surri ri irupxod +6164, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88

61<19 Surri ri irupxod +616:,/ +6175, dqg +6187, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 89

61<1: Surri ri irupxod +61:<, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 94

61<1; Surri ri irupxod +61;6, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 95

7 Wkh dqdo|vlv ri hpehgghg h{shulphqwv zlwk wkh jhqhudol}hg uhjuhvvlrq

hvwlpdwru 98

714 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 98

715 Phdvxuhphqw huuru prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 99

716 Hvwlpdwlrq ri wuhdwphqw h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:

717 Yduldqfh hvwlpdwlrq ri wuhdwphqw h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :3

718 Zdog vwdwlvwlf iru wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8

719 Glvfxvvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9

71: Dsshqgl{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ::

71:14 Wd|oru vhulhv dssur{lpdwlrq iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru 1 1 1 ::

71:15 Surri ri irupxod +7156, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :;

71:16 Surri ri irupxod +7159, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :;

8 Frpsohwho| udqgrpl}hg ghvljqv ;4

814 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4

815 Yduldqfh ri wuhdwphqw h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4

81514 Wkh Kruylw}0Wkrpsvrq hvwlpdwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4

81515 Wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5

816 Htxdo srsxodwlrq yduldqfhv dqg vhoi0zhljkwhg vdpsolqj

ghvljqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;7

817 Wzr0vdpsoh sureohp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;:

818 Dsshqgl{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<

81814 Surri ri irupxod +816, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<

81815 Surri ri irupxod +81<, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3
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9 Udqgrpl}hg eorfn ghvljqv <6

914 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <6

915 Sulpdu| vdpsolqj xqlwv dv eorfn yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <7

916 Vwudwd dv eorfn yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <;

917 Foxvwhuv dv eorfn yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 434

918 Lqwhuylhzhuv dv eorfn yduldeohv xqghu vlpsoh udqgrp

vdpsolqj zlwkrxw uhsodfhphqw 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436

91814 H!flhqf| ri eorfnlqj rq lqwhuylhzhuv zlwk udqgrp lqwhuylhzhu h�hfwv 1 1 438

91815 H!flhqf| ri eorfnlqj rq lqwhuylhzhuv zlwk �{hg lqwhuylhzhu h�hfwv 1 1 1 1 43:

919 Lqwhuylhzhuv dv eorfn yduldeohv xqghu frpsoh{ vdpsolqj

vfkhphv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;

91914 Udqgrp lqwhuylhzhu h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;

91915 Il{hg lqwhuylhzhu h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 443

91916 H!flhqf| ri eorfnlqj rq lqwhuylhzhuv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 445

91: Htxdo srsxodwlrq yduldqfhv dqg vhoi0zhljkwhg vdpsolqj

ghvljqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 447

91; Wzr vdpsoh sureohp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 449

91< Dsshqgl{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44:

91<14 Surri ri irupxod +919, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44:

91<15 Surri ri irupxod +9144, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44;

91<16 Surri ri irupxod +9169, dqg +916:, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 453

91<17 Surri ri irupxod +916;, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 456

91<18 Surri ri irupxod +9176, dqg +917;, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 457

91<19 Surri ri irupxod +917:, dqg +9186, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 459

: Hpehgghg h{shulphqwv zlwk gl�huhqw udqgrpl}dwlrq ohyhov iru h{shulphqwdo

xqlwv dqg vdpsolqj xqlwv 45<

:14 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45<

:15 Phdvxuhphqw huuru prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 463

:16 Hvwlpdwlrq ri wuhdwphqw h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 464

:17 Yduldqfh hvwlpdwlrq ri wuhdwphqw h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 467

:18 K|srwkhvhv whvwlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 468

:19 Yduldqfh ri wkh hvwlpdwhg wuhdwphqw h�hfwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 469

:1: Dsshqgl{ 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46<

:1:14 Rxwolqh ri wkh surri ri uhvxowv +:156,/ +:157,/ +:158,/ +:159,/ +:15:, dqg

+:15;, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46<

:1:15 Surri ri irupxod +:167, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46<

:1:16 Surri ri irupxod +:16<, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 475
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; Whvwlqj h�hfwv ri d qhz txhvwlrqqdluh lq wkh Gxwfk Oderxu Irufh Vxuyh| 478

;14 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 478

;15 Ghvljq ri wkh Gxwfk Oderxu Irufh Vxuyh| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 479

;1514 Vdpsoh ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 479

;1515 Gdwd froohfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 479

;1516 Zhljkwlqj surfhgxuh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47:

;16 H{shulphqwdo ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47:

;17 Phwkrgv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47;

;18 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 483

;19 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 489

< H�hfwv ri lqwhuylhzhuv* zrunordg rq wkh Gxwfk Oderxu Irufh Vxuyh| 48:

<14 Lqwurgxfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48:

<15 Remhfwlyh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48;

<16 H{shulphqwdo ghvljq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 48<

<17 Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 494

<1714 H�hfwv rq uhvsrqvh udwhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 494

<1715 H�hfwv rq rxwfrphv ri wkh Oderxu Irufh Vxuyh| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49:

<18 Frqfoxvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49<

Vxppdu| 4:4

Vdphqydwwlqj 4::

Eleolrjudsk| 4;6

Fxuulfxoxp ylwdh 4;<
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Vwdwlvwlfdo phwkrgrorj| ri h{shulphqwdo ghvljqv surylghv d srzhuixo lqvwuxphqw iru uhvhdufk

rq wkh lpsuryhphqw ri wkh vdpsoh vxuyh| surfhvv1 Odujh0vfdoh �hog h{shulphqwv hpehgghg

lq rqjrlqj vxuyh|v duh sduwlfxoduo| dssursuldwh iru rewdlqlqj txdqwlwdwlyh lqirupdwlrq rq wkh

lq xhqfh ri gl�huhqw ghvljq sdudphwhuv ri d vxuyh| surfhvv rq uhvsrqvh ehkdylru dqg hvwlpdwhv

ri srsxodwlrq sdudphwhuv ri d vdpsoh vxuyh|1 Dw Vwdwlvwlfv Qhwkhuodqgv/ iru h{dpsoh/ wkh h�hfwv

ri dowhuqdwlyh txhvwlrqqdluh ghvljqv/ gl�huhqw dssurdfk vwudwhjlhv ru gl�huhqw dgydqfh ohwwhuv

kdyh ehhq lqyhvwljdwhg wklv zd|1 Phwkrgv iurp h{shulphqwdo ghvljqv fdq dovr vxssruw txdolw|

frqwuro ri wkh vxuyh| surfhvv1 Iru lqvwdqfh/ wkh eldv dqg ydulrxv yduldqfh frpsrqhqwv lq wrwdo

phdvxuhphqw huuru prghov +Iruvpdq/ 4<;< dqg Elhphu hw do1/ 4<<4, fdq eh hvwlpdwhg e| xvlqj

whfkqltxhv iurp wkh �hog ri h{shulphqwdo ghvljq1

Ilhqehuj dqg Wdqxu +4<;:/ 4<;;/ 4<;</ 4<<9, uhylhzhg wkh ghyhorsphqw ri vwdwlvwlfdo phwkrgv

lq wkh �hogv ri udqgrpl}hg vdpsolqj dqg udqgrpl}hg h{shulphqwdwlrq e| Ilvkhu dqg Qh|pdq

lq wkh 4<53*v dqg 4<63*v1 Wkh| glvfxvv wkh gl�huhqfhv dqg sdudoohov ehwzhhq wkh wkhru| ri

h{shulphqwdo ghvljqv dqg wkh wkhru| ri �qlwh srsxodwlrq vdpsolqj1 Dq lpsruwdqw gl�huhqfh

frqfhuqv wkh ydolglw| ri vwdwlvwlfdo lqihuhqfh1 Sulqflsohv ri ghvljq dqg dqdo|vlv ri h{shulphqwv duh

pdlqo| lqwhqghg wr jxdudqwhh d vx!flhqw lqwhuqdo ydolglw| ri dq h{shulphqw/ l1h1 wkh fdxvh0h�hfw

uhodwlrqvkls ehwzhhq wuhdwphqwv dqg wkh revhuyhg h�hfwv zlwklq wkh h{shulphqw lwvhoi1 Ghvljq0

edvhg phwkrgv iurp vdpsolqj wkhru| duh pdlqo| lqwhqghg wr jxdudqwhh d vx!flhqw h{whuqdo

ydolglw| ri d vxuyh|/ l1h1 wkh h{whqw wr zklfk vdpsoh uhvxowv fdq eh jhqhudol}hg wr wkh �qlwh wdujhw

srsxodwlrq1 Ghvslwh vxfk gl�huhqfhv/ krzhyhu/ Ilhqehuj dqg Wdqxu hpskdvl}h wkdw wkh vwdwlvwlfdo

phwkrgrorj| hpsor|hg lq erwk �hogv lv hvvhqwldoo| wkh vdph1 Vhyhudo vwdwlvwlfdo phwkrgv iurp

wkh wkhru| ri h{shulphqwdo ghvljqv dqg vdpsolqj wkhru| fdq eh frpelqhg lq d xvhixo dqg qdwxudo

zd| lq wkh ghvljq dqg dqdo|vlv ri hpehgghg h{shulphqwv/ wkhuhe| lqfuhdvlqj wkh lqwhuqdo dv

zhoo dv wkh h{whuqdo ydolglw| ri wkh lqihuhqfhv gudzq iurp wkhvh h{shulphqwv +Ilhqehuj dqg

Wdqxu/ 4<;:/ 4<;; dqg Ydq ghq Eudnho dqg Uhqvvhq 4<<;,1 Wklv lv hvshfldoo| lqwhuhvwlqj zkhq

wkh h�hfw ri dowhuqdwlyh vxuyh| phwkrgrorjlhv rq hvwlpdwhv ri �qlwh srsxodwlrq sdudphwhuv lv

lqyhvwljdwhg1 Rq wkh rqh kdqg/ phwkrgrorj| iurp vdpsolqj wkhru| surylghv pruh ru ohvv ghvljq0

4



xqeldvhg hvwlpdwhv iru wkh vhyhudo sdudphwhuv ri lqwhuhvw dqg jxdudqwhhv wkh h{whuqdo ydolglw| ri

wkh uhvxowv1 Rq wkh rwkhu kdqg/ phwkrgv iurp ghvljq dqg dqdo|vlv ri h{shulphqwv txdqwli| wkh

h�hfw ri gl�huhqw vxuyh| vwudwhjlhv rq wkhvh hvwlpdwhv/ zklfk jxdudqwhhv wkh lqwhuqdo ydolglw| ri

wkh uhvxowv1 Wklv qrw rqo| vxjjhvwv hpehgglqj h{shulphqwdo ghvljqv lq rqjrlqj vxuyh|v exw dovr

uhtxluhv d vxlwdeoh dqdo|vlv ri vxfk ghvljqv1

Xqiruwxqdwho| wkhuh lv qr suhflvh vwdwlvwlfdo wkhru| vxssruwlqj vxfk dq dqdo|vlv1 Jhqhudoo|

wkh sxusrvh ri hpehgghg h{shulphqwv lv wkh hvwlpdwlrq ri �qlwh srsxodwlrq sdudphwhuv xqghu

wkh gl�huhqw vxuyh| lpsohphqwdwlrqv ru wuhdwphqwv dv zhoo dv whvwlqj k|srwkhvhv derxw wkh gli0

ihuhqfhv ehwzhhq wkrvh sdudphwhu hvwlpdwhv1 Pdlqvwuhdp h{shulphqwdo ghvljq wkhru| hpsor|v

d prgho0edvhg dssurdfk exloglqj rq wkh dvvxpswlrq ri lghqwlfdoo| dqg lqghshqghqwo| glvwule0

xwhg revhuydwlrqv +dowkrxjk d ihz dxwkruv vxfk dv Nhpswkruqh +4<85, dqg Klqnhopdq dqg

Nhpswkruqh +4<<7, jlyh wkh ghwdlov ri wkh sdudooho ghvljq0edvhg udqgrpl}dwlrq wkhru|,1 Wkhvh

dvvxpswlrqv gr qrw uh hfw wkh frpsoh{lwlhv xvxdoo| h{klelwhg e| wkh dfwxdo vdpsolqj ghvljqv

hpsor|hg lq odujh0vfdoh vxuyh|v e| vwdwlvwlfdo djhqflhv ru uhvhdufk lqvwlwxwlrqv/ fi1 Vnlqqhu hw do

+4<;<,1 Xvlqj vwdqgdug prgho0edvhg wkhru|/ lqihuhqfhv frqfhuq wkh sdudphwhuv ri vrph k|sr0

wkhwlfdo vxshusrsxodwlrq dqg qrw wkh sdudphwhuv ri wkh �qlwh wdujhw srsxodwlrq iurp zklfk wkh

vdpsoh lv gudzq1 Lq dgglwlrq uhvxowv ri wkh dqdo|vlv pd| eh lqfrpphqvxudeoh zlwk wkh vdpsolqj

uhvxowv ri wkh rqjrlqj vxuyh|/ zklfk frpsolfdwhv wkh lqwhusuhwdwlrq ri wkh dqdo|vlv1 Wklv wkhvlv

ghyhorsv dqg glvfxvvhv d ghvljq0edvhg dssurdfk iru wkh dqdo|vlv ri hpehgghg �hog h{shulphqwv

wr vroyh wkhvh sureohpv1

Wkh w|slfdo vlwxdwlrq frqvlghuhg lq wklv wkhvlv lv d �hog h{shulphqw ghvljqhg wr frpsduh wkh

lpsdfw rq wkh hvwlpdwhv ri srsxodwlrq sdudphwhuv ri N � 4 dowhuqdwlyh vxuyh| lpsohphqwdwlrqv

+ru wuhdwphqwv, zlwk uhvshfw wr d vwdqgdug lpsohphqwdwlrq ri d uhjxodu vxuyh|1 Wkh vdpsoh ri

d uhjxodu vxuyh|/ gudzq iurp d �qlwh wdujhw srsxodwlrq e| phdqv ri vrph frpsoh{ vdpsolqj

vfkhph/ lv glylghg udqgrpo| lqwr N vlploduo| ghvljqhg lqwhushqhwudwlqj vxevdpsohv dffruglqj

wr vrph h{shulphqwdo ghvljq1 Hdfk vxevdpsoh lv dvvljqhg wr rqh ri wkh N wuhdwphqwv1 Zh

frqvlghu erwk frpsohwho| udqgrpl}hg ghvljqv +FUG*v, dqg udqgrpl}hg eorfn ghvljqv +UEG*v,1

UEG*v hqdeoh xv wr dsso| orfdo frqwuro ryhu vdpsolqj vwuxfwxuhv wkurxjk udqgrpl}dwlrq zlwklq

vdpsoh vwudwd/ foxvwhuv/ sulpdu| vdpsolqj xqlwv/ lqwhuylhzhuv dqg wkh olnh1 Wkh vxevdpsohv duh

qrw qhfhvvdulo| ri htxdo vl}h1 Lq pdq| sudfwlfdo vlwxdwlrqv/ rqh ri wkh vxevdpsohv lv uhodwlyh

odujh frpsduhg wr wkh rwkhu vxevdpsohv/ ehfdxvh lw xqghuolhv wkh uhjxodu sxeolfdwlrq sxusrvhv

ri wkh vxuyh| dqg vlpxowdqhrxvo| vhuyhv dv wkh frqwuro jurxs lq wkh h{shulphqw1 Wkh uhpdlqlqj

+vpdoohu, vxevdpsohv duh dvvljqhg wr wkh dowhuqdwlyh wuhdwphqwv wr eh frqgxfwhg lq sdudooho zlwk

wkh uhjxodu vxuyh|1

Wr whvw k|srwkhvhv derxw gl�huhqfhv ehwzhhq �qlwh srsxodwlrq sdudphwhuv/ d ghvljq0edvhg

dqdo|vlv surfhgxuh lv h{soruhg1 Hdfk vxevdpsoh fdq eh frqvlghuhg dv d wzr0skdvh vdpsoh iurp

wkh �qlwh wdujhw srsxodwlrq ri wkh vxuyh| zkhuh wkh ghvljq ri wkh vxuyh| vdpsoh dqg wkh h{0

shulphqwdo ghvljq ghwhuplqh wkh ghvljq ri wkh �uvw dqg wkh vhfrqg skdvh/ uhvshfwlyho|1 Wkh
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Kruylw}0Wkrpsvrq hvwlpdwru dv zhoo dv wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru fdq eh dssolhg wr

ghulyh +qhduo|, ghvljq0xqeldvhg hvwlpdwruv iru wkh srsxodwlrq sdudphwhuv xqghu hdfk ri wkh N

wuhdwphqwv dv zhoo dv wkh fryduldqfh pdwul{ ri wkh N � 4 frqwudvwv ehwzhhq wkhvh hvwlpdwhv1 D

ghvljq0edvhg Zdog vwdwlvwlf/ ru d ghvljq0edvhg w�vwdwlvwlf iru wkh hpehgghg wzr0vdpsoh sureohp

dv d vshfldo fdvh/ lv rewdlqhg wr whvw k|srwkhvhv derxw wuhdwphqw h�hfwv ri wkh �qlwh srsxodwlrq

sdudphwhuv wkdw h{solflwo| wdnh lqwr dffrxqw erwk wkh suredelolw| vwuxfwxuh ri wkh dssolhg vdp0

solqj ghvljq/ wkh zhljkwlqj vfkhph dssolhg lq wkh hvwlpdwlrq surfhgxuh ri wkh uhjxodu vxuyh|

dv zhoo dv wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq1 Frpsduhg wr wkh Kruylw}0

Wkrpsvrq hvwlpdwru/ wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru pljkw ghfuhdvh wkh ghvljq0yduldqfh

dv zhoo dv wkh eldv gxh wr vhohfwlyh qrq0uhvsrqvh dqg wkhuhiruh lw pd| lqfuhdvh wkh h!flhqf| ri

wkh h{shulphqw dv d zkroh1 Lq wkh suhvhqw frqwh{w wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru wkhuh0

iruh uhsuhvhqwv d ghvljq0edvhg dqdorj| ri fryduldqfh dqdo|vlv lq vwdqgdug h{shulphqwdo ghvljq

phwkrgrorj|1

Vlqfh wkh vxevdpsohv duh gudzq zlwkrxw uhsodfhphqw iurp d �qlwh srsxodwlrq dffruglqj

wr d jhqhudo frpsoh{ vdpsolqj ghvljq/ zh h{shfwhg d udwkhu frpsolfdwhg h{suhvvlrq iru wkh

fryduldqfh pdwul{ zlwk qrq0}hur r�0gldjrqdo hqwulhv1 Krzhyhu/ ghvslwh wkh frpsoh{lw| ri wkh

vdpsolqj ghvljq/ lw dsshduv wkdw wklv fryduldqfh pdwul{ kdv d uhodwlyh vlpsoh vwuxfwxuh dv li doo

revhuydwlrqv zhuh gudzq lqghshqghqwo| iurp hdfk rwkhu1 Iru h{dpsoh/ lq wkh fdvh ri vlpsoh

udqgrp vdpsolqj zlwkrxw uhsodfhphqw wklv uhvxow hqwdlov wkdw wkh �qlwh srsxodwlrq fruuhfwlrq

idfwru vkrxog eh glvuhjdughg lq hvwlpdwlqj wkh yduldqfh ri frqwudvwv1 Dv d uhvxow d Zdog0vwdwlvwlf

ru d w�vwdwlvwlf/ ghulyhg iurp d ghvljq0edvhg shuvshfwlyh xqghu jhqhudo frpsoh{ vdpsolqj ghvljqv/

lv rewdlqhg wkdw vwloo kdv wkh dwwudfwlyh uhodwlyh vlpsoh vwuxfwxuh ri vwdqgdug prgho0edvhg dqdo|vlv

surfhgxuhv1

Wkh uhvhdufk suhvhqwhg lq wklv wkhvlv lv lqvsluhg e| wkh sdshuv ri Ilhqehuj dqg Wdqxu +4<;:/

4<;;/ 4<;<,1 Wkh odfn ri ghvljq0edvhg dqdo|vlv surfhgxuhv iru hpehgghg h{shulphqwv zdv uhfrj0

ql}hg lq vhyhudo frqvxowdqf| surmhfwv shuiruphg e| wkh Vwdwlvwlfdo Phwkrgrorj| Ghsduwphqw ri

Vwdwlvwlfv Qhwkhuodqgv +Ydq ghq Eudnho dqg Uhqvvhq +4<<8/ 4<<9d,1 Lq d �uvw dwwhpsw wr �oo

wklv jds d ghvljq0edvhg surfhgxuh iru wkh vlpsohvw fdvh/ l1h1 wkh dqdo|vlv ri wkh hpehgghg wzr0

wuhdwphqw h{shulphqw zdv ghyhorshg e| Ydq ghq Eudnho dqg Uhqvvhq +4<<9e,1 Wkhvh uhvxowv

zhuh h{whqghg wr wkh dqdo|vlv ri hpehgghg FUG*v e| Ydq ghq Eudnho dqg Uhqvvhq +4<<9f/ 4<<:,1

Edvhg rq wkhvh �uvw uhvxowv/ d jhqhudo wkhru| iru wkh dqdo|vlv ri hpehgghg FUG*v dqg UEG*v lv

sursrvhg lq wklv wkhvlv1 Uhvxowv kdyh ehhq dssolhg vxffhvvixoo| lq vhyhudo frqvxowdqf| surmhfwv

iru wkh Gxwfk Oderxu Irufh Vxuyh|/ vhh h1j1 Ydq ghq Eudnho dqg Ydq Ehunho +5333, dqg Ydq

ghq Eudnho +5334,1 Ydq ghq Eudnho dqg Elqghu +5333, h{soruhg dowhuqdwlyh yduldqfh hvwlpdwlrq

surfhgxuhv1

Wkh vwuxfwxuh ri wkh wkhvlv lv dv iroorzv1 Lq fkdswhu 5 wkh ghvljq dvshfwv ri hpehgghg h{0

shulphqwv duh glvfxvvhg dv zhoo dv wkh qhfhvvlw| iru d ghvljq0edvhg dssurdfk iru wkh dqdo|vlv

ri vxfk h{shulphqwv1 D ghvljq0edvhg wkhru| iru wkh dqdo|vlv ri hpehgghg h{shulphqwv edvhg
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rq wkh Kruylw}0Wkrpsvrq hvwlpdwru lv ghyhorshg lq fkdswhu 61 Wklv wkhru| lv h{whqghg wr wkh

jhqhudol}hg uhjuhvvlrq hvwlpdwru lq fkdswhu 71 Dv d uhvxow dq dqdo|vlv surfhgxuh iru hpehgghg

�hog h{shulphqwv lv rewdlqhg wr whvw k|srwkhvhv derxw wkh h�hfw ri dowhuqdwlyh vxuyh| lpsohphq0

wdwlrqv rq wkh hvwlpdwhv ri wkh srsxodwlrq sdudphwhuv dv wkh| duh gh�qhg lq wkh vxuyh|1 Fkdswhu

8 dqg 9 ixuwkhu hoderudwh rq wkh vshfl�f dvshfwv ri FUG*v dv zhoo dv wkh h!flhqf| ri eorfnlqj

rq gl�huhqw vdpsolqj vwuxfwxuhv olnh vwudwd/ sulpdu| vdpsolqj xqlwv/ foxvwhuv ru lqwhuylhzhuv1 Lq

wkh wkhru| h{srxqghg lq fkdswhu 6 wkurxjk 9/ lw lv dvvxphg wkdw wkh h{shulphqwdo xqlwv lq wkh

h{shulphqwdo ghvljq dqg wkh vdpsolqj xqlwv ri wkh vdpsolqj ghvljq duh ri wkh vdph ohyho1 Lq

fkdswhu :/ wkh wkhru| lv h{whqghg wr vlwxdwlrqv zkhuh wkh h{shulphqwdo xqlwv gr qrw qhfhvvdu0

lo| frlqflgh zlwk wkh vdpsolqj xqlwv1 Wklv ghvljq0edvhg dssurdfk qdwxudoo| ohdgv wr vwdwlvwlfdo

surfhgxuhv iru wkh ghvljq dqg dqdo|vlv ri hpehgghg h{shulphqwv/ zklfk frpelqh wkh lqwhuqdo

ydolglw| jxdudqwhhg e| phwkrgv iurp udqgrpl}hg h{shulphqwdwlrq zlwk wkh h{whuqdo ydolglw|

rewdlqhg iurp wkh wkhru| ri udqgrpl}hg vdpsolqj1 Lq fkdswhu ; dq h{shulphqw hpehgghg lq wkh

Gxwfk Oderxu Irufh Vxuyh|/ dlphg wr whvw h�hfwv ri d qhz txhvwlrqqdluh/ lv dqdo|}hg zlwk wkh

ghvljq0edvhg phwkrgv sursrvhg lq wklv wkhvlv1 Wkh uhvxowv duh frpsduhg zlwk wkh uhvxowv ri d

vwdqgdug prgho0edvhg dqdo|vlv1 Lq fkdswhu < d vhfrqg h{dpsoh ri dq hpehgghg h{shulphqw lv

ghvfulehg1 Lq wklv h{shulphqw zh whvw wkh h�hfwv ri wkh lqwhuylhzhuv* zrunordg rq wkh uhvsrqvh

udwhv dqg wkh rxwfrphv ri wkh Gxwfk Oderxu Irufh Vxuyh|1
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Wudglwlrqdoo|/ wkh ghvljq dqg dqdo|vlv ri h{shulphqwv dqg vdpsolqj wkhru| irup wzr vhsdudwh

grpdlqv ri dssolhg vwdwlvwlfv1 Wkhvh wzr �hogv/ krzhyhu/ frph wrjhwkhu lq vlwxdwlrqv zkhuh

h{shulphqwv duh frqgxfwhg wr lqyhvwljdwh srvvleoh lpsuryhphqwv ri d vdpsoh vxuyh| surfhvv1

Lq wklv fkdswhu zh ghvfuleh krz vwdwlvwlfdo phwkrgv iurp wkh wkhru| ri h{shulphqwdo ghvljqv

fdq vxssruw uhvhdufk dlphg dw lpsurylqj wkh vxuyh| surfhvv1 Lq vhfwlrq 515/ zh eulh | uhylhz

wkh sulqflsohv ri h{shulphqwdo ghvljqv dqg vdpsolqj wkhru|1 Zh glvwlqjxlvk ehwzhhq vpdoo0vfdoh

h{shulphqwv frqgxfwhg lq oderudwru| vhwwlqjv dqg odujh0vfdoh �hog h{shulphqwv hpehgghg lq

rqjrlqj vxuyh|v1 Zlwk uhvshfw wr wkh odujh0vfdoh �hog h{shulphqwv zh duh pdlqo| lqwhuhvwhg lq

h�hfwv rq �qlwh srsxodwlrq sdudphwhuv1 Zh glvfxvv krz sdudoohov ehwzhhq h{shulphqwdo ghvljqv

dqg vdpsolqj wkhru| fdq eh xvhg lq wkh ghvljq ri h!flhqw hpehgghg h{shulphqwv +vhfwlrq 516,

dqg looxvwudwh wklv zlwk d vhulhv ri sudfwlfdo h{dpsohv ri hpehgghg h{shulphqwv frqgxfwhg dw

Vwdwlvwlfv Qhwkhuodqgv +vhfwlrq 517,1 Iru wkh dqdo|vlv ri odujh0vfdoh �hog h{shulphqwv hpehgghg

lq rqjrlqj vxuyh|v/ Ilhqehuj dqg Wdqxu +4<;:/ 4<;<, hpskdvl}h prgho0edvhg hvwlpdwlrq1 Dv

dq dowhuqdwlyh/ zh dgyrfdwh wkh xvh ri ghvljq0edvhg phwkrgv lq vhfwlrq 5181 Li wkh lqwhuhvw lq

hpehgghg h{shulphqwv irfxvhv rq wkh h�hfwv ri wuhdwphqwv rq hvwlpdwhv ri �qlwh srsxodwlrq

sdudphwhuv/ wkhq zh dujxh wkdw wkh frpsoh{lw| ri wkh vdpsolqj ghvljq vkrxog eh wdnhq lqwr

dffrxqw lq wkh dqdo|vlv ri wkh h{shulphqw1 Wklv lv wkh prwlydwlrq iru wkh ghvljq0edvhg phwkrgv

iru wkh dqdo|vlv ri h{shulphqwv hpehgghg lq frpsoh{ vdpsolqj vfkhphv sursrvhg lq wkh iroorzlqj

fkdswhuv ri wklv wkhvlv1 Vxevwdqwldo sduwv ri wklv fkdswhu zhuh sxeolvkhg lq Ydq ghq Eudnho dqg

Uhqvvhq +4<<;,1
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Wkh remhfwlyh ri h{shulphqwdo ghvljqv lv wr rewdlq uhohydqw txdqwlwdwlyh lqirupdwlrq derxw wkh

h�hfwv ri gl�huhqw wuhdwphqwv dqg wkhlu pxwxdo lqwhudfwlrqv1 Wkh sulqflsohv ri h{shulphqwdo

ghvljqv/ vxfk dv uhsolfdwlrq/ udqgrpl}dwlrq/ orfdo frqwuro iru vrxufhv ri yduldwlrq e| vnlooixo

jurxslqj ri wkh h{shulphqwdo xqlwv +h1j1 udqgrpl}hg eorfn ghvljqv dqg urz dqg froxpq ghvljqv,/

wkh xvh ri idfwruldo ghvljqv dqg fryduldqfh dqdo|vlv zhuh ghyhorshg pdlqo| rq wkh edvlv ri Ilvkhu*v

zrun +4<68,1

Wkh h{lvwhqfh ri h{wudqhrxv yduldwlrq ru h{shulphqwdo huuruv whqgv wr pdvn wkh h�hfwv ri wkh

wuhdwphqwv lq dq h{shulphqw1 D plqlpxp qxpehu ri uhsolfdwlrqv ri wkh wuhdwphqwv lv uhtxluhg

wr glvfryhu vwdwlvwlfdoo| vljql�fdqw wuhdwphqw h�hfwv li wkh| h{lvw1 Udqgrpl}dwlrq lv xvhg wr

dyrlg wkdw h{shulphqwdo huuruv v|vwhpdwlfdoo| glvwruw wkh phdvxuhphqw ri wkh wuhdwphqw h�hfwv/

e| hqvxulqj wkdw hdfk wuhdwphqw kdv dq htxdo suredelolw| ri ehlqj idyruhg ru kdqglfdsshg e| dq

h{wudqhrxv vrxufh ri yduldwlrq1 Orfdo frqwuro e| phdqv ri udqgrpl}hg eorfn ghvljqv/ urz dqg

froxpq ghvljqv/ ru fryduldqfh dqdo|vlv lv dssolhg wr holplqdwh vrxufhv ri h{wudqhrxv yduldwlrq lq

rughu wr rewdlq pruh suhflvh hvwlpdwhv ri wkh wuhdwphqw h�hfwv1 Vlpxowdqhrxv whvwlqj ri gl�huhqw

wuhdwphqwv e| phdqv ri idfwruldo ghvljqv lv dssolhg wr lqfuhdvh wkh h!flhqf| ri h{shulphqwdwlrq

dqg wr whvw srvvleoh lqwhudfwlrqv ehwzhhq wkh gl�huhqw wuhdwphqwv1

Vwdwlvwlfdo phwkrgv iurp wkh wkhru| ri ghvljq dqg dqdo|vlv ri h{shulphqwv duh edvlfdoo|

prgho ghshqghqw1 Riwhq/ wkh revhuydwlrqv lq dq h{shulphqw/ wdnhq dw gl�huhqw ohyhov ri gl�huhqw

idfwruv/ duh dvvxphg wr eh wkh rxwfrph ri d vwrfkdvwlf yduldeoh/ zklfk lv prghohg dffruglqj wr d

olqhdu uhjuhvvlrq prgho zlwk wkh gl�huhqw idfwruv +dqg srvvleo| dovr fryduldeohv, dv h{sodqdwru|

yduldeohv1 Wkh glvwxuedqfh whupv duh dvvxphg wr eh lghqwlfdoo| dqg lqghshqghqwo| glvwulexwhg

+LLG, zlwk h{shfwdwlrq }hur1 Wkh idfwruv pd| frqfhuq wuhdwphqw yduldeohv dv zhoo dv orfdo frqwuro

yduldeohv iru vrxufhv ri h{wudqhrxv yduldwlrq +h1j1 eorfn yduldeohv/ urz dqg froxpq yduldeohv ru

fryduldeohv,1 Wkh glvwxuedqfh whupv uhsuhvhqw wkh h{wudqhrxv yduldwlrq lqvridu dv lw lv qrw

h{sodlqhg e| orfdo frqwuro dqg2ru e| wkh fryduldeohv1 Dq lpsruwdqw glvwlqfwlrq lq wkh prgho

dvvxpswlrqv frqfhuqv wkh txhvwlrq zkhwkhu wkh ohyhov dw zklfk d idfwru lv phdvxuhg duh �{hg ru

zkhwkhu wkh| kdyh wr eh frqvlghuhg dv d udqgrp vdpsoh iurp d odujhu srsxodwlrq1 Lq wkh iruphu

fdvh wkh h�hfwv duh fdoohg �{hg/ zkhuhdv lq wkh odwwhu wkh h�hfwv duh udqgrp1 D vhw ri h�hfwv

lv riwhq frqvlghuhg �{hg zkhq wkh vwdwlvwlfdo lqihuhqfh rqo| frqfhuqv wkh ohyhov lqfoxghg lq wkh

h{shulphqw/ zkhuhdv wkh| duh frqvlghuhg udqgrp zkhq wkh lqihuhqfh h{whqgv wr d srsxodwlrq

iurp zklfk wkh ohyhov zhuh vxssrvhg wr eh gudzq iurp1

Wkh pdlq sxusrvh ri h{shulphqwdo ghvljqv lv wr pdnh vwdwlvwlfdo lqihuhqfhv derxw wkh wuhdw0

phqw h�hfwv1 Vwdwlvwlfdo prghov sod|v d fhqwudo uroh lq whvwlqj k|srwkhvhv derxw wkh vljql�fdqfh

ri prgho sdudphwhuv/ zklfk duh dvvxphg wr uh hfw wkh wuhdwphqw h�hfwv dqg wkhlu lqwhudfwlrqv/

dqg wr h{soruh uhodwlrqvklsv ehwzhhq yduldeohv1 Edvhg rq wkh uhjuhvvlrq prgho dqg lwv dvvxps0
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wlrqv/ h!flhqw whvw vwdwlvwlfv duh ghulyhg lq rughu wr whvw k|srwkhvhv derxw wkh fruuhvsrqglqj

uhjuhvvlrq sdudphwhuv1 Zkhq wkh uhjuhvvlrq prgho lv fruuhfwo| vshfl�hg/ wkh wuhdwphqw h�hfwv

duh lqghhg uh hfwhg lq wkh fruuhvsrqglqj uhjuhvvlrq sdudphwhuv dqg wkh vwdwhg k|srwkhvhv derxw

wkh uhjuhvvlrq sdudphwhuv dovr frqfhuq wkh wuhdwphqw h�hfwv1 Qrwh wkdw wkh sulqflsohv ri h{shu0

lphqwdwlrq +vxfk dv uhsolfdwlrq/ udqgrpl}dwlrq/ orfdo frqwuro dqg idfwruldo h{shulphqwdwlrq, duh

dssolhg wr hqvxuh wkdw revhuyhg wuhdwphqw h�hfwv dfwxdoo| fdq eh dwwulexwhg wr wkh sdudphwhuv

ri wkh vwdwlvwlfdo prgho1 Li wkh prgho lv plvvshfl�hg/ wkh ydolglw| ri wkh frqfoxvlrqv zlwk uhvshfw

wr wkh wuhdwphqw h�hfwv ghshqgv rq wkh urexvwqhvv ri wkh whvw vwdwlvwlfv djdlqvw wkh w|sh ri plv0

vshfl�fdwlrq lqyroyhg1 Lq jhqhudo/ frqfoxvlrqv edvhg rq h!flhqw whvw vwdwlvwlfv ghulyhg xqghu d

vshfl�f prgho fdqqrw eh jhqhudol}hg wr vlwxdwlrqv rxwvlgh wkdw prgho1 Nhpswkruqh +4<85, dqg

Klqnhopdqq dqg Nhpswkruqh +4<<7, vxjjhvwhg d ghvljq0edvhg dssurdfk iru wkh dqdo|vlv ri h{0

shulphqwv e| hoderudwlqj rq udqgrpl}dwlrq wkhru| lq d zd| vlplodu wr wkh dssurdfk lq vdpsolqj

wkhru|1

Wr vxppdul}h/ vwdwlvwlfdo phwkrgv ri h{shulphqwdo ghvljqv duh pdlqo| lqwhqghg wr jxdudqwhh

d vx!flhqw lqwhuqdo ydolglw| ri wkh h{shulphqw/ dqg wr hvwlpdwh gl�huhqfhv lq wuhdwphqw h�hfwv

dv suhflvho| dv srvvleoh1 Wkh lqwhuqdo ydolglw| ri dq h{shulphqw lv gh�qhg dv wkh h{whqw wr zklfk

wkh revhuyhg h�hfwv lq dq h{shulphqw fdq eh dwwulexwhg wr wkh gl�huhqfhv lq wkh wuhdwphqwv1

Lw wkxv uhodwhv wr wkh fdxvh0h�hfw uhodwlrqvkls ehwzhhq wkh wuhdwphqwv dqg wkh revhuyhg h�hfwv

zlwklq wkh h{shulphqw lwvhoi1
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Wkh sxusrvh ri vdpsoh vxuyh|v lv wr rewdlq vwdwlvwlfdo lqirupdwlrq derxw d jlyhq �qlwh srsx0

odwlrq e| hvwlpdwlqj �qlwh srsxodwlrq sdudphwhuv vxfk dv phdqv/ wrwdov dqg iudfwlrqv1 Xqwlo

wkh ehjlqqlqj ri wkh wzhqwlhwk fhqwxu| vxfk srsxodwlrq sdudphwhuv zhuh rewdlqhg e| frpsohwh

hqxphudwlrq ri wkh �qlwh srsxodwlrq1 Wkh frqfhsw ri udqgrp vdpsolqj kdv ehhq ghyhorshg/

pdlqo| rq wkh edvlv ri wkh zrun ri Qh|pdq +4<67,/ dv d phwkrg wr rewdlq ydolg hvwlpdwruv iru

�qlwh srsxodwlrq sdudphwhuv edvhg rq uhsuhvhqwdwlyh vdpsohv udwkhu wkdq rq frpsohwh fhqvxvhv1

Qh|pdq +4<67, lqwurgxfhg udqgrp vdpsolqj zlwk xqhtxdo vhohfwlrq suredelolwlhv e| wuhdwlqj

rswlpdo doorfdwlrq lq vwudwl�hg vdpsolqj1 Wkh frqfhsw ri udqgrp vdpsolqj zlwk xqhtxdo vhohf0

wlrq suredelolwlhv kdv ehhq jhqhudol}hg e| Kdqvhq dqg Kxuzlw} +4<76, iru udqgrp vdpsolqj zlwk

uhsodfhphqw dqg e| Kruylw} dqg Wkrpsvrq +4<85, iru udqgrp vdpsolqj zlwkrxw uhsodfhphqw

dv d phwkrg wr lpsuryh wkh suhflvlrq ri srsxodwlrq sdudphwhu hvwlpdwhv1

Lq vdpsolqj wkhru|/ d plqlpxp vdpsoh vl}h lv uhtxluhg wr hvwlpdwh srsxodwlrq sdudphwhuv

zlwk vrph suhflvlrq1 Revhuydwlrqv rewdlqhg iurp wkh vdpsolqj xqlwv duh uhjdughg dv �{hg1 Wkh

udqgrpqhvv lv lqwurgxfhg ehfdxvh d suredelolw| vdpsoh lv revhuyhg lqvwhdg ri wkh hqwluh wdujhw

srsxodwlrq1 Lq udqgrp vdpsolqj/ wkh frqfhsw ri udqgrp vhohfwlrq lv dssolhg lq rughu wr gudz

vwdwlvwlfdo lqihuhqfhv derxw �qlwh srsxodwlrq sdudphwhuv dqg jhqhudol}h uhvxowv iurp wkh revhuyhg

vdpsoh wr wkh �qlwh wdujhw srsxodwlrq iurp zklfk wkh vdpsoh lv gudzq1

:



Vwdwlvwlfdo phwkrgv iurp vdpsolqj wkhru| fdq eh frqvlghuhg dv ghvljq0edvhg ru glvwulexwlrq

iuhh/ wkdw lv qr dvvxpswlrqv duh pdgh rq wkh iuhtxhqf| glvwulexwlrq ri wkh �qlwh srsxodwlrq1

D surshu frpelqdwlrq ehwzhhq vdpsolqj ghvljq dqg hvwlpdwlrq surfhgxuh +l1h1 wkh vdpsolqj

vwudwhj|, vkrxog jlyh xqeldvhg ru qhduo| xqeldvhg hvwlpdwhv zlwk d plqlpxp yduldqfh iru wkh

�qlwh srsxodwlrq sdudphwhuv xqghu frqvlghudwlrq1 Dq lpsruwdqw wrro wr dfklhyh wklv lv wkh xvh

ri dx{loldu| lqirupdwlrq1 Vxfk lqirupdwlrq fdq eh xwlol}hg lq wkh vdpsolqj ghvljq dqg2ru wkh

hvwlpdwlrq surfhgxuh1 Lq wkh ghvljq vwdjh/ whfkqltxhv olnh vwudwl�fdwlrq dqg odwwlfh vdpsolqj duh

dssolhg wr lqfuhdvh wkh suhflvlrq ri wkh hvwlpdwruv e| h{foxglqj wkh yduldwlrq ehwzhhq krpr0

jhqhrxv jurxsv lq wkh �qlwh srsxodwlrq iurp wkh vdpsolqj huuru1 Wkhvh whfkqltxhv duh vlplodu

wr udqgrpl}hg eorfn ghvljqv dqg urz dqg froxpq ghvljqv iurp wkh wkhru| ri h{shulphqwdo gh0

vljq1 Lq wkh hvwlpdwlrq surfhgxuh/ dx{loldu| lqirupdwlrq lv xwlol}hg e| phdqv ri wkh uhjuhvvlrq

hvwlpdwru +zlwk srvw vwudwl�fdwlrq dv d vshfldo fdvh, wr rewdlq pruh suhflvh hvwlpdwruv1 Wklv lv

htxlydohqw wr wkh whfkqltxh ri fryduldqfh dqdo|vlv iurp wkh wkhru| ri h{shulphqwdo ghvljq1

Dowkrxjk dx{loldu| lqirupdwlrq zdv ruljlqdoo| xvhg lq wkh ghvljq dqg hvwlpdwlrq surfhgxuh

wr ghfuhdvh wkh vdpsolqj yduldqfh ri hvwlpdwruv/ qrzdgd|v lw lv dq lpsruwdqw wrro wr ghfuhdvh wkh

eldv gxh wr vhohfwlyh qrq0uhvsrqvh1 Hvwlpdwruv xvlqj dx{loldu| lqirupdwlrq duh jhqhudoo| pruh

urexvw djdlqvw vhohfwlyh qrq0uhvsrqvh wkdq hvwlpdwruv wkdw gr qrw xvh dx{loldu| lqirupdwlrq +h1j1/

vhh Vçuqgdo dqg Vzhqvrq/ 4<;: dqg Ehwkohkhp/ 4<;;,1

Vwdwlvwlfdo prghov kdyh wudglwlrqdoo| sod|hg d plqru uroh lq wkh dqdo|vlv ri vdpsoh vxuyh|v1

Lq wkh prgho0dvvlvwhg dssurdfk +vhh Vçuqgdo hw do1/ 4<<5, lw lv dvvxphg wkdw wkh ydoxh ri hdfk

hohphqw ri wkh �qlwh srsxodwlrq zlwk uhvshfw wr d fhuwdlq wdujhw yduldeoh lv d uhdol}dwlrq ri d

vwrfkdvwlf yduldeoh1 Wklv vwrfkdvwlf yduldeoh lv prghohg/ h1j1 dffruglqj wr d olqhdu uhjuhvvlrq

prgho/ zlwk wkh ydoxhv ri wkh dx{loldu| yduldeohv dv fryduldwhv1 Edvhg rq wkh dvvxphg uhodwlrqvkls

ehwzhhq wkh wdujhw yduldeoh rq wkh rqh kdqg dqg wkh dx{loldu| yduldeohv rq wkh rwkhu/ d jhqhudo

uhjuhvvlrq hvwlpdwru fdq eh ghulyhg ri zklfk prvw zhoo0nqrzq hvwlpdwruv duh vshfldo fdvhv1 Diwhu

wklv hvwlpdwru lv ghulyhg/ lw lv mxgjhg e| lwv ghvljq0edvhg surshuwlhv/ vxfk dv ghvljq h{shfwdwlrq

dqg ghvljq yduldqfh1 Wkh ghulyhg irupxodv krog luuhvshfwlyh ri wkh ydolglw| ri wkh prgho1 Li wkh

uhjuhvvlrq prgho xvhg wr ghulyh wkh hvwlpdwru grhv qrw krog iru wkh �qlwh srsxodwlrq/ wklv zloo

uhvxow rqo| lq kljkhu ghvljq yduldqfhv/ exw qrw lq lqydolg hvwlpdwruv1

Lq frqfoxvlrq/ vwdwlvwlfdo phwkrgv iurp vdpsolqj wkhru| duh pdlqo| lqwhqghg wr jxdudqwhh d

vx!flhqw h{whuqdo ydolglw| ri d vxuyh|/ l1h1/ wkh h{whqw wr zklfk wkh vdpsoh vwdwlvwlfv duh ydolg

hvwlpdwhv ri wkh xqnqrzq fkdudfwhulvwlfv ri d jlyhq �qlwh wdujhw srsxodwlrq1
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Ilhqehuj dqg Wdqxu +4<;:/ 4<;;/ 4<;<, dqg Ydq ghq Eudnho dqg Uhqvvhq +4<<8, glvfxvvhg wkh

sdudoohov dqg gl�huhqfhv ehwzhhq wkh vwdwlvwlfdo phwkrgv iurp h{shulphqwdo ghvljq dqg vdpsolqj

wkhru|1 Vrph w|slfdo sdudoohov ehwzhhq wkh frqfhswv ri h{shulphqwdo ghvljq dqg vdpsolqj wkhru|

;



duh vxppdul}hg lq wdeoh 5141

Wdeoh 514= Sdudoohov ehwzhhq ghvljq dqg dqdo|vlv ri h{shulphqwv dqg vdpsolqj wkhru|1

H[SHULPHQWDO GHVLJQ VDPSOLQJ WKHRU\

udqgrp dvvljqphqw ri h{shulphqwdo xqlwv udqgrp vdpsolqj ri vdpsolqj xqlwv iurp

wr wuhdwphqwv d �qlwh srsxodwlrq

uhsolfdwlrq ri wkh wuhdwphqwv vdpsoh vl}h

udqgrpl}hg eorfn ghvljqv vwudwl�hg vdpsolqj ghvljqv

urz dqg froxpq ghvljqv odwwlfh vdpsolqj ru ghhs vwudwl�fdwlrq

vsolw0sorw ghvljqv wzr0vwdjh vdpsolqj ghvljqv

fryduldqfh dqdo|vlv wkh jhqhudo uhjuhvvlrq hvwlpdwru

Ehvlghv wkhvh sdudoohov/ wkhuh duh dovr vrph w|slfdo gl�huhqfhv ehwzhhq h{shulphqwdo ghvljq

dqg vdpsolqj wkhru|/ dv lqglfdwhg lq wkh suhfhglqj vhfwlrqv1 Wkh| duh vxppdul}hg lq wdeoh 5151

Vhh dovr Ilhqehuj dqg Wdqxu +4<;:/ 4<;;/ 4<;<, dqg Ydq ghq Eudnho dqg Uhqvvhq +4<<8,1

Wdeoh 515= Gl�huhqfhv ehwzhhq ghvljq dqg dqdo|vlv ri h{shulphqwv dqg vdpsolqj wkhru|1

H[SHULPHQWDO GHVLJQ VDPSOLQJ WKHRU\

vwrfkdvwlflw| lqwurgxfhg ehfdxvh revhuydwlrqv vwrfkdvwlflw| lqwurgxfhg ehfdxvh d

duh dvvxphg wr eh wkh rxwfrph ri d suredelolw| vdpsoh lv

udqgrp yduldeoh ghvfulehg e| d vwdwlvwlfdo prgho gudzq iurp d �qlwh srsxodwlrq

suhgrplqdqwo| prgho0edvhg suhgrplqdqwo| ghvljq0edvhg

vwdwlvwlfdo phwkrgv pdlqo| lqwhqghg vwdwlvwlfdo phwkrgv pdlqo| lqwhqghg

wr jxdudqwhh d vx!flhqw lqwhuqdo ydolglw| wr jxdudqwhh d vx!flhqw h{whuqdo ydolglw|

lqihuhqfh derxw d k|srwkhwlfdo lq�qlwh lqihuhqfh derxw d jlyhq �qlwh srsxodwlrq

vxshu srsxodwlrq
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Frqgxfwlqj vpdoo0vfdoh h{shulphqwv lq oderudwru| vhwwlqjv lv dq dssursuldwh dqg uhjxoduo| xvhg

wrro wr ghyhors txhvwlrqqdluh ghvljqv/ lqwhuylhz surfhgxuhv ru wr lqyhvwljdwh qrq0vdpsolqj huuruv

lq vxuyh| surfhvvhv pruh v|vwhpdwlfdoo| +Ilhqehuj dqg Wdqxu 4<;<,1 Wkh dgydqwdjh ri oderudwru|

h{shulphqwv lv wkh uhodwlyh hdvh zlwk zklfk wkh h�hfwv ri d odujh qxpehu ri idfwruv fdq eh whvwhg

zlwk d kljk ghjuhh ri lqwhuqdo ydolglw|1 Wkh h{whuqdo ydolglw| ri wkh uhvxowv ri vxfk h{shulphqwv/

krzhyhu/ lv jhqhudoo| qrw dvvxuhg1 Wr whvw wkh jhqhudol}dwlrq ri vljql�fdqw uhvxowv rewdlqhg lq

vxfk h{shulphqwv wr �qlwh vxuyh| srsxodwlrqv/ odujh0vfdoh �hog h{shulphqwv hpehgghg lq vdpsoh

vxuyh|v duh yhu| dssursuldwh/ lq sduwlfxoduo| zkhq lqwhuhvw jrhv rxw wr wkh txdqwl�fdwlrq ri wkh

<



h�hfw ri dowhuqdwlyh vxuyh| phwkrgrorjlhv rq hvwlpdwhv ri �qlwh srsxodwlrq sdudphwhuv1 Wkh vwd0

wlvwlfdo phwkrgv iurp wkh wkhru| ri h{shulphqwdo ghvljqv dqg vdpsolqj wkhru| fdq eh frpelqhg lq

d xvhixo dqg qdwxudo zd| lq wkh ghvljq dqg dqdo|vlv ri vxfk hpehgghg h{shulphqwv +vhh Ilhqehuj

dqg Wdqxu/ 4<;:/ 4<;;,1 Sdudoohov ehwzhhq wkh frqfhswv ri udqgrpl}hg h{shulphqwv dqg udqgrp

vdpsolqj vkrxog eh h{sorlwhg lq wkh ghvljq ri hpehgghg h{shulphqwv wr lpsuryh wkh dffxudf| ri

hvwlpdwhg wuhdwphqw h�hfwv dqg wr gudz fruuhfw frqfoxvlrqv derxw wkh revhuyhg h�hfwv1 Wkxv/

wkh vdpsolqj ghvljq ri wkh vxuyh| irupv d sulru iudphzrun iru wkh ghvljq ri dq hpehgghg �hog

h{shulphqw1 Wklv zloo uhvxow lq d kljkhu ghjuhh ri wkh lqwhuqdo ydolglw| ri wkh uhvxowv rewdlqhg lq

dq hpehgghg h{shulphqw1 Wr hqvxuh h{whuqdo ydolglw|/ vwdwlvwlfdo phwkrgv iurp vdpsolqj wkhru|

vkrxog vxssruw wkh dqdo|vlv ri wkhvh h{shulphqwv1 Ehfdxvh h{shulphqwdo xqlwv duh vhohfwhg e|

phdqv ri d suredelolw| vdpsoh iurp d �qlwh srsxodwlrq/ lw ehfrphv srvvleoh wr gudz frqfoxvlrqv

frqfhuqlqj srsxodwlrq sdudphwhuv1 Wkh uhpdlqghu ri wklv fkdswhu lv pdlqo| ghyrwhg wr ghvljq

dvshfwv ri hpehgghg h{shulphqwv1 Lq wkh qh{w fkdswhuv zh dgguhvv wkh whfkqlfdo dvshfwv ri wkh

dqdo|vlv ri vxfk hpehgghg h{shulphqwv iurp wkh ghvljq0edvhg shuvshfwlyh1
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Vxssrvh wkdw �hog h{shulphqwv hpehgghg lq rqjrlqj vxuyh|v duh ghvljqhg dv vsolw vdpsoh h{0

shulphqwv lq rughu wr whvw wkh h�hfwv ri N wuhdwphqwv1 Lq d vsolw vdpsoh h{shulphqw wkh vdpsoh

lv udqgrpo| glylghg lqwr N vlploduo| ghvljqhg lqwhushqhwudwlqj vxevdpsohv/ qrw qhfhvvdulo| ri

htxdo vxevdpsoh vl}h1 Hdfk vxevdpsoh fdq eh frqvlghuhg dv d suredelolw| vdpsoh iurp wkh

srsxodwlrq dqg lv dvvljqhg wr rqh ri wkh N wuhdwphqwv1 Qrz/ li wkh ruljlqdo vdpsoh lv gudzq

e| phdqv ri vlpsoh udqgrp vdpsolqj/ wkhq wkh h{shulphqw lv lq idfw d frpsohwho| udqgrpl}hg

ghvljq +FUG, +Frfkudq dqg Fr{/ 4<8:/ Fk17,1 Jhqhudoo|/ wklv lv qrw wkh prvw h!flhqw ghvljq

dydlodeoh/ ehfdxvh qr dgydqwdjh lv wdnhq ri wkh srvvlelolw| wr dsso| orfdo frqwuro iru vrxufhv ri

h{wudqhrxv yduldwlrq1

Dq lpsruwdqw vrxufh ri h{wudqhrxv yduldwlrq/ iru h{dpsoh/ lv wkh lqwhuylhzhu h�hfw1 Lq frq0

gxfwlqj dq h{shulphqw/ lw vkrxog eh dyrlghg wkdw wuhdwphqwv duh v|vwhpdwlfdoo| idyruhg ru kdqg0

lfdsshg ehfdxvh rqo| h{shulhqfhg ru lqh{shulhqfhg lqwhuylhzhuv duh dvvljqhg wr rqh sduwlfxodu

wuhdwphqw1 Lw lv olnho| wkdw uhvsrqghqwv lqwhuylhzhg e| wkh vdph lqwhuylhzhu surgxfh pruh kr0

prjhqhrxv dqvzhuv wkdq uhvsrqghqwv lqwhuylhzhg e| gl�huhqw lqwhuylhzhuv dqg wkhuhiruh lw lv

h!flhqw wr dsso| orfdo frqwuro iru lqwhuylhzhuv e| phdqv ri udqgrpl}hg eorfn ghvljqv +UEG,

+Frfkudq dqg Fr{/ 4<8:/ Fk17, zlwk lqwhuylhzhuv dv eorfn yduldeohv +Ilhqehuj dqg Wdqxu/ 4<;;,1

Zkhq wkh vwdwlvwlfdo lqihuhqfh frqfhuqlqj wkh lqwhuylhzhu h�hfwv kdv wr eh h{whqghg wr d odujhu

srsxodwlrq iurp zklfk wkh lqwhuylhzhuv duh vxssrvhgo| gudzq/ lqwhuylhzhuv fdq eh prghohg dv

udqgrp frpsrqhqwv1 Wklv ohdgv wr dq UEG zlwk eorfnv dv udqgrp h�hfwv/ zklfk lv htxlydohqw

wr d vsolw0sorw ghvljq1
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Vdpsolqj ghvljqv duh xvxdoo| pruh frpsoh{ wkdq vlpsoh udqgrp vdpsolqj1 Iru lqvwdqfh vwudwl�hg

vdpsolqj dqg wzr0vwdjh ru foxvwhu vdpsolqj duh iuhtxhqwo| dssolhg1 Lq d vwudwl�hg vdpsolqj

ghvljq wkhuh duh wzr zd|v wr glylgh wkh vdpsoh lqwr N vxevdpsohv1 Iluvwo|/ wkh zkroh vdpsoh

lv udqgrpo| glylghg lqwr N vxevdpsohv/ luuhvshfwlyh ri wkh dssolhg vwudwl�fdwlrq1 Wklv pd|

fdxvh vrph gl�huhqfhv lq wkh iuhtxhqf| glvwulexwlrq ri wkh h{shulphqwdo xqlwv ryhu wkh vwudwd

dprqj wkh N vxevdpsohv1 Vhfrqgo|/ wkh vdpsoh lv udqgrpo| glylghg lqwr N vxevdpsohv lq hdfk

vwudwxp1 Khuh wkh iuhtxhqf| glvwulexwlrq ri wkh h{shulphqwdo xqlwv ryhu wkh vwudwd fdq eh khog

htxdo iru wkh N vxevdpsohv lqvridu dv wklv lv qrw glvwxuehg e| qrq0uhvsrqvh1 Wkh �uvw rswlrq/

l1h1 glvuhjduglqj wkh vwudwl�fdwlrq lq wkh dssolhg vdpsolqj ghvljq/ ohdgv wr d FUG1 Wkh vhfrqg

rswlrq/ l1h1 glylglqj wkh vdpsoh lq N vxevdpsohv lq hdfk vwudwxp/ ohdgv qdwxudoo| wr dq UEG

zlwk vwudwd dv eorfn yduldeohv +Ilhqehuj dqg Wdqxu/ 4<;;,1 Dv vdpsolqj xqlwv iurp wkh vdph

vwudwxp duh jhqhudoo| pruh krprjhqhrxv wkdq vdpsolqj xqlwv iurp gl�huhqw vwudwd/ wkh vhfrqg

rswlrq pd| eh pruh h!flhqw wkdq wkh �uvw rswlrq1 Dovr furvvlqjv ehwzhhq wzr ru pruh frqwuro

yduldeohv fdq eh xvhg dv eorfn yduldeohv +h1j1 lqwhuylhzhuv dqg vwudwd,1 Lq wkh �uvw rswlrq/ orfdo

frqwuro iru wkh vwudwl�fdwlrq fdq eh dssolhg e| phdqv ri fryduldqfh dqdo|vlv1

Lq wzr0vwdjh vdpsolqj ghvljqv/ wkhuh duh wkuhh gl�huhqw zd|v wr glylgh wkh vdpsoh lqwr N

vxevdpsohv= Iluvwo|/ ljqrulqj wkh sulpdu| vdpsolqj xqlwv/ wkh vhfrqgdu| vdpsolqj xqlwv ri wkh

vdpsoh duh glylghg lqwr N vxevdpsohv1 Vhfrqgo|/ wkh vhfrqgdu| vdpsolqj xqlwv zlwklq hdfk

sulpdu| vdpsolqj xqlw duh glylghg lqwr N vxevdpsohv1 Wklugo|/ wkh sulpdu| vdpsolqj xqlwv duh

glylghg lqwr N vxevdpsohv/ dqg wkxv doo vhfrqgdu| vdpsolqj xqlwv zlwklq d sulpdu| vdpsolqj

xqlw duh dvvljqhg wr wkh wuhdwphqw frqfhuqhg1 Glvuhjduglqj wkh vwuxfwxuh ri wkh vdpsolqj ghvljq/

wkh �uvw rswlrq ohdgv wr d FUG zkhuh wkh vhfrqgdu| vdpsolqj xqlwv duh wkh h{shulphqwdo xqlwv1

Rqo| li vx!flhqw vhfrqgdu| vdpsolqj xqlwv duh dvvljqhg wr hdfk ri wkh N wuhdwphqwv zlwklq

hdfk sulpdu| vdpsolqj xqlw +odujh sulpdu| vdpsolqj xqlwv,/ lv lw srvvleoh wr dsso| orfdo frqwuro

iru wkh sulpdu| vdpsolqj xqlwv e| phdqv ri fryduldqfh dqdo|vlv1 Lq wkh vhfrqg dssurdfk wkh N

wuhdwphqwv duh udqgrpo| dvvljqhg wr wkh vhfrqgdu| vdpsolqj xqlwv zlwklq hdfk sulpdu| vdpsolqj

xqlw ru foxvwhu1 Wklv w|sh ri udqgrpl}dwlrq ohdgv wr d vsolw0sorw ghvljq1 Sulpdu| vdpsolqj xqlwv

lq wkh vdpsolqj ghvljq fruuhvsrqg wr wkh zkroh sorwv ri wkh vsolw0sorw ghvljq dqg wkh vhfrqgdu|

vdpsolqj xqlwv fruuhvsrqg wr wkh vsolw sorwv1 Ilhqehuj dqg Wdqxu +4<;;, dujxh wkdw wklv sdudooho

fdq eh xvhg wr ghvljq h{shulphqwv hpehgghg lq wzr0vwdjh vdpsohv dv vsolw0sorw ghvljqv lq rughu

wr holplqdwh wkh yduldqfh ehwzhhq wkh zkroh sorwv +l1h1 wkh sulpdu| vdpsolqj xqlwv, iurp wkh

dqdo|vlv ri wkh wuhdwphqw h�hfwv1 Wklv dssurdfk lv dssursuldwh zkhq vdpsolqj xqlwv iurp wkh

vdph sulpdu| vdpsolqj xqlwv duh pruh krprjhqhrxv wkdq vdpsolqj xqlwv iurp gl�huhqw sulpdu|

vdpsolqj xqlwv1 Wkh wklug dssurdfk ohdgv wr d FUG zlwk wkh sulpdu| vdpsolqj xqlwv dv wkh

h{shulphqwdo xqlwv1 Wklv dssurdfk lv dssursuldwh li wkh yduldwlrq zlwklq wkh sulpdu| vdpsolqj

xqlwv lv odujh dqg wkh yduldwlrq ehwzhhq wkh sulpdu| vdpsolqj xqlwv lv vpdoo ru li wkh vl}h ri wkh
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sulpdu| vdpsolqj xqlwv lv vpdoo frpsduhg wr wkh qxpehu ri wuhdwphqwv1

!#%#% '�������	 �������

Li wkh dfwlrq ri gl�huhqw w|shv ri wuhdwphqwv ru idfwruv lv lqyhvwljdwhg/ lw lv h!flhqw wr whvw wkhvh

idfwruv vlpxowdqhrxvo| lq rqh idfwruldo ghvljq lqvwhdg ri frqgxfwlqj vhsdudwh h{shulphqwv iru

hdfk ri wkhvh idfwruv +Frfkudq dqg Fr{/ 4<8:/ Fk18,1 Wkhuh duh vhyhudo dgydqwdjhv ri idfwruldo

h{shulphqwdwlrq1 Lq wkh �uvw sodfh/ li wkh gl�huhqw idfwruv duh lqghshqghqw dqg duh whvwhg lq rqh

idfwruldo ghvljq ri vl}h q/ wkh wuhdwphqw h�hfw ri hdfk idfwru lv hvwlpdwhg zlwk wkh vdph suhflvlrq

dv li hdfk idfwru zhuh whvwhg lq d vhsdudwh FUG ri vl}h q1 Wklv uhvxowv lq d frqvlghudeoh vdylqjv

lq wlph dqg frvwv1 Lq wkh vhfrqg sodfh/ li wkh idfwruv duh qrw lqghshqghqw lw ehfrphv srvvleoh

wr hvwlpdwh lqwhudfwlrq h�hfwv ri wkh gl�huhqw idfwruv dqg wr vhdufk iru wkh rswlpdo frpelqdwlrq

ri wkh ohyhov ri wkhvh idfwruv1 Hvshfldoo| li wkhuh duh lqwhudfwlrqv ehwzhhq wkh gl�huhqw idfwruv/

wkh ydolglw| ri wkh frqfoxvlrqv ri wkh h{shulphqw zloo eh lpsuryhg e| vlpxowdqhrxvo| whvwlqj

erwk idfwruv lq rqh idfwruldo ghvljq lqvwhdg ri frqgxfwlqj vhsdudwh h{shulphqwv +fruuhfw prgho

irupxodwlrq,1 Iru wklv uhdvrq lw fdq eh qhfhvvdu| wr lqwurgxfh rwkhu idfwruv lqwr wkh h{shulphqw/

zklfk duh qrw ri lqwhuhvw e| wkhpvhoyhv/ ehfdxvh wkh| lq xhqfh wkh h�hfw ri wkh idfwruv ri lqwhuhvw

e| phdqv ri lqwhudfwlrq1

!#%#( ������ �� )����	�* �	��� �
���������

Ilhog h{shulphqwv kdyh wkh dgydqwdjh wkdw wkh| duh frqgxfwhg lq wkh qdwxudo vhwwlqj ri wkh

uhvsrqghqwv zkr grq*w qhfhvvdulo| nqrz wkdw wkh| sduwlflsdwh lq dq h{shulphqw1 Li wkh h{shu0

lphqwdo xqlwv ru wkrvh zkr frqgxfw wkh h{shulphqw +iru lqvwdqfh wkh lqwhuylhzhuv, nqrz wkdw

wkh| duh sduwlflsdwlqj lq dq h{shulphqw/ wkhq wkh ehkdylru ri wkh h{shulphqwdo xqlwv pd| eh

dowhuhg/ shukdsv hyhq xqfrqvflrxvo|1 Wklv w|sh ri eldvhg uhvxowv fdq eh dyrlghg e| ghvljqlqj

eolqg ru grxeoh eolqg h{shulphqwv1 Iru h{dpsoh/ lq h{shulphqwv zkhuh wkh h�hfwv ri gl�huhqw

txhvwlrqv ru gl�huhqw vhtxhqfhv ri txhvwlrqv lq d txhvwlrqqdluh duh frpsduhg/ vnloixo xvh fdq

eh pdgh ri wkh  h{lelolw| r�huhg e| frpsxwhu dvvlvwhg lqwhuylhzlqj1 Wkh dowhuqdwlyh txhvwlrqv/

ru gl�huhqw rughu ri txhvwlrqv/ fdq eh lpsohphqwhg lq wkh vxssruwlqj vriwzduh sdfndjh1 Li wkh

urxwlqj ri wkh txhvwlrqqdluh douhdg| ghshqgv rq wkh uhvsrqvh ri wkh uhvsrqghqw/ vr wkdw hyhq

zlwkrxw dq h{shulphqw hdfk lqwhuylhz lv pruh ru ohvv xqltxh/ lqwhuylhzhu dqg uhvsrqghqw grq*w

kdyh wr nqrz wkdw wkh| duh sduwlflsdwlqj lq dq h{shulphqw1 Lq pdq| vlwxdwlrqv/ krzhyhu/ lw zloo

eh gl!fxow ru hyhq lpsrvvleoh wr ghvljq +grxeoh, eolqg h{shulphqwv gxh wr wkh qdwxuh ri wkh

wuhdwphqwv1

Wkh glvdgydqwdjhv ri eorfnlqj rq lqwhuylhzhuv lq vxfk vlwxdwlrqv lv wkdw lqwhuylhzhuv duh dzduh

wkdw wkh| sduwlflsdwh lq dq h{shulphqw1 Frqvhtxhqwo| wkhuh lv wkh gdqjhu wkdw wkh lqwhuylhzhuv

lqwurgxfh d eldv gxh wr vhohfwlyh ehkdylru1 Lq vxfk vlwxdwlrqv/ wkh h{shulphqwhu lv idfhg zlwk

wkh fkrlfh ehwzhhq d grxeoh eolqg h{shulphqw ru dq UEG zlwk lqwhuylhzhuv dv eorfn yduldeohv

exw frqvhtxhqwo| qrw grxeoh eolqg1 Wklv fkrlfh sduwldoo| ghshqgv rq wkh qxpehu dqg wkh w|sh
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ri wuhdwphqwv dqg wkh h{shulhqfh ri wkh lqwhuylhzhuv1 Li wkh lqwurgxfwlrq ri d vxevwdqwldo eldv

gxh wr d v|vwhpdwlf lqwhuylhzhu h�hfw fdq eh h{shfwhg ehfdxvh lqwhuylhzhuv nqrz wkdw wkh|

sduwlflsdwh lq dq h{shulphqw/ wkhq d grxeoh eolqg h{shulphqw zkhuh lqwhuylhzhuv duh udqgrpo|

doorwwhg ryhu wkh wuhdwphqwv lv suhihudeoh1 D ohvv suhflvh frpsdulvrq lv jhqhudoo| ohvv kdupixo

wkdq d v|vwhpdwlf lq xhqfh rq rqh ri wkh wuhdwphqwv1

Frqgxfwlqj dq hpehgghg qrw grxeoh eolqg h{shulphqw lqyroyhv wkh gdqjhu wkdw wkh uhjxodu

vxuyh|/ zklfk ehvlghv sxeolfdwlrq sxusrvhv dovr vhuyhv dv wkh frqwuro jurxs/ zloo dftxluh d kljkhu

sulrulw| wkdq wkh h{shulphqwdo jurxs dqg frqvhtxhqwo| glvwruwv wkh frqfoxvlrqv ri wkh h{shul0

phqw1 Wklv lv looxvwudwhg e| dq h{shulphqw frqgxfwhg e| wkh XV Exuhdx ri Oderu Vwdwlvwlfv

dqg wkh XV Exuhdx ri wkh Fhqvxv lq uhghvljqlqj wkh XV Fxuuhqw Srsxodwlrq Vxuyh| +FSV, +R*0

Pxlufkhduwdljk/ 4<<:,1 Lq wklv h{shulphqw wkh qhz FSV dqg wkh rog FSV zhuh uxq lq sdudooho

iru vrph shulrg1 Iluvw/ wkh qhz FSV zdv uxq lq sdudooho zlwk wkh rog FSV dv wkh uhjxodu vxuyh|/

lqglfdwlqj wkdw wkh qhz FSV zrxog ohdg wr dq lqfuhdvh ri wkh hvwlpdwhg ohyho ri xqhpsor|phqw1

Diwhu wkh fkdqjhryhu wkh rog FSV zdv frqwlqxhg lq sdudooho zlwk wkh qhz FSV dv wkh uhjxodu

vxuyh|/ dv d ixuwkhu fkhfn rq wkh revhuyhg h�hfw1 Xqiruwxqdwho|/ lq wklv fdvh wkh rog FSV vkrzhg

dq kljkhu hvwlpdwh ri xqhpsor|phqw1 R*Pxlufkhduwdljk dwwulexwhv wklv rxwfrph wr wkh h{wud

h�ruw jrlqj lqwr wkh uhjxodu vxuyh| rq erwk rffdvlrqv dqg wr wkh idfw wkdw wkh lqwhuylhzhuv zhuh

qrw eolqghg1 Qhyhuwkhohvv lw lv d jrrg phwkrgrorjlfdo sudfwlfh wr uxq wkh wzr yhuvlrqv lq sdudooho

erwk ehiruh dqg diwhu wkh fkdqjhryhu1

!#( "������� �
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Wr looxvwudwh wkh sureohpv hqfrxqwhuhg lq wkh ghvljq ri hpehgghg �hog h{shulphqwv/ d vhulhv

ri hpehgghg �hog h{shulphqwv frqgxfwhg dw Vwdwlvwlfv Qhwkhuodqgv duh ghvfulehg dqg glvfxvvhg

lq wkh iroorzlqj vhfwlrqv1 Lq wkh h{shulphqwv glvfxvvhg lq vxevhfwlrq 51714 wkurxjk 51716/ wkh

vdpsoh ri dq rqjrlqj vxuyh| kdv ehhq udqgrpo| glylghg lqwr rqh uhodwlyho| odujh vxevdpsoh

dqg rqh ru pruh vpdoohu vxevdpsohv1 Wkh odujh vxevdpsoh zdv lq idfw wkh uhjxodu vxuyh| dqg/

ehvlghv sxeolfdwlrq sxusrvhv/ vhuyhg dv wkh vwdqgdug phwkrgrorj| ru frqwuro jurxs1 Wkh rwkhu

vxevdpsohv zhuh dvvljqhg wr wkh dowhuqdwlyh wuhdwphqwv vr wkh h{shulphqw zdv frqgxfwhg lq

sdudooho zlwk wkh uhjxodu vxuyh|1 Wkh h{shulphqw glvfxvvhg lq vxevhfwlrq 51717 lv dq h{dpsoh ri

d odujh vfdoh �hog h{shulphqw/ zklfk zdv frqgxfwhg frpsohwho| vhsdudwh iurp wkh �hog zrun ri

wkh uhjxodu vxuyh|1

!#(#� ,����� '���� $����


Vhyhudo �hog h{shulphqwv kdyh ehhq frqgxfwhg wr lpsuryh wkh gdwd txdolw| ri wkh Gxwfk Oderxu

Irufh Vxuyh| +OIV,1 Wkh OIV lv edvhg rq d vwudwl�hg wzr0vwdjh vdpsoh ghvljq zlwk krxvhkrogv

dv wkh xowlpdwh vdpsolqj xqlwv1 Dw wkh �uvw vwdjh d vwudwl�hg vdpsoh ri pxqlflsdolwlhv lv gudzq/
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zkhuh vwudwd duh iruphg e| jhrjudsklf duhdv1 Dw wkh vhfrqg vwdjh d vdpsoh ri dgguhvvhv lv

gudzq/ iurp hdfk vhohfwhg pxqlflsdolw|1 Doo krxvhkrogv rq d vhohfwhg dgguhvv +zlwk d pd{lpxp

ri wkuhh, duh lqfoxghg lq wkh vdpsoh1 Wkh gdwd duh froohfwhg lq shuvrqdo lqwhuylhzv zlwk kdqg0khog

frpsxwhuv +FDSL,1

Prvw ri wkh lqirupdwlrq ri wkh OIV lv jdwkhuhg e| phdqv ri uhwurvshfwlyh txhvwlrqv/ zklfk duh

riwhq eldvhg e| phpru| h�hfwv1 Lq 4<<3 dq hpehgghg h{shulphqw zdv frqgxfwhg wr lqyhvwljdwh

zkhwkhu ru qrw wkh txdolw| ri wkhvh uhwurvshfwlyh gdwd frxog eh lpsuryhg lq whupv ri frqvlvwhqf|

dqg frpsohwhqhvv1 Lq wkh h{shulphqwdo jurxs/ d shuvrqdo fdohqgdu lqglfdwlqj lpsruwdqw hyhqwv

olnh ihvwlydov/ krolgd|v/ eluwkgd|v/ hwf1 zdv xvhg gxulqj wkh frpsohwlrq ri wkh uhwurvshfwlyh

txhvwlrqqdluhv1 Wklv lv vxssrvhg wr jlyh wkh uhvsrqghqw pqhprqlfv lq dqvzhulqj wkh vxuyh|

txhvwlrqv/ zklfk vkrxog plqlpl}h phpru| h�hfwv1

Hdfk lqwhuylhzhu zrunhg lq d sduwlfxodu lqwhuylhz glvwulfw1 Lq wkh h{shulphqw/ lqwhuylhzhuv

zhuh udqgrpo| doorfdwhg wr d frqwuro jurxs dqg dq h{shulphqwdo jurxs1 Wkh lqwhuylhzhuv lq wkh

h{shulphqwdo jurxs uhfhlyhg vshfldo lqvwuxfwlrq lq wkh xvh ri wkh fdohqgdu wr dvvlvw wkh frpsohwlrq

ri wkh txhvwlrqqdluhv1 Frqvhtxhqwo|/ wklv h{shulphqw frxog qrw eh frqgxfwhg grxeoh eolqg1

Uhvsrqghqwv lq d sduwlfxodu lqwhuylhz glvwulfw zhuh dvvljqhg wr wkh jurxs ri wkh fruuhvsrqglqj

lqwhuylhzhu1 Vr wkh| zhuh dvvljqhg wr wkh h{shulphqwdo jurxs ru wkh frqwuro jurxs/ ghshqglqj

rq wkh lqwhuylhzhu glvwulfw wkh| olyh lq1

D vljql�fdqw ghfuhdvh ri phpru| huuruv zdv revhuyhg lq wkh h{shulphqwdo jurxs1 Krzhyhu/

gxh wr wkh h{shulphqwdo ghvljq wkdw zdv fkrvhq dw wkdw wlph/ lw lv xqfohdu zkhwkhu wklv ghfuhdvh

zdv fdxvhg e| wkh h{shulphqwdo wuhdwphqw ru e| dq lqwhuylhzhu h�hfw1 Wkh h{wud wudlqlqj ri

wkh lqwhuylhzhuv lq wkh h{shulphqwdo jurxs frxog kdyh idyruhg wklv jurxs v|vwhpdwlfdoo|/ gxh

wr h{wud prwlydwlrq ru dwwhqwlyhqhvv/ dqg frqvhtxhqwo| glvwruw wkh dqdo|vlv ri wklv h{shulphqw1

Wkhvh sureohpv frxog kdyh ehhq dyrlghg e| udqgrpl}lqj krxvhkrogv zlwklq lqwhuylhz glvwulfwv

ryhu wkh wzr gl�huhqw wuhdwphqwv/ ohdglqj wr dq UEG zlwk lqwhuylhzhuv dv eorfn yduldeohv ru d

vsolw0sorw ghvljq zkhuh lqwhuylhzhuv fruuhvsrqg zlwk wkh pdlq sorwv dqg krxvhkrogv zlwk wkh vsolw

sorwv1 Pruhryhu/ li uhvsrqghqwv iurp wkh vdph krxvhkrog zhuh pruh krprjhqhrxv zlwk uhvshfw

wr wkhlu wdujhw yduldeohv/ wkhq wkh suhflvlrq ri vxfk dq h{shulphqw frxog kdyh ehhq lpsuryhg

e| udqgrpl}lqj uhvsrqghqwv zlwklq hdfk krxvhkrog ryhu wkh wzr wuhdwphqwv1 Wklv zrxog kdyh

ohg wr d vsolw0sorw ghvljq zlwk lqwhuylhzhuv dv +�{hg, eorfn yduldeohv dqg zkhuhe| krxvhkrogv

fruuhvsrqg wr wkh pdlq sorwv dqg uhvsrqghqwv wr wkh vsolw sorwv ru d vsolw0sorw ghvljq zlwk wkuhh

udqgrpl}dwlrq ohyhov1

!#(#! +������	 -����	 $����


Wkh vdpsoh ghvljq ri wkh Gxwfk Qdwlrqdo Wudyho Vxuyh| +QWV, lv vlplodu wr wkh vdpsoh ghvljq ri

wkh OIV +d vwudwl�hg wzr0vwdjh vdpsoh ghvljq zlwk krxvhkrogv dv wkh xowlpdwh vdpsolqj xqlwv,1

Rqo| wkh jhrjudsklfdo }rqlqj ri wkh dssolhg vwudwl�fdwlrq ehwzhhq wkh wzr vxuyh|v lv gl�huhqw1

Wkh gdwd duh froohfwhg lq d whohskrqh lqwhuylhz dv zhoo dv d mrxuqh| gldu| vhqw e| pdlo1 D
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ihz gd|v diwhu vhqglqj dq dgydqfh ohwwhu/ rqh ri wkh phpehuv ri wkh krxvhkrog lv frqwdfwhg e|

whohskrqh dqg dvnhg wr surylgh vrph lqirupdwlrq derxw wkh krxvhkrog vlwxdwlrq1 Qh{w/ gldulhv

duh pdlohg wr doo krxvhkrog phpehuv1 Hdfk lqglylgxdo lv dvnhg wr nhhs d uhfrug ri doo ri klv2khu

mrxuqh|v iru rqh gd|1

Wkh mrxuqh| gldu| kdv ehhq dgmxvwhg vhyhudo wlphv/ iru h{dpsoh lq rughu wr froohfw pruh

ghwdlohg lqirupdwlrq frqfhuqlqj wudyho ehkdylru ru wr phdvxuh fdusrro ehkdylru1 Ehiruh qhz

txhvwlrqv duh dgghg ru rwkhu fkdqjhv lq wkh mrxuqh| gldu| duh lpsohphqwhg dv d vwdqgdug/ lw lv

whvwhg e| phdqv ri hpehgghg h{shulphqwv li vxfk fkdqjhv uhvxow lq vljql�fdqw gl�huhqfhv lq wkh

uhvsrqvh udwhv dqg wkh hvwlpdwhv ri wkh srsxodwlrq sdudphwhuv ri wkh QWV1 Wklv hqdeohv xv wr

h{sodlq dqg txdqwli| wuhqg fkdqjhv lq wkh wlph vhulhv ri wkh srsxodwlrq sdudphwhu hvwlpdwhv1

Lq dq rwkhu hpehgghg h{shulphqw wkh srvvleoh h�hfwv ri wkh lpsohphqwdwlrq ri dq lqiruphg

frqvhqw sdudjudsk lq wkh dgydqfh ohwwhu ri wkh QWV rq uhvsrqvh udwhv dqg hvwlpdwhv ri srsxodwlrq

sdudphwhuv kdyh ehhq whvwhg +Ydq ghq Eudnho/ Oxsshv dqg Prulw}/ 4<<8,1

Lq hdfk ri wkhvh h{shulphqwv krxvhkrogv zhuh udqgrpo| glylghg lqwr d +odujh, frqwuro jurxs

dqg d +vpdoo, h{shulphqwdo jurxs1 Wkhvh h{shulphqwv zhuh grxeoh eolqg1 Wklv zdv hdvlo|

dfklhyhg/ ehfdxvh wkh h{shulphqwdo idfwruv frqfhuqhg dgmxvwphqwv lq wkh mrxuqh| gldu| +vhqw e|

pdlo, ru lq wkh dgydqfh ohwwhu1 Lq wkh dqdo|vlv ri wkh uhvsrqvh udwhv/ vwudwd zhuh lqfrusrudwhg dv

eorfn yduldeohv dqg zhuh irxqg kljko| vljql�fdqw +Ydq ghq Eudnho/ Oxsshv dqg Prulw}/ 4<<8,1 Lq

wkh fdusrro h{shulphqw/ d ihz uhvsrqghqwv zlwk h{wuhpho| orqj glvwdqfh wudyhov kdsshqhg wr eh

dvvljqhg wr wkh h{shulphqwdo jurxs1 Ehfdxvh wkh h{shulphqwdo jurxs zdv uhodwlyho| vpdoo/ wkhvh

rxwolhuv kdg txlwh d odujh lpsdfw rq wkh hvwlpdwhv ri wkh srsxodwlrq sdudphwhuv dqg frqvhtxhqwo|

uhvxowhg lq dq dssduhqwo| kljko| vljql�fdqw wuhdwphqw h�hfw1

Lq udqgrpl}hg h{shulphqwv/ wkh frqfhsw ri udqgrpl}dwlrq hqvxuhv wkdw hdfk wuhdwphqw kdv

dq htxdo suredelolw| ri ehlqj idyruhg ru kdqglfdsshg e| dq h{wudqhrxv vrxufh ri yduldwlrq dqg

frqvhtxhqwo| wkh revhuyhg h�hfwv fdq eh dvvljqhg wr wkh h{shulphqwdo wuhdwphqwv> krzhyhu/

wkhuh lv dozd|v d vpdoo srvvlelolw| wkdw wkh uhvxowv ri dq h{shulphqw duh glvwruwhg gxh wr dq

xqidyrudeoh rxwfrph ri wkh udqgrpl}dwlrq ri wkh h{shulphqwdo xqlwv ryhu wkh wuhdwphqwv zlwk

uhvshfw wr d fryduldwh1 Li dq h{shulphqwhu eholhyhv wkdw kh lv lq wklv vlwxdwlrq/ wkh ehvw rswlrq lv wr

frqgxfw dqrwkhu h{shulphqw/ exw xvxdoo| wklv lv qrw ihdvleoh gxh wr wlph dqg prqh| frqvwudlqwv1

Dv dq dowhuqdwlyh wkh wzr0vdpsoh whvw ri Zlofr{rq dqg wkh wzr0vdpsoh Nroprjrury0Vpluqry

whvw zhuh dssolhg wr dqdo|}h wkhvh h{shulphqwv ehfdxvh wkhvh whvwv duh urexvw djdlqvw rxwolhuv

dqg ylrodwlrqv ri wkh qrupdolw| dvvxpswlrq1 Wkhvh whvwv frxog qrw �qg d vljql�fdqw gl�huhqfh

ehwzhhq wkh hvwlpdwhv ri wkh srsxodwlrq sdudphwhuv ri wkh h{shulphqwdo jurxs dqg wkh frqwuro

jurxs1

D wklug h{shulphqw zdv xvhg wr whvw zkhwkhu zrunlqj zlwk wzr dowhuqdwlyh fdoolqj vfkhgxohv

frxog lpsuryh wkh uhvsrqvh udwhv dqg d�hfw hvwlpdwhv ri srsxodwlrq sdudphwhuv ri wkh QWV1 Lq

wkhvh dowhuqdwlyh fdoolqj vfkhgxohv/ wkh vdph qxpehu ri dwwhpswv wr frqwdfw uhvsrqghqwv zdv pruh

htxdoo| vsuhdg dfurvv wkh zhhngd|v dqg wkh krxuv ri wkh gd|1 Zlwklq hdfk lqwhuylhzhu krxvhkrogv
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zhuh udqgrpo| doorwwhg wr rqh frqwuro jurxs dqg wzr h{shulphqwdo jurxsv1 Frqvhtxhqwo| dq UEG

zdv rewdlqhg zlwk wkuhh wuhdwphqwv dqg zlwk lqwhuylhzhuv dv eorfn yduldeohv1 Lqwhuylhzhu h�hfwv

wxuqhg rxw wr eh kljko| vljql�fdqw zlwk uhvshfw wr wkh uhvsrqvh udwhv1 Wkh lpsohphqwdwlrq

ri wkh dowhuqdwlyh fdoolqj vfkhgxohv lq wkh vxssruwlqj frpsxwhu v|vwhp zdv txlwh frpsolfdwhg1

Wr suhfoxgh glvwruwlrq ri wkh h{shulphqw gxh wr lqlwldo sureohpv zlwk wkh frpsxwhu v|vwhp

dqg wkh ehkdylru ri wkh lqwhuylhzhuv lq wkh qhz vlwxdwlrqv ri wkh dowhuqdwlyh wuhdwphqwv/ rqh

zhhn ri suhwhvwlqj suhfhghg wkh dfwxdo h{shulphqw1 Pdq| xqiruhvhhq sudfwlfdo sureohpv/ zklfk

durvh gxulqj wklv suhwhvwlqj zhuh vroyhg dqg frqvhtxhqwo| vdyhg wkh h{shulphqw iurp v|vwhpdwlf

glvwruwlrq ri wkh h{shulphqwdo jurxsv1
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Iurp 4<;3 xqwlo 4<<5/ wkh Ylfwlpl}dwlrq Vxuyh| +YV, zdv frqgxfwhg lq rughu wr phdvxuh wkh

iuhtxhqf| ri rffxuuhqfh ri sduwlfxodu w|shv ri fulph1 Wkh vxuyh| zdv nhsw xqfkdqjhg dv orqj

dv srvvleoh lq rughu wr frqvwuxfw fulph wuhqgv1 Lq 4<<6 wkh YV zdv wudqviruphg lqwr wkh Mxvwlfh

dqg Vhfxulw| Vxuyh| +MVV,1 Lq wklv qhz vxuyh|/ vhyhudo qhfhvvdu| dqg xqdyrlgdeoh fkdqjhv zhuh

vlpxowdqhrxvo| lpsohphqwhg +Kx|v dqg Urrgxlmq/ 4<<7,1

Wkh YV zdv ruljlqdoo| edvhg rq d vwudwl�hg wkuhh0vwdjh vdpsolqj ghvljq zlwk shuvrqv dv wkh

xowlpdwh vdpsolqj xqlwv1 Lq wkh �uvw wzr vwdjhv/ krxvhkrogv zhuh gudzq lq d zd| lghqwlfdo wr

wkh vdpsolqj ghvljq ri wkh OIV1 Lq wkh wklug vwdjh rqh shuvrq zdv udqgrpo| vhohfwhg iurp wkh

krxvhkrog1 Lq wkh YV shrsoh zhuh lqwhuylhzhg derxw hyhqwv lq wkh suhfhglqj fdohqgdu |hdu1

Lqwhuylhzlqj zdv fduulhg rxw lq Mdqxdu| dqg Iheuxdu| e| phdqv ri FDSL1 Lq wkh MVV wklv vxuyh|

dssurdfk zdv ixqgdphqwdoo| fkdqjhg1 Lq wkh wklug vwdjh ri wkh vdpsoh ghvljq ri wkh MVV wzr

shuvrqv +li srvvleoh, duh udqgrpo| vhohfwhg1 Wkh MVV lv d frqwlqxrxv vxuyh| frqgxfwhg hyhu|

prqwk1 Wkh �jxuhv wr eh sxeolvkhg uhihu wr wkh wzhoyh prqwkv suhfhglqj wkh lqwhuylhz prqwk1

Wkh MVV fryhuv pruh lwhpv dqg qhz wrslfv wkdq wkh YV/ dqg wkh zruglqj ri wkh txhvwlrqv kdv

ehhq prgl�hg1

Wr pdlqwdlq wkh srvvlelolw| ri frqvwuxfwlqj fulph wuhqgv/ wkh h�hfwv ri wkh gl�huhqfhv ehwzhhq

wkh MVV dqg wkh YV rq sdudphwhu hvwlpdwhv zhuh txdqwl�hg e| phdqv ri dq h{shulphqw1 Gxulqj

rqh |hdu +4<<5,/ erwk vxuyh|v zhuh frqgxfwhg frqfxuuhqwo| dqg wuhdwhg dv uhjxodu vxuyh|v1 Lq

wklv h{shulphqw wzr vhsdudwh vdpsohv zhuh gudzq iru wkh MVV dqg wkh YV/ erwk zlwk d vdpsoh

vl}h htxdo wr wkh vl}h wkh uhjxodu YV xvhg wr kdyh1 Lqwhuylhzhuv zhuh udqgrpo| doorwwhg wr wkh

wzr wuhdwphqwv lq rughu wr nhhs wkh h{shulphqw grxeoh eolqg1 Pdq| hvwlpdwhv ri wkh fulph

�jxuhv edvhg rq wkh MVV wxuqhg rxw wr eh vljql�fdqwo| kljkhu wkdq lq wkh YV1 Lq wklv h{shulphqw

rqo| wkh wrwdo h�hfw ri doo wkh fkdqjhv lqwurgxfhg vlpxowdqhrxvo| frxog eh txdqwl�hg1 Vlpsoh

lqgh{dwlrqv zhuh ghulyhg lq rughu wr nhhs wkh �jxuhv edvhg rq wkh YV dqg wkh MVV frpsdudeoh1

D idfwruldo ghvljq vkrxog eh dssolhg wr txdqwli| wkh h�hfw ri wkh lqglylgxdo fkdqjhv dqg wkhlu

srvvleoh lqwhudfwlrq1
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Wkh Qhwkhuodqgv Ihuwlolw| dqg Idplo| Vxuyh| +QIIV, zdv frqgxfwhg lq 4<::/ 4<;5/ 4<;;/ 4<<6

dqg 4<<;1 Gdwd zhuh froohfwhg e| phdqv ri frpsxwhu dvvlvwhg shuvrqdo lqwhuylhzlqj +FDSL,1

Uhvsrqvh udwhv ri wkh QIIV whqg wr eh orz/ hvshfldoo| dprqj phq1 Wkh uhvsrqvh udwhv ri wkh

QIIV 4<<6 zhuh ohvv wkhq 83(1 Wkhuhiruh/ zh frqgxfwhg d �hog h{shulphqw lq dq dwwhpsw wr

lpsuryh wkh uhvsrqvh udwhv iru wkh QIIV 4<<; e| phdqv ri dq lqfhqwlyh1 Zh whvwhg wkh h�hfw

ri d vpdoo prqhwdu| lqfhqwlyh= rqh surplvhg/ rqh suhsdlg1 D whohskrqh fdug zlwk d ydoxh ri

QOJ 5183 zlwk d vshfldoo| ghvljqhg QIIV orjr dqg wkh Vwdwlvwlfv Qhwkhuodqgv orjr zdv xvhg

dv d prghuq prqhwdu| lqfhqwlyh1 Lq dgglwlrq zh whvwhg wkh h�hfw ri suhvhqwlqj d vkruwhqhg

txhvwlrqqdluh wr uhvsrqghqwv zkr uhixvhg wr frpsohwh wkh uhjxodu txhvwlrqqdluh ri wkh QIIV

4<<;1 Wklv surylghv dw ohdvw vrph lqirupdwlrq iurp qrq0uhvsrqghqwv rq wkh prvw uhohydqw

yduldeohv ri wkh QIIV1 Krzhyhu/ jlylqj wkh lqwhuylhzhuv wkh rssruwxqlw| ri r�hulqj srwhqwldo

qrq0uhvsrqghqwv d vkruwhqhg txhvwlrqqdluh vkrxog qrw uhvxow lq d ghfuhdvh ri wkh uhvsrqvh udwhv

iru wkh uhjxodu txhvwlrqqdluh1 Ehiruh lpsohphqwlqj wkh wzr phdvxuhv dv d vwdqgdug lq wkh QIIV

4<<; d frqwuroohg �hog h{shulphqw zdv frqgxfwhg gxulqj wkh zlqwhu ri 4<<: wr whvw wkh h�hfw ri

erwk phdvxuhv rq wkh uhvsrqvh udwhv1

Wkh h{shulphqw zdv ghvljqhg dv d 6� 5 idfwruldo udqgrpl}hg eorfn ghvljq1 Wkh �uvw idfwru

zdv dq lqfhqwlyh e| phdqv ri d whohskrqh fdug whvwhg dw wkuhh ohyhov> qr lqfhqwlyh +frqwuro

jurxs,/ d suhsdlg lqfhqwlyh dqg d surplvhg lqfhqwlyh1 Wkh vhfrqg idfwru zdv wkh srvvlelolw|

iru wkh lqwhuylhzhu wr r�hu d vkruwhqhg txhvwlrqqdluh whvwhg dw wzr ohyhov> wkh lqwhuylhzhu glg

qrw kdyh wkh srvvlelolw| wr r�hu d vkruwhqhg txhvwlrqqdluh +frqwuro jurxs, dqg wkh lqwhuylhzhu

zdv dvnhg wr r�hu uhvsrqghqwv d vkruwhqhg txhvwlrqqdluh li wkh| uhixvhg wr sduwlflsdwh zlwk wkh

uhjxodu txhvwlrqqdluh1 Whvwlqj erwk idfwruv lq rqh idfwruldo ghvljq lv pxfk pruh h!flhqw wkdq

frqgxfwlqj wzr vhsdudwh h{shulphqwv +vhfwlrq 51616,1

Iurp d wkhruhwlfdo srlqw ri ylhz/ lw frxog eh zruwkzkloh wr xvh lqwhuylhzhuv dv eorfn yduldeohv

lq dq UEG1 Wkh glvdgydqwdjh ri grlqj vr/ krzhyhu/ lv wkdw hdfk lqwhuylhzhu pxvw frqgxfw hdfk

ri wkh vl{ gl�huhqw wuhdwphqw frpelqdwlrqv1 Wklv lqfuhdvhv wkh ulvn wkdw lqwhuylhzhuv zloo frqixvh

wkh gl�huhqw wuhdwphqwv lq frqgxfwlqj wkh �hogzrun/ dqg frqvhtxhqwo| glvwruw wkh h{shulphqw1

Pruhryhu/ li lqwhuylhzhuv nqrz wkdw wkh| duh sduwlflsdwlqj lq wkh h{shulphqw wkhuh lv dozd|v wkh

ulvn wkdw wkh| zloo lqwurgxfh d eldv gxh wr vhohfwlyh ehkdylru1 Ehfdxvh uhvsrqvh udwhv whqg wr

fruuhodwh zlwk xuedql}dwlrq ohyhov/ zh ghflghg wr xvh pxqlflsdolwlhv zlwk gl�huhqw xuedql}dwlrq

ohyhov dv eorfn yduldeohv lq dq UEG dv dq dowhuqdwlyh1

Pxqlflsdolwlhv lq wkh Qhwkhuodqgv duh fodvvl�hg lqwr �yh gl�huhqw ohyhov ri xuedql}dwlrq1 Lq

wklv h{shulphqw zh vhohfwhg wkh pxqlflsdolwlhv iurp wkh �yh gl�huhqw xuedql}dwlrq ohyhov dv iro0

orzv1 Iluvw/ wkh wzr eljjhvw flwlhv +Dpvwhugdp dqg Urwwhugdp, zlwk wkh kljkhvw ghjuhh ri

xuedql}dwlrq zhuh vhohfwhg1 Wkhq/ rqh pxqlflsdolw| zdv gudzq udqgrpo| iurp hdfk ri wkh �yh

gl�huhqw xuedql}dwlrq ohyhov1 Wklv uhvxowhg lqwr wr vhyhq eorfnv ru pxqlflsdolwlhv1 Zlwklq hdfk

pxqlflsdolw|/ vl{ lqwhuylhzhuv zhuh gudzq udqgrpo| iurp Vwdwlvwlfv Qhwkhuodqgv* �hog vwd�1 Vxe0
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vhtxhqwo|/ d vdpsoh ri shuvrqv iurp wkh wdujhw srsxodwlrq ri wkh QIIV zdv gudzq lq wkh lqwhuylhz

duhd ri hdfk lqwhuylhzhu1 Zlwklq hdfk eorfn wkh vl{ lqwhuylhzhuv wrjhwkhu zlwk wkh vdpsoh gudzq

lq wkhlu lqwhuylhz duhd zhuh udqgrpl}hg ryhu wkh vl{ gl�huhqw wuhdwphqw frpelqdwlrqv ri wkh

h{shulphqw1 Wkh wrwdo vdpsoh vl}h ri wklv h{shulphqw dprxqwhg 883 shuvrqv1 Qhlwkhu wkh lqwhu0

ylhzhuv qru wkh uhvsrqghqwv nqhz wkdw wkh| zhuh sduwlflsdwlqj lq dq h{shulphqw1 D vhsdudwh

lqvwuxfwlrq vhvvlrq zdv khog iru hdfk ri wkh vl{ gl�huhqw wuhdwphqw frpelqdwlrqv wr h{sodlq wr

wkh lqwhuylhzhuv krz wr frqgxfw wkh QIIV zlwk wkhlu vshfl�f wuhdwphqw frpelqdwlrq1

Wkh h{shulphqw zdv dqdo|}hg zlwk d orjlvwlf uhjuhvvlrq prgho1 Qr vljql�fdqw lqwhudfwlrq

h�hfwv ehwzhhq wkh wzr wuhdwphqwv +r�hulqj dq lqfhqwlyh dqg d vkruwhqhg txhvwlrqqdluh, frxog

eh irxqg1 Wkh suhsdlg lqfhqwlyh uhvxowhg lq wkh kljkhvw dqg prvw vljql�fdqw h�hfw rq wkh

uhvsrqvh udwhv1 Wkh h�hfw ri wkh surplvhg lqfhqwlyh rq wkh uhvsrqvh udwhv zdv srvlwlyh exw

qrw vljql�fdqw1 Wkh h�hfw ri wkh rswlrq wr r�hu d vkruwhqhg txhvwlrqqdluh zdv vljql�fdqwo|

qhjdwlyh1 Dssduhqwo|/ wkhuh zdv d whqghqf| iru wkh uhvsrqvh udwhv ri wkh uhjxodu txhvwlrqqdluh

wr ghfolqh li wkh lqwhuylhzhu kdg wkh dowhuqdwlyh ri r�hulqj d vkruwhqhg txhvwlrqqdluh wr srwhqwldo

qrq0uhvsrqghqwv1

Ilqdoo| wkh eorfn yduldeoh kdg d vwurqj vljql�fdqw lq xhqfh rq wkh uhvsrqvh udwhv1 Kdylqj

rqo| rqh lqwhuylhzhu lq hdfk pxqlflsdolw| iru hdfk wuhdwphqw frqirxqgv wkh h�hfw ri lqwhuylhzhu

dqg pxqlflsdolw|1 Frqvhtxhqwo| wkh eorfn h�hfwv duh d pl{wxuh ri lqwhuylhzhu dqg xuedq h�hfwv1

Lq wklv vwxg|/ krzhyhu/ rxu lqwhuhvw jrhv rxw wr wkh wuhdwphqw h�hfwv dqg wklv eorfn yduldeoh

zdv rqo| xvhg wr lqfuhdvh wkh suhflvlrq ri wkh hvwlpdwhg wuhdwphqw h�hfwv1 Wkh frqirxqglqj ri

lqwhuylhzhuv dqg pxqlflsdolwlhv frxog kdyh ehhq dyrlghg e| kdylqj wzr ru pruh lqwhuylhzhuv lq

hdfk pxqlflsdolw| iru hdfk wuhdwphqw1 Zh ghflghg qrw wr lpsohphqw wklv lqwr wkh h{shulphqwdo

ghvljq/ gxh wr exgjhw frqvwudlqwv1

Edvhg rq wkh uhvxowv ri wklv �hog h{shulphqw/ wkh suhsdlg lqfhqwlyh lq wkh irup ri d whohskrqh

fdug/ zdv lpsohphqwhg dv vwdqgdug lq wkh QIIV 4<<;1 Ixuwkhupruh/ lw zdv ghflghg qrw wr xvh

wkh vkruwhqhg txhvwlrqqdluh wr rewdlq dw ohdvw vrph uhohydqw lqirupdwlrq iurp srwhqwldo qrq0

uhvsrqghqwv1 Vhh Ydq ghq Eudnho dqg Uhqvvhq +4<<</ 5333, iru d ghwdlohg ghvfulswlrq ri wkh

ghvljq/ dqdo|vlv dqg sudfwlfdo lpsolfdwlrqv ri wklv h{shulphqw1
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Lq vhfwlrq 516 zh srlqwhg rxw krz wkh sulqflsohv ri h{shulphqwdo ghvljq fdq eh dssolhg lq rughu

wr ghvljq h!flhqw hpehgghg �hog h{shulphqwv1 Khuh zh zloo glvfxvv krz vwdwlvwlfdo phwkrgv

iurp vdpsolqj wkhru| fdq eh xvhg wr vxssruw wkh dqdo|vlv ri hpehgghg h{shulphqwv li zh duh

lqwhuhvwhg lq whvwlqj k|srwkhvhv derxw �qlwh srsxodwlrq sdudphwhuv1

Lq hpehgghg h{shulphqwv/ h{shulphqwdo xqlwv duh vhohfwhg e| vrph frpsoh{ vdpsolqj ghvljq

iurp d �qlwh srsxodwlrq1 Vwdwlvwlfdo phwkrgv wudglwlrqdoo| xvhg lq wkh dqdo|vlv ri h{shulphqwdo

ghvljqv duh prgho ghshqghqw dqg w|slfdoo| uhtxluh LLG revhuydwlrqv1 Wkh vwrfkdvwlf dvvxpswlrqv
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xqghuo|lqj wkhvh whfkqltxhv/ krzhyhu/ gr qrw uh hfw wkh frpsoh{lw| wkdw lv xvxdoo| h{klelwhg e|

wkh dssolhg vdpsolqj ghvljq dqg wkh �qlwh vxuyh| srsxodwlrq iurp zklfk wkh h{shulphqwdo xqlwv

zhuh gudzq +Vnlqqhu hw do/ 4<;</ Fk14,1 Lq wkhvh fdvhv wkh dvvxpswlrq wkdw wkh revhuydwlrqv duh

LLG lv xvxdoo| qrw whqdeoh1 Wkh dssolfdwlrq ri pxowlyduldwh surfhgxuhv edvhg rq wkh dvvxpswlrq

ri LLG revhuydwlrqv lq wkh dqdo|vlv ri gdwd rewdlqhg iurp frpsoh{ vdpsolqj ghvljqv fdq ohdg wr

plvohdglqj uhvxowv +Vnlqqhu hw do/ 4<;</ Fk16,1 Wr ghdo zlwk wklv sureohp/ Vnlqqhu hw do1 +4<;<,

sursrvhv wr dgmxvw wkh dqdo|vlv uhvxowv ri wudglwlrqdo pxowlyduldwh surfhgxuhv wkdw duh edvhg rq

wkh LLG0dvvxpswlrq h{0srvw e| phdqv ri wkh vr0fdoohg plvvshfl�fdwlrq h�hfw/ zklfk hperglhv

wkh frpsoh{lw| ri wkh vdpsolqj ghvljq1

Ilhqehuj dqg Wdqxu +4<;:/ 4<;;/ 4<;<, dgyrfdwhg d prgho0edvhg dssurdfk iru wkh dqdo|vlv

ri hpehgghg �hog h{shulphqwv1 Wkh lqwhuqdo ydolglw| lv hqvxuhg e| wkh dssolfdwlrq ri vxfk

ixqgdphqwdov dv udqgrpl}dwlrq/ dqg orfdo frqwuro rq vdpsolqj vwuxfwxuhv vxfk dv vwudwd/ foxvwhuv

ru lqwhuylhzhuv lq wkh ghvljq dv zhoo dv lq wkh dqdo|vlv ri wkh hpehgghg �hog h{shulphqw1 Wkh

h{whuqdo ydolglw| lv dfklhyhg e| lqfrusrudwlqj fhuwdlq orfdo frqwuro yduldeohv/ vxfk dv lqwhuylhzhuv

ru foxvwhuv/ dv udqgrp frpsrqhqwv lq d pl{hg prgho dqdo|vlv1 Ilhqehuj dqg Wdqxu +4<;;,

vkrzhg wkdw wkh zhljkwv ri wkh dssolhg vdpsolqj ghvljq fdq eh ljqruhg lq wkh dqdo|vlv zkhq wkh

vhohfwlrq ri wkh vdpsolqj xqlwv ghshqgv rqo| rq sulru yduldeohv zklfk duh frqglwlrqhg rq lq wkh

vwdwlvwlfdo prgho dqg duh lqghshqghqw ri wkh wdujhw yduldeohv1

Iurp wkh h{dpsohv phqwlrqhg lq vhfwlrq 517/ dw ohdvw wzr sxusrvhv duh glvwlqjxlvkhg iru wkh

dqdo|vlv ri hpehgghg h{shulphqwv=

41 Lqyhvwljdwlrq ri fdxvdo uhodwlrqvklsv ehwzhhq yduldeohv1 Iru h{dpsoh wkh h�hfwv ri gl�huhqw

idfwruv rq wkh uhvsrqvh udwhv lq vdpsoh vxuyh|v/ ru idfwruv wkdw pljkw lpsuryh wkh txdolw|

ri uhwurvshfwlyh txhvwlrqv1

51 Txdqwli|lqj dqg whvwlqj wkh h�hfw ri dowhuqdwlyh vxuyh| lpsohphqwdwlrqv rq wkh hvwlpdwhv

ri �qlwh srsxodwlrq sdudphwhuv ri d vdpsoh vxuyh|1

Lq wkh �uvw vlwxdwlrq/ frqfoxvlrqv duh qrw qhfhvvdulo| jhqhudol}hg wr wkh �qlwh wdujhw srsxod0

wlrq ri rqh vshfl�f vxuyh|1 Lq vxfk vlwxdwlrqv d vwdqgdug prgho0edvhg dqdo|vlv/ srvvleo| edvhg

rq udqgrp ru pl{hg olqhdu prghov/ pljkw eh dssursuldwh1 Iru h{dpsoh wkh h{shulphqwv dlphg

wr whvw h�hfwv rq uhvsrqvh udwhv fdq eh dqdo|}hg surshuo| zlwk orjlvwlf uhjuhvvlrq prghov1 Lq

vxfk vlwxdwlrqv lw pljkw eh hyhq suhihudeoh wr ghvljq dqg frqgxfw vxfk �hog h{shulphqwv frp0

sohwho| vhsdudwh iurp wkh �hogzrun ri dq rqjrlqj vdpsoh vxuyh|/ lqvwhdg ri hpehgglqj wkhp lqwr

d vdpsoh vxuyh| lq rughu wr dyrlg glvwruwlrq ri wkh h{shulphqw/ h1j1 e| wkh frqgxfwlrq ri wkh

�hogzrun1

Lq wkh vhfrqg vlwxdwlrq/ h{shulphqwv duh xvhg iru h{dpsoh wr ghwhfw dqg txdqwli| srvvleoh

wuhqg glvuxswlrqv lq wkh wlph vhulhv ri wkh hvwlpdwhg srsxodwlrq sdudphwhuv gxh wr prgl�fdwlrqv

lq wkh vxuyh| surfhvv1 Wklv hqdeohv d vxuyh| pdqdjhu wr fkrrvh ehwzhhq wkh wudglwlrqdo vxuyh|

lpsohphqwdwlrq dqg rqh ru pruh dowhuqdwlyh dssurdfkhv dqg dffhsw h{shfwhg wuhqg fkdqjhv/ li
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wkhuh duh dq|1 Iru wklv sxusrvh wkh ghvljq ri h{shulphqwv hpehgghg lq rqjrlqj vxuyh|v zloo eh

yhu| h!flhqw vlqfh wkhvh h{shulphqwv doorz jhqhudol}lqj wkh revhuyhg uhvxowv iurp wkh vdpsoh

wr wkh �qlwh wdujhw srsxodwlrq ri wkh vdpsoh vxuyh|1 Lq wklv fdvh wkh dqdo|vlv ri dq hpehgghg

h{shulphqw jhqhudoo| vhuyhv wzr sxusrvhv=

41 Hvwlpdwlrq ri �qlwh srsxodwlrq sdudphwhuv xqghu wkh gl�huhqw vxuyh| lpsohphqwdwlrqv +ru

wuhdwphqwv,1

51 Whvwlqj k|srwkhvlv derxw wkh gl�huhqfhv ehwzhhq wkh hvwlpdwhg srsxodwlrq sdudphwhuv

rewdlqhg xqghu wkh gl�huhqw vxuyh| lpsohphqwdwlrqv1

D �uvw vwhs lq wkh dqdo|vlv ri hpehgghg h{shulphqwv lv wkh hvwlpdwlrq ri wkh �qlwh srsxodwlrq

sdudphwhuv rewdlqhg xqghu wkhN gl�huhqw vxuyh| lpsohphqwdwlrqv1 Wklv lv qhfhvvdu| lq rughu wr

txdqwli| wkh h�hfw ri dowhuqdwlyh dssurdfkhv lq uhodwlrq wr wkh vl}h ri wkhvh srsxodwlrq sdudphwhuv1

Lq dq hpehgghg h{shulphqw/ wkh vdpsoh ri dq rqjrlqj vxuyh| lv/ dffruglqj wr dq h{shulphqwdo

ghvljq/ glylghg lqwr N vxevdpsohv v& ri vl}h q&1 Wkh hohphqwv ri hdfk vxevdpsoh duh dvvljqhg

wr rqh ri wkh N wuhdwphqwv lq wkh h{shulphqw1 Vlqfh hdfk vxevdpsoh v& fdq eh frqvlghuhg dv d

+wzr0skdvh, vxuyh| vdpsoh iurp wkh �qlwh wdujhw srsxodwlrq/ d ghvljq0xqeldvhg hvwlpdwru iru wkh

srsxodwlrq sdudphwhu dv zhoo dv lwv ghvljq yduldqfh xqghu hdfk ri wkh N gl�huhqw wuhdwphqwv fdq

eh ghulyhg1 Dv d uhvxow/ N lqwhuydo hvwlpdwhv iru wkh �qlwh srsxodwlrq sdudphwhu xqghu wkh N

gl�huhqw wuhdwphqwv duh rewdlqhg1 Wkh dssolfdwlrq ri udqgrpl}hg vdpsolqj dqg ghvljq0xqeldvhg

hvwlpdwruv iru wkh �qlwh srsxodwlrq sdudphwhuv jxdudqwhhv d fruuhfw jhqhudol}dwlrq ri wkh uhvxowv

rewdlqhg iurp wkh vdpsoh wr wkh �qlwh wdujhw srsxodwlrq1 Dv d uhvxow wkh h{whuqdo ydolglw| ri

wklv dssurdfk zloo eh vwurqj1 Wkhvh lqwhuydo hvwlpdwhv/ krzhyhu/ duh qrw vx!flhqw wr whvw li

wkh gl�huhqfhv ehwzhhq wkh hvwlpdwhg srsxodwlrq sdudphwhuv duh vljql�fdqw ru qrw1 Vlqfh hdfk

vxevdpsoh lv gudzq iurp wkh vdph �qlwh srsxodwlrq zlwkrxw uhsodfhphqw/ wkhuh lv d qrq}hur

ghvljq fryduldqfh ehwzhhq wkh vxesrsxodwlrq sdudphwhu hvwlpdwhv1 Wklv ghvljq fryduldqfh zloo

jhqhudoo| eh qhjdwlyh1 Wkh yduldqfh ri wkh gl�huhqfhv ehwzhhq wkh vxevdpsoh hvwlpdwhv zloo eh

xqghuhvwlpdwhg e| ljqrulqj wklv fryduldqfh +l1h1 wkh vxevdpsoh hvwlpdwhv duh wuhdwhg dv li wkh|

duh lqghshqghqw,1

Li lw lv ljqruhg wkdw wkh h{shulphqwdo xqlwv duh gudzq iurp d �qlwh srsxodwlrq e| vrph

frpsoh{ vdpsolqj ghvljq/ wkhq wkh revhuydwlrqv fdq eh prghohg dffruglqj wr dq dssursuldwh

olqhdu prgho iru wkh dssolhg h{shulphqwdo ghvljq1 Xqghu wkh dvvxpswlrq wkdw wkh revhuydwlrqv

duh qrupdoo| dqg lqghshqghqwo| glvwulexwhg/ wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv fdq eh whvwhg

e| xvlqj h1j1 dq dssursuldwh I�whvw +vhh/ h1j1 Vfkh�ì/ 4<8< ru Vhduoh/ 4<:4,1 Vxfk dq dqdo|vlv

jxdudqwhhv d kljk ghjuhh ri lqwhuqdo ydolglw| vlqfh wkh lqihuhqfh irfxv rq wkh wuhdwphqw gl�huhqfhv

zlwklq wkh h{shulphqw1 Wkh glvdgydqwdjhv ri xvlqj d prgho0edvhg dssurdfk iru vxfk sureohpv lv

wkdw wkh lqihuhqfh frqfhuqv prgho sdudphwhuv iurp vrph vxshusrsxodwlrq dqg qrw wkh hvwlpdwhv

ri wkh sdudphwhuv ri wkh �qlwh vxuyh| srsxodwlrq/ hyhq li wkh h{whuqdo ydolglw| lv jxdudqwhhg e| wkh

xvh ri udqgrp ru pl{hg prghov1 Vlqfh wkh dqdo|vlv lv frqgxfwhg frqglwlrqdo rq wkh uhdol}dwlrq ri

wkh vdpsoh/ wkh h{whuqdo ydolglw| ri wkh uhvxowv zloo jhqhudoo| eh orz1 Iluvw/ ljqrulqj wkh vdpsolqj
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ghvljq lq wkh dqdo|vlv pljkw uhvxow lq ghvljq0eldvhg hvwlpdwhv ri wkh wuhdwphqw h�hfwv dv zhoo

dv plvohdglqj yduldqfh hvwlpdwhv lq d vhqvh wkdw wkh| duh lqfrpsdwleoh zlwk wkh ghvljq0edvhg

sdudphwhu dqg yduldqfh hvwlpdwhv ri wkh rqjrlqj vdpsoh vxuyh|1 Vhfrqg/ wkh ghshqghqw yduldeohv

lq wkh olqhdu prgho dssolhg wr dqdo|}h wkh h{shulphqw grhvq*w qhfhvvdulo| frlqflgh zlwk wkh wdujhw

sdudphwhuv dv wkh| duh gh�qhg lq wkh vdpsoh vxuyh|1 Wkhuhiruh lw lv qrw dozd|v reylrxv krz wkh

dqdo|vlv uhvxowv rewdlqhg lq d prgho0edvhg lqihuhqfh duh uhodwhg wr wkh srsxodwlrq sdudphwhuv ri

wkh vdpsoh vxuyh|/ zklfk frpsolfdwhv wkh lqwhusuhwdwlrq ri wkh uhvxowv rewdlqhg lq d prgho0edvhg

surfhgxuh1

Wr frsh zlwk wkhvh glvdgydqwdjhv zh h{soruh d ghvljq0edvhg dssurdfk1 Lq hpehgghg �hog

h{shulphqwv/ d odujh qxpehu ri h{shulphqwdo xqlwv duh gudzq iurp d �qlwh srsxodwlrq e| phdqv

ri d udqgrp vdpsolqj ghvljq dqg duh udqgrpl}hg wr wkh gl�huhqw wuhdwphqwv dffruglqj wr wkh

h{shulphqwdo ghvljq1 Dv d uhvxow/ lw ehfrphv srvvleoh wr gudz lqihuhqfhv rq �qlwh srsxodwlrq sd0

udphwhuv wkdw gr ghshqg rq d suredelolw| vwuxfwxuh lpsrvhg e| wkh ghvljq ri wkh vxuyh| dqg qrw

rq prgho sdudphwhuv iurp d vxshusrsxodwlrq wkdw ghshqgv rq dq dvvxphg suredelolw| glvwulex0

wlrq1 Wr wklv hqg/ wkh dqdo|vlv fdq eh edvhg rq wkh hvwlpdwhv ri �qlwh srsxodwlrq sdudphwhuv1 D

qdwxudo dssurdfk/ edvhg rq wkh remhfwlyh ri wkh h{shulphqw/ lv wr irupxodwh d k|srwkhvlv derxw

wkh gl�huhqfhv ehwzhhq wkh �qlwh srsxodwlrq sdudphwhuv rewdlqhg xqghu wkh gl�huhqw vxuyh|

lpsohphqwdwlrqv dqg wr frqvwuxfw h!flhqw vwdwlvwlfv wr whvw wklv k|srwkhvlv1 Edvhg rq wkh N

lqwhushqhwudwlqj vxevdpsohv/ d ghvljq0xqeldvhg hvwlpdwru iru wkh srsxodwlrq sdudphwhuv dv zhoo

dv wkh fryduldqfh pdwul{ ri wkh N � 4 frqwudvwv ehwzhhq wkhvh N srsxodwlrq sdudphwhuv fdq eh

ghulyhg xqghu wkh udqgrpl}dwlrq phfkdqlvp ri wkh vdpsolqj ghvljq dv zhoo dv wkh h{shulphqwdo

ghvljq1 Wklv uhvxow lq d ghvljq0edvhg Zdog� ru w�vwdwlvwlf wkdw gluhfwo| gudzv lqihuhqfhv derxw

+dssur{lpdwh, ghvljq0xqeldvhg hvwlpdwhv ri srsxodwlrq sdudphwhuv1 Erwk sxusrvhv ri wkh dqdo|0

vlv ri hpehgghg h{shulphqwv duh phw lq wklv surfhgxuh/ l1h1 hvwlpdwlrq ri srsxodwlrq sdudphwhuv

xqghu wkh gl�huhqw vxuyh| lpsohphqwdwlrqv dv zhoo dv whvwlqj wkh k|srwkhvlv derxw gl�huhqfhv

ehwzhhq wkh srsxodwlrq sdudphwhuv1

Wkh Kruylw}0Wkrpsvrq hvwlpdwru dv zhoo dv wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ nqrzq

iurp vdpsolqj wkhru|/ fdq eh xvhg wr frqvwuxfw vxfk whvw vwdwlvwlfv/ zklfk wdnh lqwr dffrxqw wkdw

h{shulphqwdo xqlwv duh vhohfwhg iurp d �qlwh srsxodwlrq e| vrph frpsoh{ vdpsolqj ghvljq zlwk

srvvleo| xqhtxdo lqfoxvlrq suredelolwlhv dqg2ru foxvwhulqj1 Ehvlghv wkh vdpsolqj ghvljq/ wklv

hvwlpdwru pxvw dovr wdnh lqwr dffrxqw wkh udqgrpl}dwlrq ri wkh h{shulphqwdo ghvljq dssolhg wr

dvvljq wkh h{shulphqwdo xqlwv wr wkh gl�huhqw wuhdwphqwv1 Ixuwkhupruh/ wkh xvh ri dx{loldu| lq0

irupdwlrq e| phdqv ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru pljkw qrw rqo| lqfuhdvh wkh suhflvlrq

ri wkh dqdo|vlv ri hpehgghg h{shulphqwv/ exw lw dovr pdnhv wkh dqdo|vlv pruh urexvw djdlqvw wkh

qhjdwlyh h�hfwv ri vhohfwlyh qrq0uhvsrqvh1 Vlqfh vxfk whvw vwdwlvwlfv gudz lqihuhqfhv rq ghvljq0

xqeldvhg hvwlpdwhv ri �qlwh srsxodwlrq sdudphwhuv/ d vx!flhqw ghjuhh ri h{whuqdo ydolglw| ri wkh

h{shulphqw lv jxdudqwhhg1 Wrjhwkhu zlwk wkh dssolfdwlrq ri sulqflsohv ri udqgrpl}hg h{shulphq0

wdwlrq lq wkh ghvljq vwdjh/ wklv uhvxowv lq vwdwlvwlfdo phwkrgv wkdw frpelqhv wkh lqwhuqdo ydolglw|
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rewdlqhg iurp sulqflsdov iurp h{shulphqwdo ghvljq zlwk wkh h{whuqdo ydolglw| rewdlqhg iurp wkh

ghvljq0edvhg phwkrgv ri vdpsolqj wkhru|1

!#/ ����������

Ilhog h{shulphqwv hpehgghg lq rqjrlqj vxuyh|v duh sduwlfxodu dssursuldwh li zh duh lqwhuhvwhg

lq whvwlqj k|srwkhvhv derxw wkh h�hfw ri dowhuqdwlyh vxuyh| phwkrgrorjlhv ru wuhdwphqwv rq hvwl0

pdwhv ri �qlwh srsxodwlrq sdudphwhuv ri d vdpsoh vxuyh|1 Vwdwlvwlfdo phwkrgv iurp h{shulphqwdo

ghvljqv dqg vdpsolqj wkhru| fdq eh frpelqhg lq rughu wr ghyhors h!flhqw phwkrgv iru ghvljq dqg

dqdo|vlv ri vxfk h{shulphqwv1 Sulqflsohv ri h{shulphqwdwlrq vkrxog eh dssolhg lq wkh ghvljq dqg

dqdo|vlv ri hpehgghg h{shulphqwv wr lpsuryh wkh suhflvlrq ri wkh hvwlpdwhg wuhdwphqw h�hfwv

dqg wr dyrlg glvwruwlqj wkh fdxvh0h�hfw uhodwlrqvkls ehwzhhq wuhdwphqwv dqg rxwfrphv1 Wu|lqj

wr lpsohphqw h{shulphqwv hpehgghg lq rqjrlqj vxuyh|v/ zkhuh wkh uhjxodu vxuyh| lv dovr xvhg

dv wkh frqwuro jurxs +vhh wkh h{dpsohv lq vhfwlrq 517,/ pd| frph xs djdlqvw wkh gdqjhu wkdw wkh

uhjxodu vxuyh| wdnhv sulrulw| ryhu wkh dowhuqdwlyh wuhdwphqwv e| wkh frqgxfwlrq ri wkh �hogzrun1

Wkhuhiruh lw pd| eh h!flhqw wr frqgxfw hpehgghg h{shulphqwv frpsohwho| vhsdudwh iurp wkh

�hog zrun ri uhjxodu vxuyh|v +iru h{dpsoh/ wkh QIIV0h{shulphqw glvfxvvhg lq vxevhfwlrq 51717,1

Qhyhuwkhohvv/ lq odujh0vfdoh �hog h{shulphqwv lw uhpdlqv yhu| gl!fxow wr vwdqgdugl}h wkh dssolfd0

wlrq ri wuhdwphqwv dqg wr holplqdwh ru h{huflvh vx!flhqw frqwuro ryhu h{whuqdo lq xhqfhv1 Xvxdoo|

wkh gdwd froohfwlrq ri d �hog h{shulphqw lqyroyhv pdq| shrsoh +h1j1 lqwhuylhzhuv,/ zklfk pdnhv

lw gl!fxow wr vwdqgdugl}h surwrfrov ri h{shulphqwdwlrq dqg wr vxshuylvh frpsoldqfh1 Vr wkhuh

duh pdq| vrxufhv ri h{wudqhrxv yduldwlrq wkdw fdq pdvn ru eldv wkh uhvxowv ri wkh h{shulphqw

dqg glvwruw wkh fdxvh0h�hfw uhodwlrqvkls ehwzhhq wuhdwphqwv dqg revhuyhg h�hfwv1 Wkh sulqfl0

sohv ri h{shulphqwdo ghvljqv fdq eh dssolhg lq ghvljqlqj hpehgghg �hog h{shulphqwv lq rughu wr

plqlpl}h wkh qhjdwlyh h�hfwv ri wkhvh glvwxuedqfhv1 Sdudoohov ehwzhhq vwuxfwxuhv ri h{shulphqwdo

ghvljqv dqg vdpsolqj wkhru| fdq eh h{sorlwhg lq d vwudljkwiruzdug pdqqhu e| ghvljqlqj h!flhqw

hpehgghg h{shulphqwv edvhg rq wkhvh sulqflsohv1 Wkh vwuxfwxuh ri wkh vxuyh| ghvljq irupv d

iudphzrun iru wkh ghvljq ri wkh h{shulphqw/ h1j1 orfdo frqwuro e| phdqv ri udqgrpl}dwlrq zlwklq

vwudwd/ foxvwhuv ru lqwhuylhzhuv1

Lq wklv fkdswhu zh dgyrfdwh d ghvljq0edvhg dqdo|vlv lq rughu wr gudz lqihuhqfhv derxw �qlwh

srsxodwlrq sdudphwhuv ri wkh vxuyh|1 Vxfk vwdwlvwlfdo surfhgxuhv duh fxuuhqwo| qrw jhqhudoo|

dydlodeoh1 Wkh qh{w fkdswhuv duh ghyrwhg wr ghyhors vxfk phwkrgv e| ghulylqj d ghvljq0edvhg

phwkrg iru wkh dqdo|vlv ri wkh hpehgghg FUG*v dqg UEG*v1 UEG*v hqdeohv xv wr dsso| orfdo

frqwuro rq vdpsolqj vwuxfwxuhv olnh vwudwd/ SVX*v/ foxvwhuv dqg lqwhuylhzhuv1 Wklv zloo ohdg qdw0

xudoo| wr vwdwlvwlfdo surfhgxuhv iru wkh ghvljq dqg dqdo|vlv ri hpehgghg h{shulphqwv/ frpelqlqj

wkh lqwhuqdo ydolglw| jxdudqwhhg e| phwkrgv iurp udqgrpl}hg h{shulphqwdwlrq zlwk wkh h{whuqdo

ydolglw| rewdlqhg iurp wkh wkhru| ri udqgrpl}hg vdpsolqj1
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Lq wklv fkdswhu zh ghyhors d ghvljq0edvhg wkhru| iru wkh dqdo|vlv ri hpehgghg h{shulphqwv wkdw

lv edvhg rq wkh Kruylw}0Wkrpsvrq hvwlpdwru1 Lq vhfwlrq 615 zh lqwurgxfh phdvxuhphqw huuru

prghov iru hpehgghg h{shulphqwv iru wzr fuxfldo uhdvrqv1 Iluvwo|/ lqyhvwljdwlqj wuhdwphqw h�hfwv

lpsolflwo| suhvxphv wkh h{lvwhqfh ri phdvxuhphqw huuruv dqg khqfh zh qhhg vrph wkhruhwlfdo

edfnjurxqg wr doorz iru vxfk huuruv1 Vhfrqgo|/ phdvxuhphqw huuru prghov qdwxudoo| �w lq wkh

prgho0dvvlvwhg dssurdfk ri Vçuqgdo hw do1 +4<<5,/ e| phdqv ri zklfk wuhdwphqw h�hfwv fdq eh

surshuo| lqfoxghg lq wkh �hog ri �qlwh srsxodwlrq vdpsolqj1 Dv zh zloo vhh lq vhfwlrq 616/ wkh

phdvxuhphqw huuru prgho vhuyhv dv d yhklfoh wr surshuo| gh�qh wuhdwphqw h�hfwv dqg wr olqn wkhvh

h�hfwv wr v|vwhpdwlf gl�huhqfhv ehwzhhq �qlwh srsxodwlrq sdudphwhuv revhuyhg xqghu gl�huhqw

wuhdwphqwv ru vxuyh| lpsohphqwdwlrqv1 Wklv hqdeohv xv dovr wr surshuo| gh�qh gl�huhqfhv lq

�qlwh srsxodwlrq sdudphwhuv lq wkh suhvhqfh ri phdvxuhphqw huuruv1 Lq vhfwlrq 617 zh wdnh

qrwlfh ri uhodwhg sureohpv ri frpsdulqj grpdlq phdqv dqg uhshdwhg phdvxuhphqwv lq rughu wr

dyrlg frqixvlrq zlwk rxu sureohp1 Wkh uhpdlqlqj sduwv ri wklv fkdswhu duh ghyrwhg wr ghyhorslqj

dqg glvfxvvlqj d ghvljq0edvhg Zdog0vwdwlvwlf edvhg rq wkh Kruylw}0Wkrpsvrq hvwlpdwru1

%#! 0���������� ����� ����	�

Whvwlqj v|vwhpdwlf h�hfwv ri gl�huhqw vxuyh| phwkrgrorjlhv rq wkh revhuydwlrqv rewdlqhg iurp

wkh hohphqwv lq wkh vdpsoh lpsolhv wkh h{lvwhqfh ri phdvxuhphqw huuruv1 Wkhuhiruh zh vwduw zlwk

wkh vshfl�fdwlrq ri phdvxuhphqw huuru prghov iru wkh revhuydwlrqv rewdlqhg xqghu wkh gl�huhqw

vxuyh| lpsohphqwdwlrqv ru wuhdwphqwv ri wkh h{shulphqw1 Zh zloo iroorz wkh dssurdfk wr phd0

vxuhphqw huuru prgholqj lq vxuyh|v ri Elhphu hw do1 +4<<4,1 Frqvlghu d �qlwh srsxodwlrq X ri

Q lqglylgxdov1 Ohw yduldeoh |k�& ghqrwh wkh uhvsrqvh ri wkh l�wk lqglylgxdo +l @ 4> 5> = = = > Q, re0

vhuyhg e| phdqv ri wuhdwphqw n +n @ 4> 5> = = = >N, rq wkh ��wk rffdvlrq1 Lq vdpsolqj wkhru| lw lv
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jhqhudoo| dvvxphg wkdw wkh revhuydwlrqv rewdlqhg iurp wkh vdpsolqj xqlwv duh �{hg1 Lq frqwudu|

wr wklv zh dvvxph khuh wkdw wkh uhvsrqvh yduldeoh lv udqgrp/ zklfk lv h{suhvvhg e| dgglqj wkh

vxshuvfulsw �1 Wkh prvw vlpsoh phdvxuhphqw huuru prgho vshfl�hv wkdw dq revhuydwlrq |k�& lv

wkh vxp ri wkuhh whupv/ d wuxh/ lqwulqvlf ydoxh x� ri lqglylgxdo l/ d wuhdwphqw h�hfw �& dqg dq

huuru frpsrqhqw %k�&1 Frqvhtxhqwo|/ zh fdq zulwh |k�& @ x� . �& . %k�&1 Wkh wuhdwphqw h�hfwv

dv zhoo dv wkh huuru whupv duh frqfhswxdo1 Iru hdfk lqglylgxdo lq wkh srsxodwlrq lw lv dvvxphg

wkdw wkhuh lv dq lq�qlwh srsxodwlrq ri srwhqwldo huuruv iru hdfk ri wkh N gl�huhqw wuhdwphqwv

+ru vxuyh| phwkrgrorjlhv,1 Wkh huuru whup %k�& lv dvvxphg wr eh d uhdol}dwlrq ri d k|srwkhwl0

fdo glvwulexwlrq rewdlqhg rq wkh ��wk rffdvlrq wkdw lqglylgxdov l wuxh ydoxh x� lv phdvxuhg e|

phdqv ri wuhdwphqw n1 Wklv prgho doorzv iru voljkw yduldwlrqv lq wkh uhvsrqvh ri lqglylgxdo l e|

uhshdwhg phdvxuhphqwv rq gl�huhqw rffdvlrqv1 Vlqfh zh kdyh gh�qhg N uhvsrqvh yduldeohv iru

hdfk lqglylgxdo rewdlqhg xqghu N gl�huhqw wuhdwphqwv/ zh fdq h{suhvv wkh edvlf phdvxuhphqw

huuru prgho lq pdwul{ qrwdwlrq dv

|k� @ mx� . � . %k� > +614,

zkhuh |k� @ +|k��> = = = > |
k
�g,

|/ � @ +��> = = = > �g,
|/ %k� @ +%k��> = = = > %

k
�g,

| dqg m d yhfwru ri rughu N

zlwk hdfk hohphqw htxdo wr rqh1 Ohw Hk dqg Fryk ghqrwh wkh h{shfwdwlrq dqg wkh fryduldqfh

zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho1 Wkh iroorzlqj dvvxpswlrqv duh pdgh=

Hk+%
k
� , @ 3> +615,

Fryk+%
k
� > %

k|

�� , @

;?= 	� = l @ l�

R = l 9@ l�
> +616,

zkhuh 3 lv d yhfwru ri rughu N zlwk hdfk hohphqw }hur dqg R d pdwul{ ri rughu N �N zlwk

hdfk hohphqw }hur1 Wkh prgho vshfl�hg e| +614,/ +615, dqg +616, zloo eh uhihuuhg wr dv wkh edvlf

phdvxuhphqw huuru prgho iru wkh N vxuyh| vwudwhjlhv1 Udqgrp huuruv ehwzhhq lqglylgxdov duh

prghohg wr eh lqghshqghqw/ zkloh udqgrp huuruv zlwklq lqglylgxdov pd| eh ghshqghqw1

Li wkhuh duh lqwhudfwlrqv ehwzhhq wuhdwphqwv dqg lqglylgxdov/ wkhq wkh wuhdwphqw h�hfwv

gl�hu ehwzhhq wkh lqglylgxdov1 D phdvxuhphqw huuru prgho zlwk dgglwlyh wuhdwphqw h�hfwv lv

qhyhuwkhohvv vwloo dssolfdeoh dv orqj dv zh duh lqwhuhvwhg lq wkh dyhudjh wuhdwphqw h�hfw1 Li ��&

ghqrwhv wkh h�hfw ri wuhdwphqw n dw wkh l�wk lqglylgxdo/ wkhq �& lq +614, ghqrwhv wkh dyhudjh

wuhdwphqw h�hfw lq wkh �qlwh srsxodwlrq/ l1h1 �& @ +4@Q,
S�

�'� ��&1 Vlqfh zh ljqruh wkhvh

lqwhudfwlrqv lq wkh phdvxuhphqw huuru prgho/ wkh frqfoxvlrqv ri rxu dqdo|vlv lq vxfk vlwxdwlrqv

frqfhuq wkh wuhdwphqw h�hfwv dyhudjhg ryhu wkh Q hohphqwv lq wkh �qlwh srsxodwlrq +vhh h1j1

Vfkh�ì/ 4<8</ Fk1 714,1 Wklv fdq dovr eh frqfoxghg iurp irupxod +6144, lq vhfwlrq 6161

Lq pdq| vlwxdwlrqv wkhuh pd| eh vrph v|vwhpdwlf foxvwhulqj ru fruuhodwlrq ehwzhhq wkh

uhvsrqvh ri wkh lqglylgxdov wkdw ylrodwhv +615, ru +616,1 Iru h{dpsoh/ gxh wr lqwhuylhzhu h�hfwv

phdvxuhg ydoxhv froohfwhg e| wkh vdph lqwhuylhzhu pljkw eh fruuhodwhg ru v|vwhpdwlfdoo| eldvhg1

Wklv h�hfw lv/ krzhyhu/ qrw xqltxh wr lqwhuylhzhuv1 Rwkhu frpprq idfwruv/ vxfk dv frghuv dqg

vxshuylvruv/ pd| dovr lqgxfh fruuhodwlrq ru eldv dprqj wkh uhvsrqvh ri wkh lqglylgxdov1 Zh
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zloo uhihu wr wklv idfwru dv dq lqwhuylhzhu/ nhhslqj lq plqg wkdw wkhuh duh rwkhu srvvleoh vrxufhv

iru fruuhodwhg uhvsrqvh ru eldv1 Wkh edvlf phdvxuhphqw huuru prgho fdq eh h{whqghg zlwk d

yduldeoh wkdw ghvfulehv wklv w|sh ri fruuhodwlrq ru eldv1 Ohw M ghqrwh wkh qxpehu ri lqwhuylhzhuv

dydlodeoh wr fduu| rxw wkh �hogzrun ri d vxuyh| dqg v� wkh vxevdpsoh zlwk lqglylgxdov dvvljqhg

wr wkh m�wk lqwhuylhzhu/ m @ 4> = = = > M 1 Wkh phdvxuhphqw huuru prgho iru N vxuyh| vwudwhjlhv

zlwk lqwhuylhzhu h�hfwv lv gh�qhg dv

|k� @ mx� . � . m�k� . %k� > +617,

zkhuh �k� ghqrwhv wkh lqwhuylhzhu h�hfw ri wkh l�wk lqglylgxdo1 Wklv lqwhuylhzhu h�hfw lv prghohg

dv

�k� @ #sE�� . �ksE�� +618,

zkhuh i lv d ixqfwlrq/ zklfk dvvljqv wkh l�wk lqglylgxdo wr rqh ri wkh M lqwhuylhzhuv1 Zlwkrxw

orvv ri jhqhudolw| lw lv dvvxphg wkdw wkh l�wk lqglylgxdo lv dvvljqhg wr wkh m�wk lqwhuylhzhu/ l1h1

i+l, @ m1 Khuh/ #� ghqrwhv wkh v|vwhpdwlf huuru frpsrqhqw gxh wr wkh �{hg lqwhuylhzhu h�hfw

ri wkh m�wk lqwhuylhzhu1 Wklv huuru lv wkh vdph iru doo lqglylgxdov dvvljqhg wr wklv lqwhuylhzhu1

Wkh frpsrqhqw �k� ghqrwhv wkh udqgrp huuru gxh wr wkh m�wk lqwhuylhzhu dqg lv dvvxphg wr

eh d uhdol}dwlrq iurp d k|srwkhwlfdo huuru glvwulexwlrq zlwk dq h{shfwdwlrq htxdo wr }hur dqg

d yduldqfh htxdo wr �2� rq wkh ��wk rffdvlrq wkdw lqglylgxdo l lv lqwhuylhzhg e| lqwhuylhzhu m1

Wkh uhdol}dwlrq ri �k� pd| gl�hu ehwzhhq wkh lqglylgxdov wkdw duh dvvljqhg wr wklv lqwhuylhzhu1

Ehvlghv prgho dvvxpswlrqv +615, dqg +616,/ wkh iroorzlqj prgho dvvxpswlrqv duh pdgh=

Hk+�
k
sE��, @ 3> +619,

Fryk+�
k
sE��> �

k
sE���, @

;?= �2� = i+l, @ i+l�, @ m

3 = i+l, 9@ i+l�,
> +61:,

Fryk+%
k
�&> �

k
sE��, @ 3> n @ 4> 5> = = = >N= +61;,

Wklv phdvxuhphqw huuru prgho doorzv iru pl{hg lqwhuylhzhu h�hfwv1 Li #� @ 3/ wkhq d prgho zlwk

rqo| udqgrp lqwhuylhzhu h�hfwv lv rewdlqhg1 Wklv phdvxuhphqw huuru prgho pljkw eh uhdolvwlf

li dq lqwhuylhzhu/ e| uhshdwhg phdvxulqj rq gl�huhqw rffdvlrqv dqg gl�huhqw lqglylgxdov/ grhv

qrw eldv wkh uhvsrqvh v|vwhpdwlfdoo| exw rqo| lqfuhdvh wkh yduldqfh ri wkh phdvxuhphqw huuruv1

Li �2� @ 3/ wkhq d prgho zlwk rqo| �{hg lqwhuylhzhu h�hfwv lv rewdlqhg1 Wklv phdvxuhphqw huuru

prgho pljkw eh uhdolvwlf li dq lqwhuylhzhu/ e| uhshdwhg phdvxulqj rq gl�huhqw rffdvlrqv dqg

gl�huhqw lqglylgxdov/ v|vwhpdwlfdoo| eldvhv wkh uhvsrqvh zlwk d �{hg ydoxh1 Wkhuh lv dq h{whqvlyh

erg| ri olwhudwxuh derxw udqgrp dqg �{hg h�hfw prghov iru vlwxdwlrqv zkhuh gdwd duh dvvxphg

wr eh lghqwlfdoo| dqg lqghshqghqwo| glvwulexwhg1 Zh uhihu wr Vfkh�ì +4<8<, dqg Vhduoh +4<:4,

iru d pruh ghwdlohg glvfxvvlrq1

Wkhuh pd| eh lqwhudfwlrqv ehwzhhq wuhdwphqwv dqg lqwhuylhzhuv uhvxowlqj lq �{hg lqwhuylhzhu

h�hfwv wkdw ghshqg rq wkh wuhdwphqw +l1h1 #�&,1 Dv orqj dv rxu lqwhuhvw jrhv rxw wr wkh wuhdwphqw
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h�hfwv dyhudjhg ryhu wkh lqwhuylhzhuv dydlodeoh wr frqgxfw wkh �hog zrun/ phdvxuhphqw huuru

prgho +617, lv vwloo dssolfdeoh1 Wklv iroorzv dovr irupxod +6144, lq vhfwlrq 6161

Lw iroorzv iurp wkh prgho dvvxpswlrqv wkdw

Hk+|
k
� , @ mx� . m#sE�� . �> +61<,

dqg

Fryk+|
k
� >|

k
��, @

;AA?AA=
	� . M�2� = l @ l� dqg i+l, @ m

M�2� = l 9@ l� dqg i+l, @ i+l�, @ m

R = l 9@ l� dqg i+l, 9@ i+l�,

+6143,

zkhuh M lv d N �N pdwul{ zlwk hdfk hohphqw htxdo wr rqh1 Reylrxvo|/ dq| fruuhodwlrq ehwzhhq

wkh uhvsrqvh ri gl�huhqw lqglylgxdov dvvljqhg wr wkh vdph lqwhuylhzhu fdq eh prghohg e| phdqv

ri udqgrp lqwhuylhzhu h�hfwv1 Dq| �{hg lqwhuylhzhu h�hfwv lq xhqfhv wkh eldv ri wkh uhvsrqvh

ydoxhv1

Nqrzohgjh derxw wkh vdpsolqj ghvljq ru srvvleoh lqwhuylhzhu h�hfwv sod|v dq lpsruwdqw

uroh lq wkh ghvljq ri hpehgghg �hog h{shulphqwv +vhh fkdswhu 5,1 Dq UEG pljkw eh h!flhqw

li zh fdq glylgh wkh lqglylgxdov lq wkh vdpsoh v lqwr jurxsv ru eorfnv wkdw duh pruh ru ohvv

krprjhqhrxv zlwk uhvshfw wr wkhlu phdvxuhphqwv |k� 1 Iluvwo|/ krprjhqhlw| lq |k� fdq dulvh

gxh wr krprjhqhlw| lq wkh lqglylgxdov wuxh ydoxhv x�1 Wklv lv hvshfldoo| wkh fdvh lq vwudwl�hg

vdpsolqj/ foxvwhu vdpsolqj ru wzr0vwdjh vdpsolqj/ vlqfh wkh wdujhw yduldeohv x� ri lqglylgxdov

iurp wkh vdph vwudwxp/ foxvwhu ru SVX whqg wr eh pruh krprjhqrxv frpsduhg zlwk lqglylgxdov

iurp gl�huhqw vwudwd/ foxvwhuv ru SVX*v1 Wkhuhiruh/ xqghu wkh edvlf phdvxuhphqw huuru prgho/

wkh dssolfdwlrq ri dq UEG zlwk vdpsolqj vwuxfwxuhv olnh vwudwd/ SVX*v ru foxvwhuv dv eorfn

yduldeohv pljkw eh h!flhqw1 Vhfrqgo|/ gxh wr udqgrp ru �{hg lqwhuylhzhu h�hfwv wkh uhvsrqvh

ri vdpsolqj xqlwv lqwhuylhzhg e| wkh vdph lqwhuylhzhu pljkw eh pruh krprjhqhrxv1 Wkhuhiruh/

xqghu wkh phdvxuhphqw huuru prgho zlwk lqwhuylhzhu h�hfwv/ wkh dssolfdwlrq ri dq UEG zlwk

lqwhuylhzhuv dv eorfn yduldeohv pljkw eh h!flhqw1 Zkhq qr vxfk h�hfwv duh h{shfwhg/ d FUG

pd| eh pruh vxlwdeoh vr dv wr dyrlg xqqhfhvvdulo| frpsolfdwlrqv/ h1j1 lq wkh �hog zrun +vhh h1j1

vhfwlrq 516,1

%#% 1
�������� �������

D vxevwdqwldo sduw ri wkh dqdo|vlv ri hpehgghg h{shulphqwv frqfhuqv ri whvwlqj wkh k|srwkhvhv ri

qr wuhdwphqw h�hfwv zlwk uhvshfw wr �qlwh srsxodwlrq sdudphwhuv1 Hvshfldoo| xqghu d phdvxuh0

phqw huuru prgho zlwk lqwhuylhzhu h�hfwv/ lw lv lpsruwdqw wkdw vxfk sdudphwhuv duh gh�qhg suh0

flvho|1 Wkhuhiruh zh frqfhswxdoo| glylgh wkh srsxodwlrq X ri vl}h Q lqwr M jurxsv X� ri vl}h Q� /

m @ 4> = = = > M / vxfk wkdw doo lqglylgxdov zlwklq d jurxs duh srwhqwldoo| lqwhuylhzhg e| wkh vdph lq0

whuylhzhu dqg lqglylgxdov ehwzhhq jurxsv e| gl�huhqw lqwhuylhzhuv1 Ohw �\k @ +�\ k
� >

�\ k
2 > = = = >

�\ k
g,

|
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ghqrwh wkh N glphqvlrqdo yhfwru ri srsxodwlrq phdqv ri |k� / l1h1

�\k @ m
4

Q

�[
�'�

x� . � . m

a[
�'�

Q�

Q
#� . m

a[
�'�

Q�

Q
�k� .

4

Q

�[
�'�

%k� = +6144,

Wkh remhfwlyh ri wkh h{shulphqw lv wr lqyhvwljdwh zkhwkhu wkhuh duh v|vwhpdwlf gl�huhqfhv ehwzhhq

wkhN srsxodwlrq phdqv ri �\k gxh wr wkhN gl�huhqw vxuyh| vwudwhjlhv ru wuhdwphqwv1 Wkhuhiruh/

udqgrp ghyldwlrqv ehwzhhq wkh frpsrqhqwv ri �\k gxh wr rwkhu w|shv ri phdvxuhphqw huuruv

+lqfoxglqj wkh lqwhuylhzhu h�hfwv, vkrxog qrw ohdg wr vljql�fdqw gl�huhqfhv lq wkh dqdo|vlv1 Wklv

fdq eh dffrpsolvkhg e| irupxodwlqj k|srwkhvhv derxw

Hk+�\
k, @ m

4

Q

�[
�'�

x� . m

a[
�'�

Q�

Q
#� . � � �\ +6145,

lqvwhdg ri +6144,/ zkhuh wkh h{shfwdwlrq lv wdnhq ryhu wkh phdvxuhphqw huuru prgho1 Vlqfh zh

duh pdlqo| lqwhuhvwhg lq v|vwhpdwlf wuhdwphqw h�hfwv wkh iroorzlqj k|srwkhvlv lv irupxodwhg=

Kf = Hk+ �\
k
� , @ Hk+ �\

k
2 , @ = = = @ Hk+ �\

k
g,> +wkhuh duh qr wuhdwphqw h�hfwv,>

K� = Hk+ �\
k
& , 9@ Hk+ �\

k
&� ,> +n> n

� @ 4> 5> = = = >N dqg n 9@ n� iru dw ohdvw rqh sdlu,= +6146,

K|srwkhvlv +6146, fdq dovr eh zulwwhq lq pdwul{ qrwdwlrq dv=

Kf = FHk �\
k @ 3>

K� = FHk �\
k 9@ 3> +6147,

zkhuh 3 ghqrwhv d yhfwru ri rughu N� 4 zlwk hdfk hohphqw htxdo wr }hur dqg F d ++N�4,�N,

pdwul{ frqwdlqlqj wkh N � 4 frqwudvwv ehwzhhq wkh hohphqwv ri Hk �\
k/ iru h{dpsoh=

F @

3EEEEEEC
4 �4 3 = = = 3 3

3 4 �4 = = = 3 3
111

111
111

111
111

3 3 3 = = = 4 �4

4FFFFFFD @

�
L
111 3

�
.

�
3

111 � L

�
+6148,

ru/

F @

3EEEEEEC
4 �4 3 = = = 3 3

4 3 �4 = = = 3 3
111

111
111

111
111

4 3 3 = = = 3 �4

4FFFFFFD @

�
m
111 � L

�
> +6149,

zkhuh m lv d yhfwru zlwk rqhv ri rughu +N�4,/ dqg L wkh lghqwlw| pdwul{ ri rughu ++N�4,�+N�4,,1

Vlqfh Fm @ 3/ lw iroorzv wkdw F�\ @ F� dqg k|srwkhvlv +6147, frqfhuqv wkh wuhdwphqw h�hfwv

dv uhsuhvhqwhg e| �1 Wkh gl�huhqfhv ehwzhhq wkh srsxodwlrq sdudphwhuv qhdwo| fruuhvsrqg wr

wkh wuhdwphqw h�hfwv1 Iru uhdvrqv wkdw duh jlyhq lq vhfwlrq 518 zh hpskdvlv/ krzhyhu/ wkdw wklv

k|srwkhvlv zloo eh whvwhg e| hvwlpdwlqj �\ lqvwhdg ri �/ wdnlqj lqwr dffrxqw erwk wkh vdpsolqj

ghvljq dqg wkh h{shulphqwdo ghvljq1 Wklv zk| wklv dssurdfk lv fdoohg ghvljq0edvhg/ hyhq wkrxjk
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wkh k|srwkhvlv fdq eh h{suhvvhg lq whupv ri d prgho sdudphwhu1 Wkh phdvxuhphqw huuru prgho

lv rqo| xvhg wr surshuo| gh�qh wkh �qlwh srsxodwlrq sdudphwhuv lq fdvh ri phdvxuhphqw huuruv

vxfk dv wuhdwphqw h�hfwv1 Lq wkh uhpdlqghu ri wklv vhfwlrq/ zh rqo| vnhwfk wklv dssurdfk1 Lw zloo

eh ixuwkhu ghyhorshg lq vhfwlrqv 618 wkurxjk 61: dqg lq fkdswhu 71

Wr whvw wkh k|srwkhvlv vshfl�hg e| +6147,/ d vdpsoh v ri q lqglylgxdov lv dydlodeoh/ zkhuh

v lv gudzq iurp d �qlwh srsxodwlrq X ri vl}h Q e| vrph frpsoh{ vdpsolqj ghvljq zlwk �uvw0

rughu lqfoxvlrq suredelolwlhv �� iru vdpsolqj xqlw l dqg vhfrqg0rughu lqfoxvlrq suredelolwlhv ���� iru

vdpsolqj xqlwv l dqg l�1 Dffruglqj wr wkh h{shulphqwdo ghvljq wkh q lqglylgxdov +ru h{shulphqwdo

xqlwv, duh udqgrpl}hg ryhu N vxevdpsohv v& ri vl}h q&1 Wkh h{shulphqwdo xqlwv ri vxevdpsoh

v& duh dvvljqhg wr rqh ri wkh N wuhdwphqwv1 Dv d frqvhtxhqfh/ rqo| rqh ri wkh frpsrqhqwv ri

|k� / l 5 v/ lv dfwxdoo| revhuyhg1

Lq vhfwlrq 518 lw zdv hpskdvl}hg wkdw lq wkh dqdo|vlv ri hpehgghg h{shulphqwv/ wkh dvvxps0

wlrq ri LLG revhuydwlrqv lv jhqhudoo| qrw whqdeoh/ zklfk frpsolfdwhv wkh dssolfdwlrq ri vwdqgdug

prgho0edvhg surfhgxuhv1 Jhqhudoo|/ wkh sxusrvh ri hpehgghg h{shulphqwv lv wr hvwlpdwh �qlwh

srsxodwlrq sdudphwhuv xqghu gl�huhqw vxuyh| lpsohphqwdwlrqv dqg wr whvw k|srwkhvhv derxw wkh

gl�huhqfhv ehwzhhq wkhvh srsxodwlrq sdudphwhu hvwlpdwhv1 Frqvlghu d vdpsolqj vfkhph zlwk xq0

htxdo lqfoxvlrq suredelolwlhv ru d vhoi0zhljkwhg vdpsolqj vfkhph zkhuh gl�huhqw uhvsrqvh udwhv

ehwzhhq jhrjudsklfdo uhjlrqv ohdg wr xqhtxdo qhw lqfoxvlrq suredelolwlhv1 Ljqrulqj wkh vdpsolqj

ghvljq lq wkh dqdo|vlv ri dq hpehgghg h{shulphqw zloo jhqhudoo| uhvxow lq ghvljq0eldvhg hvwl0

pdwhv iru wkh �qlwh srsxodwlrq sdudphwhuv dv zhoo dv plvohdglqj yduldqfh hvwlpdwhv1 Pruhryhu/

d prgho0edvhg surfhgxuh grhv qrw qhfhvvdulo| whvw k|srwkhvhv derxw h�hfwv ri dowhuqdwlyh vxu0

yh| dssurdfkhv rq wkh hvwlpdwhv ri �qlwh srsxodwlrq sdudphwhuv1 Wkhuhiruh wkh dqdo|vlv uhvxowv

rewdlqhg lq d vwdqgdug prgho0edvhg surfhgxuh pljkw eh lqfrpphqvxudeoh zlwk wkh vdpsolqj

uhvxowv ri wkh rqjrlqj vxuyh|1

Wr gudz lqihuhqfhv derxw �\/ wkh dqdo|vlv qhhgv h{solflwo| wdnh lqwr dffrxqw wkh suredelolw|

vwuxfwxuh lpsrvhg e| wkh fkrvhq vdpsolqj ghvljq xvhg wr gudz v/ dv zhoo dv wkh udqgrpl}dwlrq

phfkdqlvp ri wkh h{shulphqwdo ghvljq xvhg wr glylgh v lqwr N vxevdpsohv1 Wkh Zdog whvw

+Zdog/ 4<76,/ lv iuhtxhqwo| dssolhg lq ghvljq0edvhg whvwlqj surfhgxuhv +vhh h1j1 Vnlqqhu hw do

4<;< ru Ohkwrqhq dqg Sdknlqhq 4<<8,1 Wr whvw k|srwkhvhv +6147, zh zloo ghulyh ghvljq0edvhg

Zdog vwdwlvwlfv xqghu wkh mrlqw suredelolw| vwuxfwxuh ri wkh vdpsolqj ghvljq dqg wkh h{shulphqwdo

ghvljq1 Ohw a�\
k
ghqrwh d ghvljq0xqeldvhg hvwlpdwru iru Hk �\

k dqg Y wkh fryduldqfh pdwul{ ri
a�\
k
zlwk uhvshfw wr wkh vdpsolqj ghvljq/ wkh h{shulphqwdo ghvljq dqg wkh phdvxuhphqw huuru

prgho1 Li Y lv nqrzq/ wkhq +6147, fdq eh whvwhg e| wkh Zdog vwdwlvwlf

Z @ a�\
k|

F|
�
FYF|

�3�
Fa�\

k
= +614:,

Lq jhqhudo Y lv xqnqrzq dqg kdv wr eh hvwlpdwhg1 Dv rqo| rqh ri wkh frpsrqhqwv ri |k� / l 5 v/

lv dfwxdoo| revhuyhg/ d ghvljq0xqeldvhg hvwlpdwru iru Y zloo eh kdug wr ghulyh1 Ydq ghq Eudnho

dqg Elqghu +5333, wulhg wr ryhufrph wklv sureohp e| lpsxwlqj wkh xqrevhuyhg frpsrqhqwv1
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Wkh xvhixoqhvv ri wkhlu uhvxowv/ krzhyhu/ ghshqgv rq wkh fruuhfwqhvv ri wkh lpsxwdwlrq prgho1

Iruwxqdwho|/ dv lv dssduhqw iurp +614:,/ lw vx!fhv/ wr ghulyh dq +dssur{lpdwho|, ghvljq0xqeldvhg

hvwlpdwru iru wkh fryduldqfh pdwul{ ri wkh N�4 frqwudvwv ri a�\
k
/ ghqrwhg gFYF|

1 Dv zloo iroorzv/

wklv fryduldqfh pdwul{ ri frqwudvwv grhv qrw vx�hu iurp wkh idfw wkdw rqo| rqh frpsrqhqw ri

|k� lv revhuyhg1 K|srwkhvlv +6147, fdq eh whvwhg e| phdqv ri wkh iroorzlqj ghvljq0edvhg Zdog

vwdwlvwlf=

Z @ a�\
k|

F|
� gFYF|

�3�
Fa�\

k
= +614;,

Li D lv qrqvlqjxodu/ dq| F� @ DF jlyhv wkh vdph vwdwlvwlf +614:,1 Iru uhdvrqv ri pdwkhpdwlfdo

frqyhqlhqfh/ zh suhihu wkh frqwudvw pdwul{ +6149,1 Ehvlghv/ wklv pdwul{ kdv wkh iroorzlqj qlfh

lqwhusuhwdwlrq1 Jhqhudoo| wkh sxusrvh ri dq hpehgghg h{shulphqw lv wr frpsduh wkh srsxodwlrq

sdudphwhu hvwlpdwhv ri wkh rqjrlqj vxuyh| zlwk wkh hvwlpdwhv rewdlqhg xqghu dowhuqdwlyh ds0

surdfkhv1 Wkhuhiruh wkh uhjxodu vxuyh| vhuyhv/ ehvlghv wkh r!fldo sxeolfdwlrq sxusrvhv/ dovr dv

wkh frqwuro jurxs lq wkh h{shulphqw1 Vxssrvh/ zlwkrxw orvv ri jhqhudolw|/ wkdw wkh rqjrlqj vxu0

yh| fruuhvsrqgv zlwk wkh �uvw vxevdpsoh1 Wkhq wkh �uvw froxpq ri +6149, reylrxvo| fruuhvsrqgv

zlwk wkh frqwuro jurxs1

Zh sursrvh xvlqj wkh Kruylw}0Wkrpsvrq hvwlpdwru dqg wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru

dv +dssur{lpdwho|, ghvljq0xqeldvhg hvwlpdwruv iru Hk �\
k dqg gFYF|

1 Dv d uhvxow/ d vwdwlvwlfdo

whvw lv rewdlqhg wkdw wdnhv lqwr dffrxqw wkdw h{shulphqwdo xqlwv duh vhohfwhg iurp d �qlwh srs0

xodwlrq e| vrph frpsoh{ vdpsolqj ghvljq zlwk srvvleo| xqhtxdo lqfoxvlrq suredelolwlhv dqg2ru

foxvwhulqj1 Ixuwkhupruh/ vxfk d ghvljq0edvhg dssurdfk pdnhv lw srvvleoh wr lqfrusrudwh wkh

zhljkwlqj vfkhph ri wkh vxuyh| lq wkh dqdo|vlv ri dq hpehgghg h{shulphqw1 Vhfwlrqv 618 dqg

619 ixuwkhu hoderudwh rq wkh hvwlpdwruv a�\
k
dqg gFYF|

lq wkh Zdog vwdwlvwlf e| phdqv ri wkh

Kruylw}0Wkrpsvrq hvwlpdwru1 Lq fkdswhu 7/ zh h{whqg wklv wkhru| wr wkh jhqhudol}hg uhjuhvvlrq

hvwlpdwru1 Ehiruh zh vwduw zlwk wklv/ vrph uhodwhg sureohpv duh glvfxvvhg �uvw lq vhfwlrq 6171

%#( 2�	���� ����	���

Dw �uvw vljkw/ wkh N�vdpsoh sureohp vhhpv d vlplodu sureohp dv frpsdulqj N grpdlq phdqv ri

d �qlwh srsxodwlrq lq fodvvlfdo vdpsolqj wkhru|1 Wkh sureohp ri whvwlqj k|srwkhvhv frqfhuqlqj

grpdlq phdqv lv/ qhyhuwkhohvv/ frqfhswxdoo| gl�huhqw iurp wkh sureohp ri whvwlqj wuhdwphqw

h�hfwv lq dq h{shulphqw1 Wklv fdq eh vhhq dv iroorzv1 Lq dq h{shulphqw/ iru hdfk lqglylgxdo

N revhuydwlrqv iru wkh wdujhw sdudphwhu +|k��> = = = > |
k
�g,

| xqghu wkh N gl�huhqw wuhdwphqwv duh

gh�qhg1 Wkh h{shulphqwdo ghvljq ghwhuplqhv zklfk ri wkhvh N yduldeohv duh revhuyhg dw hdfk

h{shulphqwdo xqlw1 Iurp wklv srlqw ri ylhz/ wkh dqdo|vlv ri +hpehgghg, h{shulphqwv fdq eh

uhjdughg dv d pxowlyduldwh sureohp zlwk plvvlqj gdwd +vhh iru h{dpsoh Nhpswkruqh +4<85,/

Klqnhopdqq dqg Nhpswkruqh +4<<7, dqg Jhopdq hw do1 +4<<8/ Fk1:,,1 Wklv frqfhsw lv looxvwudwhg

lq �jxuh 6141

Lq wkh fdvh ri frpsdulqjN grpdlq phdqv/ iru hdfk xqlw lq wkh �qlwh srsxodwlrq dv zhoo dv wkh

5<
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Iljxuh 614= Frqfhsw ri hpehgghg h{shulphqwv1 Iurp d �qlwh srsxodwlrq X ri vl}h Q +wkh xsshu

uhfwdqjxodu er{, d vdpsoh v ri vl}h q lv gudzq e| phdqv ri d frpsoh{ vdpsoh ghvljq +wkh orzhu

uhfwdqjxodu er{,1 Iru hdfk hohphqw lq wkh srsxodwlrq dqg wkh vdpsoh/ N revhuydwlrqv xqghu wkh

gl�huhqw wuhdwphqwv duh gh�qhg1 Dffruglqj wr wkh h{shulphqwdo ghvljq/ vdpsoh v lv glylghg lqwr

N vxevdpsohv v&1 Rqo| rqh ri wkh N revhuydwlrqv duh rewdlqhg zlwklq hdfk vxevdpsoh1 Wklv lv

h{suhvvhg e| phdqv ri wkh vpdoo vkdghg er{hv1 Wkh xqvkdghg sduw ri wkh orzhu er{ v|perol}hv

wkh xqrevhuyhg revhuydwlrqv lq v1
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Iljxuh 615= Frqfhsw ri frpsdulvrq ehwzhhq grpdlq phdqv1 D srsxodwlrq X ri vl}h Q fdq eh

glylghg lqwr N vxesrsxodwlrqv ru grpdlqv +wkh xsshu uhfwdqjxodu er{,1 D vdpsoh v ri vl}h q lv

gudzq iurp wklv srsxodwlrq +wkh orzhu uhfwdqjxodu er{,1 Iru hdfk hohphqw rqo| rqh revhuydwlrq

lv gh�qhg1 Wkh revhuydwlrqv rewdlqhg iurp wkh vdpsolqj xqlwv fdq eh fodvvl�hg dffruglqj wr wkh

N grpdlqv lq rughu wr hvwlpdwh wkh fruuhvsrqglqj grpdlq phdqv +vkdghg er{hv,1

vdpsoh rqo| rqh revhuydwlrq iru wkh wdujhw sdudphwhu lv gh�qhg1 Wkh srsxodwlrq lv glylghg lqwr

N gl�huhqw vxesrsxodwlrqv ru grpdlqv1 Wkh hohphqwv lq wkh vdpsoh duh xvhg wr hvwlpdwh phdqv/

wrwdov dqg devroxwh ru uhodwlyh vl}hv ri wkhvh grpdlqv1 Wklv lv edvlfdoo| dq xqlyduldwh sureohp1

Ixuwkhupruh/ lq wkh dqdo|vlv ri grpdlq phdqv rqo| wkh suredelolw| vwuxfwxuh ri wkh vdpsolqj

ghvljq lv lqyroyhg/ zkloh lq wkh fdvh ri hpehgghg h{shulphqwv wkhuh lv dovr wkh udqgrpl}dwlrq

phfkdqlvp ri wkh h{shulphqwdo ghvljq1 Wkh frqfhsw ri frpsdulqj grpdlq phdqv lv looxvwudwhg

lq �jxuh 6151

K|srwkhvhv frqfhuqlqj h{dfw htxdolw| ri grpdlq phdqv duh qrw vhqvleoh/ dqg zloo jhqhudoo| eh

uhmhfwhg ehfdxvh grpdlq phdqv lq �qlwh srsxodwlrqv duh jhqhudoo| gl�huhqw1 Wkhuhiruh/ Frfkudq

+4<::/ vhfwlrq 5147,/ vxjjhvwv whvwlqj wkh k|srwkhvlv wkdw wkh grpdlqv zhuh gudzq iurp lq�qlwh

srsxodwlrqv kdylqj wkh vdph phdq/ zklfkv ohdgv wr vwdqgdug prgho0edvhg wkhru|1 Xqghu wkh qxoo

k|srwkhvlv ri dq h{shulphqw/ krzhyhu/ wkh �qlwh srsxodwlrq phdqv xqghu wkh gl�huhqw wuhdwphqwv

duh h{dfwo| htxdo1 Vlqfh wkh vdpsolqj xqlwv duh udqgrpl}hg ryhu wkh N wuhdwphqwv e| wkh

h{shulphqwdo ghvljq/ wkh hvwlpdwhg phdqv xqghu wkh gl�huhqw wuhdwphqwv zloo qrw eh vljql�fdqwo|

gl�huhqw xqghu wkh qxoo k|srwkhvlv1 Wklv frqfhswxdo gl�huhqfh hpskdvl}hv wkh lpsruwdqw uroh

ri udqgrpl}dwlrq lq h{shulphqwdo ghvljqv1 Lw surwhfwv wkh dqdo|vlv djdlqvw glvwruwlrq gxh wr

vhohfwlyh eldv1

Wkh frqfhswxdo gl�huhqfh ehwzhhq wkh dqdo|vlv ri hpehgghg h{shulphqwv dqg wkh frpsdulvrq

ehwzhhq grpdlq phdqv/ lv dovr looxvwudwhg e| d frpsohwh hqxphudwlrq ri wkh �qlwh srsxodwlrq
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X 1 Wkhq/ lq wkh fdvh ri frpsdulqj grpdlq phdqv/ hdfk grpdlq lv frpsohwho| revhuyhg1 Frqvh0

txhqwo|/ wkh ghvljq yduldqfh ri hdfk grpdlq hvwlpdwh lv htxdo wr }hur1 Lq wkh fdvh ri dq hpehgghg

h{shulphqw/ krzhyhu/ dffruglqj wr wkh h{shulphqwdo ghvljq wkh hqwluh srsxodwlrq lv glylghg lqwr

N vxevdpsohv ri vl}hv q& +zlwk
Sg

&'� q& @ Q ,1 Hdfk vxevdpsoh fdq eh uhjdughg dv d vxuyh|

vdpsoh1 Vr ghvslwh wkh frpsohwh hqxphudwlrq/ wkh vdpsoh phdqv xqghu wkh gl�huhqw wuhdwphqwv

duh hvwlpdwhg dqg kdyh d qrq}hur ghvljq yduldqfh/ zklfk lv lqgxfhg e| wkh udqgrpl}dwlrq phfk0

dqlvp ri wkh h{shulphqwdo ghvljq1 Wkxv/ d frpsohwh hqxphudwlrq iru wkh vdpsoh phdqv xqghu

hdfk wuhdwphqw lv lpsrvvleoh xqghu wkhvh h{shulphqwdo ghvljqv1

Dqrwkhu uhodwhg sureohp lv wkh dqdo|vlv ri uhshdwhg phdvxuhphqwv1 Lq wklv fdvh/ revhuydwlrqv

duh froohfwhg xqghu wkh N wuhdwphqwv ri wkh h{shulphqw dw gl�huhqw wlphv rq hdfk lqglylgxdo/

zklfk lv lqfoxghg lq wkh vdpsoh1 Hdfk vdpsolqj xqlw vhuyhv dv lwv rzq frqwuro1 Wkh dqdo|vlv

ri uhshdwhg phdvxuhphqwv fdq eh uhjdughg dv d pxowlyduldwh sureohp dqg lv xvxdoo| dqdo|}hg

e| phdqv ri d Krwhoolqj W 2 vwdwlvwlf +Pruulvrq/ 4<<3/ Fk17,1 Zh grq*w frqvlghu wklv w|sh ri

h{shulphqw/ ehfdxvh wkhuh duh pdq| sudfwlfdo remhfwlrqv wr froohfwlqj revhuydwlrqv xqghu doo N

wuhdwphqwv dw hdfk vdpsolqj xqlw lq d odujh0vfdohg hpehgghg �hog h{shulphqw1 Iru h{dpsoh

wkh uhvsrqvh exughq zrxog ehfrph xqdffhswdeo| kljk1 Ixuwkhupruh/ lq pdq| dssolfdwlrqv/ wkh

qdwxuh ri wkh wuhdwphqwv h{foxghv wkh srvvlelolw| wr froohfw revhuydwlrqv dw wkh vdph xqlw xqghu

wkh gl�huhqw wuhdwphqwv ri wkh h{shulphqw1 Wkh frqfhsw ri uhshdwhg phdvxuhphqwv lv looxvwudwhg

lq �jxuh 6161

%#. "��������� �� ��������� �3����

Lq wkh ghulydwlrq ri ghvljq0xqeldvhg hvwlpdwruv iru wkh Zdog vwdwlvwlf/ wkuhh vrxufhv ri vwrfkdv0

wlflw| duh glvwlqjxlvkhg1 Iluvwo|/ wkh vwrfkdvwlflw| ri wkh phdvxuhphqw huuru prgho dv glvfxvvhg

lq vhfwlrq 6151 Vhfrqgo|/ wkh vwrfkdvwlflw| lqgxfhg e| wkh vdpsolqj ghvljq1 Wkdw lv wkh vwrfkdv0

wlflw| ri wkh vxuyh| vdpsoh vwdwlvwlfv e| uhshdwhgo| gudzlqj d vxuyh| vdpsoh v ri vl}h q iurp wkh

�qlwh srsxodwlrq X ri vl}h Q dffruglqj wr wkh vdph vdpsolqj ghvljq1 Lq vdpsolqj wkhru|/ wkh

udqgrpl}dwlrq phfkdqlvp ri wkh vdpsolqj ghvljq lv xvxdoo| ghvfulehg e| wkh �uvw dqg vhfrqg0

rughu lqfoxvlrq suredelolwlhv �� dqg ���� ri wkh l�wk dqg l/ l��wk lqglylgxdo+v,/ uhvshfwlyho|1 Vhh

Vçuqgdo hw do1 +4<<5/ Fk15, iru dq ryhuylhz ri wkh surshuwlhv ri wkhvh �uvw dqg vhfrqg0rughu

lqfoxvlrq suredelolwlhv1 Wklugo|/ wkh vwrfkdvwlflw| lqgxfhg e| wkh h{shulphqwdo ghvljq1 Wkdw

lv wkh vwrfkdvwlflw| ri wkh vxevdpsoh vwdwlvwlfv jlyhq wkh vxuyh| vdpsoh v ri vl}h q e| uhshdw0

hgo| glylglqj wkh jlyhq vxuyh| vdpsoh lqwr N vxevdpsohv v& ri vl}h q& dffruglqj wr wkh vdph

h{shulphqwdo ghvljq1

Wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq fdq dovr eh ghvfulehg zlwk frqgl0

wlrqdo vhohfwlrq suredelolwlhv1 Zh glvwlqjxlvk ehwzhhq FUG*v dqg UEG*v1 Lq wkh fdvh ri d FUG/

vdpsoh v ri vl}h q lv udqgrpo| glylghg lqwr N vxevdpsohv ri vl}h q&1 Dv d uhvxow/ wkh frqgl0

wlrqdo suredelolw| wkdw wkh l�wk lqglylgxdo lv vhohfwhg lq vxevdpsoh v&/ jlyhq wkdw vdpsoh v lv

vhohfwhg/ htxdov q&@q1 Lq wkh fdvh ri dq UEG/ wkh q vdpsolqj xqlwv duh ghwhuplqlvwlfdoo| glylghg
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Iljxuh 616= Frqfhsw ri uhshdwhg phdvxuhphqwv1 Iurp d srsxodwlrq X ri vl}h Q +wkh xsshu uhf0

wdqjxodu er{, d vdpsoh v ri vl}h q lv gudzq e| phdqv ri d frpsoh{ vdpsoh +wkh orzhu uhfwdqjxodu

er{,1 Dw hdfk hohphqw lq wkh srsxodwlrq dqg wkh vdpsoh N revhuydwlrqv duh gh�qhg1 Revhuydwlrqv

duh rewdlqhg xqghu wkh N wuhdwphqwv dw hdfk vdpsolqj xqlw lq v +vkdghg er{hv,1
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lq M eorfnv v� ri vl}h q� 1 Zlwklq hdfk eorfn/ q� h{shulphqwdo xqlwv duh udqgrpl}hg ryhu wkh N

wuhdwphqwv1 Ohw q�& ghqrwh wkh qxpehu ri h{shulphqwdo xqlwv lq eorfn m dvvljqhg wr wuhdwphqw

n1 Lw iroorzv wkdw wkh vl}h ri vxevdpsoh v& lv htxdo wr q& @
Sa

�'� q�&1 Ixuwkhupruh lw iroorzv

wkdw q @
Sa

�'� q� dqg q� @
Sg

&'� q�&1 Wkh frqglwlrqdo suredelolw| wkdw wkh l�wk lqglylgxdo lv

vhohfwhg lq vxevdpsoh v&/ jlyhq wkdw vdpsoh v lv vhohfwhg dqg l 5 v�/ htxdov q�&@q�1

Dq| hvwlpdwru ri wkh srsxodwlrq sdudphwhu Hk �\
k
& lv qhfhvvdulo| edvhg rq wkh q& h{shulphqwdo

xqlwv lq vxevdpsoh v&1 Wkhuhiruh zh kdyh wr nqrz wkh �uvw0rughu lqfoxvlrq suredelolwlhv ri wkh

h{shulphqwdo xqlwv dvvljqhg wr vxevdpsoh v&/ zklfk fdq eh ghulyhg lq d vwudljkwiruzdug pdqqhu1

Ohw Hr ghqrwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh vdpsolqj ghvljq xvhg wr gudz vdpsoh v dqg H0

wkh h{shfwdwlrq zlwk uhvshfw wr wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq1 Ohw

d� eh wkh vdpsoh phpehuvkls lqglfdwru ri hohphqw l iru vdpsoh v dqg d�& wkh vdpsoh phpehuvkls

lqglfdwru ri xqlw l iru vxevdpsoh v&1 Lq wkh fdvh ri d FUG/ ohw d
W
�& ghqrwh wkh vdpsoh phpehuvkls

lqglfdwru iru v& jlyhq l 5 v1 Qrwh wkdw d�& @ dW�&�d�1 Gxh wr wkh idfw wkdw lq d FUG vdpsoh v ri

vl}h q lv udqgrpo| glylghg lqwr N vxevdpsohv v& ri vl}h q&/ lw iroorzv wkdw H0+d
W
�& m v, @ q&@q1

Wkhq wkh �uvw0rughu lqfoxvlrq suredelolwlhv zlwk uhvshfw wr v& duh=

H+d�&, @ HrH0+d
W
�& � d� m v, @

q&
q
Hr+d�, @

q&
q
��= +614<,

Lq wkh fdvh ri dq UEG/ ohw dW�& ghqrwh wkh vdpsoh phpehuvkls lqglfdwru iru v& jlyhq l 5 v� 1

Zlwklq hdfk eorfn/ q�& ri wkh q� h{shulphqwdo xqlwv duh udqgrpo| dvvljqhg wr wuhdwphqw n1

Frqvhtxhqwo|/ H0+d
W
�& m v�, @ q�&@q� 1 Lw iroorzv wkdw wkh �uvw0rughu lqfoxvlrq suredelolwlhv zlwk

uhvshfw wr v& duh=

H+d�&, @ HrH0+d
W
�& � d� m v�, @

q�&
q�

Hr+d�, @
q�&
q�

��= +6153,

Wkhvh uhvxowv fdq dovr eh rewdlqhg dv iroorzv1 Hdfk vxevdpsoh v& fdq eh frqvlghuhg dv d wzr0

skdvh vdpsoh1 Wkh �uvw0rughu lqfoxvlrq suredelolwlhv �� ri wkh �uvw skdvh duh rewdlqhg iurp wkh

vdpsolqj ghvljq xvhg wr gudz v1 Wkh frqglwlrqdo �uvw0rughu lqfoxvlrq suredelolwlhv ri wkh vhfrqg

skdvh duh rewdlqhg iurp wkh h{shulphqwdo ghvljq/ xvhg wr glylgh v dw udqgrp lq N vxevdpsohv

dqg duh jlyhq e| ?&
?

ru
?�&
?�

iru d FUG ru dq UEG/ uhvshfwlyho|1 Iurp wklv srlqw ri ylhz/ wkh

�uvw0rughu lqfoxvlrq suredelolwlhv zlwk uhvshfw wr v& duh jlyhq e| ?&
?
�� lq wkh fdvh ri d FUG dqg

?�&
?�
�� lq wkh fdvh ri dq UEG1

Ohw a�\
k

& ghqrwh wkh Kruylw}0Wkrpsvrq hvwlpdwru iru Hk �\
k
& edvhg rq wkh h{shulphqwdo xqlwv

ri vxevdpsoh v&1 Iru d FUG lw iroorzv wkdw

a�\
k

& @
q

Qq&

[
�Mr&

|k�&
��
> n @ 4> 5> = = = >N= +6154,

Iru dq UEG zh kdyh

a�\
k

& @
4

Q

a[
�'�

[
�Mr�&

q�
q�&

|k�&
��
> n @ 4> 5> = = = >N> +6155,
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zkhuh v�& ghqrwhv wkh vxevdpsoh ri lqglylgxdov lq eorfn m/ zklfk duh dvvljqhg wr wuhdwphqw n1

Xvlqj +6157, dqg +6158,/ Kruylw}0Wkrpsvrq hvwlpdwruv +6154, dqg +6155, fdq eh uhzulwwhq pruh

jhqhudoo| dv=

a�\
k

& @
4

Q

[
�Mr

s|�&|
k
�

��
> +6156,

zkhuh s�& duhN�yhfwruv wkdw ghvfuleh wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq1

Iru d FUG/ lw iroorzv iurp wkh lghqwlw| ehwzhhq +6154, dqg +6156, wkdw

s�& �

;?= ?
?&
h& li l 5 v&

3 li l 5@ v&
= +6157,

Iru dq UEG/ lw iroorzv iurp wkh lghqwlw| ehwzhhq +6155, dqg +6156, wkdw

s�& �

;?=
?�
?�&
h& li l 5 v�&

3 li l 5@ v�&
= +6158,

Khuh h& ghqrwhv wkh xqlw yhfwru ri rughu N zlwk wkh n�wk hohphqw htxdo wr rqh dqg wkh rwkhu

hohphqwv htxdo wr }hur dqg 3 d yhfwru ri rughu N zlwk hdfk hohphqw htxdo wr }hur1 E| phdqv ri

wkhvh yhfwruv wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq lv ghvfulehg1 Wrjhwkhu

zlwk wkh �uvw dqg vhfrqg0rughu lqfoxvlrq suredelolwlhv �� dqg ���� iru wkh vdpsolqj ghvljq wkh|

hqdeoh xv wr vwulfwo| vhsdudwh wkh udqgrpl}dwlrq phfkdqlvp ri wkh vdpsolqj ghvljq dqg wkh

h{shulphqwdo ghvljq lq ghulylqj wkh ghvljq0fryduldqfh pdwul{ FYF|1 Lq dsshqgl{ 61<14 dqg

61<15/ surshuwlhv ri wkh yhfwruv s�& duh ghulyhg iru FUG*v dqg UEG*v/ uhvshfwlyho|1

Qrwh wkdw jlyhq wkh vdpsoh v/ a�\
k

& jlyhq e| +6156, lv vwloo vwrfkdvwlf gxh wr wkh udqgrpl}d0

wlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq1 Wklv lv h{suhvvhg e| wkh yhfwruv s�&1 Wkh yhfwru
a�\
k

t&
@ +a�\

k

� > = = = >
a�\
k

g,
| lv sursrvhg dv d ghvljq0xqeldvhg hvwlpdwru iru �\k @ +�\ k

� > = = = >
�\ k
g > ,

|1

Wkh vxevfulsw v& lv dgghg lq rughu wr hpskdvl}h wkdw wkh yhfwru a�\
k

t&
frqvlvwv ri N Kruylw}0

Wkrpsvrq hvwlpdwruv a�\
k

& / hdfk edvhg rq wkh q& hohphqwv ri vxevdpsoh v&1 E| gh�qlwlrq a�\
k

t&
lv

dovr d ghvljq0xqeldvhg hvwlpdwru iru �\ @ Hk �\
k dqg fdq wkhuhiruh eh xvhg iru wkh ghvljq0edvhg

Zdog vwdwlvwlf +614;,1

Lw iroorzv iurp �\/ jlyhq e| +6145,/ wkdw xqghu d phdvxuhphqw huuru prgho zlwk �{hg lqwhu0

ylhzhu h�hfwv wkh hvwlpdwhv ri wkh srsxodwlrq sdudphwhuv duh eldvhg zlwk d zhljkwhg phdq ri

wkhvh �{hg lqwhuylhzhu h�hfwv1 Sulqflsdoo|/ xqghu d FUG dv zhoo dv dq UEG/ wkh eldv lq wkh

sdudphwhu hvwlpdwhv gxh wr �{hg lqwhuylhzhu h�hfwv lv xqghu hdfk ri wkh N wuhdwphqwv wkh vdph1

Dv d uhvxow wklv eldv fdqfhov rxw lq wkh N � 4 frqwudvwv ehwzhhq wkh N sdudphwhu hvwlpdwhv1

Xqghu d FUG wklv krogv wuxh dv orqj dv hdfk h{shulphqwdo xqlw dvvljqhg wr dq lqwhuylhzhu m/ kdv

d qrq}hur suredelolw| wr eh dvvljqhg wr hdfk ri wkh N wuhdwphqwv1 Lq pdq| sudfwlfdo vlwxdwlrqv/

krzhyhu/ h{shulphqwv duh ghvljqhg lq vxfk d zd| wkdw hdfk lqwhuylhzhu rqo| sduwlflsdwhv lq rqh ri

wkhN wuhdwphqwv +vhh h1j1 wkh h{dpsoh lq vhfwlrq 517171,1 Vxfk h{shulphqwv duh vwulfwo| vshdnlqj

qrw FUG*v vlqfh hdfk wuhdwphqw lv kdqglfdsshg zlwk d gl�huhqw vhw ri �{hg lqwhuylhzhu h�hfwv1

Dv d uhvxow wkh frqwudvwv ehwzhhq wkh sdudphwhu hvwlpdwhv zloo eh eldvhg zlwk �{hg lqwhuylhzhu

h�hfwv1
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Lq wklv vhfwlrq d ghvljq0xqeldvhg hvwlpdwru lv ghulyhg iru wkh fryduldqfh pdwul{ ri wkh N � 4

frqwudvwv ri a�\
k

t&
1 Ohw Y ghqrwh wkh fryduldqfh pdwul{ ri a�\

k

t&
dqg FYF| wkh fryduldqfh pdwul{

ri wkh N � 4 frqwudvwv ri Fa�\
k

t&
1 Vlqfh a�\

k

t&
lv edvhg rq N lqwhushqhwudwlqj vxevdpsohv gudzq

iurp d �qlwh srsxodwlrq/ wkh N hohphqwv ri a�\
k

t&
duh ghshqghqw1 Frqvhtxhqwo|/ Y lv qrw d

gldjrqdo pdwul{1 Wr hvwlpdwh wkh fryduldqfh whupv rq wkh r�0gldjrqdo hohphqwv ri Y yhfwruv

|k� / frqwdlqlqj wkh revhuydwlrqv ri doo N wuhdwphqwv rewdlqhg iurp hdfk h{shulphqwdo xqlw/ duh

uhtxluhg1 Gxh wr wkh idfw wkdw lq wkh h{shulphqwdo ghvljqv xqghu frqvlghudwlrq hdfk h{shulphqwdo

xqlw lv dvvljqhg wr rqh ri wkh N wuhdwphqwv/ rqo| rqh ri wkh N yduldeohv |k�& duh revhuyhg dw

hdfk h{shulphqwdo xqlw l1 Frqvhtxhqwo|/ zh fdqqrw ghulyh d ghvljq0xqeldvhg hvwlpdwru iru Y1 Lq

rughu wr hvwlpdwh wkh ghvljq0edvhg Zdog vwdwlvwlf +614;,/ krzhyhu/ rxu lqwhuhvw jrhv rxw wr wkh

fryduldqfh pdwul{ ri Fa�\
k

t&
lqvwhdg ri wkh fryduldqfh pdwul{ ri a�\

k

t&
lwvhoi1 Wr frsh zlwk wkh idfw

wkdw wkh frpsohwh yhfwruv |k� iru hdfk h{shulphqwdo xqlw duh qrw revhuyhg/ zh frqfhqwudwh rq

wkh fryduldqfh pdwul{ ri wkh frqwudvwv Fa�\
k

t&
1

Ohw Fryk/ Fryr dqg Fry0 ghqrwh wkh fryduldqfh zlwk uhvshfw wr wkh phdvxuhphqw huuru

prgho/ wkh vdpsolqj ghvljq dqg wkh h{shulphqwdo ghvljq/ uhvshfwlyho|1 Frqvlghu wkh iroorzlqj

yduldqfh ghfrpsrvlwlrq=

FYF| @ FrykH+F
a�\
k

t&
m �, . HkFry+F

a�\
k

t&
m �,

@ FrykHrH0+F
a�\
k

t&
m�> v,.HkFryrH0+F

a�\
k

t&
m�> v,.HkHrFry0+F

a�\
k

t&
m�> v,= +6159,

Wkh �uvw wzr frpsrqhqwv rq wkh uljkw0kdqg vlgh ri +6159, fdq eh hydoxdwhg dv iroorzv=

FrykHrH0+F
a�\
k

t&
m �> v, @

4

Q2

�[
�'�

F	�F
|> +615:,

dqg

HkFryrH0+F
a�\
k

t&
m �> v, @

F� +F�,|

Q2
Ydu+ aQ, .

4

Q2

�[
�'�

�
4

��
� 4

�
F	�F

|> +615;,

zkhuh

Ydu+ aQ, @
�[
�'�

�[
��'�

+���� � �����,

�����
+615<,

ghqrwhv wkh ghvljq yduldqfh ri wkh hvwlpdwhg srsxodwlrq vl}h

aQ @
?[
�'�

4

��
> +6163,

edvhg rq wkh q hohphqwv ri vdpsoh v1 Surriv duh jlyhq lq dsshqgl{ 61<16 dqg 61<17/ uhvshfwlyho|1

Wkh wklug frpsrqhqw rq wkh uljkw0kdqg vlgh ri +6159, fdq eh hydoxdwhg dv

HkHrFry0+F
a�\
k

t&
m �> v, @ HkHrFGF

| .HkHrFDF
|> +6164,
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zlwk

G @ gldj+g�> = = = gg,=

Iru d FUG lw iroorzv wkdw=

g& @
4

+q� 4,

4

q&

?[
�'�

#
q|k�&
Q��

�
4

q

?[
��'�

q|k��&
Q���

$2

�
V2
&

q&
> +6165,

dqg

D @ �
q

+q� 4,

3C ?[
�'�

#
|k�
Q��

�
4

q

?[
��'�

|k��

Q���

$#
|k�
Q��

�
4

q

?[
��'�

|k��

Q���

$|4D = +6166,

Iru dq UEG lw iroorzv wkdw=

g& @
a[
�'�

4

+q� � 4,

4

q�&

?�[
�'�

#
q�|

k
�&

Q��
�

4

q�

?�[
��'�

q�|
k
��&

Q���

$2

�
V2
�&

q�&
> +6167,

dqg

D @ �
a[
�'�

q�
+q� � 4,

3C ?�[
�'�

#
|k�
Q��

�
4

q�

?�[
��'�

|k��

Q���

$#
|k�
Q��

�
4

q�

?�[
��'�

|k��

Q���

$|4D = +6168,

Surriv duh jlyhq lq dsshqgl{ 61<181 Qrwh wkdw +6167, dqg +6168, duh M lqghshqghqw uhsolfdwlrqv

ri wkh yduldqfh vwuxfwxuh xqghu d FUG jlyhq e| +6165, dqg +6166,1

Qrz zh qhhg wr hydoxdwh wkh h{shfwdwlrq ri FDF| zlwk uhvshfw wr wkh phdvxuhphqw huuru

prgho dqg wkh vdpsolqj ghvljq1 Ohw

�Ydu+ aQ, @
4

q

#
�[
�'�

q

��
�Q2

$
+6169,

ghqrwh wkh yduldqfh ri aQ dv li wkh q lqglylgxdov ri v duh gudzq zlwk uhsodfhphqw zlwk vhohfwlrq

suredelolwlhv ��@q +vhh Frfkudq/ 4<::/ vhfwlrq <D16,1 Iru d FUG lw lv suryhg lq dsshqgl{ 61<19

wkdw

HkHrFDF
| @ �

4

Q2

�[
�'�

F	�F
|

��
�

q

+q� 4,

F� +F�,|

Q2

�
�Ydu+ aQ,�

4

q
Ydu+ aQ,

�
= +616:,

Qrwh wkdw xqghu wkh qxoo k|srwkhvlv F� @ 3 dqg xqghu wkh dowhuqdwlyh k|srwkhvlv F� 9@ 31 Li

wkh uhvxowv +615:,/ +615;,/ +6164, dqg +616:, rewdlqhg iru d FUG duh vxevwlwxwhg lqwr +6159,/ wkhq

lw iroorzv wkdw

FYF| @ HkHrFGF
| �

q

+q� 4,

F� +F�,|

Q2

�
�Ydu+ aQ,�Ydu+ aQ,

�
> +616;,

zkhuh wkh gldjrqdo hohphqwv ri G duh gh�qhg e| +6165,1

Lq rughu wr hydoxdwh HkHrFDF
| iru UEG*v zh glvwlqjxlvk wzr vlwxdwlrqv1 Iluvw/ frqvlghu

UEG*v zkhuh wkh eorfn yduldeohv duh gluhfwo| olqnhg zlwk vwuxfwxuhv ri wkh vdpsolqj ghvljq/

h1j1 zkhq vwudwd/ foxvwhuv ru SVX*v duh xvhg dv eorfn yduldeohv1 Vhfrqg/ frqvlghu UEG*v zkhuh

wkh eorfn yduldeohv duh qrw gluhfwo| olqnhg zlwk vwuxfwxuhv ri wkh vdpsolqj ghvljq/ iru h{dpsoh

zkhq lqwhuylhzhuv duh xvhg dv eorfn yduldeohv1 Lq wklv vlwxdwlrq/ wkh vdpsolqj ghvljq grhvq*w

qhfhvvdulo| ghwhuplqh wr zklfk eorfn dq lqglylgxdo ehorqjv/ zklfk lpsolhv wkdw wkh eorfnv vkrxog

eh frqvlghuhg dv grpdlqv1 Zh zloo glvfxvv hdfk ri wkhvh fdvhv vhsdudwho|1
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UEG*v zkhuh SVX*v duh eorfn yduldeohv1

Frqvlghu dq UEG hpehgghg lq d wzr0vwdjh vdpsolqj ghvljq/ zkhuh SVX*v duh xvhg dv eorfn

yduldeohv1 Lq wkh �uvw vwdjh/ M SVX*v ru eorfnv duh gudzq iurp d �qlwh srsxodwlrq ri M� eorfnv1

Dv d uhvxow wkh qxpehu ri eorfnv ehfrphv udqgrp zlwk uhvshfw wr wkh vdpsolqj ghvljq1 Lq wkh

vhfrqg vwdjh/ d vdpsoh ri q� lqglylgxdov lv gudzq iurp wkh SVX*v/ vhohfwhg lq wkh �uvw vwdjh1

Wkhvh lqglylgxdov duh udqgrpl}hg ryhu wkh N wuhdwphqwv dffruglqj wr wkh h{shulphqwdo ghvljq1

Ohw �� dqg ���� ghqrwh wkh �uvw dqg vhfrqg0rughu lqfoxvlrq suredelolwlhv ri wkh �uvw vwdjh ri wkh

vdpsolqj ghvljq1 Ohw ���� ghqrwh wkh �uvw0rughu lqfoxvlrq suredelolw| ri lqglylgxdo l lq wkh vhfrqg

vwdjh frqglwlrqdo rq wkh uhdol}dwlrq ri wkh �uvw vwdjh1 Lw iroorzv wkdw wkh �uvw0rughu lqfoxvlrq

suredelolwlhv duh �� @ ������ 1 Ixuwkhupruh ������ ghqrwhv wkh vhfrqg0rughu lqfoxvlrq suredelolwlhv

ri lqglylgxdo l dqg l� lq wkh vhfrqg vwdjh ri wkh vdpsolqj vfkhph1

Ohw

aQ� @

?�[
�'�

4

����
+616<,

ghqrwh wkh hvwlpdwhg srsxodwlrq vl}h ri eorfn m edvhg rq wkh q� hohphqwv lq eorfn m1 Lw iroorzv

wkdw

Ydu+ aQ�, @

��[
�'�

��[
��'�

+������ � ���������,

���� �����
> +6173,

lv wkh ghvljq yduldqfh ri aQ� dqg wkdw

�Ydu+ aQ�, @
4

q�

3C��[
�'�

q�
����

�Q2
�

4D > +6174,

lv wkh yduldqfh ri aQ� dv li wkh lqglylgxdov ri v� duh gudzq zlwk uhsodfhphqw zlwk vhohfwlrq

suredelolwlhv ����@q� iurp d srsxodwlrq ri vl}h Q� / +vhh Frfkudq/ 4<::/ vhfwlrq <D16,1 Iru dq

UEG hpehgghg lq d wzr0vwdjh vdpsolqj ghvljq zkhuh SVX*v duh eorfn yduldeohv/ lw lv suryhg lq

dsshqgl{ 61<19 wkdw

HkHrFDF
| @ �

4

Q2

�[
�'�

F	�F
|

��
�
F� +F�,|

Q2

a�[
�'�

4

��

q�
+q� � 4,

#
�Ydu+ aQ�,�

4

q�
Ydu+ aQ�,

$
= +6175,

Li wkh uhvxowv +615:,/ +615;,/ +6164, dqg +6175, duh vxevwlwxwhg lqwr +6159,/ wkhq lw iroorzv wkdw

FYF|@HkHrFGF
|.
F� +F�,|

Q2

3CYdu+ aQ,�
a�[
�'�

4

��

q�
+q� � 4,

#
�Ydu+ aQ�,�

4

q�
Ydu+ aQ�,

$4D> +6176,

zkhuh wkh gldjrqdo hohphqwv ri G duh gh�qhg e| +6167,1

UEG*v zkhuh vwudwd duh eorfn yduldeohv1

Frqvlghu dq UEG hpehgghg lq d vwudwl�hg vdpsolqj ghvljq/ zkhuh vwudwd duh xvhg dv eorfn

yduldeohv1 Lq wklv vlwxdwlrq wkh qxpehu ri eorfnv lq wkh �qlwh srsxodwlrq htxdov wkh qxpehu ri
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eorfnv lq wkh vdpsoh1 D vwudwl�hg vdpsolqj ghvljq fdq eh frqvlghuhg dv d wzr0vwdjh vdpsolqj

ghvljq zkhuh wkh �uvw vwdjh lv frpsohwho| revhuyhg1 Dv d uhvxow/ dq h{suhvvlrq iru HkHrFDF
|

iru dq UEG hpehgghg lq d vwudwl�hg vdpsolqj ghvljq zkhuh vwudwd duh xvhg dv eorfn yduldeohv

iroorzv gluhfwo| dv d vshfldo fdvh iurp +6175, zlwk �� @ 4/ ���� @ ��/ ������ @ ���� dqg M @ M�1

Wkxv

HkHrFDF
| @ �

4

Q2

�[
�'�

F	�F
|

��
�
F� +F�,|

Q2

a[
�'�

q�
+q� � 4,

#
�Ydu+ aQ�,�

4

q�
Ydu+ aQ�,

$
> +6177,

zkhuh aQ� lv gh�qhg e| +616<,/ Ydu+ aQ�, e| +6173, dqg �Ydu+ aQ�, e| +6174,/ zkhuh ���� dqg ������ duh

uhsodfhg e| �� dqg ���� / uhvshfwlyho|1

Li wkh uhvxowv +615:,/ +615;,/ +6164, dqg +6177, duh vxevwlwxwhg lqwr +6159,/ wkhq lw iroorzv iru

dq UEG zkhuh vwudwd duh eorfn yduldeohv wkdw

FYF| @ HkHrFGF
|.
F� +F�,|

Q2

3CYdu+ aQ,�
a[
�'�

q�
+q� � 4,

#
�Ydu+ aQ�,�

4

q�
Ydu+ aQ�,

$4D> +6178,
zkhuh wkh gldjrqdo hohphqwv ri G duh gh�qhg e| +6167,1 Vlqfh lq wkh fdvh ri d vwudwl�hg vdpsolqj

ghvljq/

Ydu+ aQ, @
a[
�'�

Ydu+ aQ�,>

lw iroorzv wkdw +6178, fdq eh vlpsol�hg wr

FYF| @ HkHrFGF
| �

F� +F�,|

Q2

a[
�'�

q�
+q� � 4,

�
�Ydu+ aQ�,�Ydu+ aQ�,

�
= +6179,

Wkh h{suhvvlrqv Ydu+ aQ�, dqg �Ydu+ aQ�, duh wkh ghvljq yduldqfhv ri wkh hvwlpdwhg eorfn vl}h1

Li wkh vdpsolqj vfkhph zlwklq hdfk eorfn lv vhoi0zhljkwhg dqg wkh vdpsoh vl}h lv �{hg/ wkhq

aQ� @ Q� dqg frqvhtxhqwo| Ydu+ aQ�, dqg �Ydu+ aQ�, duh htxdo wr }hur1 Wkdw �Ydu+ aQ�, lv htxdo wr

}hur lq wklv vlwxdwlrq/ iroorzv gluhfwo| iurp h{suhvvlrq +6174, iru ���� @ q�@Q� 1 Wkdw Ydu+ aQ�, lv

htxdo wr }hur fdq eh suryhg dv iroorzv1 Li wkh vdpsoh zlwklq hdfk eorfn kdv d �{hg vl}h q� wkhq

��[
��'�
�� �'�

������ @ +q� � 4,���� > +617:,

vhh Vçuqgdo hw do1 +4<<5,/ uhvxow 519151 Li wkh vdpsolqj vfkhph zlwklq hdfk eorfn lv dovr vhoi0

zhljkwhg/ l1h1 ���� @ q�@Q� / wkhq lw iroorzv iru +6173, wkdw

Ydu+ aQ�, @

��[
�'�

��[
��'�

+������ � ���������,

���������

@

#
Q�

q�

$2 ��[
�'�

��[
��'�

������ �Q2
�

@

#
Q�

q�

$2
3C+q� � 4,

��[
�'�

���� .

��[
�'�

����

4D�Q2
� @ 3= +617;,

6<



Iru wkh vdph dujxphqwv/ wkh yduldqfhv Ydu+ aQ, dqg �Ydu+ aQ, lq +615<, dqg +6169, duh htxdo wr }hur

lq wkh fdvh ri vhoi0zhljkwhg vdpsolqj ghvljqv zlwk d �{hg vdpsoh vl}h ru lq wkh fdvh ri vwudwl�hg

vdpsolqj ghvljq zkhuh zlwklq hdfk vwudwxp d vhoi0zhljkwhg vdpsolqj ghvljq zlwk d �{hg vdpsoh

vl}h lv dssolhg1

UEG*v zkhuh foxvwhuv duh eorfn yduldeohv1

Frqvlghu dq UEG hpehgghg lq d foxvwhu vdpsoh/ zkhuh foxvwhuv duh xvhg dv eorfn yduldeohv1 D

foxvwhu vdpsoh fdq eh frqvlghuhg dv d wzr0vwdjh vdpsoh zkhuh wkh vhfrqg vwdjh lv frpsohwho|

revhuyhg1 Wkhuhiruh dq h{suhvvlrq iru HkHrFDF
| dqgFYF| fdq eh rewdlqhg iru dq UEG zkhuh

foxvwhuv duh eorfn yduldeohv iurp +6175, dqg +6176, e| wdnlqj ���� @ 4/ ������ @ 4 dqg q� @ Q� 1

Wklv lpsolhv wkdw Ydu+ aQ�, dqg �Ydu+ aQ�, gh�qhg e| +6173, dqg +6174, uhvshfwlyho|/ duh htxdo wr

}hur1

UEG*v zkhuh lqwhuylhzhuv duh eorfn yduldeohv1

Frqvlghu dq UEG hpehgghg lq d jhqhudoo| frpsoh{ vdpsolqj ghvljq/ zkhuh lqwhuylhzhuv duh

xvhg dv eorfn yduldeohv1 Vlqfh wkh eorfn yduldeohv duh qrw gluhfwo| olqnhg zlwk wkh vdpsolqj

ghvljq lq wklv fdvh/ wkh doorfdwlrq ri wkh vdpsolqj xqlwv wr wkh eorfnv lv udqgrp1 Wr wdnh lqwr

dffrxqw iru wklv h{wud yduldwlrq/ eorfnv vkrxog eh frqvlghuhg dv grpdlqv lq wkh ghulydwlrq ri

wkh fryduldqfh pdwul{ ri wkh frqwudvwv ehwzhhq wkh vxevdpsoh hvwlpdwhv1 Wkhuhiruh wkh �qlwh

srsxodwlrq X lv frqfhswxdoo| glylghg lq M vxesrsxodwlrqv X� / zklfk duh xvhg dv eorfn yduldeohv

lq wkh h{shulphqw1 Ohw d�� ghqrwh wkh phpehuvkls lqglfdwru ri lqglylgxdo l lq eorfn m>

d�� @

;?= 4 = l 5 X�

3 = l 5@ X�
= +617<,

Ixuwkhupruh ohw

Q@� @
�[
�'�

d�� +6183,

ghqrwh wkh vl}h ri wkh m�wk eorfn lq wkh �qlwh srsxodwlrq1 Lw fdq eh lqwhusuhwhg dv wkh qxpehu

ri vdpsolqj xqlwv lq wkh �qlwh srsxodwlrq/ zklfk duh dvvljqhg wr wkh m�wk lqwhuylhzhu li wkh| duh

lqfoxghg lq wkh vdpsoh v1 Wkh Kruylw}0Wkrpsvrq hvwlpdwru iru Q@� lv gh�qhg dv

aQ@� @
?[
�'�

d��
��
= +6184,

Lw iroorzv wkdw

Ydu+ aQ@�, @
�[
�'�

�[
��'�

+���� � �����,
d�� d���
�� ���

> +6185,

lv wkh ghvljq yduldqfh ri aQ@� dqg wkdw

�Ydu+ aQ@�, @
4

q�

#
�[
�'�

q�d��
��

�Q2
�

$
> +6186,
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lv wkh yduldqfh ri aQ@� dv li wkh lqglylgxdov ri v duh gudzq zlwk uhsodfhphqw zlwk vhohfwlrq

suredelolwlhv ��@q�/ +vhh Frfkudq/ 4<::/ vhfwlrq <D16,1 Lw lv suryhg lq dsshqgl{ 61<19 wkdw

HkHrFDF
| @ �

4

Q2

�[
�'�

F	�F
|

��
�
F� +F�,|

Q2

a[
�'�

q�
+q� � 4,

#
�Ydu+ aQ@�,�

4

q�
Ydu+ aQ@� ,

$
= +6187,

Li wkh uhvxowv +615:,/ +615;,/ +6164, dqg +6187, duh vxevwlwxwhg lqwr +6159,/ wkhq lw iroorzv iru

dq UEG zkhuh lqwhuylhzhuv duh eorfn yduldeohv wkdw

FYF| @ HkHrFGF
|.
F� +F�,|

Q2

3CYdu+ aQ,�
a[
�'�

q�
+q� � 4,

#
�Ydu+ aQ@�,�

4

q�
Ydu+ aQ@�,

$4D> +6188,

zkhuh wkh gldjrqdo hohphqwv ri G duh gh�qhg e| +6167,1 Jhqhudoo|/ wkh yduldqfh frpsrqhqwv

Ydu+ aQ@�, dqg
�Ydu+ aQ@� , zloo eh qrq}hur1 Rqo| li lqwhuylhzhu uhjlrqv frlqflgh h{dfwo| zlwk wkh

vwudwd ru SVX*v dqg wkh vdpsolqj ghvljq zlwklq hdfk vwudwxp ru SVX lv vhoi0zhljkwhg zlwk d

�{hg vdpsoh vl}h/ wkhq erwk yduldqfh frpsrqhqwv duh htxdo wr }hur1

%#/#! "��������� �� ��� ���������� �����


Rxu qh{w fkdoohqjh lv wr �qg ghvljq0xqeldvhg hvwlpdwruv iru FYF| gh�qhg e| +616;, lq wkh fdvh

ri d FUG dqg iru +6179,/ +6176, dqg +6188, lq wkh fdvh ri dq UEG1 Qrwh wkdw FYF| frqvlvwv ri rqh

pdmru frpsrqhqw HkHrFGF
| dqg vhyhudo frpsrqhqwv/ zklfk edvlfdoo| frqfhuqv wkh yduldqfh

ri srsxodwlrq wrwdov/ l1h1 �Ydu+ aQ, dqg Ydu+ aQ, lq wkh fdvh ri d FUG dqg Ydu+ aQ,/ �Ydu+ aQ�,/ dqg

Ydu+ aQ�,/ �Ydu+ aQ@� , dqg Ydu+ aQ@�, lq wkh fdvh ri UEG*v1

Zlwkrxw ixuwkhu hoderudwlqj rq wkh h{shfwdwlrq zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho

dqg wkh vdpsolqj ghvljq zh fdq ghulyh xqeldvhg hvwlpdwruv iru HkHrG1 H{suhvvlrqv iru HkHrG

duh ghulyhg lq fkdswhuv 8 dqg 9 iru FUG*v dqg UEG*v hpehgghg lq gl�huhqw vdpsolqj ghvljqv1

Dq xqeldvhg hvwlpdwru iru HkHrG lq wkh fdvh ri d FUG lv jlyhq e|

aG @ gldj+ ag�> = = = > agg,> +6189,

zlwk

ag& @
4

q&

4

+q& � 4,

?&[
�'�

#
q|k�&
Q��

�
4

q&

?&[
��'�

q|k��&
Q���

$2

�
aV2
&

q&
= +618:,

Ehfdxvh lq vxevdpsoh v&/ q& hohphqwv zlwk yduldeohv +q |
k
�&,@+�� Q, duh gudzq e| phdqv ri vlpsoh

udqgrp vdpsolqj zlwkrxw uhsodfhphqw iurp vdpsoh v ri vl}h q/ lw iroorzv wkdw aV2
& lq +618:, lv dq

xqeldvhg hvwlpdwru iru V2
& lq +6165, +Frfkudq/ 4<::/ Fk15/ Wkhruhp 517,1 Dq xqeldvhg hvwlpdwru

iru HkHrG lq wkh fdvh ri dq UEG lv jlyhq e| aG/ zlwk

ag& @
a[
�'�

4

q�&

4

+q�& � 4,

?�&[
�'�

#
q�|

k
�&

Q��
�

4

q�&

?�&[
��'�

q�|
k
��&

Q���

$2

�
a[
�'�

aV2
�&

q�&
= +618;,

Ehfdxvh lq eorfn m ri vxevdpsoh v&/ q�& hohphqwv zlwk yduldeohv +q� |
k
�&,@+�� Q, duh gudzq e|

phdqv ri vlpsoh udqgrp vdpsolqj zlwkrxw uhsodfhphqw iurp eorfn m ri vl}h q� / lw iroorzv wkdw
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aV2
�& gh�qhg lq +618;, lv dq xqeldvhg hvwlpdwru iru V2

�& gh�qhg lq +6167, +Frfkudq/ 4<::/ Fk15/

Wkhruhp 517,1 Qrwh wkdw wklv hvwlpdwru lv xqeldvhg xqghu doo nlqg ri vrxufhv ri yduldwlrq/ zklfk

duh xvhg dv d eorfn yduldeoh lq dq UEG1

Wkh uhpdlqlqj yduldqfh frpsrqhqwv lq FYF| duh wkh yduldqfhv ri srsxodwlrq wrwdov Ydu+ aQ,/

�Ydu+ aQ,/ Ydu+ aQ�,/ �Ydu+ aQ�,/ Ydu+ aQ@�, dqg �Ydu+ aQ@� ,/ zklfk duh pxowlsolhg zlwk dq xqnqrzq

frqvwdqwF� +F�,|1 Lw zloo eh vkrzq krz wkhvh frpsrqhqwv fdq eh hvwlpdwhg1 Iru frpsxwdwlrqdo

frqyhqlhqfh/ krzhyhu/ zh zloo �uvw dujxh wkdw wkh| duh }hur ru dw ohdvw qhjoljleoh zlwk uhvshfw

wr HkHrFGF
|1 Xqghu wkh qxoo k|srwkhvhv wkhvh yduldqfh frpsrqhqwv duh htxdo wr }hur/ vlqfh

F� @ 31 Ixuwkhupruh/ wkhvh frpsrqhqwv frqfhuq wkh ghvljq yduldqfh ri wkh srsxodwlrq vl}h ru

wkh eorfn vl}h lq wkh �qlwh srsxodwlrq1 Iru vdpsolqj ghvljqv iru zklfk lw krogv wkdw aQ @ Q /

aQ� @ Q� ru aQ@� @ Q@� lw iroorzv wkdw wkhvh yduldqfh frpsrqhqwv duh htxdo wr }hur1 Iru

vdpsolqj ghvljqv iru zklfk wkhvh surshuwlhv gr qrw krog/ lw iroorzv wkdw wkh vl}h ri wkh yduldqfh

frpsrqhqwv xqghu wkh dowhuqdwlyh k|srwkhvlv ghshqgv rq wkh yduldwlrq ehwzhhq wkh �uvw0rughu

lqfoxvlrq suredelolwlhv �� ri wkh vdpsolqj vfkhph1 Wkhvh whupv pljkw eh qhjoljleoh frpsduhg

zlwk wkh pdmru whup HkHrFGF
| dv orqj dv wkhuh lv qr h{wuhph yduldwlrq ehwzhhq wkh �uvw0rughu

lqfoxvlrq suredelolwlhv1 Ixuwkhupruh/ zh zloo vhh lq fkdswhu 7 wkdw xqghu jhqhudo frqglwlrqv

ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru wkhvh fryduldqfh whupv duh htxdo wr }hur xqghu wkh qxoo

k|srwkhvlv dv zhoo dv wkh dowhuqdwlyh k|srwkhvlv1 Dv d uhvxow/ lw iroorzv wkdw

FYF| @ HkHrFGF
|= +618<,

Xqeldvhg hvwlpdwruv iru wkh gldjrqdo hohphqwv ri G duh jlyhq e| +618:, iru d FUG dqg +618;,

iru dq UEG1

Iru wkh vdnh ri frpsohwhqhvv/ zh vkrz krz wkh fryduldqfh frpsrqhqw zklfk frqfhuqv wkh

yduldqfh ri wkh srsxodwlrq wrwdov pxowlsolhg zlwk wkh N � 4 frqwudvwv ehwzhhq wkh wuhdwphqw

h�hfwv � lq +616;,/ +6179,/ +6176, dqg +6188, fdq eh hvwlpdwhg1 Wkh hvwlpdwlrq surfhgxuh ri

wkhvh fryduldqfh whupv lv looxvwudwhg iru d FUG1 Lw zloo eh frqyhqlhqw wr h{suhvv wkh fryduldqfh

frpsrqhqw lq +616;, dv

F� +F�,|

Q2

�
Ydu+ aQ,�

q

+q� 4,

�
�Ydu+ aQ,�

4

q
Ydu+ aQ,

��
= +6193,

Uhfdoo wkdw wkh �uvw whup ri +6193, dulvhv iurp HkFryrH0+F
a�\
k

t&
m �> v, lq +615;, dqg wkh vhfrqg

whup iurp HkHrFDF
| lq +616:,1 Vlqfh wkh yduldqfh frpsrqhqwv Ydu+ aQ, dqg �Ydu+ aQ, duh wkh

vdph iru hdfk ri wkh n vxevdpsohv/ wkh hqwluh vdpsoh v fdq eh xvhg iru wkh hvwlpdwlrq ri wkhvh

yduldqfh frpsrqhqwv1

Wkh wuhdwphqw h�hfwv � duh lghqwl�hg e| wdnlqj wkh N � 4 frqwudvwv ehwzhhq �/ l1h1 F�1

Vlqfh wkh wuhdwphqw h�hfwv duh dvvxphg wr eh frqvwdqwv lq wkh phdvxuhphqw huuru prghov/ lw

iroorzv iurp +6145, wkdw dq hvwlpdwru iru F� lv jlyhq e| Fa�\
k

t&
1

D ghvljq0xqeldvhg hvwlpdwru iru Ydu+ aQ, lq +6193, lv jlyhq e|
?[
�'�

?[
��'�

+���� � �����,

����

4

�����
=
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D ghvljq0xqeldvhg hvwlpdwru iru

�Ydu+ aQ,�
4

q
Ydu+ aQ, +6194,

lv jlyhq e|

?[
�'�

#
4

��
�

4

q

?[
��'�

4

���

$2

= +6195,

Wkh surri wkdw +6195, lv dq xqeldvhg hvwlpdwru iru +6194, iroorzv dqdorjrxv wr wkh ghulydwlrq

ri uhvxow +61443, lq dsshqgl{ 61<191 Li wkhvh hvwlpdwruv duh frpelqhg/ wkhq lw iroorzv wkdw dq

hvwlpdwru iru +6193, lv jlyhq e|

Fa�\
k

t&

�
Fa�\

k

t&

�|
Q2

57 ?[
�'�

?[
��'�

+���� � �����,

����

4

�����
�

q

+q� 4,

?[
�'�

#
4

��
�

4

q

?[
��'�

4

���

$2
68 = +6196,

Hvshfldoo| wkh frpsxwdwlrq ri +6194, pljkw eh wlph frqvxplqj gxh wr wkh vhfrqg0rughu lqfoxvlrq

suredelolwlhv1

Lq dq htxlydohqw zd|/ iru UEG*v zkhuh SVX*v duh xvhg dv eorfn yduldeohv/ dq hvwlpdwru pxvw

eh ghulyhg iru

F� +F�,|

Q2

3CYdu+ aQ,�
a�[
�'�

4

��

q�
+q� � 4,

#
�Ydu+ aQ�,�

4

q�
Ydu+ aQ�,

$4D= +6197,

H{suhvvlrqv iru wkh fruuhvsrqglqj yduldqfh frpsrqhqwv iru UEG*v zkhuh vwudwd ru foxvwhuv duh

eorfn yduldeohv iroorz dv d vshfldo fdvh iurp +6197,1 Iru UEG*v zkhuh lqwhuylhzhuv duh xvhg dv

eorfn yduldeohv dq hvwlpdwru pxvw eh ghulyhg iru

F� +F�,|

Q2

3CYdu+ aQ,�
a[
�'�

q�
+q� � 4,

#
�Ydu+ aQ@� ,�

4

q�
Ydu+ aQ@�,

$4D= +6198,

Dq hvwlpdwru iru erwk frpsrqhqwv +6197, dqg +6198, lv jlyhq e|

Fa�\
k

t&

�
Fa�\

k

t&

�|
Q2

57 ?[
�'�

?[
��'�

+���� � �����,

����

4

�����
�

a[
�'�

q�
+q� � 4,

?�[
�'�

#
4

��
�

4

q�

?�[
��'�

4

���

$2
68 = +6199,
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Lq vhfwlrq 61915 zh dujxhg wkdw wkh fryduldqfh pdwul{ ri wkh N � 4 frqwudvwv ehwzhhq wkh

hvwlpdwhg wuhdwphqw h�hfwv lv jlyhq e| FYF| @ HkHrFGF
|/ zkhuh wkh gldjrqdo hohphqwv ri G

duh gh�qhg e| +6165, lq wkh fdvh ri d FUG dqg +6167, lq wkh fdvh ri dq UEG1 Wkh lqwhusuhwdwlrq

ri wkhvh uhvxowv lv lqwurgxfhg e| hoderudwlqj rq wkh gldjrqdo hohphqwv ri G iru wkh vshfldo fdvh

ri d vhoi0zhljkwhg vdpsolqj ghvljq +l1h1 �� @ q@Q,1 Iru d FUG hpehgghg lq d vhoi0zhljkwhg

vdpsolqj ghvljq/ lw iroorzv iurp +6165, wkdw

g& @
4

q&

4

+q� 4,

?[
�'�

#
|k�& �

4

q

?[
��'�

|k��&

$2

= +619:,
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Wklv lv wkh ruglqdu| yduldqfh ri d vdpsoh phdq dv li q& hohphqwv duh gudzq e| phdqv ri vlpsoh

udqgrp vdpsolqj zlwk uhsodfhphqw iurp d srsxodwlrq ri vl}h q1 Irupxod +6165, kdv wkh vdph

vwuxfwxuh zkhuh wkh revhuydwlrqv duh zhljkwhg zlwk d idfwru q@+Q��,1 Frqglwlrqdo rq wkh uhdo0

l}dwlrq ri � dqg v/ +6165, pljkw eh lqwhusuhwhg dv wkh yduldqfh ri d vdpsoh phdq dv li q& hohphqwv

duh gudzq e| phdqv ri vlpsoh udqgrp vdpsolqj zlwk uhsodfhphqw zkhuh wkh revhuydwlrqv |k�& duh

zhljkwhg zlwk d idfwru q@+Q��,1 Lq dq htxlydohqw zd| ag& gh�qhg e| +618:, fdq eh lqwhusuhwhg

dv wkh yduldqfh hvwlpdwru ri d vdpsoh phdq dv li q& hohphqwv duh gudzq e| phdqv ri vlpsoh

udqgrp vdpsolqj zlwk uhsodfhphqw iurp d srsxodwlrq ri vl}h q/ zkhuh wkh revhuydwlrqv |k�& duh

zhljkwhg zlwk d idfwru q@+Q��,1 Xqfrqglwlrqdo rq � dqg v/ ag& duh ruglqdu| yduldqfh hvwlpdwruv

iru wkh vdpsoh phdqv dv li wkh vdpsoh hohphqwv duh vhohfwhg zlwk xqhtxdo suredelolwlhv +��@q,

zlwk uhsodfhphqw iurp wkh �qlwh srsxodwlrq X ri vl}h Q +Frfkudq/ 4<::/ htxdwlrq +<D149,,1

Lq wkh fdvh ri dq UEG hpehgghg lq d vhoi0zhljkwhg vdpsoh ghvljq/ lw iroorzv iurp +6167, wkdw

g& @
a[
�'�

�
q�
q

�2 4

q�&

4

+q� � 4,

?�[
�'�

#
|k�& �

4

q�

?�[
��'�

|k��&

$2

= +619;,

Wklv fdq eh uhfrjql}hg dv wkh ruglqdu| yduldqfh ri d vdpsoh phdq dv li q& hohphqwv duh gudzq

e| phdqv ri vwudwl�hg vlpsoh udqgrp vdpsolqj zlwk uhsodfhphqw iurp d srsxodwlrq ri vl}h q/

glylghg lq M vwudwd ri vl}h q� 1 Frqvhtxhqwo|/ frqglwlrqdo rq wkh uhdol}dwlrq ri � dqg v/ irupxod

+6167, pljkw eh lqwhusuhwhg dv wkh yduldqfh ri d vdpsoh phdq dv li q& hohphqwv duh gudzq e|

phdqv ri vwudwl�hg vlpsoh udqgrp vdpsolqj zlwk uhsodfhphqw zkhuh wkh revhuydwlrqv |k�& duh

zhljkwhg zlwk d idfwru q�@+Q��, iurp d srsxodwlrq ri vl}h q/ glylghg lq M vwudwd ri vl}h q� 1

Lq dq htxlydohqw zd| ag& gh�qhg e| +618;, fdq eh lqwhusuhwhg dv wkh yduldqfh hvwlpdwru ri d

vdpsoh phdq dv li q& hohphqwv duh gudzq e| phdqv ri vwudwl�hg vlpsoh udqgrp vdpsolqj zlwk

uhsodfhphqw zkhuh wkh revhuydwlrqv |k�& duh zhljkwhg zlwk d idfwru q�@+Q��,1 Xqfrqglwlrqdo rq

� dqg v/ ag& fdq eh lqwhusuhwhg dv wkh ruglqdu| yduldqfh hvwlpdwruv iru wkh vdpsoh phdqv dv li wkh

vdpsoh hohphqwv duh vhohfwhg zlwk xqhtxdo suredelolwlhv +��@q�, zlwk uhsodfhphqw zlwklq hdfk

eorfn m +Frfkudq/ 4<::/ htxdwlrq +<D149,,1

Lw iroorzv wkdw wkh fryduldqfh pdwul{ ri wkh N�4 frqwudvwv ri a�\
k

t&
lq +618<, kdv wkh vwuxfwxuh

dv liN lqghshqghqw vxevdpsohv duh gudzq e|phdqv ri vlpsoh udqgrp vdpsolqj zlwk uhsodfhphqw

lq wkh fdvh ri d FUG/ ru vwudwl�hg vlpsoh udqgrp vdpsolqj zlwk uhsodfhphqw lq wkh fdvh ri

dq UEG1 Wkh suredelolw| vwuxfwxuh ri wkh vdpsolqj ghvljq lv lqfrusrudwhg lq wkh hvwlpdwlrq

surfhgxuh e| phdqv ri d uhzhljkwlqj ri wkh revhuydwlrqv zlwk d idfwru/ zklfk frqwdlqv wkh

�uvw0rughu lqfoxvlrq suredelolwlhv1 Hvwlpdwruv kdyh ehhq ghulyhg iru wkh fryduldqfh pdwul{ ri

wkh frqwudvwv ehwzhhq a�\
k

t&
dv li wkh vxevdpsohv v& zhuh gudzq lqghshqghqwo| iurp hdfk rwkhu1

Wkhvh yduldqfh hvwlpdwruv rqo| ghshqg rq wkh �uvw0rughu lqfoxvlrq h{shfwdwlrqv1 Qr vhfrqg0

rughu lqfoxvlrq h{shfwdwlrqv duh uhtxluhg/ zklfk vlpsol�hv wkh yduldqfh hvwlpdwlrq surfhgxuh

frqvlghudeo|1

Lw lv uhpdundeoh wkdw wkh vhfrqg0rughu lqfoxvlrq suredelolwlhv ri wkh vdpsolqj ghvljq duh

ydqlvkhg1 Wklv lv d frqvhtxhqfh ri vhyhudo idfwruv frplqj wrjhwkhu1 Vlqfh zh frqfhqwudwh rq wkh
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yduldqfh ri wkh frqwudvwv ehwzhhq wkh vxevdpsoh hvwlpdwhv/ wkh wzr whupv FrykHrH0+F
a�\
k

t&
m�> v,

dqg HkFryrH0+F
a�\
k

t&
m �> v, lq +6159,/ zklfk duh jlyhq e| +615:, dqg +615;, uhvshfwlyho|/ rqo|

frqwdlqv phdvxuhphqw huuruv dqg dgglwlyh wuhdwphqw h�hfwv1 Wkh lqwulqvlf ydoxhv dv zhoo dv

wkh lqwhuylhzhu h�hfwv fdqfho rxw vlqfh wkh| gr qrw ghshqg rq wkh gl�huhqw wuhdwphqwv1 Gxh

wr wkh dvvxpswlrq ri lqghshqghqfh ri wkh phdvxuhphqw huuruv ehwzhhq wkh lqglylgxdov/ wkh

furvv surgxfwv ri wkh phdvxuhphqw huuruv ehwzhhq lqglylgxdov/ zklfk frqwdlq wkh vhfrqg0rughu

lqfoxvlrq suredelolwlhv/ ydqlvk1 Wkh frpsrqhqwv ri FYF|/ zklfk frqwdlqv vhfrqg0rughu lqfoxvlrq

suredelolwlhv/ frqfhuq wkh fryduldqfh ri wkh dgglwlyh wuhdwphqw h�hfwv � +vhh +616;,/ +6179,,/

+6176,, dqg +6188,,1 Xqghu wkh qxoo k|srwkhvlv wkh fryduldqfh pdwulfhv ri wkhvh frqvwdqwv duh

htxdo wr }hur1 Xqghu wkh dowhuqdwlyh k|srwkhvlv/ wkh vl}h ri wkhvh fryduldqfh whupv ghshqgv rq

wkh yduldwlrq ehwzhhq wkh �uvw0rughu lqfoxvlrq suredelolwlhv1 Lq pdq| sudfwlfdo vlwxdwlrqv/ wkhvh

whupv pljkw eh qhjoljleoh ru hyhq }hur1

Wkh vwuxfwxuh ri wkh wklug fryduldqfh pdwul{ HkHrFry0+F
a�\
k

t&
m �> v, lq +6159, lv pdlqo|

ghwhuplqhg e| wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq1 Frqglwlrqdo rq wkh

uhdol}dwlrq � dqg v/ wkh doorfdwlrq ri wkh h{shulphqwdo xqlwv fdq eh uhjdughg dv vlpsoh udqgrp

vdpsolqj zlwkrxw uhsodfhphqw lq wkh fdvh ri d FUG dqg dv vwudwl�hg vlpsoh udqgrp vdpsolqj

zlwkrxw uhsodfhphqw lq wkh fdvh ri dq UEG1 Vlqfh zh frqfhqwudwh rq wkh fryduldqfh pdwul{

ri wkh frqwudvwv ehwzhhq vxevdpsoh phdqv dqg gxh wr wkh udqgrpl}dwlrq phfkdqlvp ri wkh

h{shulphqwdo ghvljq/ wkh �qlwh srsxodwlrq fruuhfwlrqv lq wkh yduldqfh ri wkh vxevdpsoh phdqv ri

wkh lqwulqvlf ydoxhv fdqfhov rxw djdlqvw wkh fryduldqfhv ehwzhhq wkh vxevdpsoh phdqv1 Wkhuhiruh

d yduldqfh hvwlpdwlrq surfhgxuh frxog eh ghulyhg dv li wkhN vxevdpsohv duh gudzq lqghshqghqwo|

iurp hdfk rwkhu e| phdqv ri vlpsoh udqgrp vdpsolqj zlwk uhsodfhphqw iru FUG*v dqg vwudwl�hg

vlpsoh udqgrp vdpsolqj zlwk uhsodfhphqw iru UEG*v1 Wklv skhqrphqrq lv looxvwudwhg lq wkh

uhpdlqlqj sduw ri wklv vxevhfwlrq1

Wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq fdq eh uhfrjql}hg lq wkh vwuxfwxuh

ri HkHrFry0+F
a�\
k

t&
m �> v, @ HkHrFGF

| .HkHrFDF
|/ vhh +6164,1 Iru d FUG/ wklv fryduldqfh

pdwul{ kdv wkh vwuxfwxuh htxlydohqw wr wkdw N vxevdpsohv ri vl}h q& gudzq e| phdqv ri vlpsoh

udqgrp vdpsolqj zlwkrxw uhsodfhphqw iurp d �qlwh srsxodwlrq ri vl}h q1 Iru dq UEG/ wklv

fryduldqfh pdwul{ kdv wkh vwuxfwxuh dvvrfldwhg zlwk N vxevdpsohv ri vl}h q& gudzq e| phdqv

ri vwudwl�hg vlpsoh udqgrp vdpsolqj iurp d srsxodwlrq glylghg lq M vwudwd ri vl}h q� 1 Frqvlghu

iru h{dpsoh d FUG/ hpehgghg lq d vhoi0zhljkwhg vdpsolqj vfkhph1 Uhfdoo wkdw wkh gldjrqdo

hohphqwv g&/ jlyhq e| +619:,/ kdyh wkh vwuxfwxuh ri vlpsoh udqgrp vdpsolqj zlwk uhsodfhphqw1

Ixuwkhupruh/ lw iroorzv iurp +6166, wkdw wkh gldjrqdo hohphqwv ri D/ ghqrwhg d&&/ htxdov

d&& @ �
4

q

4

+q� 4,

?[
�'�

#
|k�& �

4

q

?[
��'�

|k��&

$2

= +619<,

Qrwh wkdw

g& . d&& @
+4� q&@q,

q&

4

+q� 4,

?[
�'�

#
|k�& �

4

q

?[
��'�

|k��&

$2

> +61:3,
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lv wkh yduldqfh ri d vdpsoh phdq dv li q& hohphqwv duh gudzq e| phdqv ri vlpsoh udqgrp vdpsolqj

zlwkrxw uhsodfhphqw iurp d srsxodwlrq ri vl}h q1 Wkh gldjrqdo hohphqwv d&& duh lq idfw wkh �qlwh

srsxodwlrq fruuhfwlrqv1 Iru wkh r�0gldjrqdo hohphqwv ri D/ ghqrwhg d&&� / lw iroorzv wkdw

d&&� @ �
4

q

4

+q� 4,

?[
�'�

#
|k�& �

4

q

?[
��'�

|k��&

$#
|k�&� �

4

q

?[
��'�

|k��&�

$
= +61:4,

Wklv fdq eh lqwhusuhwhg dv wkh fryduldqfh ehwzhhq wzr vdpsoh phdqv rewdlqhg iurp wzr lq0

whushqhwudwlqj vdpsohv ri vl}h q& dqg q&� / erwk gudzq e| phdqv ri vlpsoh udqgrp vdpsolqj

zlwkrxw uhsodfhphqw iurp d srsxodwlrq ri vl}h q1

Iru dq UEG hpehgghg lq d vhoi0zhljkwhg vdpsolqj ghvljq lw iroorzv wkdw

g& . d&& @
a[
�'�

�
q�
q

�2 +4� q�&@q�,

q�&

4

+q� � 4,

?�[
�'�

#
|k�& �

4

q�

?�[
��'�

|k��&

$2

> +61:5,

dqg

d&&� @ �
a[
�'�

�
q�
q

�2 4

q�

4

+q� � 4,

?�[
�'�

#
|k�& �

4

q�

?�[
��'�

|k��&

$#
|k�&� �

4

q�

?�[
��'�

|k��&�

$
= +61:6,

Irupxod +61:5, lv wkh yduldqfh ri d vdpsoh phdq dv li q& hohphqwv duh gudzq e| phdqv ri vwudwl�hg

vlpsoh udqgrp vdpsolqj zlwkrxw uhsodfhphqw iurp d srsxodwlrq glylghg lq M vwudwd ri vl}h q� 1

Wkh gldjrqdo hohphqwv d&& frqwdlq wkh �qlwh srsxodwlrq fruuhfwlrqv ri wkh vdpsoh phdqv zlwklq

hdfk eorfn1 Wkh r�0gldjrqdo hohphqwv d&&� frqwdlq wkh fryduldqfh ehwzhhq wkh vdpsoh phdqv

zlwklq hdfk eorfn1

Ohw a�Xr& ghqrwh wkh vxevdpsoh phdq ri wkh lqwulqvlf ydoxhv ri wkh wdujhw sdudphwhu ri vxe0

vdpsoh v&1 Li zh frqfhqwudwh rq wkh yduldqfh ri wkh frqwudvw ehwzhhq wzr vxevdpsoh phdqv/

frqglwlrqdo rq wkh uhdol}dwlrq ri � dqg v/ wkhq lw iroorzv wkdw wkh �qlwh srsxodwlrq fruuhfwlrqv

lq wkh ghvljq yduldqfh ri a�Xr& dqg a�Xr&�
fdqfhov rxw djdlqvw wkh ghvljq fryduldqfh ri wkhvh wzr

vxvedpsoh phdqv1 Iru d FUG/ iru h{dpsoh/ lw iroorzv iru wkh lqwulqvlf ydoxhv wkdw=
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4� q&@q

q&

4

+q� 4,
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�'�

#
qx�
Q��

�
4

q
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��'�

qx��
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�
4� q&@q

q&
V2
�> +61:7,
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, @
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4
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�'�

#
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Q��

�
4

q
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��'�
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Q���

$2

�
4� q&�@q

q&�
V2
�> +61:8,

Fry0+
a�Xr& >

a�Xr&, @ �
4

q

4

+q� 4,
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#
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Q��

�
4

q
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��'�

qx��

Q���

$2

� �
4

q
V2
�= +61:9,

Wkh frqglwlrqdo yduldqfh ri d frqwudvw htxdov

Ydu0+
a�Xr& �

a�Xr&, @ Ydu0+
a�Xr&, . Ydu0+

a�Xr&�
,� 5Fry0+

a�Xr& >
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,

@
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q
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Iru dq UEG/ lw iroorzv lq dq htxlydohqw zd| wkdw

Ydu0+
a�Xr& �

a�Xr&, @
a[
�'�

�
Ydu0+

a�Xr�&, . Ydu0+
a�Xr�&�

,� 5Fry0+
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#
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5

q�
V2
��

$

@
a[
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#
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.

V2
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q�&�

$
>

zkhuh

V2
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@
4

+q� � 4,

?�[
�'�

#
q�x�
Q��

�
4

q�

?�[
��'�

q�x��

Q���

$2

=

Wkhvh frqvlghudwlrqv looxvwudwh zk| vhfrqg0rughu lqfoxvlrq suredelolwlhv ydqlvk lq wkh yduldqfh

frpsrqhqw ri wkh lqwulqvlf ydoxhv/ frqglwlrqdo rq wkh uhdol}dwlrq ri � dqg v1 Vhfrqg0rughu

lqfoxvlrq suredelolwlhv rqo| dsshdu lq wkh uhdo yduldqfh0fryduldqfh pdwul{ ri wkh frqwudvwv ri a�\
k

t&

dqg dulvh li wkh h{shfwdwlrq zlwk uhvshfw wr wkh vdpsolqj ghvljq lq wkh h{suhvvlrqv ri HkHrG lv

zrunhg rxw +vhh fkdswhu 8 dqg 9,1

%#5 6�	� ���� ��� ��� �
�������� �� �� ��������� �3����

%#5#� -�� ������7����� 6�	� ���������

D ghvljq0xqeldvhg hvwlpdwru iru F�\ lv jlyhq e| Fa�\
k

t&
/ zkhuh wkh hohphqwv ri a�\

k

t&
duh gh�qhg

e| +6156, lq vhfwlrq 6181 D ghvljq0xqeldvhg hvwlpdwru iru wkh fryduldqfh pdwul{ ri Fa�\
k

t&
lv jlyhq

e| FaGF
|
/ zkhuh wkh gldjrqdo hohphqwv ri aG duh gh�qhg e| +618:, iru d FUG dqg +618;, iru dq

UEG lq vhfwlrq 619151 Lqvhuwlqj wkhvh hvwlpdwruv lqwr wkh ghvljq0edvhg Zdog vwdwlvwlf +614;, lq

vhfwlrq 616 ohdgv wr

Z @ a�\
k|

t&
F|
�
FaGF|

�3�
Fa�\

k

t&
= +61:;,

Lw lv suryhg lq dsshqgl{ 61<1: wkdw

F|
�
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|
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4
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aG3�mm| aG3�= +61:<,

Gxh wr wkh gldjrqdo vwuxfwxuh ri aG/ wkh h{suhvvlrq iru wkh Zdog vwdwlvwlf +61:;, fdq eh ixuwkhu

vlpsol�hg e| phdqv ri +61:<, dv iroorzv

Z @ a�\
k|

t&

#
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4
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H{suhvvlrq +61;3, fdq dovr eh zulwwhq dv

Z @
g[
&'�

+ a�\
k

& �
a�\
k
,2

ag&
> +61;4,

zkhuh

a�\
k
@

Sg
&'�

	7t
k

&

	_&Sg
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	_&

= +61;5,

Xqghu wkh qxoo k|srwkhvlv wkh N vxevdpsoh phdqv a�\
k

& duh xqeldvhg hvwlpdwruv iru �\ k @ �\ k
& iru

n @ 4> 5> = = = >N1 Wkhq a�\
k
lv wkh zhljkwhg vxp ri xqeldvhg hvwlpdwruv a�\

k

& / zhljkwhg zlwk wkh

lqyhuvh ri wkh hvwlpdwhg yduldqfh ri a�\
k

& 1 Qrwh wkdw li
Sg

&'�
aYdu+&&

a�\
k

& , lv plqlpl}hg zlwk uhvshfw

wr wkh zhljkwv && xqghu wkh uhvwulfwlrq
Sg

&'� && @ 4/ wkhq wkh vdph zhljkwv && @
�
	_&
@+
Sg

&'�
�
	_&
,

duh rewdlqhg1 H{suhvvlrq +61;4, iru wkh Zdog vwdwlvwlf fdq eh uhjdughg dv wkh yduldqfh ehwzhhq

wkh vxevdpsoh phdqv a�\
k

& zhljkwhg zlwk wkh lqyhuvh ri wkh yduldqfh ri a�\
k

& 1 Xqghu wkh qxoo

k|srwkhvlv a�\
k
� a�\

k

& iru n @ 4> 5> = = = >N dqg wkxv wkh ydoxh ri Z zloo eh forvh wr }hur1 Xqghu

wkh dowhuqdwlyh k|srwkhvlv Z zloo whqg wr odujhu ydoxhv1

Lw lv hpskdvl}hg lq vhfwlrq 61916 wkdw lq wkh yduldqfh hvwlpdwlrq surfhgxuh wkh N vxevdpsohv

fdq eh wuhdwhg dv li wkh| duh gudzq lqghshqghqwo| iurp hdfk rwkhu dqg wkdw qr vhfrqg0rughu

lqfoxvlrq suredelolwlhv duh uhtxluhg1 Wklv lpsolhv wkdw wkh ghvljq0edvhgZdog vwdwlvwlf lv uhodwlyho|

vlpsoh wr hydoxdwh dv h{suhvvlrq +61;3, ghprqvwudwhv1 Wkh h!flhqf| ri wkh vdpsoh ghvljq whqgv

wr ydqlvk e| wkh frpsdulvrq ri wkh vxevdpsoh phdqv a�\
k

& 1 Wklv uhvxow vhhpv wr eh lq frqiruplw|

zlwk wkh uhvxowv ri Nlvk dqg Iudqnho +4<:7,1 Wkh| hpslulfdoo| irxqg wkdw wkh ghvljq h�hfw iru

gl�huhqfhv ehwzhhq vxefodvv phdqv whqgv wrzdugv rqh iurp ehorz iru vwudwl�hg vdpsolqj ghvljqv

zlwk sursruwlrqdo doorfdwlrq1 Dovr iru foxvwhu vdpsohv wkh| hpslulfdoo| irxqg wkdw wkh ghvljq

h�hfw ri d srvlwlyh lqwudfodvv fruuhodwlrq iru gl�huhqfhv ehwzhhq vxefodvv phdqv lv ohvv wkdq iru

vhsdudwh phdqv1

Wkh uhvxowv rewdlqhg iru wkh ghvljq0edvhg Zdog vwdwlvwlf duh uhodwhg wr wkh olwhudwxuh rq

whvwlqj lqwhuylhzhu gl�huhqfhv dqg rwkhu qrq0vdpsolqj ru phdvxuhphqw huuruv1 Pdkdodqrelv

+4<79, xvhg lqwhushqhwudwlqj vxevdpsohv wr vwxg| lqwhuylhzhu gl�huhqfhv1 Xqghu vlpsoh udqgrp

vdpsolqj dqg wkh dvvxpswlrq ri htxdo zrunordg dq hvwlpdwh ri wkh wrwdo yduldqfh/ zklfk lqfoxghv

qrqvdpsolqj huuruv gxh wr h1j1 lqwhuylhzhuv/ lv rewdlqhg +Frfkudq/ 4<::/ vhfwlrq 46148,1 Kduwoh|

dqg Udr +4<:;, surylghg d jhqhudo wkhru|/ xvlqj pl{hg olqhdu prghov/ wr hvwlpdwh wkh ryhudoo

yduldqfh iru vwudwl�hg pxowlvwdjh vdpsolqj ghvljqv lq zklfk wkh odvw vwdjh xqlwv duh gudzq zlwk

vlpsoh udqgrp vdpsolqj1 Li lq wkh FUG*v frqvlghuhg lq wklv sdshu wkh vxevdpsohv duh dvvljqhg

wr gl�huhqw lqwhuylhzhuv/ wkhq wkh Zdog vwdwlvwlf +61;4, fdq eh lqwhusuhwhg dv d zhljkwhg vxp ri

vtxduhv ri lqwhuylhzhu phdqv a�\
k

& 1
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Wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv/ jlyhq e| +6147, lq vhfwlrq 616/ fdq eh whvwhg zlwk wkh

ghvljq0edvhg Zdog vwdwlvwlf Z gh�qhg lq +61:;, dqg fulwlfdo uhjlrq ^�E�3��>4,/ zkhuh �E�3��

ghqrwhv wkh +4 � �,wk txdqwloh ri Z dqg � wkh vl}h ri wkh whvw1 Lq rughu wr frqvwuxfw fulwlfdo

uhjlrqv/ wkh suredelolw| glvwulexwlrq ri wkh whvw vwdwlvwlf +61:;, kdv wr eh nqrzq1 Iru jhqhudo

vdpsolqj ghvljqv/ wkh +dv|pswrwlf, glvwulexwlrq ri wklv whvw vwdwlvwlf lv xqnqrzq1 Krzhyhu/ li wkh

vdpsolqj ghvljq lv vlpsoh udqgrp vdpsolqj zlwkrxw uhsodfhphqw dqg wkh h{shulphqwdo ghvljq lv

d FUG/ wkhq/ iru jlyhq �/ Ohkpdqq +4<:8/ dsshqgl{ ;, jlyhv vx!flhqw frqglwlrqv xqghu zklfk
a�\
k

t&
lv dv|pswrwlfdoo| pxowlyduldwh qrupdo glvwulexwhg zlwk phdq HrH0+

a�\
k

t&
m v>�, @ �\k dqg

fryduldqfh pdwul{ Yk @ FryrH0+
a�\
k

t&
m v>�, . HrFry0+

a�\
k

t&
m v>�, li q& $4 dqg Q � q& $4=

+a�\
k

t&
m �,$Q

�
�\k>Yk

�
=

Vhh dovr Kämhn +4<93,1 Vr/ zh kdyh

+Fa�\
k

t&
m �,$Q

�
F�\k>FYkF|

�
=

Iurp +6144, lw iroorzv wkdw F�\k @ F� .F�H
k
/ zkhuh F�H

k
@ 4@Q

S�
�'�F%

k
� 1 Vlqfh wkh F%k�

duh pxwxdoo| lqghshqghqw udqgrp yduldeohv zlwk phdq }hur dqg fryduldqfh pdwul{ F	�F
| zh

kdyh e| wkh ruglqdu| fhqwudo olplw wkhruhp

+F�H
k
,$Q

#
3> +4@Q2,

�[
�'�

F	�F
|

$
=

Frpelqlqj erwk olplw glvwulexwlrqv zh rewdlq xqfrqglwlrqdoo| wkdw

+Fa�\
k

t&
,$Q

�
F�>FYF|

�
=

Frqvhtxhqwo|/ li vdpsoh v lv gudzq e| phdqv ri vlpsoh udqgrp vdpsolqj zlwkrxw uhsodfhphqw/

wkhq wkh ghvljq0edvhg Zdog vwdwlvwlf Z +61:;, lv/ xqghu wkh qxoo k|srwkhvlv/ dv|pswrwlfdoo|

glvwulexwhg dv d fkl0vtxduhg udqgrp yduldeoh zlwk N � 4 ghjuhhv ri iuhhgrp=

Z * "2dg3�o= +61;6,

Wklv lv vkrzq lq dsshqgl{ 61<1;1 Lq wkh fdvh ri vwudwl�hg vlpsoh udqgrp vdpsolqj dqg dq

UEG zkhuh vwudwd fruuhvsrqg zlwk wkh eorfn yduldeohv/ wklv uhvxow uhpdlqv ydolg dv q�& $ 4

dqg Q� � q�& $ 41 Qr olplw glvwulexwlrq iru whvw vwdwlvwlf +61:;, lv nqrzq iru pruh frpsoh{

vdpsolqj ghvljqv1 Xvxdoo| lq vxuyh| olwhudwxuh wkh qrupdolw| dvvxpswlrq iru hvwlpdwruv edvhg

rq frpsoh{ vdpsolqj ghvljqv lv dvvxphg wr eh ydolg1 Li lw lv dvvxphg wkdw d olplw wkhruhp krogv

vr wkdw +Fa�\
k

t&
, $ Q

�
F�>FYF|

�
/ wkhq wkh ghvljq0edvhg Zdog vwdwlvwlf lv vwloo dv|pswrwlfdoo|

fkl0vtxduhg glvwulexwhg zlwk N � 4 ghjuhhv ri iuhhgrp1 Lq wkhvh fdvhv fulwlfdo uhjlrqv iru Z fdq

eh frqvwuxfwhg xvlqj wkh fkl0vtxduhg glvwulexwlrq1 Wkhq �E�3�� fdq eh wdnhq dv "2dg3�o+4� �,/

zkhuh "2dg3�o+4� �, lv wkh +4� �,wk txdqwloh ri wkh fkl0vtxduhg glvwulexwlrq zlwk N � 4 ghjuhhv

ri iuhhgrp1 Li wkh qrupdolw| dvvxpswlrq iru a�\
k

t&
lv grxewixo/ d shupxwdwlrq whvw pljkw eh dq

7<



dowhuqdwlyh wr rewdlq dssur{lpdwh fulwlfdo uhjlrqv iru Z 1 Vhh iru h{dpsoh Hiurq dqg Wlevkludql

+4<<6, iru dq lqwurgxfwlrq wr k|srwkhvhv whvwlqj zlwk shupxwdwlrq whvwv1 Vhh Vkdr dqg Wx +4<<8,

iru wkh xvh ri uhvdpsolqj phwkrgv lq �qlwh srsxodwlrq vhwwlqjv1

Zh kdyh frqgxfwhg vlpxodwlrq vwxglhv wr wkh vdpsolqj glvwulexwlrq ri wkh whvw vwdwlvwlfv lq wkh

fdvh ri wkh wzr0wuhdwphqw h{shulphqw dqg wkh FUG xqghu vwudwl�hg vdpsolqj/ foxvwhu vdpsolqj/

wzr0vwdjh vdpsolqj dqg vwudwl�hg wzr0vwdjh vdpsolqj1 Lq doo wkhvh vdpsolqj vfkhphv zh xvhg

xqhtxdo lqfoxvlrq suredelolwlhv1 Wkh dvvxpswlrq wkdw wkh w�vwdwlvwlf dqg wkh Zdog vwdwlvwlf

duh dv|pswrwlfdoo| vwdqgdug qrupdo uhvshfwlyho| fkl0vtxduhg glvwulexwhg kdv ehhq frq�uphg e|

wkhvh vlpxodwlrq vwxglhv +Kxlvpdq/ 4<<;,1

%#8 ����������

D surfhgxuh iru wkh dqdo|vlv ri h{shulphqwv hpehgghg lq rqjrlqj vxuyh|v lv sursrvhg lq wklv

fkdswhu1 Wkh Kruylw}0Wkrpsvrq hvwlpdwru lv dssolhg wr ghulyh ghvljq0xqeldvhg hvwlpdwruv iru

wkh srsxodwlrq sdudphwhuv xqghu wkh N gl�huhqw wuhdwphqwv ri wkh h{shulphqw dv zhoo dv wkh

fryduldqfh pdwul{ ri wkh N � 4 frqwudvwv ehwzhhq wkhvh srsxodwlrq sdudphwhuv1 Dv d uhvxow d

Zdog whvw lv rewdlqhg/ zklfk gudzv lqihuhqfhv rq wkh hvwlpdwhv ri �qlwh srsxodwlrq sdudphwhuv1

Qhyhuwkhohvv/ wklv lv qrw d ixoo ghvljq0edvhg dssurdfk/ vlqfh wkh uhvxowv duh rewdlqhg xqghu vshfl�f

phdvxuhphqw huuru prghov1 Wkhvh prghov dvvxph wkdw hdfk revhuydwlrq lv wkh uhvxow ri d qrq0

revhuydeoh lqwulqvlf ydoxh/ ehlqj glvwruwhg e| d srvvleoh dgglwlyh wuhdwphqw h�hfw/ d udqgrp ru

�{hg lqwhuylhzhu h�hfw dqg d phdvxuhphqw huuru1 Lw lv dvvxphg wkdw phdvxuhphqw huuruv ehwzhhq

lqglylgxdov duh lqghshqghqw dqg wkdw srvvleoh wuhdwphqw h�hfwv duh dgglwlyh1 Edvhg rq wkhvh

dvvxpswlrqv dq hvwlpdwru lv sursrvhg iru wkh fryduldqfh pdwul{/ zklfk kdv wkh vwuxfwxuh dv li

wkh vxevdpsohv duh gudzq zlwk uhsodfhphqw zlwk xqhtxdo vhohfwlrq suredelolwlhv1 Wklv vlpsol�hv

wkh frpsxwdwlrqv uhpdundeo|1 Iluvw qr vhfrqg0rughu lqfoxvlrq suredelolwlhv duh uhtxluhg lq wkh

yduldqfh hvwlpdwruv1 Vhfrqg/ gxh wr wkh gldjrqdo vwuxfwxuh ri wkh fryduldqfh pdwul{/ pdwul{

rshudwlrqv fdq eh dyrlghg lq wkh frpsxwdwlrq ri wkh Zdog vwdwlvwlf1 Lq wkh sursrvhg yduldqfh

hvwlpdwlrq surfhgxuh lw lv dvvxphg wkdw wkh yduldqfh frpsrqhqwv/ zklfk frqfhuq wkh ghvljq

yduldqfh ri wkh wkh dgglwlyh wuhdwphqw h�hfwv fdq eh ljqruhg1 Iluvw wkhvh frpsrqhqwv duh htxdo

wr }hur xqghu wkh qxoo k|srwkhvhv1 Vhfrqg/ wkhvh frpsrqhqwv fdq eh lqwhusuhwhg dv wkh ghvljq

yduldqfhv ri wkh hvwlpdwhg srsxodwlrq vl}h ru eorfn vl}h1 Vlqfh wkhvh srsxodwlrq vl}hv fdq eh

hvwlpdwhg zlwkrxw huuru lq pdq| sudfwlfdo vlwxdwlrqv/ wkh fruuhvsrqglqj yduldqfh frpsrqhqwv

zloo eh htxdo wr }hur ru dw ohdvw qhjoljleoh1 Hvwlpdwruv iru wkhvh frpsrqhqwv duh jlyhq iru wkh vdnh

ri frpsohwhqhvv1 Wkh|/ krzhyhu/ frpsolfdwh wkh uhtxluhg fdofxodwlrqv frqvlghudeo|1 Pruhryhu/

lq wkh qh{w fkdswhu wkhvh uhvxowv duh h{whqghg wr wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Lw zloo eh

vkrzq wkdw xqghu yhu| jhqhudo frqglwlrqv wkhvh frpsrqhqwv dozd|v htxdo }hur xqghu wkh qxoo dv

zhoo dv xqghu wkh dowhuqdwlyh k|srwkhvlv1

Lq Ydq ghq Eudnho dqg Uhqvvhq +4<<9e/ 4<<9f,/ d ixoo ghvljq0edvhg dssurdfk iru wkh dqdo|vlv

ri hpehgghg h{shulphqwv lv iroorzhg1 Wkh| ghulyhg wkh vdph yduldqfh hvwlpdwlrq surfhgxuh
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dv sursrvhg lq wklv fkdswhu zlwkrxw dvvxplqj dq| w|sh ri phdvxuhphqw huuru prghov1 Wkhvh

yduldqfh hvwlpdwruv duh/ krzhyhu/ rqo| ghvljq0xqeldvhg xqghu wkh qxoo k|srwkhvlv ri qr wuhdwphqw

h�hfwv1 Xqghu wkh dowhuqdwlyh k|srwkhvlv wkh yduldqfhv duh jhqhudoo| ryhuhvwlpdwhg1

%#9 �������


%#9#� :��������� �� ��� ������������� ������� ��& ��� � �2�

Iru d FUG wkh udqgrpl}dwlrq yhfwruv s�& duh gh�qhg dv

s�& @

;?= ?
?&
h& li l 5 v&

3 li l 5@ v&
=

Dv d frqvhtxhqfh ri wkh udqgrpl}dwlrq phfkdqlvp ri d FUG/ wkh yhfwruv s�& duh udqgrp zlwk

wkh iroorzlqj frqglwlrqdo suredelolw| pdvv ixqfwlrq

S

�
s�& @

q

q&
h& m v

�
@
q&
q

dqg S +s�& @ 3 m v, @ 4�
q&
q
>

zlwk h& wkh xqlw yhfwru ri rughu N1 Dovr wkh iroorzlqj frqglwlrqdo suredelolwlhv iroorzv iurp wkh

udqgrpl}dwlrq phfkdqlvp ri d FUG=

s�&s
|
�& @

;?=
�
?
?&

�2
h&h

|
& zlwk suredelolw| = ?&

?

R zlwk suredelolw| = 4� ?&
?

>

s�&s
|
�&� @

;?=
?
?&

?
?&�
h&h

|
&� zlwk suredelolw| = 3

R zlwk suredelolw| = 4
>

s�&s
|
��&� @

;?=
?
?&

?
?&�
h&h

|
&� zlwk suredelolw| = ?&

?

?&�
E?3��

R zlwk suredelolw| = 4� ?&
?

?&�
E?3��

>

s�&s
|
��& @

;?=
�
?
?&

�2
h&h

|
& zlwk suredelolw| = ?&

?
E?&3��
E?3��

R zlwk suredelolw| = 4� ?&
?

E?&3��
E?3��

=

Wkh h{shfwdwlrq ri s�& zlwk uhvshfw wr wkh h{shulphqwdo ghvljq fdq eh ghulyhg dv=

H0+s�&, @ S

�
s�& @

q

q&
h&

�
q

q&
h& . S +s�& @ 3,3 @ h&= +61;7,

Wkh iroorzlqj h{shfwdwlrqv fdq eh ghulyhg lq dq htxlydohqw zd|=

H0+s�&s
|
�&, @

q

q&
h&h

|
&>

H0+s�&s
|
�&�, @ R>

H0+s�&s
|
��&�, @

q

+q� 4,
h&h

|
&� >
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H0+s�&s
|
��&, @

q

q&

+q& � 4,

+q� 4,
h&h

|
&=

Vlqfh Fry+{> |, @ H+{|,�H+{,H+|,/ wkh iroorzlqj fryduldqfhv zlwk uhvshfw wr wkh h{shulphqwdo

ghvljq fdq eh ghulyhg iurp wkhvh h{shfwhg ydoxhv>

Fry0+s�&s
|
�&, @

+q� q&,

q&
h&h

|
&> +61;8,

Fry0+s�&s
|
�&�, @ �h&h

|
&� > +61;9,

Fry0+s�&s
|
��&�, @

4

+q� 4,
h&h

|
&� > +61;:,

Fry0+s�&s
|
��&, @ �

+q� q&,

q&

4

+q� 4,
h&h

|
&= +61;;,

%#9#! :��������� �� ��� ������������� ������� ��& ��� �� 2��

Ohw eorfn m eh ghqrwhg e| v�1 Iru dq UEG wkh udqgrpl}dwlrq yhfwruv s�& duh gh�qhg dv

s�& @

;?=
?�
?�&
h& li l 5 v�&

3 li l 5@ v�&
=

Dv d frqvhtxhqfh ri wkh udqgrpl}dwlrq phfkdqlvp ri dq UEG/ wkh yhfwruv s�& duh udqgrp zlwk

wkh iroorzlqj frqglwlrqdo suredelolw| pdvv ixqfwlrq

S
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s�& @

q�
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h& m v�
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@
q�&
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dqg S +s�& @ 3 m v�, @ 4�
q�&
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>

zlwk h& wkh xqlw yhfwru ri rughu N1 Ixuwkhupruh/ wkh iroorzlqj frqglwlrqdo suredelolwlhv iroorzv

iurp wkh udqgrpl}dwlrq phfkdqlvp ri dq UEG=
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Wkh h{shfwdwlrq ri s�& zlwk uhvshfw wr wkh h{shulphqwdo ghvljq fdq eh ghulyhg=

H0+s�&, @ S

#
s�& @

q�
q�&

h&

$
q�
q�&

h& . S +s�& @ 3,3 @ h&= +61;<,

Lq d vlplodu zd| lw iroozv wkdw

H0+s�&s
|
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|
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|
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� 5 v��
=

Wkh iroorzlqj fryduldqfhv zlwk uhvshfw wr wkh h{shulphqwdo ghvljq fdq eh ghulyhg iurp wkhvh

h{shfwdwlrqv=

Fry0+s�&s
|
�&, @

+q� � q�&,

q�&
h&h

|
&> li l 5 v� > +61<3,

Fry0+s�&s
|
�&�, @ �h&h

|
&� > +61<4,

Fry0+s�&s
|
��&�, @

;?=
�

E?�3��h&h
|
&� li l 5 v� dqg l� 5 v�

R li l 5 v� dqg l� 5 v��
> +61<5,

Fry0+s�&s
|
��&, @

;?= �
E?�3?�&�

?�&

�
E?�3��h&h

|
& li l 5 v� dqg l� 5 v�

R li l 5 v� dqg l� 5 v��
= +61<6,

%#9#% :���� �� �����	� )%#!5*

Lq wklv dsshqgl{ lw lv suryhg wkdw

FrykHrH0+F
a�\
k

t&
m �> v, @
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Ohw a�\
k
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@ +a�\

k

�t >
a�\
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2t > = = = >
a�\
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,| ghqrwh d yhfwru ri rughu N zlwk hdfk hohphqw wkh Kruylw}0

Wkrpsvrq hvwlpdwru iru Hk �\
k
& edvhg rq wkh q vdpsolqj xqlwv ri vdpsoh v=

a�\
k

t
@

4

Q

[
�Mr

|k�
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= +61<7,

Qrwh wkdw wklv hvwlpdwru lv qrw revhuydeoh/ vlqfh rqo| q& ri wkh q h{shulphqwdo xqlwv duh dvvljqhg

wr wuhdwphqw n dqg wkxv rqo| rqh ri wkh N hohphqwv ri hdfk yhfwru |k� lv revhuyhg lqvwhdg ri

wkh zkroh yhfwru1 Xvlqj uhvxow +61;7, xqghu d FUG +dsshqgl{ 61<14, ru +61;<, xqghu dq UEG
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+dsshqgl{ 61<15,/ wkh h{shfwdwlrq ri + a�\
k

& m �> v, zlwk uhvshfw wr wkh h{shulphqwdo ghvljq fdq eh

hydoxdwhg dv iroorzv=
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t
= +61<8,

Vlqfh Fm @ 3/ lw iroorzv iurp wkh phdvxuhphqw huuru prgho +614, dqg +617, lq vhfwlrq 614 wkdw

F|k� @ F� .F%k� = +61<9,

Xvlqj +61<7,/ +61<9, dqg wkh phdvxuhphqw huuru prgho dvvxpswlrq +616,/ lw iroorzv wkdw
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Xvlqj +61<7,/ +61<9, dqg wkh phdvxuhphqw huuru prgho dvvxpswlrqv +615, dqg +616,/ lw iroorzv

wkdw
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Qrwh wkdw wkh furvv surgxfwv ehwzhhq � dqg %k� fdqfhov rxw/ gxh wr phdvxuhphqw huuru prgho

dvvxpswlrq +615,1 Dovr qrwh wkdw wkh furvv surgxfwv ehwzhhq %k� dqg %k�� fdqfhov rxw vlqfh phd0

vxuhphqw huuruv ehwzhhq lqglylgxdov duh dvvxphg wr lqghshqghqw +prgho dvvxpswlrq +616,,1

%#9#. :���� �� �����	� )%#%�*
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Wkh surri lv jlyhq iru dq UEG1 Uhvxowv iru d FUG iroorz gluhfwo| dv d vshfldo fdvh ri dq UEG1
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Iru d FUG/ wkh uhvxowv +61<;, dqg +61433, fdq eh zulwwhq lq pdwul{ qrwdwlrq dv iroorzv=
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Iluvw zh jlyh wkh surri iru UEG*v zkhuh lqwhuylhzhuv duh eorfn yduldeohv1 Lq wklv vlwxdwlrq wkh

eorfn yduldeohv vkrxog eh frqvlghuhg dv grpdlqv vlqfh wkh vdpsolqj ghvljq grhvq*w ghwhuplqh
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Wdnlqj wkh h{shfwdwlrq ri �Fry+ a��@� , zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho dqg xvlqj

prgho dvvxpswlrq +616, jlyhv=

4

q�
Hk

#
�[
�'�

q�d��%
k
� %

k|

�

Q2��
� ��@�

��|
@�

$
@

4

q�

#
�[
�'�

q�d��	�

Q2��
�

�[
�'�

d��	�

Q2

$

@
4

Q2

4

q�

�[
�'�

�
q�
��
� 4

�
d��	�= +61439,

Uhvxow +61438, dqg +61439, jlyhv

�Fry+ a��@�,�
4

q�
Fry+ a��@� , @

4

Q2

4

q�

�[
�'�

�
q�
��
�

4

��

�
d��	�= +6143:,
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Vlqfh � lv �{hg zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho lw iroorzv wkdw
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Vlqfh � lv d frqvwdqw zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho dqg iurp uhvxow +61448, lw
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Ilqdoo| lw iroorzv iurp +61446, dqg +6144:, iru dq UEG zlwk SVX*v dv eorfn yduldeohv wkdw
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q�
+q� � 4,

#
�Ydu+ aQ�,�

4

q�
Ydu+ aQ�,

$
> THG=

Surri ri irupxod +616:, iru d FUG

Iurp +6166, dqg +61<9, lw iroorzv wkdw

FDF|@�
q

q� 4

?[
�'�

#
F+�.%k� ,

Q��
�
4

q

?[
��'�

F+�.%k��,

Q���

$#
F+�.%k� ,

Q��
�
4

q

?[
��'�

F+�.%k��,

Q���

$|
= +6144;,

Ohw

aQ @
?[
�'�

4

��

ghqrwh wkh Kruylw}0Wkrpsvrq hvwlpdwru iru wkh srsxodwlrq vl}h dqg

�Ydu+ aQ, @
4

q

#
�[
�'�

q

��
�Q2

$
>

dqg

Ydu+ aQ, @
�[
�'�

�[
��'�

+���� � �����,

�� ���
>

wkh yduldqfhv ri aQ 1 Wkh h{shfwdwlrq ri +6144;, zlwk uhvshfw wr wkh vdpsolqj ghvljq dqg wkh

phdvxuhphqw huuru prgho lv jlyhq e|

HkHrFDF
| @ �

4

Q2

�[
�'�

F	�F
|

��
�

q

+q� 4,

F� +F�,|

Q2

�
�Ydu+ aQ,�

4

q
Ydu+ aQ,

�
> THG=

Wkh surri ri wklv uhvxow iru d FUG iroorzv dqdorjrxv wr wkh surri iru dq UEG zkhuh SVX*v duh

eorfn yduldeohv/ zlwk �� @ 4/ ���� @ ��/ ������ @ ���� / M @ 4/ Q� @ Q / q� @ q dqg q�& @ q&1

%#9#5 :���� �� �����	� )%#59*

Pdwul{ aG fdq eh sduwlwlrqhg dv iroorzv=

aG @

3C ag� 3|

3 aGW

4D =
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Iluvw lw lv suryhg wkdw�
FaGF|

�3�
@ aG3�

W �
4

wudfh+aG3�
W ,

aG3�
W mm| aG3�

W = +6144<,

Qrwh wkdw

�
FaGF|

�
@
�
m �L

�3C ag� 3|

3 aGW

4D3C m|

�L

4D @ ag�mm
| . aGW=

Dffruglqj wr Eduwohww*v lghqwlw| +Prulvvrq/ 4<<3/ Fk15, lw iroorzv wkdw=

�
FaGF|

�3�
@

�
ag�mm

| . aGW

�3�
@ aG3�

W �
ag�

4 . ag�m| aG
3�
W m

aG3�
W mm| aG3�

W

@ aG3�
W �

4

wudfh+aG3�,
aG3�
W mm| aG3�

W =

Gh�qh s @ wudfh+aG3�,1 Qrz lw iroorzv wkdw

F|
�
FaGF|

�3�
F @ F| aG3�

W F�
4

s
F| aG3�

W mm| aG3�
W F

@

3C m|

�L

4D aG3�
W

�
m �L

�
�

4

s

3C m|

�L

4D aG3�
W mm| aG3�

W

�
m �L

�

@

3C m| aG3�
W m �m| aG3�

W

�aG3�
W m aG3�

W

4D� 4

s

3C m| aG3�
W mm| aG3�

W m �m| aG3�
W mm| aG3�

W

�aG3�
W mm| aG3�

W m aG3�
W mm| aG3�

W

4D

@

3C m| aG3�
W m � 4@s

�
m| aG3�

W m
�2 �

4� 4@sm| aG3�
W m
� �
�m| aG3�

W

��
�aG3�

W m
� �

4� 4@sm| aG3�
W m
�

aG3�
W � 4@saG3�

W mm| aG3�
W

4D

@

3C s� 4@g� � 4@s +s� 4@g�,
2 +4� 4@s +s� 4@g�,,

�
�m| aG3�

W

�
+4� 4@s +s� 4@g�,,

�
�aG3�

W m
�

aG3�
W � 4@saG3�

W mm| aG3�
W

4D

@

3C 4@g� 3|

3 aG3�
W

4D� 4

s

3C +4@g�,
2 4@g�

�
m| aG3�

W

�
4@g�

�
aG3�
W m
�

aG3�
W mm| aG3�

W

4D
@ aG3� �

4

wudfh+aG3�,
aG3�mm| aG3�> THG=

%#9#8 :���� �� �����	� )%#8%*

Lw lv dvvxphg wkdw d olplw wkhruhp krogv wuxh vxfk wkdw Fa�\
k
$ Q

�
F�\>FYF|

�
1 Iurp Vhduoh

+4<:4,/ wkhruhp 5/ Fk15/ lw iroorzv wkdw li Fa�\
k
* Q

�
F�\>FYF|

�
dqg D @ +FYF|,3�/ wkhq

Z @ +Fa�\
k
,|D+Fa�\

k
, * "2^udqj+D,> 4@5+F�\,|D+F�\,` li dqg rqo| li DFYF| lv lghpsrwhqw/

zlwk udqj+D, wkh qxpehu ri ghjuhhv ri iuhhgrp dqg 4@5+F�\,|D+F�\, wkh qrq0fhqwudo sdudphwhu

ri wkh fkl0vtxduhg glvwulexwlrq1

Vlqfh DFYF| @ L/ lw iroorzv gluhfwo| wkdw DFYF| lv lghpsrwhqw1
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Ehfdxvh pdwul{ FYF| lv qrqvlqjxodu/ udqj+D, @ udqj+DFYF|,1 Ehfdxvh DFYF| lv lghp0

srwhqw/ udqj+DFYF|, @ wudfh+DFYF|,1 Iurp wklv lw iroorzv wkdw udqj+D, @ wudfh+DFYF|, @

wudfh+L, @ N � 41

Xqghu wkh qxoo k|srwkhvlv lw krogv wuxh wkdw F�\ @ 3/ dqg lw iroorzv wkdw wkh qrq0fhqwudo

sdudphwhu 4@5+F�\,|DF�\ @ 31

Ilqdoo|/ li wkhuh lv d olplw wkhruhp vxfk wkdw Fa�\
k
$Q

�
F�\>FYF|

�
/ wkhq lw iroorzv xqghu

wkh qxoo k|srwkhvlv iru wkh Zdog vwdwlvwlf wkdw Z $ "2dg3�o> THG1
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������� (

-�� ���	
��� �� ��������

�
��������� ���� ��� ������	����

���������� ���������

(#�  �����������

Lq vdpsolqj wkhru|/ wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lv iuhtxhqwo| xvhg lq hvwlpdwlrq sur0

fhgxuhv1 Wklv kdv vhyhudo uhdvrqv1 Iluvwo|/ wr pdnh dgydqwdjh ri dx{loldu| lqirupdwlrq lq dq

dwwhpsw wr uhgxfh wkh ghvljq yduldqfh ri wkh hvwlpdwhv ri srsxodwlrq sdudphwhuv dqg wr fruuhfw/

dw ohdvw sduwldoo|/ iru wkh ghvljq eldv gxh wr vhohfwlyh qrq0uhvsrqvh dqg fryhudjh huuruv1 Wkhuh0

iruh/ wkh xvh ri vxlwdeoh dx{loldu| lqirupdwlrq e| phdqv ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru

pljkw lqfuhdvh wkh dffxudf| ri wkh Kruylw}0Wkrpsvrq hvwlpdwru/ vhh h1j1 Ehwkohkhp dqg Nhoohu

+4<;:, ru Vçuqgdo hw do1 +4<<5,1 Vhfrqgo|/ wr hqvxuh wkdw iru dx{loldu| yduldeohv wkh zhljkwhg

revhuydwlrqv lq wkh vdpsoh vxp xs wr wkh nqrzq srsxodwlrq wrwdov1 Wklv hqdeohv xv wr fdoleudwh

wkh vdpsolqj zhljkwv vxfk wkdw wkh pdujlqv ri gl�huhqw sxeolfdwlrq wdeohv duh h{dfwo| htxdo wr

wkh nqrzq vxesrsxodwlrq wrwdov1 Lq grlqj vr/ frqvlvwhqf| ehwzhhq wkh pdujlq wrwdov ri gl�huhqw

sxeolfdwlrq wdeohv fdq eh hqirufhg1

Lq fkdswhu 6/ d ghvljq0edvhg wkhru| iru wkh dqdo|vlv ri hpehgghg h{shulphqwv xvlqj wkh

Kruylw}0Wkrpsvrq hvwlpdwru lv ghyhorshg1 Lq wklv vhfwlrq zh h{whqg wkh wkhru| wr wkh jhqhudol}hg

uhjuhvvlrq hvwlpdwru/ xvlqj wkh prgho0dvvlvwhg dssurdfk ri Vçuqgdo hw do1 +4<<5,1 Wklv hqdeohv

xv wr lqfrusrudwh wkh zhljkwlqj vfkhph ri wkh vxuyh| lq wkh dqdo|vlv ri hpehgghg h{shulphqwv dv

dx{loldu| lqirupdwlrq1 Wklv pljkw lqfuhdvh wkh suhflvlrq ri wkh dqdo|vlv ri wuhdwphqw h�hfwv dqg

pdnh wkh dqdo|vlv/ dw ohdvw sduwldoo|/ pruh urexvw djdlqvw eldv gxh wr vhohfwlyh qrq0uhvsrqvh1 Wklv

dssurdfk lv frpsdudeoh zlwk wkh whfkqltxh ri fryduldqfh dqdo|vlv iurp wkh wkhru| ri h{shulphqwdo

ghvljqv1

Lqwhuhvw lv vwloo irfxvvhg rq wkh whvw ri wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv frpsduhg zlwk
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wkh xquhvwulfwhg dowhuqdwlyh=

Kf = FHk �\
k @ 3>

K� = FHk �\
k 9@ 3>

zlwk F gh�qhg e| +6149, lq vhfwlrq 6161 Wklv k|srwkhvlv fdq eh whvwhg e| phdqv ri wkh Zdog

vwdwlvwlf=

Z @ a�\
k|

F|
� gFYF|

�3�
Fa�\

k
= +714,

Lq wklv vhfwlrq d ghvljq0edvhg hvwlpdwru iru wkh frqwudvwv ri �\k dqg lwv fryduldqfh pdwul{ lq wkh

Zdog vwdwlvwlf +714, lv ghulyhg xvlqj wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1

(#! 0���������� ����� ����	�

Lq rughu wr xvh wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lq wkh dqdo|vlv ri hpehgghg h{shulphqwv/

wkh phdvxuhphqw huuru prghov lqwurgxfhg lq vhfwlrq 615 kdyh wr eh h{whqghg �uvw1 Wklv lv

dffrpsolvkhg e| prgholqj wkh wuxh/ lqwulqvlf ydoxh x� e| phdqv ri d olqhdu uhjuhvvlrq prgho1

Ohw {� @ +{��> {�2> = = = > {�M,
| ghqrwh d yhfwru frqwdlqlqj wkh K dx{loldu| yduldeohv {�� ri

lqglylgxdo l1 Li wkh prgho dvvlvwhg dssurdfk ri Vçuqgdo hw do1 +4<<5, lv iroorzhg/ wkh wuxh ydoxhv

x� iru hdfk hohphqw lq wkh srsxodwlrq duh dvvxphg wr eh d uhdol}dwlrq ri wkh iroorzlqj olqhdu

uhjuhvvlrq prgho=

x� @ e|{� . h�> n @ 4> 5> = = = >N> +715,

H1+h�, @ 3> +716,

Fry1+h�> h��, @

;?= $2
� = l @ l�

3 = l 9@ l�
> +717,

zkhuh H1 dqg Fry1 duh wkh h{shfwdwlrq dqg wkh fryduldqfh zlwk uhvshfw wr wkh uhjuhvvlrq prgho/

e @ +e�&> = = = > eM,
| d yhfwru ri rughu K zlwk wkh uhjuhvvlrq frh!flhqwv dqg h� wkh uhvlgxdov1 Lw lv

uhtxluhg wkdw doo $2
� eh nqrzq xs wr d frpprq vfdoh idfwru> wkdw lv $2

� @ y�$
2/ zlwk y� nqrzq1

Lq wkh prgho dvvlvwhg dssurdfk ri Vçuqgdo hw do1 +4<<5,/ wkh �qlwh srsxodwlrq ri wkh lqwulqvlf

ydoxhv x� lv frqvlghuhg wr eh d uhdol}dwlrq iurp dq xqghuo|lqj vxshusrsxodwlrq prgho gh�qhg e|

+715,1 Lq wklv fdvh/ wkh uhvlgxdov h� duh udqgrp yduldeohv1 Iurp d vwulfwo| ghvljq0edvhg srlqw ri

ylhz/ dv iroorzhg e| Ehwkohkhp dqg Nhoohu +4<;:,/ wkhuh lv qr qhhg wr dgrsw d vxshusrsxodwlrq

prgho1 Lq wkdw fdvh wkh uhvlgxdov h� duh frqvlghuhg �{hg/ lqwulqvlf ydoxhv dqg wkhuh lv qr qhhg

wr lqwurgxfh prgho dvvxpswlrqv +716, dqg +717,1 Wkh uhjuhvvlrq frh!flhqwv lq erwk fdvhv duh

frqvlghuhg �qlwh srsxodwlrq fkdudfwhulvwlfv1 Lw lv dvvxphg wkdw wkh dx{loldu| yduldeohv duh qrw

d�hfwhg e| wkh wuhdwphqwv dqg duh lqwulqvlf ydoxhv/ zklfk fdq eh revhuyhg zlwkrxw phdvxuhphqw

huuruv1

Wkh edvlf phdvxuhphqw huuru prgho iru N vxuyh| vwudwhjlhv fdq eh h{whqghg e| lqvhuwlqj

+715, lqwr phdvxuhphqw huuru prgho +614,/ jlylqj=

|k� @ m+e|{� . h�, . � . %k� > +718,
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zlwk prgho dvvxpswlrqv +716,/ +717, dqg

Hk+%
k
� , @ 3> +719,

Fryk+%
k
� > %

k|

�� , @

;?= 	� = l @ l�

R = l 9@ l�
= +71:,

Wkh phdvxuhphqw huuru prgho iru N vxuyh| vwudwhjlhv zlwk lqwhuylhzhu h�hfwv fdq eh h{0

whqghg e| lqvhuwlqj +715, lqwr +617,/ |lhoglqj=

|k� @ m+e|{� . h�, . � . m�k� . %k� > +71;,

zkhuh wkh lqwhuylhzhu h�hfw �k� ri wkh l�wk lqglylgxdo dvvljqhg wr wkh m�wk lqwhuylhzhu lv prghohg

dv

�k� @ #sE�� . �ksE��=

Khuh #� ghqrwhv wkh �{hg lqwhuylhzhu h�hfw dqg �k� wkh udqgrp lqwhuylhzhu h�hfw ri wkh m�wk

lqwhuylhzhu1 Ehvlghv wkh prgho dvvxpswlrqv +716,/ +717,/ +719, dqg +71:,/ wkh iroorzlqj prgho

dvvxpswlrqv duh pdgh

Hk+�
k
sE��, @ 3> +71<,

Fryk+�
k
sE��> �

k
sE���, @

;?= �2� = i+l, @ i+l�, @ m

3 = i+l, 9@ i+l�,
> +7143,

Fryk+%
k
�&> �

k
sE��, @ 3> n @ 4> = = = >N= +7144,

(#% "��������� �� ��������� �3����

Xqghu wkh phdvxuhphqw huuru prghov +718, ru +71;, wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru fdq eh

xvhg wr hvwlpdwh wkh srsxodwlrq sdudphwhuv Hk �\
k1 Dffruglqj wr d vdpsolqj ghvljq d vdpsoh

v ri vl}h q lv gudzq iurp d �qlwh srsxodwlrq X ri vl}h Q zlwk �uvw dqg vhfrqg0rughu lqfoxvlrq

suredelolwlhv �� dqg ���� 1 Dffruglqj wr wkh h{shulphqwdo ghvljq/ v lv udqgrpo| glylghg lq N

vxevdpsohv v& ri vl}h q&1 Hdfk vxevdpsoh lv dvvljqhg wr rqh ri wkh N wuhdwphqwv1 Dw hdfk

lqglylgxdo lq vxevdpsoh v& dq revhuydwlrq |k�& lv rewdlqhg xqghu wuhdwphqw n1

Lq vhfwlrq 618 wkh �uvw0rughu lqfoxvlrq suredelolwlhv iru wkh vdpsolqj xqlwv lq wkhN vxevdpsohv

duh ghulyhg1 Lq wkh fdvh ri d FUG/ wkh �uvw0rughu lqfoxvlrq suredelolwlhv ri wkh hohphqwv ri

vxevdpsoh v& duh htxdo wr �W� @ +q&@q,��1 Lq wkh fdvh ri dq UEG wkh vdpsoh v lv glylghg lq M

eorfnv v� ri vl}h q� 1 Zlwklq hdfk eorfn wkh lqglylgxdov duh udqgrpl}hg ryhu wkh N wuhdwphqwv1

Ohw q�& ghqrwh wkh qxpehu ri lqglylgxdov lq eorfn m dvvljqhg wr wuhdwphqw n1 Lw lv suryhg

lq vhfwlrq 618 wkdw xqghu wkh udqgrpl}dwlrq phfkdqlvp ri dq UEG wkh �uvw0rughu lqfoxvlrq

suredelolwlhv ri wkh hohphqwv ri vxevdpsoh v& duh htxdo wr �
W
� @ +q�&@q�,��1

Ehvlghv wkh revhuydwlrqv |k�&/ iru hdfk hohphqw lq wkh vdpsoh d yhfwru zlwk K dx{loldu|

yduldeohv {� lv revhuyhg1 Lw lv dvvxphg wkdw wkh dx{loldu| yduldeohv duh qrw h�hfwhg e| wkh

9:



wuhdwphqwv dqg duh lqwulqvlf ydoxhv wkdw fdq eh revhuyhg zlwkrxw phdvxuhphqw huuruv1 Wkh K

srsxodwlrq phdqv ri wkh dx{loldu| yduldeohv duh dvvxphg wr eh nqrzq dqg duh ghqrwhg e| wkh

yhfwru �[ @ + �[�> �[2> = = = > �[M,
|1 Ohw a�[t&

@ + a�[�>
a�[2> = = = >

a�[M,
| ghqrwh wkh Kruylw}0Wkrpsvrq

hvwlpdwru iru wkh srsxodwlrq phdqv ri wkh dx{loldu| yduldeohv �[ edvhg rq wkh vdpsolqj xqlwv ri

vxevdpsoh v&1 Lq wkh fdvh ri d FUG lw iroorzv wkdw

a�[t&
@

q

Qq&

?&[
�'�

4

��
{� @

4

Q

?&[
�'�

{�

�W�
>

dqg iru dq UEG lw iroorzv wkdw

a�[t&
@

4

Q

a[
�'�

?�&[
�'�

q�
q�& ��

{� @
4

Q

?&[
�'�

{�

�W�
=

Iru d frpsohwh hqxphudwlrq ri wkh �qlwh srsxodwlrq/ wkh ehvw olqhdu xqeldvhg hvwlpdwru iru

wkh uhjuhvvlrq frh!flhqwv e ri prgho +715, lv jlyhq e|=

e @

#
�[
�'�

{�{
|
�

$2
�

$3�# �[
�'�

{�x�
$2
�

$
= +7145,

Qrwh wkdw +7145, fdq eh h{suhvvhg lq pdwul{ qrwdwlrq dv

e @ +[|�3�[,3�[|�3�x>

zkhuh [ ghqrwhv d Q � K pdwul{ zlwk hdfk urz wkh dx{loldu| yduldeohv {� ri lqglylgxdo l/ x

d yhfwru ri rughu Q zlwk hdfk hohphqw wkh lqwulqvlf ydoxhv x� ri lqglylgxdo l/ dqg � d Q �Q

gldjrqdo pdwul{ zlwk hdfk gldjrqdo hohphqw wkh yduldqfh $2
� ri +717, ri lqglylgxdo l lq wkh �qlwh

srsxodwlrq1

Wkh wuxh ydoxhv x� duh qrw revhuydeoh gxh wr phdvxuhphqw huuruv dqg wuhdwphqw h�hfwv1

Frqvhtxhqwo| +7145, fdqqrw eh frpsxwhg/ hyhq lq wkh fdvh ri d frpsohwh hqxphudwlrq1 Lq wkh

fdvh ri d frpsohwh hqxphudwlrq/ krzhyhu/

ek& @

#
�[
�'�

{�{
|
�

$2
�

$3�# �[
�'�

{�|
k
�&

$2
�

$
> n @ 4> 5> = = = >N> +7146,

lv gh�qhg dv wkh �qlwh srsxodwlrq uhjuhvvlrq frh!flhqwv revhuyhg xqghu wkh n�wk wuhdwphqw rq

wkh ��wk rffdvlrq ri wkh frpsohwh hqxphudwlrq ri wkh �qlwh srsxodwlrq1 Qrwh wkdw lw iroorzv

iurp phdvxuhphqw huuru prgho +617, wkdw Hk|
k
�& @ x� . �& . #� 1 Wkhuhiruh

e& @ Hke
k
& @

#
�[
�'�

{�{
|
�

$2
�

$3�# �[
�'�

{�+x� . #� . �&,

$2
�

$
> n @ 4> 5> = = = >N> +7147,

lv gh�qhg dv wkh �qlwh srsxodwlrq uhjuhvvlrq frh!flhqwv xqghu wkh n�wk wuhdwphqw1

Wkh uhjuhvvlrq frh!flhqwv ek& dqg e& duh �qlwh srsxodwlrq fkdudfwhulvwlfv/ zklfk fdq eh

hvwlpdwhg xvlqj wkh vdpsoh gdwd iurp vxevdpsoh v&1 Wkh Kruylw}0Wkrpsvrq hvwlpdwru ri ek&

edvhg rq wkh q& revhuydwlrqv ri vxevdpsoh v& lv gh�qhg dv

aek& @

#
?&[
�'�

{�{
|
�

$2
� �

W
�

$3�# ?&[
�'�

{�|
k
�&

$2
� �

W
�

$
> n @ 4> 5> = = = >N= +7148,
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Wkh yhfwru aek& +7148, lv wkh hvwlpdwru sursrvhg e| Vçuqgdo hw do1 +4<<5/ vhfwlrq 917, iru wkh

srsxodwlrq sdudphwhu ek& 1 Vlqfh aek& lv dq hvwlpdwru iru ek& / lw lv dovr dq hvwlpdwru iru e&/ e|

gh�qlwlrq1

Wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru Hk �\
k
& edvhg rq wkh q& revhuydwlrqv ri vxevdpsoh

v& lv jlyhq e|=

a�\
k

&-
@ a�\

k

& . aek
|

& +�[� a�[t&
,> n @ 4> 5> = = = >N> +7149,

zlwk a�\
k

& wkh Kruylw}0Wkrpsvrq hvwlpdwru iru Hk �\
k
& gh�qhg e| +6156, lq vhfwlrq 6181 Wr ghvfuleh

wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq zh lqwurgxfhg lq vhfwlrq 618 wkh yhfwruv

s�& e| +6157, iru d FUG dqg +6158, iru dq UEG1 Lq rughu wr h{suhvv wkh udqgrpl}dwlrq phfkdqlvp

ri wkh dssolhg h{shulphqwdo ghvljq h{solflwo| lq wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ zh uhzulwh

+7149, iru d FUG dv zhoo dv dq UEG dv iroorzv=

a�\
k

&-
@

?[
�'�

#
s|�&+|

k
� � aEk|{�,

�� Q

$
. aek

|

&
�[> +714:,

zkhuh aEk ghqrwh d pdwul{ ri rughu K � N zkrvh froxpqv duh wkh K�yhfwruv aek& gh�qhg lq

+7148,1 Qrz a�\
k

-t&
@ +a�\

k

�- > = = = >
a�\
k

g-
,| lv dq dssur{lpdwho| ghvljq0xqeldvhg hvwlpdwru iru �\k dv

zhoo dv �\ gh�qhg e| +6144, dqg +6145, lq vhfwlrq 616 +Vçuqgdo hw do1/ 4<<5/ fk19,1 Wkh vxevfulsw

t& lv dgghg lq rughu wr hpskdvl}h wkdw
a�\
k

-t&
frqvlvwv ri N jhqhudol}hg uhjuhvvlrq hvwlpdwruv a�\

k

&-
/

hdfk edvhg rq wkh q& hohphqwv ri vxevdpsoh v&1

Lq +715, hdfk lqwulqvlf ydoxh x� lv ghfrpsrvhg lqwr d whup wkdw fdq eh h{sodlqhg e| wkh dx{lo0

ldu| lqirupdwlrq dqg d uhpdlqghu whup h�1 Li wkh ghvljq yduldqfh ri wklv uhpdlqghu whup lv vpdoohu

wkdq wkh ghvljq yduldqfh ri wkh lqwulqvlf ydoxh/ wkhq wkh suhflvlrq ri wkh Kruylw}0Wkrpsvrq hvwl0

pdwru fdq eh lqfuhdvhg e| phdqv ri wkh dx{loldu| lqirupdwlrq xvhg lq wkh jhqhudol}hg uhjuhvvlrq

hvwlpdwru1

Xqghu wkh qxoo k|srwkhvlv lw iroorzv wkdw ek& @ ek&� iru doo n dqg n
�1 Vlqfh wkh �qlwh srsxodwlrq

uhjuhvvlrq frh!flhqwv duh qrw eldvhg zlwk wuhdwphqw h�hfwv xqghu wkh qxoo k|srwkhvlv/ lw pljkw

eh h!flhqw wr hvwlpdwh e lq +715, e| phdqv ri wkh srrohg Kruylw}0Wkrpsvrq hvwlpdwru

aek @

#
?[
�'�

{�{
|
�

$2
� ��

$3�# g[
&'�

?&[
�'�

{�|
k
�&

$2
� ��

$
= +714;,

Lq wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru +7149, dqg +714:,/ aek& fdq eh vxevwlwxwhg iru aek1 Wklv

dssurdfk pljkw orrn h!flhqw dw �uvw vljkw vlqfh rqo| K lqvwhdg ri N �K uhjuhvvlrq frh!flhqwv

kdyh wr eh hvwlpdwhg rq wkh edvlv ri q revhuydwlrqv ri vdpsoh v1 Dv d uhvxow/ wkh srrohg hvwlpdwhv

ri wkh uhjuhvvlrq frh!flhqwv aek zloo eh pruh suhflvh1 Wklv dgydqwdjh/ krzhyhu/ lv rqo| plqru vlqfh
a�[t&

lv vwloo edvhg rq wkh q& revhuydwlrqv ri vxevdpsoh v&/ zklfk olplwv wkh srvvlelolw| wr vshfli|

odujhu zhljkwlqj vfkhphv wkdw duh frpsdudeoh zlwk wkh zhljkwlqj vfkhph ri wkh uhjxodu vxuyh|1

Dqrwkhu glvdgydqwdjh ri wklv dssurdfk lv wkdw aek lv eldvhg zlwk d pl{wxuh ri wuhdwphqw h�hfwv

xqghu wkh dowhuqdwlyh k|srwkhvlv1 Ilqdoo|/ iru wkh dx{loldu| yduldeohv/ wkh zhljkwhg revhuydwlrqv

lq wkh vxevdpsohv gr qrw qhfhvvdulo| vxp xs wr wkh nqrzq srsxodwlrq wrwdov1
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Dv dq dowhuqdwlyh zh fdq zulwh wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru +7149, lq whupv ri ghvljq

dqg fruuhfwlrq zhljkwv/ vhh Vçuqgdo hw do1 +4<<5/ vhfwlrq 918,

a�\
k

&-
@ a�\

k

& . aek
|

& +�[� a�[t&
,

@
4

Q

?&[
�'�

|k�&
�W�

.

57# ?&[
�'�

{�{
|
�

$2
� �

W
�

$3�# ?&[
�'�

{�|
k
�&

$2
� �

W
�

$68|#�[� 4

Q

?&[
�'�

{�

�W�

$

@
4

Q

?&[
�'�

|k�&
�W�

574 . {|�
$2
�

#
?&[
�'�

{�{
|
�

$2
� �

W
�

$3�

+Q �[�
?&[
�'�

{�

�W�
,

68
�

4

Q

?&[
�'�

|k�&
�W�

jW� = +714<,

Li wkh srrohg hvwlpdwru iru wkh uhjuhvvlrq frh!flhqwv +714;,/ edvhg rq wkh q vdpsolqj xqlwv ri

vdpsoh v/ lv vxevwlwxwhg lq wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru +7149, dqg +714:,/ wkhq lw lv qrw

srvvleoh wr uhzulwh wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lq whupv ri ghvljq dqg fruuhfwlrq zhljkwv1

Wklv hpskdvl}hv wkh duwl�fldolw| ri wkh dssolfdwlrq ri d srrohg hvwlpdwru iru wkh uhjuhvvlrq

frh!flhqw1

(#( 4������� ���������� �� ��������� �3����

Ohw Y- ghqrwh wkh yduldqfh0fryduldqfh pdwul{ ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru a�\
k

-t&
1 Dv

zh hpskdvl}hg lq vhfwlrq 619 wkhuh lv d qrq}hur ghvljq fryduldqfh ehwzhhq wkh hohphqwv ri a�\
k

-t&

vlqfh wkh| duh edvhg rq N lqwhushqhwudwlqj vxevdpsohv gudzq iurp d �qlwh srsxodwlrq zlwkrxw

uhsodfhphqw1 Wr hvwlpdwh wkh fryduldqfh whupv ri Y-/ yhfwruv |
k
� frqwdlqlqj revhuydwlrqv xqghu

doo N wuhdwphqwv rewdlqhg iurp hdfk h{shulphqwdo xqlw duh uhtxluhg1 Vlqfh zh kdyhq*w froohfw

revhuydwlrqv ri wkh wdujhw yduldeoh xqghu doo ri wkhN wuhdwphqwv dw hdfk h{shulphqwdo xqlw/ lw zloo

eh fxpehuvrph wr hvwlpdwh wkh fryduldqfh whupv rq wkh r�0gldjrqdo hohphqwv ri Y-1 Wkhuhiruh/

zh iroorz wkh dssurdfk dssolhg lq vhfwlrq 619 dqg frqfhqwudwh rq wkh fryduldqfh pdwul{ ri wkh

N � 4 frqwudvwv ri a�\
k

-t&
/ ghqrwhg FY-F

|1

Vlqfh wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru ri Hk �\
k lv qrqolqhdu/ lw lv jhqhudoo| qrw srvvleoh

wr rewdlq h{dfw uhvxowv rq wkh fryduldqfh pdwul{ ri Fa�\
k

-t&
1 D Wd|oru vhulhv olqhdul}dwlrq fdq eh

dssolhg/ wkrxjk/ wr rewdlq dssur{lpdwh h{suhvvlrqv iru wkh yduldqfh dqg dssur{lpdwh hvwlpdwhv

iru wkh yduldqfh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru +Vçuqgdo hw do1 +4<<5,,1 H{suhvvlqj

+7149, dv d ixqfwlrq ri + a�\
k

& > ae
k
& >
a�[t&

,/ wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru fdq eh dssur{lpdwhg

e| phdqv ri d �uvw0rughu Wd|oru vhulhv olqhdul}dwlrq derxw + �\&>e&> �[,/ zkhuh �\& @ Hk+ �\
k
& , dqg

e& @ Hk+e
k
& ,1 Wklv jlyhv=

a�\
k

&-

=
@ a�\

k

& . e|&+�[� a�[t&
, @ a�H

k

& . e|&
�[> n @ 4> 5> = = = >N> +7153,

zlwk

a�H
k

& @ a�\
k

&-
� e|&

a�[t&
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�� Q

$
> n @ 4> 5> = = = >N> +7154,

dqg E d K �N pdwul{ zkrvh froxpqv duh wkh K�yhfwruv e& +vhh dsshqgl{ 71:14,1 Wkh yhfwru

s�&/ gh�qhg e| +6157, dqg +6158, lq vhfwlrq 618/ hqdeohv xv wr wdnh lqwr dffrxqw iru wkh udqgrp0

l}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq lq ghulylqj ghvljq yduldqfhv dqg fryduldqfhv ri

wkh vxevdpsoh hvwlpdwhv1 Wkh fryduldqfh pdwul{ ri wkh frqwudvwv ri a�\
k

-t&
lv dssur{lpdwhg zlwk

wkh fryduldqfh pdwul{ ri wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri wkh ri wkh frqwudvwv ri
a�\
k

-t&
/ zklfk lv rewdlqhg e| wkdw ri a�H

k

t&
@ +a�H

k

� > = = = >
a�H
k

g,
|1

Li zh frqglwlrq rq wkh phdvxuhphqw huuru prgho/ wkh vdpsolqj ghvljq dqg wkh h{shulphqwdo

ghvljq/ wkhq lw iroorzv wkdw d �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri FY-F
| htxdov

FY-F
| =@FrykHrH0+F

a�H
k

t&
m�> v,.HkFryrH0+F

a�H
k

t&
m�> v,.HkHrFry0+F

a�H
k

t&
m�> v,= +7155,

Li wkhuh h{lvwv d frqvwdqw K�yhfwru d vxfk wkdw d|{� @ 4 iru doo l 5 X / wkhq lw iroorzv wkdw

F+|k� �E
|{�, @ F%k� = +7156,

D surri lv jlyhq lq dsshqgl{ 71:151 Wkh vwdwhg frqglwlrq/ zklfk lv txlwh frpprq lq �qlwh

srsxodwlrq vdpsolqj/ lpsolflwo| dvvxphv wkdw wkh vl}h ri wkh �qlwh srsxodwlrq lv nqrzq dqg lv

xvhg dv dx{loldu| lqirupdwlrq lq wkh hvwlpdwlrq surfhgxuh1

Li wkh vwdwhg frqglwlrq lv vdwlv�hg/ wkhq wkh wkuhh frpsrqhqwv rq wkh uljkw0kdqg vlgh ri +7155,

fdq eh hydoxdwhg dv iroorzv1 Iru wkh �uvw dqg wkh vhfrqg whup lw iroorzv iurp +61;7, iru d FUG

ru +61;<, iru dq UEG dqg phdvxuhphqw huuru prgho dvvxpswlrq +71:, wkdw

FrykHrH0+F
a�H
k

t&
m �> v, @ FrykHrH0

#
?[
�'�

s|�&F+|
k
� �E

|{�,

��Q
m �> v

$

@ FrykHrH0

#
?[
�'�

s|�&F%
k
�

��Q
m �> v

$

@ FrykHr

#
?[
�'�

F%k�
��Q

m �

$
@ Fryk

#
�[
�'�

F%k�
Q

$

@
4

Q2

�[
�'�

F	�F
|> +7157,

HkFryrH0+F
a�H
k

t&
m �> v, @ HkFryrH0

#
?[
�'�

s|�&F+|
k
� �E

|{�,

��Q
m �> v

$

@ HkFryr

#
?[
�'�

F%k�
��Q

m �

$

@ Hk
4

Q2

�[
�'�

�[
��'�

+���� � �����,
F%k� %

k|

�� F
|

�����

@
4

Q2

�[
�'�

�
4

��
� 4

�
F	�F

|= +7158,
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Lq dsshqgl{ 71:16 lw lv suryhg wkdw

HkHrFry0+F
a�H
k

t&
m �> v, @ HkHrFG-F

| �
4

Q2

�[
�'�

F	�F
|

��
> +7159,

zkhuh G- lv d N �N gldjrqdo pdwul{ zlwk hohphqwv

g&- @
4

+q� 4,

4

q&

?[
�'�

#
q+|k�& � e

|
&{�,

Q��
�

4

q

?[
��'�

q+|k��& � e
|
&{��,

Q���

$2

�
V2
.&

q&
> +715:,

lq wkh fdvh ri d FUG dqg

g&- @
a[
�'�

4

+q� � 4,

4

q�&

?�[
�'�

#
q�+|

k
�& � e

|
&{�,

Q��
�

4

q�

?�[
��'�

q�+|
k
��& � e

|
&{��,

Q���

$2

�
a[
�'�

V2
.�&

q�&
> +715;,

lq wkh fdvh ri dq UEG1 Li wkh uhvxowv rewdlqhg lq +7157,/ +7158, dqg +7159, duh vxevwlwxwhg lqwr

+7155,/ wkhq lw iroorzv wkdw

FY-F
| @ HkHrFG-F

|= +715<,

Ehiruh zh hydoxdwh wkh h{shfwdwlrqv Hk dqg Hr ri HkHrG- lq fkdswhu 8 iru FUG*v dqg

fkdswhu 9 iru UEG*v/ dq xqeldvhg hvwlpdwruv iru HkHrG- lv ghulyhg1 Lq wkh fdvh ri d FUG/ dq

dssur{lpdwho| ghvljq0xqeldvhg hvwlpdwru iru HkHrG- lv jlyhq e| wkh gldjrqdo pdwul{ aG- zlwk

gldjrqdo hohphqwv

ag&- @
4

q&

4

+q& � 4,

?&[
�'�

#
q+|k�& �

aek
|

& {�,

Q��
�

4

q&

?&[
��'�

q+|k��& �
aek

|

& {��,

Q���

$2

�
aV2
.&

q&
= +7163,

Frqglwlrqdo rq wkh uhdol}dwlrq ri � dqg v/ wkh doorfdwlrq ri wkh h{shulphqwdo xqlwv wr wkh vxevdp0

sohv v& e| phdqv ri d FUG fdq eh frqvlghuhg dv vlpsoh udqgrp vdpsolqj zlwkrxw uhsodfhphqw

iurp v zlwk yduldeohv +q+|k�& �
aek

|

& {�,,@+��Q,1 Wkhuhiruh lw iroorzv wkdw aV2
.&

lq +7163, lv dq

dssur{lpdwho| ghvljq0xqeldvhg hvwlpdwru iru V2
.&

lq +715:,1 Dq dssur{lpdwho| ghvljq0xqeldvhg

hvwlpdwru iru HkHrG- iru dq UEG lv jlyhq e| wkh gldjrqdo pdwul{ aG- zlwk gldjrqdo hohphqwv

ag&- @
a[
�'�

4

q�&

4

+q�& � 4,

?�&[
�'�

#
q�+|

k
�& �

aek
|

& {�,

Q��
�

4

q�&

?�&[
��'�

q�+|
k
��& �

aek
|

& {��,

Q���

$2

+7164,

�
a[
�'�

aV2
.�&

q�&
=

Lq wkh fdvh ri dq UEG/ frqglwlrqdo rq wkh uhdol}dwlrq ri � dqg v/ wkh doorfdwlrq ri wkh h{shulphqwdo

xqlwv zlwklq hdfk eorfn wr wkh vxevdpsohv v�& fdq eh frqvlghuhg dv vlpsoh udqgrp vdpsolqj

zlwkrxw uhsodfhphqw zlwk yduldeohv +q�+|
k
�& �

aek
|

& {�,,@+��Q,1 Dv d uhvxow lw iroorzv wkdw aV2
.�&

lq

+7164, lv dq dssur{lpdwho| ghvljq0xqeldvhg hvwlpdwru iru V2
.�&

lq +715;,1

Wkh uhvlgxdov +|k�& �
aek

|

& {�, lq wkh yduldqfh hvwlpdwruv +7163, dqg +7164, fdq eh pxowlsolhg

zlwk wkh j�zhljkwv jW� gh�qhg lq +714<, dv dq dowhuqdwlyh1 Wkhq wkh yduldqfh hvwlpdwru iru wkh

jhqhudol}hg uhjuhvvlrq hvwlpdwru/ sursrvhg e| Vçuqgdo hw do1 +4<<5/ uhvxow 919141, lv rewdlqhg1

Qr vhfrqg0rughu lqfoxvlrq suredelolwlhv duh uhtxluhg lq wkh hvwlpdwru iru FY-F
|1 Wklv lv d

frqvhtxhqfh ri wkh iroorzlqj idfwruv=
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41 Wkh dvvxpswlrq ri dgglwlyh wuhdwphqw h�hfwv lq wkh phdvxuhphqw huuru prghov +l1h1 �&/

iru doo l 5 X revhuyhg xqghu wuhdwphqw n,1

51 Wkh dvvxpswlrq wkdw phdvxuhphqw huuruv ehwzhhq lqglylgxdov duh lqghshqghqw1

61 Wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq1

71 D surshuo| fkrvhq vhw ri dx{loldu| lqirupdwlrq lq wkh zhljkwlqj vfkhph vxfk wkdw wkh

frqglwlrq d|{� @ 4 iru doo l 5 X lv vdwlv�hg1

81 Wkh idfw wkdw yduldqfhv duh fdofxodwhg iru wkh frqwudvwv ehwzhhq vxevdpsoh phdqv1

Vlqfh wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lv qrqolqhdu/ d �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq

lv dssolhg wr rewdlq d olqhdul}hg �uvw0rughu dssur{lpdwlrq1 Dv d uhvxow dq dssur{lpdwlrq ri wkh

ghvljq yduldqfh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lv rewdlqhg e| wkh ghvljq yduldqfh ri wkh

uhvlgxdov +|k�& � e|&{�,1 Xqghu wkh frqglwlrq wkdw wkhuh lv d yhfwru d/ vxfk wkdw d|{� @ 4/ iru

doo l 5 X / lw iroorzv wkdw wkh dgglwlyh wuhdwphqw h�hfwv �& ydqlvk lq wkh uhvlgxdov +|k�& � e
|
&{�,1

Wkh vwdwhg frqglwlrq lpsolhv wkdw wkh zhljkwlqj vfkhph ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru

dw ohdvw xwlol}hv wkh vl}h ri wkh �qlwh srsxodwlrq dv dx{loldu| lqirupdwlrq1 Wkhuhiruh zh kdyhS?&
�'�z�& @ aQ @ Q / zkhuh z�& duh wkh uhjuhvvlrq zhljkwv ri wkh hohphqwv lq vxevdpsoh v&1 Wklv

lpsolhv wkdw d frqvwdqw/ iru h{dpsoh wkh dgglwlyh wuhdwphqw h�hfw �&/ zloo eh hvwlpdwhg zlwkrxw

huuru1 Frqvhtxhqwo| wkh dgglwlyh wuhdwphqw h�hfwv ydqlvk iurp wkh uhvlgxdov1 Lq wkh uhvlgxdov

wkuhh whupv uhpdlqv=

41 Wkh uhvlgxdo ri wkh olqhdu uhjuhvvlrq prgho ri wkh lqwulqvlf ydoxh= h� @ x� � e|{�1

51 D whup/ frqfhuqlqj wkh eldv gxh wr lqwhuylhzhu h�hfwv1 Wklv whup htxdov +�k� �g
|{�,/ zkhuh

g ghqrwhv wkh uhjuhvvlrq ri wkh lqwhuylhzhu h�hfwv rq wkh dx{loldu| yduldeohv {� +vhh +716<,

lq dsshqgl{ 71:15,1

61 Wkh phdvxuhphqw huuru %k�&1

Vlqfh zh frqfhqwudwh rq wkh yduldqfh ri wkh frqwudvwv ehwzhhq wkh vxevdpsoh phdqv/ wkh wzr

whupv FrykHrH0+F
a�H
k

t&
m �> v, dqg HkFryrH0+F

a�H
k

t&
m �> v,/ zklfk duh jlyhq e| +7157, dqg +7158,

uhvshfwlyho|/ rqo| frqwdlqv wkh phdvxuhphqw huuruv %k�&1 Wkh uhvlgxdov ri wkh lqwulqvlf ydoxhv h�

dqg wkh eldv gxh wr lqwhuylhzhu h�hfwv fdqfhov rxw lq wkhvh wzr whupv vlqfh wkh| gr qrw ghshqg

rq wkh gl�huhqw wuhdwphqwv1 Ilqdoo|/ gxh wr wkh dvvxpswlrq ri lqghshqghqfh ri wkh phdvxuhphqw

huuruv ehwzhhq lqglylgxdov/ wkh furvv surgxfwv ehwzhhq lqglylgxdov/ zklfk frqwdlq wkh vhfrqg0

rughu lqfoxvlrq suredelolwlhv lq +7157, dqg +7158, ydqlvk1

Frqglwlrqdo rq wkh uhdol}dwlrq ri � dqg v/ wkh doorfdwlrq ri wkh h{shulphqwdo xqlwv wr wkh

wuhdwphqwv frphv grzq wr wkh vhohfwlrq ri N vxevdpsohv ri vl}h q& iurp v ri vl}h q e| phdqv ri

vlpsoh udqgrp vdpsolqj zlwkrxw uhsodfhphqw lq wkh fdvh ri d FUG ru vwudwl�hg vlpsoh udqgrp

vdpsolqj zlwkrxw uhsodfhphqw zkhuh vwudwd fruuhvsrqg wr wkh eorfnv ri wkh h{shulphqw lq wkh

fdvh ri dq UEG1 Wkh fryduldqfh vwuxfwxuh ri wkh wklug whup lq +7155,/ zklfk lv jlyhq e| +7159,/
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lv pdlqo| ghwhuplqhg e| wkhvh udqgrpl}dwlrq phfkdqlvpv ri wkh h{shulphqwdo ghvljq1 Xqghu

wkhvh wzr udqgrpl}dwlrq phfkdqlvpv/ lw lv vkrzq lq vhfwlrq 61916 wkdw lq wkh yduldqfh ri wkh

frqwudvwv ehwzhhq wzr vxevdpsoh phdqv ri wkh lqwulqvlf ydoxhv/ frqglwlrqdo rq � dqg v/ wkh �qlwh

srsxodwlrq fruuhfwlrqv lq wkh yduldqfh ri wkh vxevdpsoh phdqv fdqfho rxw djdlqvw wkh fryduldqfhv

ehwzhhq wkhvh wzr vxevdpsoh phdqv1 Dv d uhvxow/ wkh ohdglqj whup ri +7159,/ l1h1 HkHrFG-F
|/

kdv wkh vwuxfwxuh dv li wkh N vxevdpsohv duh gudzq lqghshqghqwo| iurp hdfk rwkhu e| phdqv

ri vlpsoh udqgrp vdpsolqj zlwk uhsodfhphqw lq wkh fdvh ri d FUG/ ru vwudwl�hg vlpsoh udqgrp

vdpsolqj zlwk uhsodfhphqw lq wkh fdvh ri dq UEG1 Wkh vhfrqg yduldqfh frpsrqhqw lq +7159,

dulvhv iurp wkh phdvxuhphqw huuruv dqg fdqfhov rxw djdlqvw wkh yduldqfh frpsrqhqwv lq +7158,1

Dv d uhvxow d yduldqfh hvwlpdwlrq surfhgxuh frxog eh ghulyhg dv li wkh vxevdpsohv zhuh gudzq

lqghshqghqwo| iurp hdfk rwkhu1

Wkh pdlq gl�huhqfh ehwzhhq wkh uhvxowv iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru dqg wkh

Kruylw}0Wkrpsvrq hvwlpdwru lv wkdw lq wkh yduldqfh hvwlpdwlrq surfhgxuh xqghu wkh jhqhudol}hg

uhjuhvvlrq hvwlpdwru/ wkh vhfrqg0rughu lqfoxvlrq suredelolwlhv frpsohwho| ydqlvk1 Iru wkh Kruylw}0

Wkrpsvrq hvwlpdwru d fryduldqfh frpsrqhqw/ zklfk frqfhuqv wkh yduldqfh ri wkh �{hg/ dgglwlyh

wuhdwphqw h�hfwv/ uhpdlqv xqghu wkh dowhuqdwlyh k|srwkhvhv1 Li wklv frpsrqhqw lv qrw qhjohfwhg/

wkhq vhfrqg0rughu lqfoxvlrq suredelolwlhv duh uhtxluhg lq wkh yduldqfh hvwlpdwlrq surfhgxuh1 Xq0

ghu wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru zlwk d surshuo| fkrvhq vhw ri dx{loldu| lqirupdwlrq

wkhvh frpsrqhqwv ydqlvk/ hyhq xqghu wkh dowhuqdwlyh k|srwkhvlv1 Wkh frqglwlrq xqghu zklfk

wkhvh uhvxowv krog wuxh/ lpsolhv wkdw dw ohdvw wkh vl}h ri wkh �qlwh srsxodwlrq lv xvhg dv dx{loldu|

lqirupdwlrq lq wkh zhljkwlqj vfkhph1 Wkh plqlpxp xvh ri dx{loldu| lqirupdwlrq lv d zhljkwlqj

vfkhph zkhuh {� @ +4, dqg $2
� @ $2 iru doo l 5 X 1 Wklv lpsolhv wkdw uhjuhvvlrq prgho +715,

htxdov x� @ e. h�/ zklfk lv wkh frpprq phdq prgho glvfxvvhg e| Vçuqgdo hw do1 +4<<5/ vhfwlrq

:17,1 Xqghu wklv zhljkwlqj vfkhph/ lw iroorzv iurp +7148, wkdw wkh uhjuhvvlrq frh!flhqw

aek& @

#
?&[
�'�

4

�W�

$3�# ?&[
�'�

|k�&
�W�

$
@ �|r& = +7165,

Li wklv uhjuhvvlrq frh!flhqw lv vxevwlwxwhg lqwr wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru gh�qhg e|

+7149,/ wkhq lw iroorzv wkdw

a�\
k

&-
@ a�\

k

& .

#
?&[
�'�

4

�W�

$3�# ?&[
�'�

|k�&
�W�

$#
4�

4

Q

?&[
�'�

4

�W�

$

@

#
?&[
�'�

|k�&
�W�

$#
?&[
�'�

4

�W�

$3�

@
4
aQ

?&[
�'�

|k�&
�W�

> +7166,

zklfk fdq eh uhfrjql}hg dv wkh h{whqghg Kruylw}0Wkrpsvrq hvwlpdwru ru wkh udwlr hvwlpdwru

iru d srsxodwlrq phdq/ ruljlqdoo| sursrvhg e| Kämhn +4<:4,1 Dssur{lpdwho| ghvljq0xqeldvhg

hvwlpdwhv iru wkh fryduldqfh pdwul{ ri wkh wuhdwphqw h�hfwv duh jlyhq e| +7163, dqg +7164,/

zkhuh aek
|

& {� lv uhsodfhg e| �|r& gh�qhg e| +7165,1

Iru vlwxdwlrqv zkhuh wkh vxp ryhu wkh ghvljq zhljkwv htxdov wkh srsxodwlrq wrwdo/ l1h1S?&
�'�

�
ZW
�

@ aQ @ Q / wkh udwlr hvwlpdwru +7166, dqg lwv yduldqfh hvwlpdwru/ fruuhvsrqg zlwk
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wkh uhvxowv rewdlqhg iru wkh Kruylw}0Wkrpsvrq hvwlpdwru1 Wklv frqglwlrq lv phw iru h{dpsoh lq

wkh fdvh ri FUG*v dqg UEG*v hpehgghg lq d vlpsoh udqgrp vdpsolqj ghvljq/ dq UEG hpehg0

ghg lq d vwudwl�hg vlpsoh udqgrp vdpsolqj ghvljq zkhuh vwudwd duh xvhg dv eorfn yduldeohv ru

d FUG hpehgghg lq d vwudwl�hg vlpsoh udqgrp vdpsolqj ghvljq zlwk sursruwlrqdo doorfdwlrq1

+Xqghu d FUG wkh iudfwlrq ri vdpsolqj xqlwv lq vwudwxp m dvvljqhg wr wuhdwphqw n/ l1h1 q�&@q&

lv udqgrp dqg zloo wkhuhiruh eh gl�huhqw iru wkh gl�huhqw vwudwd1 Dv d uhvxow aQ @ Q rqo| lq

wkh fdvh ri d vhoi0zhljkwhg vdpsolqj vfkhph/ zklfk lv rewdlqhg e| sursruwlrqdo doorfdwlrq lq

wkh fdvh ri vwudwl�hg vdpsolqj1 Iru rwkhu doorfdwlrqv lw iroorzv wkdw aQ 9@ Q 1 Frqvhtxhqwo|/

iru hpehgghg h{shulphqwv zkhuh wklv frqglwlrq lv phw/ wkh yduldqfh hvwlpdwruv edvhg rq wkh

Kruylw}0Wkrpsvrq hvwlpdwru lq vhfwlrq 619 duh ghvljq xqeldvhg xqghu wkh dowhuqdwlyh k|srwk0

hvlv/ vlqfh wkh fryduldqfh frpsrqhqwv ri wkh dgglwlyh wuhdwphqw h�hfwv duh htxdo wr }hur xqghu

vxfk vdpsolqj ghvljqv1 Iru rwkhu w|sh ri vdpsolqj vfkhphv/ lw pljkw eh suhihudeoh wr dsso| wkh

udwlr hvwlpdwru gh�qhg e| +7166, lqvwhdg ri wkh Kruylw}0Wkrpsvrq hvwlpdwru1 Iluvwo| iru wklv

hvwlpdwru wkh yduldqfh hvwlpdwru lv dozd|v dssur{lpdwho| ghvljq0xqeldvhg vlqfh lw lv d vshfldo

fdvh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Vhfrqgo| wklv hvwlpdwru dyrlgv wkh h{wuhph hvwl0

pdwhv vrphwlphv rewdlqhg zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru xqghu yduldeoh vl}h vdpsolqj

vfkhphv +vhh h1j1 Vçuqgdo hw do1 4<<5/ h{dpsoh :1714,1

D vhfrqg gl�huhqfh zlwk wkh uhvxowv rewdlqhg xqghu wkh Kruylw}0Wkrpsvrq hvwlpdwru lv

wkh xvh ri dx{loldu| lqirupdwlrq lq wkh hvwlpdwlrq surfhgxuh1 Lq wkh yduldqfh hvwlpdwruv/ wkh

revhuydwlrqv |k�& duh uhsodfhg e| wkhlu fruuhvsrqglqj uhvlgxdov |
k
�&�

aek
|

& {�1 Wkh vwuxfwxuh ri wkhvh

yduldqfh hvwlpdwruv/ krzhyhu/ lv htxdo wr wkh vwuxfwxuh ri wkh yduldqfh hvwlpdwruv ghulyhg xqghu

wkh Kruylw}0Wkrpsvrq hvwlpdwru1

(#. 6�	� ��������� ��� ��� �
�������� �� �� ��������� �3����

Dq dssur{lpdwho| ghvljq0xqeldvhg hvwlpdwru iru F�\ lv jlyhq e| Fa�\
k

-t&
/ zkhuh wkh hohphqwv

ri a�\
k

-t&
duh gh�qhg e| +7149, ru +714:,1 Dq dssur{lpdwho| ghvljq0xqeldvhg hvwlpdwru iru wkh

fryduldqfh ri Fa�\
k

-t&
lv jlyhq e| F aG-F

|/ zkhuh wkh gldjrqdo hohphqwv ri aG- duh gh�qhg e|

+7163, dqg +7164, iru FUG*v dqg UEG*v uhvshfwlyho|1 Lqvhuwlqj wkhvh hvwlpdwruv lqwr wkh ghvljq0

edvhg Zdog vwdwlvwlf +714, ohdgv wr

Z @ a�\
k|

-t&
F|
�
FaG-F

|
�3�

Fa�\
k

-t&
= +7167,

Htxlydohqw wr wkh ghulydwlrq ri +61;3, xqghu wkh Kruylw}0Wkrpsvrq hvwlpdwru lq vhfwlrq 61:14/

h{suhvvlrq +7167, fdq eh vlpsol�hg wr

Z @
g[
&'�

a�\
k2

&-

ag&-
�

4Sg
&'�

�
	_&-

3C g[
&'�

a�\
k

&-

ag&-

4D2

+7168,

@
g[
&'�

+ a�\
k

&-
� a�\

k

-,
2

ag&-
>
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zlwk

a�\
k

- @

Sg
&'�

	7t
k

&-

	_&-Sg
&'�

�
	_&-

=

Lq rughu wr whvw wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv/ fulwlfdo uhjlrqv iru wkh ghvljq0edvhg

Zdog vwdwlvwlf duh uhtxluhg1 Dffruglqj wr wkh vdph dujxphqwv dv jlyhq iru wkh Kruylw}0Wkrpsvrq

hvwlpdwru lq vxevhfwlrq 61:15/ lw iroorzv wkdw li wkh vdpsolqj ghvljq lv vlpsoh udqgrp vdpsolqj

dqg wkh h{shulphqwdo ghvljq lv d FUG dqg q& $4 dqg Q � q& $4/ wkhq

+Fa�H
k

t&
m �,$Q +F�Hk>FY-

kF|,>

zkhuh �Hk @ HrH0+
a�H
k

t&
m �> v, dqg Yk

- @ FryrH0+
a�H
k

t&
m �> v, . HrFry0+

a�H
k

t&
m �> v,1 Vlqfh

F�Hk @ �
�

S�
�'�F%

k
� dqg wkh F%k� duh pxwxdoo| lqghshqghqw udqgrp yduldeohv zlwk phdq }hur

dqg fryduldqfh pdwul{ F	�F
| lw iroorzv iurp wkh ruglqdu| fhqwudo olplw wkhruhp wkdw

+F�Hk,$Q +3> +
4

Q2
,
�[
�'�

F	�F
|,= +7169,

Li erwk olplw wkhruhpv duh frpelqhg/ wkhq lw iroorzv xqfrqglwlrqdoo| wkdw

+Fa�H
k

t&
,$Q +3>FY-F

|,>

dqg wkxv

+Fa�\
k

-t&
,$Q +F�>FY-F

|,= +716:,

Iru pruh frpsoh{ vdpsolqj ghvljqv lw lv dvvxphg wkdw wkhuh lv d olplw wkhruhp vxfk wkdw +716:,

krogv wuxh1 Lq wkdw fdvh wkh Zdog vwdwlvwlf/ xqghu wkh qxoo k|srwkhvlv/ lv dv|pswrwlfdoo| glvwule0

xwhg dv d fkl0vtxduhg udqgrp yduldeoh zlwk N � 4 ghjuhhv ri iuhhgrp +vhh dsshqgl{ 61<1;,1

(#/ ����������

Lq wklv fkdswhu wkh ghvljq0edvhg dssurdfk iru wkh dqdo|vlv ri h{shulphqwv ghyhorshg lq fkdswhu

6/ lv h{whqghg wr wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Lq grlqj vr/ wkh zhljkwlqj vfkhph ri wkh

vxuyh|/ fdq eh lqfrusrudwhg lq wkh dqdo|vlv ri dq hpehgghg h{shulphqw1 Wklv qrw rqo| lqfuhdvhv

wkh suhflvlrq/ exw lw dovr pdnhv wkh dqdo|vlv pruh urexvw djdlqvw wkh eldv gxh wr vhohfwlyh qrq0

uhvsrqvh1 Wkh xvh ri dx{loldu| lqirupdwlrq e| phdqv ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru

lq wkh dqdo|vlv ri hpehgghg h{shulphqwv uhsuhvhqwv d ghvljq0edvhg dqdorj| ri wkh whfkqltxh ri

fryduldqfh dqdo|vlv lq wkh vwdqgdug wkhru| ri ghvljq dqg dqdo|vlv ri h{shulphqwv1

Wkh hvwlpdwru iru wkh yduldqfh0fryduldqfh pdwul{ FY-F
| kdv wkh vwuxfwxuh dv li wkh N

vxevdpsohv kdv ehhq gudzq lqghshqghqwo| iurp hdfk rwkhu1 Wkh suredelolw| vwuxfwxuh ri wkh

vdpsolqj ghvljq lv lqfrusrudwhg lq wkh yduldqfh hvwlpdwlrq surfhgxuh e| phdqv ri d uhzhljkwlqj

ri wkh revhuydwlrqv zlwk d idfwru/ zklfk frqwdlqv wkh �uvw0rughu lqfoxvlrq suredelolwlhv +q@+Q��,
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lq wkh fdvh ri d FUG dqg q�@+Q��, lq wkh fdvh ri dq UEG,1 Wkh ghulyhg yduldqfh hvwlpdwruv

iru wkh vxevdpsoh phdqv kdyh wkh vwuxfwxuh dv li wkh vdpsoh hohphqwv duh vhohfwhg zlwk xqhtxdo

suredelolwlhv +��@q, zlwk uhsodfhphqw lq wkh fdvh ri d FUG ru +��@q�, zlwk uhsodfhphqw zlwklq

hdfk eorfn lq wkh fdvh ri dq UEG1 Vlqfh qr vhfrqg0rughu lqfoxvlrq suredelolwlhv duh uhtxluhg lq wkh

yduldqfh hvwlpdwlrq surfhgxuh/ wkh dqdo|vlv ri hpehgghg h{shulphqwv lv vlpsol�hg frqvlghudeo|1

Vhfrqg0rughu lqfoxvlrq suredelolwlhv rqo| dsshdu lq wkh fryduldqfh pdwul{ li wkh h{shfwdwlrq zlwk

uhvshfw wr wkh vdpsolqj ghvljq lq wkh h{suhvvlrqv ri HkHrGU lv zrunhg rxw +vhh fkdswhuv 8 dqg

9,1

Xqghu wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru zlwk d surshuo| fkrvhq vhw ri dx{loldu| lqirupd0

wlrq/ wklv yduldqfh hvwlpdwlrq surfhgxuh lv dssur{lpdwho| ghvljq0xqeldvhg1 Vlqfh wklv frqglwlrq

lv vdwlv�hg e| Kämhnv udwlr hvwlpdwru iru d srsxodwlrq phdq +dovr nqrzq dv wkh frpprq phdq

prgho,/ wklv hvwlpdwru lv suhihudeoh wr wkh Kruylw}0Wkrpsvrq hvwlpdwru lq pdq| vlwxdwlrqv1

(#5 �������


(#5#� -�
	�� ������ �����
������� ��� ��� ������	���� ���������� ���������

D �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru a�\
k

-t&
derxw

+Hk �\
k>e&> �[, fdq eh ghulyhg dv iroorzv +vhh h1j1 Vçuqgdo hw do1/ 4<<5/ vhfwlrq 818 dqg 919,1

Wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru hdfk hohphqw ri a�\
k

-t&
lv h{suhvvhg dv d ixqfwlrq ri

+ a�\
k

& >
aek& >

a�[t&
,

a�\
k

&-
@ a�\

k

& . aek
|

& +�[� a�[t&
, @ i+ a�\

k

& > ae
k
& >
a�[t&

,=

Wkh sduwldo ghulydwlyhv ri i+ a�\
k

& > ae
k
& >
a�[t&

, duh jlyhq e|

Ci+ a�\
k

& > ae
k
& >
a�[t&

,

C a�\
k

&

@ 4>

Ci+ a�\
k

& > ae
k
& >
a�[t&

,

Caek&
@ +�[� a�[t&

,>

Ci+ a�\
k

& > ae
k
& >
a�[t&

,

C a�[t&

@ �aek& =

Wkhvh sduwldo ghulydwlyhv duh hydoxdwhg lq wkhlu wuxh ydoxh srlqwv/ zkhuh a�\
k

& @ Hk �\
k
& /

aek& @ e&

dqg a�[t&
@ �[1 +Qrwh wkdw a�\

k

& /
a�[t&

dqg aek& duh frqvlvwhqw hvwlpdwruv ri Hk �\
k
& /

�[ dqg e&1, Qrz/

d �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lv rewdlqhg e|=

i+ a�\
k

& > ae
k
& >
a�[t&

, @ Hk �\
k
& . e|&+�[� �[, . +a�\

k

& � Hk �\
k
& ,

.+�[� �[,|+aek& � e&,� e
|
&+
a�[t&

� �[, .U

=
@ a�\

k

& . e|&+�[�
a�[t&

, @
[
�Mr

#
s|�&+|

k
� �E

|
&{�,

�� Q

$
. e|&

�[= +716;,
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(#5#! :���� �� �����	� )(#!%*

Lw lv suryhg wkdw

F+|k� �E
|{�, @ F%k� >

xqghu wkh frqglwlrq wkdw wkhuh h{lvwv d frqvwdqw K�yhfwru d vxfk wkdw d|{� @ 4 iru doo l 5 X 1

Xqghu wkh vwdwhg frqglwlrq lw iroorzv wkdw ek& lq +7147, fdq eh hydoxdwhg dv

Hk+e
k
& , @ Hk

#
�[
�'�

{�{
|
�

$2
�

$3� �[
�'�

{�|
k
�&

$2
�

@

#
�[
�'�

{�{
|
�

$2
�

$3� �[
�'�

{�x�
$2
�

.

#
�[
�'�

{�{
|
�

$2
�

$3� a[
�'�

��[
�'�

{�#�
$2
�

. d�&

@ e. g. d�&> +716<,

zkhuh e duh wkh uhjuhvvlrq frh!flhqwv gh�qhg lq +715, dqg g ghqrwhv wkh uhjuhvvlrq frh!flhqwv

iurp wkh uhjuhvvlrq ixqfwlrq ri wkh lqwhuylhzhu h�hfwv rq wkh dx{loldu| yduldeohv {�1

Iurp uhvxow +716<, lw iroorzv wkdw

E|{� @

59997
e|�
111

e|g

6:::8{�
@ m+e|{�, . m+g|{�, . �+d|{�,

@ m+e|{� . g|{�, . �= +7173,

Vlqfh Fm @ 3 dqg iurp phdvxuhphqw huuru prgho +71;, dqg uhvxow +7173, lw iroorzv wkdw

F
�
|k� �E

|{�

�
@ F

�
mx� . m�k� . � . %k� � m+e

| . g|,{� � �
�

@ F%k� > THG= +7174,

(#5#% :���� �� �����	� )(#!/*

Lq wklv dsshqgl{ lw lv suryhg wkdw

HkHrFry0+F
a�H
k

t&
m �> v, @ HkHrFG-F

| �
4

Q2

�[
�'�

F	�F
|

��
=

Wkh surri lv jlyhq iru dq UEG1 Uhvxowv iru d FUG iroorzv dqdorjrxv wr wkh surri iru dq UEG

zlwk M @ 4/ q� @ q dqg q�& @ q&1

Iluvw zh ghulyh dq h{suhvvlrq iru Fry0+F
a�H
k

t&
m �> v,1 Qrwh wkdw

Fry0+F
a�H
k

t&
m �> v, @ FFry0+

a�H
k

t&
m �> v,F|> +7175,

zlwk a�H
k

t&
@ +a�H

k

� > = = = >
a�H
k

g, dqg

a�H
k

& @
?[
�'�

#
s|�&+|

k
� �E

|{�,

�� Q

$
> n @ 4> 5> = = = >N=

:;



Dffruglqj wr wkh vdph ghulydwlrqv dssolhg lq dsshqgl{ 61<18/ lw iroorzv wkdw wkh gldjrqdo hohphqwv

ri Fry0+
a�H
k

t&
m �> v, htxdov

Ydu0+
a�H
k

& m �> v, @
a[
�'�

q�
+q� � 4,

q�
q�&

?�[
�'�

#
+|k�& � e

|
&{�,

Q��
�

4

q�

?�[
��'�

+|k��& � e
|
&{��,

Q���

$2

�
a[
�'�

q�
+q� � 4,

?�[
�'�

#
+|k�& � e

|
&{�,

Q��
�

4

q�

?�[
��'�

+|k��& � e
|
&{��,

Q���

$2

> +7176,

dqg wkdw wkh r�0gldjrqdo hohphqwv ri Fry0+
a�H
k

t&
m �> v, htxdov

Fry0+
a�H
k

&
a�H
k

&� m �> v, @ +7177,

�
a[
�'�

q�
+q��4,

?�[
�'�

#
+|k�&�e

|
&{�,

Q��
�

4

q�

?�[
��'�

+|k��&�e
|
&{��,

Q���

$#
+|k�&��e

|
&�{�,

Q��
�

4

q�

?�[
��'�

+|k��&��e
|
&�{��,

Q���

$
=

Uhvxowv +7176, dqg +7177, fdq eh zulwwhq lq pdwul{ qrwdwlrq dv iroorzv

Fry0+
a�H
k

t&
m �> v, @G-

�
a[
�'�

q�
+q� � 4,

?�[
�'�

#
+|k� �E

|{�,

Q��
�

4

q�

?�[
��'�

+|k���E
|{��,

Q���

$#
+|k� �E

|{�,

Q��
�

4

q�

?�[
��'�

+|k���E
|{��,

Q���

$|
>

zkhuh G- ghqrwhv d N �N gldjrqdo pdwul{ zlwk hohphqwv g&- gh�qhg e| +715;,1 Dffruglqj wr

+7156, lw iroorzv wkdw

Fry0+F
a�H
k

t&
m �> v, @ FG-F

|

�
a[
�'�

q�
+q� � 4,

?�[
�'�

#
F%k�
Q��

�
4

q�

?�[
��'�

F%k��

Q���

$#
F%k�
Q��

�
4

q�

?�[
��'�

F%k��

Q���

$|
= +7178,

Lq rughu wr wdnh wkh h{shfwdwlrq zlwk uhvshfw wr wkh vdpsolqj ghvljq ri wkh vhfrqg whup ri +7178,

zh glvwlqjxlvkhg lq vhfwlrq 619 ehwzhhq UEG*v zkhuh wkh eorfn yduldeohv duh gluhfwo| olqnhg zlwk

wkh vdpsolqj vfkhph +h1j1 li vwudwd/ foxvwhuv ru SVX*v dv eorfn yduldeohv, dqg UEG*v zkhuh wkh

eorfn yduldeohv duh qrw gluhfwo| olqnhg zlwk wkh vdpsolqj vfkhph +h1j1 li lqwhuylhzhuv duh eorfn

yduldeohv,1 Lq dsshqgl{ 61<19 lw lv suryhg iru wkhvh vlwxdwlrqv wkdw

HkHr

a[
�'�

q�
+q� � 4,

?�[
�'�

#
F%k�
Q��

�
4

q�

?�[
��'�

F%k��

Q���

$#
F%k�
Q��

�
4

q�

?�[
��'�

F%k��

Q���

$|

@
4

Q2

�[
�'�

F	�F
|

��
= +7179,

Qrz lw iroorzv iurp +7179, wkdw

HkHrFry0+F
a�H
k

t&
m �> v, @ HkHrFG-F

| �
4

Q2

�[
�'�

F	�F
|

��
> THG=

:<
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������� .

����	���	
 ���������� �������

.#�  �����������

Lq fkdswhu 6 dqg 7 d jhqhudo iudphzrun iru wkh dqdo|vlv ri hpehgghg h{shulphqwv kdv ehhq

ghulyhg1 Wklv fkdswhu ixuwkhu hoderudwhv rq wkh vshfl�f ghwdlov ri FUG*v1 H{suhvvlrqv iru wkh

yduldqfhv HkHrg& dqg HkHrg&- duh ghulyhg iru FUG*v xqghu jhqhudo vdpsolqj ghvljqv lq vhfwlrq

8151 Wkhvh h{suhvvlrqv duh xvhg wr hydoxdwh wkh h!flhqf| ri UEG*v xqghu gl�huhqw vdpsolqj

ghvljqv lq fkdswhu 91 Lq vhfwlrq 816/ lw lv vkrzq xqghu zklfk frqglwlrqv wkh ghvljq0edvhg Zdog

vwdwlvwlf iru d FUG lv htxdo wr wkh I�vwdwlvwlf ri wkh rqh0zd| DQRYD lq d prgho0edvhg dqdo|vlv1

D ghvljq0edvhg w�vwdwlvwlf lv ghulyhg iru wkh dqdo|vlv ri wkh hpehgghg wzr0wuhdwphqw h{shulphqw

dv d vshfldo fdvh ri FUG*v zkhuh N @ 5 lq vhfwlrq 8171

.#! 4������� �� ��������� �3����

.#!#� -�� 1������7-������� ���������

Lq vhfwlrq 618 wkh Kruylw}0Wkrpsvrq hvwlpdwru a�\
k

t&
lv sursrvhg dv d ghvljq0xqeldvhg hvwlpdwru

iru �\/ zklfk frqwdlqv wkh srsxodwlrq phdqv xqghu wkh N gl�huhqw wuhdwphqwv ri wkh h{shulphqw1

H{suhvvlrqv iru wkh hohphqwv ri yhfwru a�\
k

t&
duh jlyhq e| +6154, ru +6156,1 Wkh fryduldqfh pdwul{

ri wkh N � 4 frqwudvwv ri a�\
k

t&
lv jlyhq e| FYF|/ gh�qhg e| +616;, lq vhfwlrq 6191 Zlwk wkh

h{fhswlrq ri d vpdoo fryduldqfh whup ri wkh dgglwlyh wuhdwphqw h�hfwv/ zklfk zloo jhqhudoo|

eh qhjoljleoh ru hyhq }hur/ lw iroorzhg wkdw FYF| @ HkHrFGF
|1 Wkh hohphqwv g& ri gldjrqdo

pdwul{G duh gh�qhg e| +6165,1 Ghvljq0xqeldvhg hvwlpdwruv iru g& duh gh�qhg e| +618:,1 Zh fdq

ixuwkhu hydoxdwh wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw h�hfwv e| zrunlqj rxw wkh h{shfwdwlrqv

ri G zlwk uhvshfw wr wkh vdpsolqj ghvljq dqg wkh phdvxuhphqw huuru prgho1

Wkh Kruylw}0Wkrpsvrq hvwlpdwru iru wkh srsxodwlrq phdq ri wkh lqwulqvlf ydoxhv �X edvhg

rq wkh q hohphqwv ri vdpsoh v lv jlyhq e|

a�Xt @
4

Q

?[
�'�

x�
��
=
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Ohw �X& ghqrwh wkh srsxodwlrq phdq ri wkh lqwulqvlf ydoxhv eldvhg zlwk wkh wuhdwphqw h�hfw �&

ri wuhdwphqw n/ l1h1 �X& @ �X . �&1 Wkh Kruylw}0Wkrpsvrq hvwlpdwru iru �X&/ edvhg rq wkh q

hohphqwv ri vdpsoh v lv gh�qhg dv

a�X&t @
4

Q

?[
�'�

+x� . �&,

��
=

Wkhq

Ydu+ a�X&t, @
4

Q2

�[
�'�

�[
��'�

+���� � �����,
+x� . �&,+x��& . �&,

�����
+814,

ghqrwhv wkh uhdo yduldqfh ri a�X&t / l1h1 wkh yduldqfh zlwk uhvshfw wr wkh vdpsolqj ghvljq xvhg wr

gudz vdpsoh v dqg

�Ydu+ a�X&t, @
4

q

#
�[
�'�

q+x� . �&,
2

��Q2
� �X2

&

$
+815,

ghqrwhv wkh yduldqfh ri a�X&t dv li wkh vdpsoh v kdv ehhq gudzq zlwk uhsodfhphqw zlwk vhohfwlrq

suredelolwlhv ��@q1 Xqghu wkh edvlf phdvxuhphqw huuru prgho +614, lq vhfwlrq 615/ lw lv suryhg

lq dsshqgl{ 81814 wkdw=

HkHrg& @
q

+q� 4,

q

q&

�
�Ydu+ a�X&t,�

4

q
Ydu+a�X&t,

�
.

q

q&

�[
�'�

�2�&
��Q2

> +816,

zkhuh �2�& ghqrwhv wkh n�wk gldjrqdo hohphqw ri 	� gh�qhg lq +616, lq vhfwlrq 6151 Dq h{suhv0

vlrq ri wkh fryduldqfh pdwul{ ri Fa�\
k

t&
lv rewdlqhg li wkh hohphqwv HkHrg& gh�qhg lq +816, duh

vxevwlwxwhg lqwr wkh h{suhvvlrq ri FYF| lq +616;, lq vhfwlrq 619141

Dq h{suhvvlrq iru wkh ghvljq0edvhg Zdog vwdwlvwlf iru d FUG edvhg rq wkh Kruylw}0Wkrpsvrq

hvwlpdwru iroorzv gluhfwo| iurp +61;3, lq vhfwlrq 61: dqg uhdgv dv

Z @
g[
&'�

q&
aV2
&

a�\
k2

& �
4Sg

&'�
?&
	72
&

#
g[
&'�

q&
aV2
&

a�\
k

&

$2

> +817,

zkhuh a�\
k

& lv gh�qhg lq +6154, ru +6156, lq vhfwlrq 618 dqg aV2
& lv gh�qhg lq +618:, lq vhfwlrq 6191

.#!#! -�� ������	���� ���������� ���������

Lq vhfwlrq 716 wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru a�\
k

-t&
lv sursrvhg dv dq dssur{lpdwho| ghvljq0

xqeldvhg hvwlpdwru iru �\1 H{suhvvlrqv iru wkh hohphqwv ri yhfwru a�\
k

-t&
duh jlyhq e| +714:,1 Wkh

fryduldqfh pdwul{ ri wkh N � 4 frqwudvwv ri wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�\
k

-t&

lv jlyhq e| HkHrFG-F
|1 Wkh hohphqwv g&- ri wkh gldjrqdo pdwul{ G- duh gh�qhg e| +715:,

lq vhfwlrq 7171 Ghvljq0xqeldvhg hvwlpdwruv iru g&- duh gh�qhg e| +7163, lq vhfwlrq 7171 Lq wklv

vhfwlrq/ wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw h�hfwv iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru

lv ghulyhg e| wdnlqj wkh h{shfwdwlrqv zlwk uhvshfw wr wkh vdpsolqj ghvljq dqg wkh phdvxuhphqw

huuru prgho ri g&- 1
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Ohw a�X-t
ghqrwh wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru �X edvhg rq wkh q vdpsolqj xqlwv ri

v1 Wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�X-t
lv jlyhq e|

a�X-t

=
@ a�Xt . e|+�[� a�[t, @

a�Ht . e| �[> +818,

zlwk

a�Ht @
a�Xt � e

| a�[t @
4

Q

?[
�'�

+x� � e|{�,

��
= +819,

Khuh a�[t lv wkh Kruylw}0Wkrpsvrq hvwlpdwru ri �[ edvhg rq wkh q vdpsolqj xqlwv ri v dqg e wkh

uhjuhvvlrq frh!flhqwv ri wkh olqhdu uhjuhvvlrq prgho +715, lq vhfwlrq 7151 Wkh ghvljq yduldqfh ri

wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�X-t
lv jlyhq e|

Ydu+ a�Ht, @
4

Q2

�[
�'�

�[
��'�

+���� � �����,
+x� � e|{�,

��

+x�� � e
|{��,

���
= +81:,

Ixuwkhupruh/ ohw

�Ydu+ a�Ht, @
4

q

#
�[
�'�

q+x� � e
|{�,

2

��Q2
� + �X � e| �[,2

$
+81;,

ghqrwh wkh yduldqfh ri wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�X-t
dv li wkh vdpsoh v kdv

ehhq gudzq zlwk uhsodfhphqw zlwk vhohfwlrq suredelolwlhv ��@q1

Xqghu wkh edvlf phdvxuhphqw huuru prgho +718, lq vhfwlrq 715 lw lv suryhg lq dsshqgl{ 81815

wkdw=

HkHrg&- @
q

+q� 4,

q

q&

�
�Ydu+ a�Ht,�

4

q
Ydu+a�Ht,

�
.

q

q&

�[
�'�

�2�&
��Q2

= +81<,

Qrwh wkdw Ydu+a�Ht, dqg �Ydu+ a�Ht, gr qrw ghshqg rq wuhdwphqw h�hfw �&1 Wkhuhiruh HkHrg&- rqo|

ghshqgv rq wuhdwphqw n wkurxjk wkh yduldqfh ri wkh phdvxuhphqw huuruv �2�&1

Iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru edvhg rq wkh frpprq phdq prgho +ru wkh h{whqghg

Kruylw}0Wkrpsvrq hvwlpdwru, lw iroorzv iurp +715, lq vhfwlrq 715 wkdw e @ �X 1 Frqvhtxhqwo|

Ydu+ a�Ht, @
4

Q2

�[
�'�

�[
��'�

+���� � �����,
+x� � �X,

��

+x�� � �X,

���
>

dqg

�Ydu+ a�Ht, @
4

q

#
�[
�'�

q+x� � �X,2

��Q2

$
=

Iru vlwxdwlrqv zkhuh aQ @ Q lw iroorzv wkdw wkh Kruylw}0Wkrpsvrq hvwlpdwru frlqflghv zlwk

wkh h{whqghg Kruylw}0Wkrpsvrq hvwlpdwru/ h1j1 FUG*v hpehgghg lq d vlpsoh udqgrp vdpsolqj

ghvljq ru d vwudwl�hg vlpsoh udqgrp vdpsolqj ghvljq zlwk sursruwlrqdo doorfdwlrq +vhh dovr

vhfwlrq 717,1 Xqghu wklv vlwxdwlrq/ Ydu+a�X&t, dqg
�Ydu+ a�X&t, ri wkh Kruylw}0Wkrpsvrq hvwlpdwru

htxdov Ydu+a�Ht, dqg �Ydu+ a�Ht, ri wkh h{whqghg Kruylw}0Wkrpsvrq hvwlpdwru1 Lq wklv vlwxdwlrq

;6



wkh yduldqfh +816, iru wkh Kruylw}0Wkrpsvrq hvwlpdwru grhvq*w ghshqg rq wkh wuhdwphqw h�hfwv

�&1 Lq wkh fdvh ri vlpsoh udqgrp vdpsolqj/ iru h{dpsoh/ lw iroorzv iru wkh Kruylw}0Wkrpsvrq

hvwlpdwru dv zhoo dv wkh h{whqghg Kruylw}0Wkrpsvrq hvwlpdwru wkdw

Ydu+ a�Xt, @
+4� i,

q

4

+Q � 4,

�[
�'�

+x� � �X,2>

dqg

�Ydu+ a�Xt, @
4

q

#
�[
�'�

x2�
Q
� �X2

$
=

Uhfdoo wkdw qr vhfrqg0rughu lqfoxvlrq suredelolwlhv duh uhtxluhg lq wkh hvwlpdwru iru wkh

yduldqfh0fryduldqfh pdwul{ ri wkh frqwudvwv ri wkh vxevdpsoh hvwlpdwhv/ ghulyhg lq vhfwlrqv 619

dqg 7171 Dv iroorzv iurp uhvxow +816, dqg +81<,/ vhfrqg0rughu lqfoxvlrq suredelolwlhv gr dsshdu lq

wkh uhdo yduldqfh0fryduldqfh pdwul{ ri wkh frqwudvwv ri wkh hvwlpdwhg srsxodwlrq phdqv/ wkrxjk1

H{suhvvlrqv iru HkHrg& dqg HkHrg&- xqghu phdvxuhphqw huuru prghov zlwk lqwhuylhzhu h�hfwv

lq wkh fdvh ri FUG*v duh jlyhq lq fkdswhu 91

Dq dssur{lpdwho| ghvljq0xqeldvhg hvwlpdwru iru wkh Zdog vwdwlvwlf edvhg rq wkh jhqhudol}hg

uhjuhvvlrq hvwlpdwru uhdgv dv

Z- @
g[
&'�

q&
aV2
.&

a�\
k2

&-
�

4Sg
&'�

?&
	72
.&

#
g[
&'�

q&
aV2
.&

a�\
k

&-

$2

> +8143,

zkhuh a�\
k

&-
lv gh�qhg lq +7149, ru +714:, lq vhfwlrq 716 dqg aV2

.&
lv gh�qhg lq +7163, lq vhfwlrq 7171

.#% "<��	 ����	����� ��������� ��� ��	�7�������� ����	���

�������

Wkh yduldqfh hvwlpdwlrq surfhgxuh fdq eh ixuwkhu lpsuryhg e| xwlol}lqj wkh prgho dvvxpswlrqv

ri dgglwlyh wuhdwphqw h�hfwv dqg lghqwlfdo dqg lqghshqghqwo| glvwulexwhg phdvxuhphqw huuruv1

Lq wkh fdvh ri wkh Kruylw}0Wkrpsvrq hvwlpdwru/

aV2
& @

4

+q& � 4,

?&[
�'�

#
q|k�&
��Q

�
4

q&

?&[
��'�

q|k��&
���Q

$2

+8144,

gh�qhg lq +618:, lq vhfwlrq 61915 lv dq hvwlpdwru ri

V2
& @

4

+q� 4,

?[
�'�

#
q|k�&
��Q

�
4

q

?[
��'�

q|k��&
���Q

$2

+8145,

gh�qhg lq +6165, lq vhfwlrq 619141 Sdudphwhu +8145, fdq eh uhjdughg dv wkh srsxodwlrq yduldqfh ri

wdujhw yduldeoh |k�& +zhljkwhg zlwk d idfwru q@+��Q,, ri wkh q lqglylgxdov ri vdpsoh v revhuyhg e|

phdqv ri wuhdwphqw n1 Lw lv dvvxphg wkdw wkh fryduldqfh pdwul{ lq wkh phdvxuhphqw huuru prgho

+614,/ vhfwlrq 615/ lv htxdo wr 	� @ �2� L1 Xqghu wklv dvvxpswlrq lw iroorzv wkdw wkh h{shfwdwlrq

;7



ri V2
& zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho dqg wkh vdpsolqj ghvljq rqo| ghshqgv rq

wuhdwphqw n wkurxjk wkh dgglwlyh wuhdwphqw h�hfw �&1 Frqvhtxhqwo|/ lw iroorzv wkdw wkh h{shfwhg

ydoxhv ri wkhvh srsxodwlrq yduldqfhv duh htxdo/ l1h1 HkHrV
2
� @ HkHrV

2
2 @ = = = @ HkHrV

2
g @

HkHrV
21 Xqghu wklv dvvxpswlrq d pruh h!flhqw hvwlpdwru iru wkh srsxodwlrq yduldqfh HkHrV

2

lv rewdlqhg iurp wkh srrohg yduldqfh hvwlpdwru

aV2 @
4

q�N

3C g[
&'�

?&[
�'�

#
q|k�&
��Q

�
4

q&

?&[
��'�

q|k��&
���Q

$2
4D = +8146,

Wkh srrohg yduldqfh hvwlpdwru fdq dovr eh zulwwhq dv

aV2 @
4

q�N

3C g[
&'�

?&[
�'�

�
q|k�&
��Q

�2

�
g[
&'�

4

q&

#
?&[
�'�

q|k�&
��Q

$2
4D =

Lq wklv vlwxdwlrq zh fdq hydoxdwh wkh Zdog vwdwlvwlf +817, dv iroorzv=

Z @
g[
&'�

q&
aV2
&

a�\
k2

& �
4Sg

&'�
?&
	72
&

#
g[
&'�

q&
aV2
&

a�\
k

&

$2

@
4
aV2

3C g[
&'�

q&
a�\
k2

& �
4

q

#
g[
&'�

q&
a�\
k

&

$2
4D

@
4
aV2

3C g[
&'�

4

q&

#
?&[
�'�

q|k�&
��Q

$2

�
4

q

#
g[
&'�

?&[
�'�

q|k�&
��Q

$2
4D = +8147,

Ohw �|k�& ghqrwh wkh revhuydwlrqv |
k
�& zhljkwhg zlwk d idfwru q@+��Q,/ l1h1 �|k�& @ +q|k�&,@+��Q,1

Qrwh wkdw wkh h{suhvvlrq zlwklq wkh h{whulru vhw ri sduhqwkhvlv lq +8146, fruuhvsrqgv zlwk wkh vxp

ri vtxduhv zlwklq wuhdwphqwv ri wkh rqh zd| DQRYD ri �|k�&1 Lq wkh dqdo|vlv ri yduldqfh/ wklv whup

lv jhqhudoo| fdoohg wkh huuru vxp ri vtxduhv/ dqg lv xvxdoo| deeuhyldwhg dv VV. 1 Frqvhtxhqwo|/

aV2 lq +8146, lv htxdo wr wkh phdq vtxduhv zlwklq wuhdwphqwv/ dovr fdoohg wkh huuru phdq vtxduhv/

dqg lv xvxdoo| deeuhyldwhg dv PV.1 Dovr qrwh wkdw wkh h{suhvvlrq zlwklq wkh h{whulru vhw ri

sduhqwkhvlv lq +8147, fruuhvsrqgv zlwk wkh vxp ri vtxduhv ehwzhhq wuhdwphqwv ri wkh rqh zd|

DQRYD ri �|k�&/ dovr fdoohg wkh vxpv ri vtxduhv iru whvwlqj wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv

dqg deeuhyldwhg dv VVA 1 Lq d prgho0edvhg dqdo|vlv/ wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv fdq

eh whvwhg e| phdqv ri wkh I�vwdwlvwlf

I @
VVA @+N � 4,

VV.@+q�N,
@

PVA
PV.

> +8148,

zkhuh PVA ghqrwhv wkh phdq vtxduhv ehwzhhq wuhdwphqwv1 Xqghu wkh dvvxpswlrq wkdw wkh

revhuydwlrqv duh qrupdoo| dqg lqghshqghqwo| glvwulexwhg/ wkh I�vwdwlvwlf iroorzv xqghu wkh qxoo

k|srwkhvlv ri qr wuhdwphqw h�hfwv d I�glvwulexwlrq zlwk N � 4 dqg q�N ghjuhhv ri iuhhgrp=

I * I
Eg3��
E?3g�1 Wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv fdq eh whvwhg zlwk wkh I�whvw ri vl}h �/

zlwk vwdwlvwlf +8148, dqg fulwlfdo uhjlrq ^I
Eg3��
E?3g�+4� �,>4,1

Iurp +8147, lw iroorzv wkdw li wkh srrohg yduldqfh hvwlpdwru lv xvhg/ wkhq Z@+N � 4, fru0

uhvsrqgv zlwk wkh I�vwdwlvwlf +8148,/ zkhuh wkh revhuydwlrqv |k�& duh zhljkwhg zlwk d idfwru
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q@+��Q,1 Li vdpsoh v lv gudzq e| phdqv ri d vhoi0zhljkwhg vdpsolqj ghvljq/ l1h1 �� @ q@Q / dqg

wkh srrohg yduldqfh hvwlpdwru +8146, lv xvhg/ wkhq wkh Zdog vwdwlvwlf fdq eh ixuwkhu vlpsol�hg wr
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Lw iroorzv wkdw whvw vwdwlvwlf Z@+N � 4, lv htxdo wr wkh I�vwdwlvwlf +8148,1

Xqghu wkh dvvxpswlrq ri qrupdoo| dqg lqghshqghqwo| glvwulexwhg revhuydwlrqv/ lw iroorzv

wkdw xqghu wkh qxoo k|srwkhvlv I * I
dg3�o
d?3go1 Lq wkh fdvh ri vlpsoh udqgrp vdpsolqj whvw vwdwlvwlf

Z lv xqghu wkh qxoo k|srwkhvlv dv|pswrwlfdoo| fkl0vtxduhg glvwulexwhg zlwk N � 4 ghjuhhv ri

iuhhgrp1 Li q whqgv wr lq�qlw|/ wkhq I
dg3�o
d?3go whqgv wr "

2
dg3�o@+N � 4, dqg frqvhtxhqwo| wkh whvw

vwdwlvwlf Z dqg wkh I�vwdwlvwlf kdyh wkh vdph dv|pswrwlfdo glvwulexwlrq1

Lq vhfwlrq 717 lw lv ghulyhg iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru wkdw
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Wkh uhvlgxdov +|k�& � e
|
&{�,/ krzhyhu/ rqo| ghshqg rq wkh n�wk wuhdwphqw wkurxjk wkh phdvxuh0

phqw huuru %k�& +vhh +8169, lq dsshqgl{ 81815,1 Li lw lv dvvxphg wkdw wkh fryduldqfh pdwul{ ri

phdvxuhphqw huuru prgho +718, lq vhfwlrq 715 lv htxdo wr 	� @ �2� L/ wkhq lw iroorzv wkdw HkHrV
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Dq dowhuqdwlyh srrohg yduldqfh hvwlpdwru uhvhpeolqj wkh phdq vtxduh huuru ri d rqh zd| DQRYD
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Xqghu wklv srrohg yduldqfh hvwlpdwru/ wkh Zdog vwdwlvwlf +8143, fdq eh h{suhvvhg dv
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Wkh wzr0vdpsoh sureohp ru wkh wzr0wuhdwphqw hpehgghg h{shulphqw fdq eh frqvlghuhg dv d

vshfldo fdvh ri d FUG zlwk N @ 51 Wkh remhfwlyh ri wkh wzr0vdpsoh sureohp lv wr lqyhvwljdwh

zkhwkhu wkhuh lv d vljql�fdqw gl�huhqfh ehwzhhq wzr srsxodwlrq sdudphwhuv Hk+ �\
k
� , dqg Hk+

�\ k
2 ,

e| whvwlqj wkh iroorzlqj k|srwkhvhv

Kf = Hk+ �\
k
� , @ Hk+ �\

k
2 ,>

K� = Hk+ �\
k
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k
2 , ru Hk+ �\

k
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k
2 , ru Hk+ �\

k
� , ? Hk+ �\

k
2 ,= +8154,

Wr gudz lqihuhqfhv derxw wkh �qlwh srsxodwlrq sdudphwhuv Hk+ �\
k
� , dqg Hk+ �\

k
2 , d ghvljq0edvhg

w�vwdwlvwlf ghulyhg xqghu wkh udqgrpl}dwlrq phfkdqlvp ri wkh vdpsolqj ghvljq dv zhoo dv wkh

h{shulphqwdo ghvljq vkrxog eh dssolhg wr whvw k|srwkhvhv +8154,1 Vxfk d ghvljq0edvhg w�vwdwlvwlf

iroorzv gluhfwo| iurp wkh uhvxowv rewdlqhg iru wkh ghvljq0edvhg Zdog vwdwlvwlf lq fkdswhuv 6 dqg 71

Wkh hqxphudwru ri wklv w�vwdwlvwlf frqwdlqv wkh gl�huhqfh ehwzhhq d ghvljq0xqeldvhg hvwlpdwru

iru Hk+ �\
k
� , dqg Hk+

�\ k
2 ,1 Wkh ghqrplqdwru frqwdlqv d ghvljq0xqeldvhg hvwlpdwru iru wkh vwdqgdug

ghyldwlrq ri wkh gl�huhqfh ehwzhhq wkhvh wzr hvwlpdwruv1

Xqghu wkh edvlf phdvxuhphqw huuru prgho +614, lq vhfwlrq 615 zkhuh N @ 5/ wkh Kruylw}0

Wkrpsvrq hvwlpdwru fdq eh xvhg iru wkh hvwlpdwlrq ri wkh xqnqrzq sdudphwhuv lq wkh ghvljq0

edvhg w�vwdwlvwlf1 Dv d uhvxow zh rewdlq

w @
a�\
k

� �
a�\
k

2t
aYdu+ a�\

k

� �
a�\
k

2 ,
> +8155,

wr whvw k|srwkhvhv +8154, Wkh hvwlpdwruv a�\
k
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2 duh gh�qhg lq +6154, ru +6156, lq vhfwlrq 6181
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Xqghu wkh dvvxpswlrq ri lghqwlfdo dqg lqghshqghqwo| glvwulexwhg phdvxuhphqw huuruv d pruh

h!flhqw hvwlpdwru iru wkh srsxodwlrq yduldqfh lv rewdlqhg iurp wkh srrohg yduldqfh hvwlpdwru
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Dq xqeldvhg hvwlpdwru iru Ydu+ a�\
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Lw iroorzv iurp +6154, wkdw a�\
k

� dqg a�\
k

2 duh wkh zhljkwhg vdpsoh phdqv ri v� dqg v2 zkhuh wkh

revhuydwlrqv |k�� dqg |k�2 duh zhljkwhg zlwk d idfwru q@+��Q,1 Dv d uhvxow/ lq wkh fdvh ri wkh

srrohg yduldqfh hvwlpdwru/ w�vwdwlvwlf +8155, lv htxdo wr wkh ruglqdu| prgho0edvhg w�vwdwlvwlf

zkhuh wkh revhuydwlrqv duh zhljkwhg zlwk d idfwru q@+��Q, uhjdugohvv wkh vhfrqg0rughu lqfoxvlrq

suredelolwlhv ri wkh dssolhg vdpsolqj ghvljq1 Lq wkh fdvh ri d vhoi0zhljkwhg vdpsolqj ghvljq a�\
k

�

dqg a�\
k

2 uhgxfh wr wkh vdpsoh phdqv ri wkh vxevdpsohv v� dqg v2/ uhvshfwlyho|1 Wkh srrohg

yduldqfh hvwlpdwru lv htxdo wr
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Dv d uhvxow/ lq wkh fdvh ri d vhoi0zhljkwhg vdpsolqj ghvljq dqg wkh srrohg yduldqfh hvwlpdwru/

wkh ghvljq0edvhg w�vwdwlvwlf +8155, uhgxfhv wr wkh ruglqdu| prgho0edvhg w�vwdwlvwlf/ uhjdugohvv

wkh vhfrqg0rughu lqfoxvlrq suredelolwlhv ri wkh dssolhg vdpsolqj ghvljq1

Xqghu wkh edvlf phdvxuhphqw huuru prgho +718, lq vhfwlrq 715 zlwk N @ 5/ wkh jhqhudol}hg

uhjuhvvlrq hvwlpdwru fdq eh xvhg iru wkh hvwlpdwlrq ri wkh xqnqrzq sdudphwhuv lq wkh ghvljq0

edvhg w�vwdwlvwlf1 Lw iroorzv wkdw=
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Xqghu wkh dvvxpswlrq wkdw wkh phdvxuhphqw huuruv duh lghqwlfdoo| dqg lqghshqghqwo| glvwulexwhg

wkh srrohg yduldqfh hvwlpdwru +814<, ru +8153, fdq eh dssolhg1

K|srwkhvhv +8154, fdq eh whvwhg zlwk wkh ghvljq0edvhg w�vwdwlvwlf +8155, ru +8159,1 Li v

lv gudzq e| phdqv ri vlpsoh udqgrp vdpsolqj lw iroorzv iurp vhfwlrqv 61:15 dqg 718 wkdw wkh

w�vwdwlvwlf kdv dq dv|pswrwlfdoo| vwdqgdug qrupdo glvwulexwlrq1 Lq wkh fdvh ri pruh frpsoh{

vdpsolqj ghvljqv/ lw lv dvvxphg wkdw d olplw wkhruhp krogv wuxh vxfk wkdw wkh w�vwdwlvwlf dv dq

dssur{lpdwho| vwdqgdug qrupdo glvwulexwlrq1 Wklv dvvxpswlrq kdv ehhq frq�uphg e| vlpxodwlrq

vwxglhv iru gl�huhqw vdpsolqj ghvljqv1 Dv d uhvxow/ wkh vwdqgdug qrupdo glvwulexwlrq fdq eh xvhg

wr frqvwuxfw fulwlfdo uhjlrqv/ zklfk |lhog yhu| qhduo| +4��,( fryhudjh/ zkhuh � ghqrwhv wkh vl}h

ri wkh whvw1
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Wkh gldjrqdo hohphqwv g& duh gh�qhg e| +6165, lq vhfwlrq 6191 Iluvwo| zh hydoxdwh wkh
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Qrz zh zloo ixuwkhu hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho xqghu

wkh edvlf phdvxuhphqw huuru prgho +614, lq vhfwlrq 6151 Li wkh edvlf phdvxuhphqw huuru prgho

+614, lv vxevwlwxwhg lqwr wkh h{suhvvlrq ri Ydu+ a�\
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&t, jlyhq e| +815;,/ wkhq lw iroorzv iurp wkh

prgho dvvxpswlrq +615, dqg +616, wkdw

HkYdu+
a�\
k

&t
, @ Hk

4

Q2

�[
�'�

�[
��'�

+���� � �����,
+x� . �& . %k�&,

��

+x�� . �& . %k��&,

���

@
4

Q2

�[
�'�

�[
��'�

+���� � �����,
+x� . �&,

��

+x�� . �&,

���
.

4

Q2

�[
�'�

+4� ��,

��
�2�&

@ Ydu+a�X&t, .
4

Q2

�[
�'�

+4� ��,

��
�2�&= +8164,

Wkh furvv0surgxfwv +x� . �&,%
k
�& fdqfhov rxw gxh wr prgho dvvxpswlrq +615,1 Wkh furvv0surgxfwv

%k�&%
k
��& fdqfhov rxw vlqfh wkh phdvxuhphqw huuruv ehwzhhq lqglylgxdov duh lqghshqghqw dffruglqj

wr prgho dvvxpswlrq +616,1 Li wkh edvlf phdvxuhphqw huuru prgho +614, lv vxevwlwxwhg lqwr wkh

h{suhvvlrq ri �Ydu+ a�\
k

&t
, jlyhq e| +815<,/ lw iroorzv wkdw

Hk �Ydu+ a�\
k

&t, @ Hk
4

q

#
�[
�'�

q+x� . �& . %k�&,
2

��Q2
� + �X . �& .

4

Q

�[
�'�

%k�&,
2

$

@
4

q

#
�[
�'�

q+x� . �&,
2

��Q2
� + �X . �&,

2

$
.

4

q

4

Q2

�[
�'�

+q� ��,

��
�2�&

@ �Ydu+ a�X&t, .
4

q

4

Q2

�[
�'�

+q� ��,

��
�2�&= +8165,

Li uhvxowv +8164, dqg +8165, duh vxevwlwxwhg lqwr +8163,/ wkhq lw iroorzv wkdw

HkHr+g&, @ Hk
q

+q� 4,

q

q&

�
�Ydu+ a�\

k

&t
,�

4

q
Ydu+a�\

k

&t
,

�

@
q

+q� 4,

q

q&

�
�Ydu+a�X&t,�

4

q
Ydu+a�X&t,

�
.

q

q&

�[
�'�

�2�&
��Q2

> THG=

.#.#! :���� �� �����	� ).#9*

Iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lw lv suryhg wkdw=

HkHrg&- @
q

+q� 4,

q

q&

�
�Ydu+ a�Ht,�

4

q
Ydu+a�Ht,

�
.

q

q&

�[
�'�

�2�&
��Q2

=
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Ohw a�\
k

&-t
ghqrwh wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru ri �\ k

& edvhg rq wkh q vdpsolqj xqlwv ri v1

Wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�\
k

&-t
lv jlyhq e|=

a�\
k

&-t

=
@ a�\

k

&t
. e|&+�[�

a�[t, @
a�H
k

&t
. e|&

�[>

zkhuh

a�H
k

&t @
a�\
k

&t � e
|
&
a�[t @

4

Q

?[
�'�

+|k�& � e
|
&{�,

��
=

Wkh ghvljq yduldqfh ri wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�\
k

&-t
lv jlyhq e|

Ydu+ a�H
k

&t, @
4

Q2

�[
�'�

�[
��'�

+���� � �����,
+|k�& � e

|
&{�,

��

+|k��& � e
|
&{��,

���
> +8166,

dqg

�Ydu+ a�H
k

&t, @
4

q

#
�[
�'�

q+|k�& � e
|
&{�,

2

��Q2
� + �\ k

& � e
|
&
�[,2

$
> +8167,

ghqrwhv wkh dssur{lpdwh yduldqfh ri a�\
k

&-t
dv li vdpsoh v kdv ehhq gudzq zlwk uhsodfhphqw zlwk

vhohfwlrq suredelolwlhv ��@q1

Wkh gldjrqdo hohphqwv g&- duh gh�qhg e| +715:, lq vhfwlrq 7171 Htxlydohqw wr wkh ghulydwlrq

ri uhvxow +8163, lq dsshqgl{ 81814 lw iroorzv wkdw wkh h{shfwdwlrq ri g&- zlwk uhvshfw wr wkh

vdpsolqj ghvljq htxdov

Hr
4

+q� 4,

4

q&

?[
�'�

#
q+|k�& � e

|
&{�,

��Q
�

4

q

?[
��'�

q+|k��& � e
|
&{��,

���Q

$2

@
q

+q� 4,

q

q&

�
�Ydu+a�H

k

&t,�
4

q
Ydu+a�H

k

&t,

�
= +8168,

Xqghu wkh edvlf phdvxuhphqw huuru prgho +718, lq vhfwlrq 715 dqg wkh frqglwlrq wkdw wkhuh h{lvwv

d frqvwdqw K�yhfwru d vxfk wkdw d|{� @ 4 iru doo l 5 X / lw iroorzv iurp +716<, lq dsshqgl{ 71:15

wkdw e& @ e. d�&1 Xqghu wkh vwdwhg frqglwlrq lw iroorzv iru d edvlf phdvxuhphqw huuru prgho

wkdw

|k�& � e
|
&{� @ x� � e

|{� . %k�&= +8169,

Li +8169, lv vxevwlwxwhg lqwr wkh h{suhvvlrq ri Ydu+a�H
k

&t
, jlyhq e| +8166,/ wkhq lw iroorzv iurp wkh

phdvxuhphqw huuru prgho dvvxpswlrqv +719, dqg +71:, wkdw

HkYdu+
a�H
k

&t
, @ Hk

4

Q2

�[
�'�

�[
��'�

+���� � �����,
+x� � e

|{� . %k�&,

��

+x�� � e
|{�� . %k�&,

���

@
4

Q2

�[
�'�

�[
��'�

+���� � �����,
+x� � e

|{�,

��

+x�� � e
|{��,

���
.

4

Q2

�[
�'�

+4� ��,

��
�2�&

@ Ydu+ a�Ht, .
4

Q2

�[
�'�

+4� ��,

��
�2�&= +816:,
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Li +8169, lv vxevwlwxwhg lqwr wkh h{suhvvlrq ri �Ydu+a�H
k

&t
, jlyhq e| +8167,/ wkhq lw iroorzv wkdw

Hk �Ydu+ a�H
k

&t, @ Hk
4

q

3C �[
�'�

q+x� � e
|{� . %k�&,

2

��Q2
�

#
�X � e| �[.

4

Q

�[
�'�

%k�&

$2
4D

@
4

q

#
�[
�'�

q+x� � e
|{�,

2

��Q2
�
�
�X � e| �[

�2$
.

4

q

4

Q2

�[
�'�

+q� ��,

��
�2�&

@ �Ydu+ a�Ht, .
4

q

4

Q2

�[
�'�

+q� ��,

��
�2�&= +816;,

Li uhvxowv +816:, dqg +816;, duh vxevwlwxwhg lqwr +8168,/ wkhq lw iroorzv wkdw

HkHr+g&-, @ Hk
q

+q� 4,

q

q&

�
�Ydu+ a�H

k

&t
,�

4

q
Ydu+a�H

k

&t
,

�

@
q

+q� 4,

q

q&

�
�Ydu+ a�Ht,�

4

q
Ydu+a�Ht,

�
.

q

q&

�[
�'�

�2�&
��Q2

> THG=
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������� /

2��������� �	��� �������

/#�  �����������

Ghvljq0edvhg phwkrgv iru wkh dqdo|vlv ri udqgrpl}hg eorfn ghvljqv hpehgghg lq frpsoh{ vdpsoh

vxuyh|v zkhuh hdfk srvvleoh vrxufh ri h{wudqhrxv yduldwlrq fdq eh xvhg dv d eorfn yduldeoh/ duh

ghyhorshg lq fkdswhuv 6 dqg 71 Wr whvw wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv zlwk uhvshfw wr wkh

�qlwh srsxodwlrq sdudphwhuv/ wkh dqdo|vlv lv edvhg rq d ghvljq0edvhgZdog vwdwlvwlf ghulyhg xqghu

wkh udqgrpl}dwlrq phfkdqlvp ri wkh vdpsolqj ghvljq dqg wkh h{shulphqwdo ghvljq e| phdqv ri

wkh Kruylw}0Wkrpsvrq hvwlpdwru +fkdswhu 6, ru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru +fkdswhu 7,1

Ohw a�\
k

t&
ghqrwh wkh Kruylw}0Wkrpsvrq hvwlpdwru dqg a�\

k

-t&
wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru

iru wkh srsxodwlrq phdqv revhuyhg xqghu wkh N gl�huhqw wuhdwphqwv1 Wkh fryduldqfh pdwulfhv ri

wkh N � 4 frqwudvwv ri a�\
k

t&
dqg a�\

k

-t&
duh jlyhq e| HkHrFGF

| dqg HkHrFG-F
|/ uhvshfwlyho|1

Khuh G dqg G- duh gldjrqdo pdwulfhv zlwk hohphqwv g& gh�qhg lq +6167,/ vhfwlrq 61914 dqg

g&- gh�qhg lq +715;,/ vhfwlrq 7171 Dssur{lpdwho| ghvljq0xqeldvhg hvwlpdwruv iru HkHrg& dqg

HkHrg&- duh jlyhq e| ag& gh�qhg lq +618;,/ vhfwlrq 61915 dqg ag&- gh�qhg lq +7164,/ vhfwlrq 717

uhvshfwlyho|1

Wklv fkdswhu hoderudwhv rq wkh vshfl�f ghwdlov ri UEG*v1 H{suhvvlrqv iru HkHrg& dqg

HkHrg&- duh ghulyhg e| hoderudwlqj rq wkh h{shfwdwlrqv zlwk uhvshfw wr wkh phdvxuhphqw huuru

prgho dqg wkh vdpsolqj ghvljq1 Wkh frpsdulvrq ri wkhvh ghvljq yduldqfhv rewdlqhg xqghu UEG*v

zlwk wkh yduldqfhv rewdlqhg xqghu FUG*v lq fkdswhu 8 hqdeohv xv wr txdqwli| wkh h!flhqf| ri

eorfnlqj xqghu gl�huhqw phdvxuhphqw huuru prghov dqg vdpsolqj ghvljqv1

Lq rughu wr hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho dqg wkh

vdpsolqj ghvljq ri HkHrg& ru HkHrg&- zh glvwlqjxlvk ehwzhhq wzr vlwxdwlrqv1 Iluvw/ frqvlghu

UEG*v zkhuh wkh eorfn yduldeohv duh gluhfwo| olqnhg zlwk vwuxfwxuhv ri wkh vdpsolqj ghvljq1 Iru

h{dpsoh UEG*v zkhuh vwudwd/ SVX*v ru foxvwhuv duh xvhg dv eorfn yduldeohv1 Vlqfh wkh eorfn

yduldeohv frlqflgh h{dfwo| zlwk vwuxfwxuhv ri wkh vdpsolqj ghvljq/ wkh udqgrpl}dwlrq phfkdqlvp

ri wkh h{shulphqwdo ghvljq frlqflghv zlwk wkh udqgrpl}dwlrq phfkdqlvp ri wkh vdpsolqj ghvljq1

Wklv vlpsol�hv wkh ghulydwlrq ri wkh ghvljq yduldqfhv frqvlghudeo|1 Lq vhfwlrq 915/ 916 hq 917
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h{suhvvlrqv iru HkHrg& dqg HkHrg&- duh ghulyhg li SVX*v/ vwudwd dqg foxvwhuv duh xvhg dv eorfn

yduldeohv/ uhvshfwlyho|1 Vhfrqg/ frqvlghu UEG*v zkhuh eorfn yduldeohv duh qrw gluhfwo| olqnhg zlwk

vwuxfwxuhv ri wkh vdpsolqj ghvljq1 Iru h{dpsoh UEG*v zkhuh lqwhuylhzhuv duh eorfn yduldeohv1

Lq wkhvh vlwxdwlrqv wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq fxwv duelwudulo|

wkurxjk wkh udqgrpl}dwlrq phfkdqlvp ri wkh vdpsolqj ghvljq1 Wklv lpsolhv wkdw eorfnv vkrxog

eh frqvlghuhg dv grpdlqv li zh hydoxdwh wkh yduldqfh zlwk uhvshfw wr wkh vdpsolqj ghvljq1

Vhfwlrqv 918 dqg 919 ghdo zlwk UEG*v zkhuh lqwhuylhzhuv duh eorfn yduldeohv xqghu vlpsoh udqgrp

vdpsolqj dqg pruh frpsoh{ vdpsolqj vfkhphv/ uhvshfwlyho|1 Lq vhfwlrq 91: zh vkrz krz wkh

yduldqfh hvwlpdwlrq surfhgxuh fdq eh lpsuryhg e| phdqv ri d srrohg yduldqfh hvwlpdwru1 Lq

vhfwlrq 91; d ghvljq0edvhg w�vwdwlvwlf lv ghulyhg iru wkh dqdo|vlv ri wkh hpehgghg wzr0wuhdwphqw

h{shulphqw dv d vshfldo fdvh ri UEG*v zkhuh N @ 51

/#! :�����
 ����	��� ����� �� �	��� ������	��

Frqvlghu dq h{shulphqw hpehgghg lq d wzr0vwdjh vdpsolqj ghvljq frqgxfwhg xqghu wkh edvlf

phdvxuhphqw huuru prgho +614, lq vhfwlrq 615 ru +718, lq vhfwlrq 7151 Lq wkh �uvw vwdjh ri wkh

vdpsolqj ghvljq/ Mr SVX*v ri vl}h Q� duh gudzq udqgrpo| iurp d �qlwh srsxodwlrq ri M� SVX*v1

Lq wkh vhfrqg vwdjh d vdpsoh v� ri vl}h q� VVX*v lv gudzq iurp hdfk ri wkh Mr SVX*v gudzq

lq wkh �uvw vwdjh1 Dffruglqj wr wkh h{shulphqwdo ghvljq/ wkh q� VVX*v zlwklq hdfk SVX duh

udqgrpl}hg ryhu wkh N gl�huhqw wuhdwphqwv1 Wklv udqgrpl}dwlrq phfkdqlvp qdwxudoo| ohdgv wr

dq UEG zkhuh SVX*v fruuhvsrqg wr wkh eorfn yduldeohv1 Lq wklv h{shulphqwdo ghvljq/ d vdpsoh

ri Mr eorfnv lv gudzq iurp d �qlwh srsxodwlrq ri M� eorfnv dffruglqj wr wkh �uvw vwdjh ri wkh

vdpsolqj vfkhph1

Ohw �� ghqrwh wkh �uvw0rughu lqfoxvlrq suredelolw| ri SVX m lq wkh �uvw vwdjh ri wkh vdpsoh

ghvljq/ ���� wkh vhfrqg0rughu lqfoxvlrq suredelolw| ri SVX m dqg m� lq wkh �uvw vwdjh/ ���� wkh

�uvw0rughu lqfoxvlrq suredelolw| ri VVX l lq wkh vhfrqg vwdjh/ frqglwlrqdo rq wkh uhdol}dwlrq ri

wkh �uvw vwdjh dqg ������ wkh vhfrqg0rughu lqfoxvlrq suredelolw| ri VVX l dqg l� lq wkh vhfrqg

vwdjh/ frqglwlrqdo rq wkh uhdol}dwlrq ri wkh �uvw vwdjh ri wkh vdpsoh ghvljq1 Lw iroorzv wkdw

�� @ ������ > +914,

���� @

;?= �������� li l 5 m dqg l� 5 m

�������������� li l 5 m dqg l� 5 m�
= +915,

H{suhvvlrqv iru wkh ghvljq yduldqfhv HkHrg& dqg HkHrg&- duh ghulyhg e| wdnlqj wkh h{shf0

wdwlrq zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho dqg wkh vdpsolqj ghvljq ri g& dqg g&- iru

dq UEG hpehgghg lq d wzr0vwdjh vdpsolqj ghvljq zkhuh SVX*v duh eorfn yduldeohv1 Lq wkh fdvh

ri wkh Kruylw}0Wkrpsvrq hvwlpdwru/ wkh gldjrqdo hohphqwv g& duh gh�qhg e| +6167, lq vhfwlrq

619141 Wkh qxpehu ri eorfnv lq +6167, htxdov Mr1 Ohw �X� ghqrwh wkh srsxodwlrq phdq ri wkh

lqwulqvlf ydoxhv lq eorfn ru SVX m1 Wkhq �X�& @ �X� . �& ghqrwhv wkh srsxodwlrq phdq eldvhg

zlwk wkh wuhdwphqw h�hfw �& lq wkh m�wk eorfn1 Wkh Kruylw}0Wkrpsvrq hvwlpdwru iru wkh phdq
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�X�& ri eorfn ru SVX m edvhg rq wkh q� VVX*v gudzq iurp SVX m lv gh�qhg dv

a�X �&t @
4

Q�

?�[
�'�

+x� . �&,

����
= +916,

Wkhq

Ydu+ a�X �&t, @
4

Q2
�

��[
�'�

��[
��'�

+������ � ���������,
+x� . �&,

����

+x�� . �&,

�����
+917,

ghqrwhv wkh ghvljq yduldqfh ri wkh Kruylw}0Wkrpsvrq hvwlpdwru a�X �&t / l1h1 wkh yduldqfh zlwk

uhvshfw wr wkh vhfrqg vwdjh ri wkh vdpsolqj ghvljq xvhg wr gudz q� VVX*v iurp SVX m dqg

�Ydu+ a�X �&t, @
4

q�

3C��[
�'�

q�+x� . �&,
2

����Q
2
�

� �X2
�&

4D +918,

ghqrwhv wkh yduldqfh ri a�X �&t dv li q� VVX*v iurp SVX m zhuh gudzq zlwk uhsodfhphqw zlwk

vhohfwlrq suredelolwlhv ����@q� lq wkh vhfrqg vwdjh ri wkh vdpsoh ghvljq1 Xqghu wkh edvlf phd0

vxuhphqw huuru prgho +614, lq vhfwlrq 615 lw lv suryhg lq dsshqgl{ 91<14 iru dq UEG hpehgghg

lq d wzr0vwdjh vdpsolqj ghvljq zkhuh SVX*v duh eorfn yduldeohv wkdw

HkHrg& @
a�[
�'�

+Q�@Q,2

��

q�
+q� � 4,

q�
q�&

#
�Ydu+ a�X �&t,�

4

q�
Ydu+a�X �&t,

$

.
a�[
�'�

q�
q�&

��[
�'�

�2�&
��Q2

= +919,

Wkh fryduldqfh pdwul{ ri Fa�\
k

t&
lv rewdlqhg li wkh h{suhvvlrq ri HkHrg& lq +919, lv vxevwlwxwhg

lqwr FYF| lq +6176, lq vhfwlrq 61914

Lq wkh fdvh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ wkh gldjrqdo hohphqwv g&- duh gh�qhg e|

+715;, lq vhfwlrq 7171 Ohw a�X�-t
ghqrwh wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru �X� edvhg rq wkh

q� hohphqwv ri vdpsoh v� lq eorfn m1 Wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�X �-t
lv jlyhq

e|

a�X �-t

=
@ a�X �t . e|+�[� �

a�[�t, @
a�H�t . e| �[� > +91:,

zkhuh

a�H�t @
a�X �t � e

| a�[�t @
4

Q�

?�[
�'�

+x� � e
|{�,

����
= +91;,

Khuh a�[�t lv wkh Kruylw}0Wkrpsvrq hvwlpdwru ri �[� edvhg rq wkh q� vdpsolqj xqlwv ri v� dqg e

wkh uhjuhvvlrq frh!flhqwv ri olqhdu uhjuhvvlrq prgho +715, lq vhfwlrq 7151 Wkh ghvljq yduldqfh ri

wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�X �-t
lv jlyhq e|

Ydu+ a�H�t, @
4

Q2
�

��[
�'�

��[
��'�

+������ � ���������,
+x� � e|{�,

����

+x�� � e
|{��,

�����
= +91<,
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Ixuwkhupruh/

�Ydu+ a�H�t, @
4

q�

3C��[
�'�

q�+x� � e|{�,2

����Q
2
�

� + �X� � e
| �[�,

2

4D +9143,

ghqrwhv wkh yduldqfh ri wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�X �&-t
dv li q� hohphqwv

lq eorfn m zhuh gudzq zlwk uhsodfhphqw zlwk vhohfwlrq suredelolwlhv ����@q�1 Xqghu wkh edvlf

phdvxuhphqw huuru prgho +718, lq vhfwlrq 715/ lw lv suryhg lq dsshqgl{ 91<15 wkdw

HkHrg&- @
a�[
�'�

+Q�@Q,2

��

q�
+q� � 4,

q�
q�&

#
�Ydu+a�H�t,�

4

q�
Ydu+ a�H�t,

$
.

a�[
�'�

q�
q�&

��[
�'�

�2�&
��Q2

= +9144,

Wkh yduldqfh h{suhvvlrqv HkHrg& iru wkh Kruylw}0Wkrpsvrq hvwlpdwru +jlyhq e| +919,, dqg

HkHrg&- iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru +jlyhq e| +9144,, frqvlvw ri wzr whupv1 Wkh �uvw

whup lv wkh ghvljq yduldqfh ri wkh wdujhw sdudphwhu dqg fdq eh dwwulexwhg wr wkh udqgrpl}dwlrq

phfkdqlvpv ri wkh dssolhg vdpsolqj ghvljq dqg h{shulphqwdo ghvljq1 Lw iroorzv wkdw wkh yduldqfh

ehwzhhq wkh SVX*v ri wkh hvwlpdwhv ri wkh wdujhw sdudphwhuv lv holplqdwhg iurp wklv yduldqfh

whup/ vlqfh SVX*v duh xvhg dv eorfn yduldeohv1 Lq wklv h{shulphqw d udqgrp vdpsoh ri Mr eorfnv

lv gudzq iurp d �qlwh srsxodwlrq ri M� eorfnv1 Lq d prgho0edvhg dssurdfk wklv pljkw eh wdnhq

lqwr dffrxqw e| prgholqj wkh eorfnv dv d udqgrp frpsrqhqw lq d udqgrp ru pl{hg prgho1 Lq

wkh ghvljq0edvhg dssurdfk iroorzhg khuh/ lw vkrzv xs dv dq lq dwlrq ri wkh yduldqfh frpsrqhqw

ri hdfk eorfn zlwk d idfwru 4@�� 1 Wkh vhfrqg whup frqfhuqv wkh yduldqfh ri wkh lqglylgxdo

glvwxuedqfh whupv dqg fdq eh dwwulexwhg wr vwrfkdvwlflw| ri wkh phdvxuhphqw huuru prgho1

Wkh h!flhqf| ri eorfnlqj rq SVX*v fdq eh txdqwl�hg e| fdofxodwlqj wkh lqfuhdvh lq HkHrg&

ru HkHrg&- gxh wr wkh dssolfdwlrq ri d FUG lqvwhdg ri dq UEG xqghu wzr0vwdjh vdpsolqj1

Lq wkh fdvh ri d FUG dqdo|}hg zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru/ d jhqhudo h{suhvvlrq iru

HkHrg& lv jlyhq e| +816, lq vhfwlrq 8151 Lq wkh fdvh ri d FUG xqghu wzr0vwdjh vdpsolqj/ wkh

whupv �Ydu+ a�X&t, dqg Ydu+a�X&t, lq HkHrg& lq +816, fdq eh hydoxdwhg dv iroorzv=

�Ydu+ a�X&t, @
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zkhuh X�& @ Q�
�X�&1 Wkh vhfrqg whup fdq eh lqwhusuhwhg dv wkh yduldqfh ehwzhhq wkh SVX

wrwdov dv li wkh SVX*v kdv ehhq gudzq zlwk uhsodfhphqw zlwk vhohfwlrq suredelolwlhv +q���,@q1

Ixuwkhupruh/

Ydu+ a�X&t, @
4

Q2

�[
�'�

�[
��'�

+���� � �����,
x�&x��&
�����

<9



@
4

Q2

a�[
�'�

��[
�'�

��[
��'�

�
�������� � �2����������

� x�&x��&
�2����������

.
4

Q2

a�[
�'�

��[
�'�

a�[
�� �'�'�

���[
��'�

�
�������������� � ���������������

� x�&x��&
���������������

@
a�[
�'�

+Q�@Q,2

��
Ydu+ a�X �&t, .

a�[
�'�

+Q�@Q,2

��
�X2
�& �

a�[
�'�

+Q�@Q,2 �X2
�&

.
a�[
�'�

a�[
�� �'�'�

�
���� � �����

� +Q�@Q, �X�&
��

�
Q��@Q

�
�X��&

���

@
a�[
�'�

+Q�@Q,2

��
Ydu+ a�X �&t, .

4

Q2

a�[
�'�

a�[
��'�

�
���� � �����

� X�&
��

X��&
���

= +9146,

Wkh vhfrqg whup lv wkh ghvljq yduldqfh ehwzhhq wkh SVX wrwdov zlwk uhvshfw wr wkh �uvw vwdjh ri

wkh vdpsolqj ghvljq1 Li wkh uhvxowv rewdlqhg lq +9145, dqg +9146, duh vxevwlwxwhg lqwr h{suhvvlrq

+816,/ wkhq lw iroorzv wkdw

HkHrg& @
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Wkh h!flhqf| ri eorfnlqj rq SVX*v iroorzv e| frpsdulqj wkh h{suhvvlrqv +919, dqg +9147,1 Wr

wkdw sxusrvh lw lv ddvxphg iru wkh vdnh ri frqyhqlhqfh wkdw q@+q� 4, � 4 dqg q�@+q� � 4, � 41

Ixuwkhupruh lw lv dvvxphg wkdw wkh iudfwlrq ri VVX*v dvvljqhg wr wuhdwphqw n lv wkh vdph zlwklq

hdfk SVX> l1h1 q&@q @ q�&@q� iru doo m @ 4> = = = > M�1 Lw iroorzv wkdw wkh lqfuhdvh lq wkh yduldqfh

h{suhvvlrqv HkHrg& gxh wr wkh dssolfdwlrq ri d FUG xqghu wzr0vwdjh vdpsolqj lqvwhdg ri dq

UEG zlwk SVX*v dv eorfn yduldeohv/ lv dssur{lpdwho| htxdo wr
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Ydu+a�X �&t,= +9148,

Wkh �uvw whup frqfhuqv d ehwzhhq0SVX yduldqfh dqg wkh vhfrqg whup frqfhuqv d zlwklq SVX

yduldqfh1 Li wkh vdpsolqj xqlwv iurp wkh vdph SVX*v duh krprjhqhrxv dqg wkh yduldwlrq ehwzhhq

wkh SVX*v lv odujh/ wkhq wkh vl}h ri wkh �uvw whup zloo eh vxevwdqwldo dqg wkh dssolfdwlrq ri dq

UEG zlwk SVX*v dv eorfn yduldeohv zloo eh h!flhqw1

Wkh h!flhqf| ri eorfnlqj rq SVX*v xqghu wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru fdq eh hydo0

xdwhg lq dq htxlydohqw zd|1 Dq h{suhvvlrq iru wkh yduldqfh uhgxfwlrq gxh wr wkh dssolfdwlrq ri

<:



dq UEG zlwk SVX*v dv eorfn yduldeohv xqghu wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru htxdov +9148,/

zkhuh wkh yduldqfh whupv ri wkh Kruylw}0Wkrpsvrq hvwlpdwru duh uhsodfhg e| wkh yduldqfh whupv

ri wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Htxlydohqw

wr wkh uhvxowv rewdlqhg iru wkh Kruylw}0Wkrpsvrq hvwlpdwru lw iroorzv wkdw wkh ehwzhhq0SVX ydul0

dqfh lv holplqdwhg iurp wkh yduldqfh h{suhvvlrqv ri HkHrg&- li SVX*v duh xvhg dv eorfn yduldeohv

lq dq UEG1

Lq vxppdu| wkh frqfoxvlrq lv wkdw lw pljkw eh h!flhqw wr xvh SVX*v dv eorfn yduldeohv vlqfh

wkh ehwzhhq0SVX yduldqfh lv holplqdwhg iurp wkh yduldqfh h{suhvvlrqv HkHrg& dqg HkHrg&- 1

Wklv h�hfw zloo eh vxevwdqwldo li wkh lqwulqvlf ydoxhv x� ri wkh vdpsolqj xqlwv iurp wkh vdph

SVX*v whqg wr eh pruh krprjhqhrxv wkdq vdpsolqj xqlwv iurp gl�huhqw SVX*v1 Ixuwkhupruh

wkh udqgrpl}dwlrq phfkdqlvp ri dq UEG zkhuh SVX*v duh eorfn yduldeohv jxdudqwhhv wkdw doo

wkh SVX*v vhohfwhg lq wkh vdpsoh v duh dovr lqfoxghg lq hdfk ri wkh vxevdpsohv v&1

/#% $����� �� �	��� ������	��

Lq wklv vhfwlrq zh frqvlghu h{shulphqwv hpehgghg lq d vwudwl�hg vdpsolqj ghvljq frqgxfwhg

xqghu wkh edvlf phdvxuhphqw huuru prgho +614, lq vhfwlrq 615 ru +718, lq vhfwlrq 7151 Iurp hdfk

ri wkh M vwudwd lq wkh srsxodwlrq/ d vdpsoh v� ri vl}h q� lv gudzq e| phdqv ri d frpsoh{ vdpsolqj

ghvljq1 Dffruglqj wr wkh h{shulphqwdo ghvljq/ wkh q� vdpsolqj xqlwv zlwklq hdfk vwudwxp duh

udqgrpl}hg ryhu wkh N gl�huhqw wuhdwphqwv1 Wklv udqgrpl}dwlrq phfkdqlvp qdwxudoo| ohdgv wr

dq UEG zkhuh vwudwd duh eorfn yduldeohv1 Lq wklv vlwxdwlrq doo wkh eorfnv lq wkh �qlwh srsxodwlrq

duh vhohfwhg lq wkh vdpsoh1 Wkhuhiruh wkh qxpehu ri erfnv lq wkh �qlwh srsxodwlrq lv htxdo wr

wkh qxpehu ri eorfnv vhohfwhg lq wkh vdpsoh1

D vwudwl�hg vdpsolqj ghvljq fdq eh frqvlghuhg dv d vshfldo fdvh ri d wzr0vwdjh vdpsolqj

ghvljq zkhuh wkh �uvw vwdjh lv frpsohwho| revhuyhg1 Wkhuhiruh/ h{suhvvlrqv iru wkh yduldqfhv

HkHrg& dqg HkHrg&- iru UEG*v hpehgghg lq vwudwl�hg vdpsolqj ghvljqv zkhuh vwudwd duh xvhg

dv eorfn yduldeohv iroorz dv d vshfldo fdvh iurp wkh uhvxowv rewdlqhg xqghu wzr0vwdjh vdpsolqj lq

vhfwlrq 9151

Lq wkh fdvh ri wkh Kruylw}0Wkrpsvrq hvwlpdwru/ wkh gldjrqdo hohphqwv g& duh gh�qhg lq

+6167,/ vhfwlrq 619141 Ohw �X� ghqrwh wkh srsxodwlrq phdq ri wkh lqwulqvlf ydoxhv lq vwudwxp ru

eorfn m1 Wkhq �X�& @ �X� . �& ghqrwhv wkh srsxodwlrq phdq eldvhg zlwk wkh wuhdwphqw h�hfw �&

lq eorfn m1 Wkh Kruylw}0Wkrpsvrq hvwlpdwru iru �X�& edvhg rq wkh q� hohphqwv lq wkh vdpsoh v�

ri eorfn m lv gh�qhg dv=
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zkhuh Q� ghqrwhv wkh srsxodwlrq wrwdo ri eorfn m1 Wkhq
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ghqrwhv wkh ghvljq yduldqfh ri a�X �&t / l1h1 wkh yduldqfh/ zklfk wdnhv lqwr dffrxqw wkh uhdo vdpsolqj

ghvljq xvhg wr gudz q� hohphqwv iurp eorfn m dqg

�Ydu+ a�X �&t, @
4

q�

3C��[
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��Q2
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4D +914;,

ghqrwhv wkh yduldqfh ri a�X �&t dv li q� hohphqwv zhuh gudzq iurp eorfn m zlwk uhsodfhphqw zlwk

vhohfwlrq suredelolwlhv ��@q� 1 Xqghu wkh edvlf phdvxuhphqw huuru prgho +614, lq vhfwlrq 615 dqg

dq UEG zkhuh vwudwd duh xvhg dv eorfn yduldeohv/ lw iroorzv wkdw
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Wkh surri ri wklv uhvxow iroorzv dqdorjrxv wr wkh surri ri +919,/ dsshqgl{ 91<14/ iru dq UEG

zkhuh SVX*v duh eorfn yduldeohv/ zlwk �� @ 4/ ���� @ �� dqg ������ @ ���� 1 Dq h{suhvvlrq iru wkh

fryduldqfh pdwul{ ri Fa�\
k

t&
lv rewdlqhg li wkh hohphqwv HkHrg& gh�qhg lq +9153, duh vxevwlwxwhg

lqwr wkh h{suhvvlrq ri FYF| lq +6179, lq vhfwlrq 619141

Lq wkh fdvh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ g&- lv gh�qhg e| +715;, lq vhfwlrq 7171

Ohw a�X �-t
ghqrwh wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru �X� edvhg rq wkh q� hohphqwv ri vdpsoh

v� lq eorfn m1 Wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�X �-t
lv jlyhq e|

a�X �-t

=
@ a�X �t . e|+�[� �

a�[�t, @
a�H�t . e| �[� > +9153,

zkhuh

a�H�t @
a�X �t � e

| a�[�t @
4

Q�
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+x� � e|{�,

��
= +9154,

Khuh a�[�t lv wkh Kruylw}0Wkrpsvrq hvwlpdwru ri �[� edvhg rq wkh q� vdpsolqj xqlwv ri v� dqg e

wkh uhjuhvvlrq frh!flhqwv ri olqhdu uhjuhvvlrq prgho +715, lq vhfwlrq 7151 Wkh ghvljq yduldqfh ri

wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�X �-t
lv jlyhq e|

Ydu+a�H�t, @
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Ixuwkhupruh/
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4D +9156,

ghqrwhv wkh dssur{lpdwh yduldqfh ri a�X �&-t
dv li q� hohphqwv lq eorfn m zhuh gudzq zlwk uh0

sodfhphqw zlwk vhohfwlrq suredelolwlhv ��@q� 1 Xqghu wkh edvlf phdvxuhphqw huuru prgho +718, lq

vhfwlrq 715/ dqg dq UEG zlwk vwudwd dv eorfn yduldeohv/ lw iroorzv wkdw
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Wkh surri ri wklv uhvxow iroorzv dv d vshfldo fdvh ri wkh surri ri +9144,/ dsshqgl{ 91<15/ iru dq

UEG zkhuh SVX*v duh eorfn yduldeohv/ zlwk �� @ 4/ ���� @ �� dqg ������ @ ���� 1

Wkh h{suhvvlrqv ri HkHrg& dqg HkHrg&- frqvlvw ri wzr whupv1 Wkh �uvw whup ri +9153, dqg

+9157, lv wkh yduldqfh ri wkh Kruylw}0Wkrpsvrq hvwlpdwru ru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru

ri wkh srsxodwlrq phdq ri wkh lqwulqvlf ydoxhv ri wkh wdujhw sdudphwhu dqg fdq eh dwwulexwhg wr wkh

udqgrpl}dwlrq phfkdqlvpv ri wkh vdpsolqj ghvljq dqg wkh h{shulphqwdo ghvljq1 Lw iroorzv iurp

wklv frpsrqhqw wkdw wkh yduldqfh ehwzhhq wkh vwudwd lv holplqdwhg iurp HkHrg& dqg HkHrg&- /

vlqfh vwudwd duh xvhg dv eorfn yduldeohv lq dq UEG1 Wkh vhfrqg whup ri +9153, dqg +9157, frqfhuqv

wkh yduldqfh ri wkh lqglylgxdo glvwxuedqfh whupv iurp wkh phdvxuhphqw huuru prgho1

Qrwh wkdw wkh yduldqfh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru grhvq*w ghshqg rq wkh wuhdw0

phqw h�hfw �&1 Iru vlwxdwlrqv zkhuh wkh h{whqghg Kruylw}0Wkrpsvrq hvwlpdwru frlqflghv zlwk

wkh Kruylw}0Wkrpsvrq hvwlpdwru/ wkh yduldqfh ri wkh Kruylw}0Wkrpsvrq hvwlpdwru dovr grhvq*w

ghshqg rq wkh wuhdwphqw h�hfw �&1 Wklv krogv wuxh li aQ� @ Q�> h1j1 lq wkh fdvh ri vwudwl�hg

vlpsoh udqgrp vdpsolqj zkhuh vwudwd duh eorfn yduldeohv1

Wkh h!flhqf| ri eorfnlqj rq vwudwd fdq eh txdqwl�hg e| fdofxodwlqj wkh lqfuhdvh lq HkHrg&

gxh wr wkh dssolfdwlrq ri d FUG lqvwhdg ri dq UEG hpehgghg lq d vwudwl�hg vdpsolqj vfkhph1

D jhqhudo h{suhvvlrq iru HkHrg& lq wkh fdvh ri d FUG lv jlyhq e| +816, lq vhfwlrq 8151 Lq wkh

fdvh ri d FUG hpehgghg lq d vwudwl�hg vdpsolqj/ zh fdq hydoxdwh wkh whup �Ydu+ a�X&t, lq HkHrg&

lq +816, dv iroorzv=
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Xqghu vwudwl�hg vdpsolqj lw dovr iroorzv wkdw

Ydu+a�X&t, @
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Ydu+a�X �&t,= +9159,

Li wkh uhvxowv +9158, dqg +9159, duh vxevwlwxwhg lqwr +816, lq vhfwlrq 815 lw iroorzv wkdw HkHrg&

iru d FUG hpehgghg lq d vwudwl�hg vdpsolqj ghvljq htxdov
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zkhuh Z� @ Q�@Q dqg Ydu+ a�X �&t, dqg
�Ydu+ a�X �&t, duh gh�qhg e| +914:, dqg +914;,/ uhvshfwlyho|1
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Wr txdqwli| wkh h!flhqf| ri dq UEG lq wklv vlwxdwlrq/ h{suhvvlrq +915:, vkrxog eh frpsduhg

zlwk +9153,1 Qrwh wkdw �X& @
Sa

�'�+Q�@Q, �X�&1 Lw lv dvvxphg iru wkh vdnh ri frqyhqlhqfh wkdw

q@+q�4, � 4 dqg q�@+q�&�4, � 4 dqg wkdw wkh iudfwlrq ri vdpsolqj xqlwv dvvljqhg wr wuhdwphqw

n lv wkh vdph zlwklq hdfk vwudwxp/ l1h1 q&@q @ q�&@q� / iru doo m @ 4> = = = > M 1 Wkh lqfuhdvh lq

HkHrg& xqghu d FUG zlwk uhvshfw wr dq UEG xqghu vwudwl�hg vdpsolqj lv jlyhq e|

q

q� 4

q

q&

3C a[
�'�

�
Z�

�X�&
�2

q�
�

4

q
�X2
&

4D.
a[
�'�

Z 2
�

#
4

q�&
�

4

q&

$
Ydu+a�X �&t,= +915;,

Wkh �uvw whup ri +915;, fdq eh eurnhq lqwr

q

q� 4

4

q&

a[
�'�

Z�

�
�X�& � �X&

�2
.

q

q� 4

4

q&

a[
�'�

Z�

#
Z�

z�
� 4

$
�X2
�&> +915<,

zlwk z� @ q�@q1 Wklv lv wkh pdmru sduw ri wkh lqfuhdvh lq HkHrg&1 Wkh �uvw whup ri +915<, lv wkh

yduldqfh ehwzhhq wkh vwudwd1 Lq wkh fdvh ri vwudwl�fdwlrq zlwk sursruwlrqdo doorfdwlrq lw iroorzv

wkdw Z� @ z� dqg frqvhtxhqwo| wkh vhfrqg whup ri +915<, lv htxdo wr }hur1 Vr/ iru sursruwlrqdo

doorfdwlrq/ +915<, htxdov wkh yduldqfh ehwzhhq vwudwd1 Iru rwkhu doorfdwlrqv/ +915<, dssur{lpdwhv

wkh yduldqfh ehwzhhq vwudwd1 Iurp vdpsolqj wkhru| lw lv zhoo nqrzq wkdw vwudwl�hg vdpsolqj

lv sduwlfxoduo| lqwhuhvwlqj zkhq wkh srsxodwlrq vwudwxp phdqv gl�hu vxevwdqwldoo|1 Lw fdq eh

frqfoxgh iurp +915;, wkdw wklv h!flhqf| surshuw| ri vwudwl�hg ghvljqv glvdsshduv lq FUG*v/

exw uhpdlqv lq UEG*v zlwk vwudwd dv eorfn yduldeohv1 FUG*v qxooli| wkh h�hfw ri vwudwli|lqj dv

udqgrpl}lqj wkh vdpsolqj xqlwv ryhu wkh vxevdpsohv ljqruhv wkhvh vwudwd1 Xvlqj vwudwd dv eorfn

yduldeohv qrw rqo| suhvhuyhv wkh h!flhqf| ri vwudwl�fdwlrq/ exw dovr hqvxuhv wkdw hdfk vwudwxp

lv vx!flhqwo| uhsuhvhqwhg zlwklq hdfk vxevdpsoh v&1 Wklv odvw surshuw| lv hvshfldoo| lpsruwdqw

lq dssolfdwlrqv zkhuh wkh vxevdpsohv dvvljqhg wr wkh dowhuqdwlyh wuhdwphqwv duh vpdoo frpsduhg

zlwk wkh vxevdpsoh dvvljqhg wr wkh uhjxodu vxuyh|/ zklfk vlpxowdqhrxvo| vhuyhv dv wkh frqwuro

jurxs lq wkh h{shulphqw1

Wkh h!flhqf| ri eorfnlqj rq vwudwd xqghu wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ fdq eh hydo0

xdwhg lq dq htxlydohqw zd|1 Dv lq wkh fdvh ri wkh Kruylw}0Wkrpsvrq hvwlpdwru lw iroorzv iru d

FUG hpehgghg lq d vwudwl�hg vdpsolqj ghvljq/ wkdw wkh h!flhqf| jdlq ri d vwudwl�hg vdpsolqj

ghvljq lv hvvhqwldoo| qxool�hg e| wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq1 Lq

wkh vshfldo fdvh ri sursruwlrqdo doorfdwlrq/ wkh lqfuhdvh lq wkh yduldqfh gxh wr wkh dssolfdwlrq ri

d FUG lqvwhdg ri dq UEG h{dfwo| htxdov wkh yduldqfh ehwzhhq vwudwd1

/#( �	������ �� �	��� ������	��

Frqvlghu dq h{shulphqw hpehgghg lq d foxvwhu vdpsoh/ frqgxfwhg xqghu wkh edvlf phdvxuhphqw

huuru prgho +614, lq vhfwlrq 615 ru +718, lq vhfwlrq 7151 Dffruglqj wr wkh vdpsolqj ghvljq/ Mr

foxvwhuv ri vl}h Q� duh gudzq iurp wkh M� foxvwhuv lq wkh �qlwh srsxodwlrq e| phdqv ri �uvw0

rughu lqfoxvlrq suredelolwlhv �� dqg vhfrqg0rughu lqfoxvlrq suredelolwlhv ���� 1 Doo lqglylgxdov lq

d vhohfwhg foxvwhu duh lqfoxghg lq wkh vdpsoh v1 Dffruglqj wr wkh h{shulphqwdo ghvljq/ wkh Q�
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lqglylgxdov ri foxvwhu m duh udqgrpl}hg ryhu wkh N gl�huhqw wuhdwphqwv1 Wklv udqgrpl}dwlrq

phfkdqlvp qdwxudoo| ohdgv wr dq UEG zkhuh foxvwhuv duh eorfn yduldeohv1

D foxvwhu vdpsoh fdq eh frqvlghuhg dv d vshfldo fdvh ri d wzr0vwdjh vdpsolqj ghvljq zkhuh

wkh vhfrqg vwdjh lv frpsohwho| revhuyhg1 Wkhuhiruh/ h{suhvvlrqv iru wkh yduldqfhv HkHrg& dqg

HkHrg&- iru UEG*v hpehgghg lq foxvwhu vdpsohv zkhuh foxvwhuv duh xvhg dv eorfn yduldeohv

iroorz dv d vshfldo fdvh iurp wkh uhvxowv rewdlqhg xqghu wzr0vwdjh vdpsolqj lq vhfwlrq 9151

Lq wkh fdvh ri wkh Kruylw}0Wkrpsvrq hvwlpdwru/ dq h{suhvvlrq iru HkHrg& iroorzv gluhfwo|

iurp +919, lq vhfwlrq 915 e| wdnlqj ���� @ 4/ ������ @ 4 dqg q� @ Q� dqg lv jlyhq e|

HkHrg& @
a�[
�'�

+Q�@Q,2

��

Q�

+Q� � 4,

Q�

q�&
�Ydu+ a�X �&t, .

a�[
�'�

Q�

��q�&Q2

3C��[
�'�

�2�&

4D = +9163,

Vlqfh doo wkh Q� lqglylgxdov ri d foxvwhu duh vhohfwhg lq wkh vdpsoh/ lw iroorzv wkdw Ydu+a�X �&t,

gh�qhg e| +917, lq vhfwlrq 915 lv htxdo wr }hur1 Ixuwkhupruh/ lw iroorzv iurp +918, +vhfwlrq 915,

wkdw

�Ydu+ a�X �&t, @
4

Q�

3C��[
�'�

x2�&
Q�

� �X2
�&

4D > +9164,

zklfk fdq eh lqwhusuhwhg dv wkh yduldqfh ri a�X �&t dv li Q� hohphqwv iurp foxvwhu m zhuh gudzq

zlwk uhsodfhphqw zlwk vhohfwlrq suredelolwlhv 4@Q�1

Lq dq htxlydohqw zd| dq h{suhvvlrq iru HkHrg&- iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru

iroorzv dv d vshfldo fdvh ri +9144, lq vhfwlrq 915 dqg lv jlyhq e|

HkHrg&- @
a�[
�'�

+Q�@Q,2

��

Q�

+Q� � 4,

Q�

q�&
�Ydu+a�H�t, .

a�[
�'�

Q�

��q�&Q2

3C��[
�'�

�2�&

4D > +9165,

zkhuh

�Ydu+ a�H�t, @
4

Q�

3C��[
�'�

+x� � e|{�,2

Q�
� + �X� � e

| �[�,
2

4D = +9166,

Wkh h!flhqf| ri eorfnlqj rq foxvwhuv fdq eh txdqwl�hg e| fdofxodwlqj wkh lqfuhdvh lq wkh

yduldqfh h{suhvvlrqv HkHrg& ru HkHrg&- gxh wr wkh dssolfdwlrq ri d FUG lqvwhdg ri dq UEG1

Iru d FUG dqdo|}hg e| phdqv ri wkh Kruylw}0Wkrpsvrq hvwlpdwru/ dq h{suhvvlrq iru HkHrg&

iroorzv dv d vshfldo fdvh iurp +9147, lq vhfwlrq 915 dqg lv htxdo wr

HkHrg& @
q

q� 4

q

q&

a�[
�'�

+Q�@Q,2

��
�Ydu+a�X �&t,

.
q

q� 4

q

q&

57 4
q

3C a�[
�'�

q X2
�&

Q���Q2
� �X2

&

4D� 4

q

4

Q2

a�[
�'�

a�[
��'�

+���� � �����,
X�& X��&
�� ���
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.
q

q&

a�[
�'�

��[
�'�

�2�&
��Q2

= +9167,
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Wkh h!flhqf| ri eorfnlqj rq foxvwhuv iroorzv e| frpsdulqj +9167, dqg +9163,1 Lw lv dvvxphg wkdw

q@+q � 4, � 4/ Q�@+Q� � 4, � 4 dqg wkdw q&@q @ q�&@Q� iru doo wkh eorfnv m @ 4> = = = > M�1 Wkh

lqfuhdvh ri HkHrg& gxh wr wkh dssolfdwlrq ri d FUG xqghu foxvwhu vdpsolqj lqvwhdg ri dq UEG

zlwk foxvwhuv dv eorfn yduldeohv/ lv dssur{lpdwho| htxdo wr

q

q� 4

q

q&

57 4
q

3C a�[
�'�

q X2
�&

Q���Q2
� �X2

&

4D� 4

q

4

Q2

a�[
�'�

a�[
��'�

+���� � �����,
X�& X��&
�� ���

68 = +9168,

Wklv lv wkh ehwzhhq0foxvwhu yduldqfh1 Wkh �uvw whup ehwzhhq eudfnhwv fdq eh lqwhusuhwhg dv

wkh yduldqfh ehwzhhq wkh foxvwhu wrwdov dv li foxvwhuv duh gudzq zlwk uhsodfhphqw zlwk vhohfwlrq

suredelolwlhv +Q���,@q1 Wkh vhfrqg whup ehwzhhq eudfnhwv lv wkh ghvljq yduldqfh ri wkh vdpsolqj

vfkhph1 Li wkh vdpsolqj xqlwv iurp wkh vdph foxvwhuv duh krprjhqhrxv dqg wkh yduldwlrq ehwzhhq

wkh foxvwhuv lv odujh/ wkhq wkh vl}h ri h{suhvvlrq +9168, zloo eh vxevwdqwldo dqg wkh dssolfdwlrq ri

dq UEG zlwk foxvwhuv dv eorfn yduldeohv zloo eh h!flhqw1

Dq h{suhvvlrq iru wkh yduldqfh uhgxfwlrq gxh wr wkh dssolfdwlrq ri dq UEG zlwk foxvwhuv dv

eorfn yduldeohv lqvwhdg ri d FUG iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru htxdov +9168, zkhuh

wkh yduldqfh ri wkh Kruylw}0Wkrpsvrq hvwlpdwru lv uhsodfhg e| wkh yduldqfh ri wkh �uvw0rughu

Wd|oru vhulhv dssur{lpdwlrq ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1

Lw iroorzv wkdw wkh yduldqfh ehwzhhq wkh foxvwhu wrwdov lv holplqdwhg iurp wkh wrwdo yduldqfh

ri HkHrg& dqg HkHrg&- gxh wr wkh dssolfdwlrq ri dq UEG zkhuh foxvwhuv duh eorfn yduldeohv1

Frqvhtxhqwo|/ li wkh foxvwhuv duh krprjhqhrxv zlwk uhvshfw wr wkh lqwulqvlf ydoxhv x�/ wkhq lw

pljkw eh h!flhqw wr xvh foxvwhuv dv eorfn yduldeohv lq dq UEG1 Wklv udqgrpl}dwlrq phfkdqlvp

dovr hqvxuhv wkdw hdfk foxvwhu lqfoxghg lq wkh vdpsoh v/ lv dovr lqfoxghg lq hdfk ri wkhN vxevdpsoh

v&1

Lqvwhdg ri udqgrpl}lqj wkh VVX*v zlwklq foxvwhuv ryhu wkh N wuhdwphqwv lq dq UEG/ lw lv dovr

srvvleoh wr udqgrpl}h wkh foxvwhuv ryhu wkh N wuhdwphqwv lq d FUG1 Wklv pljkw eh h!flhqw li

wkh yduldqfh ehwzhhq foxvwhu wrwdov lv vpdoo dqg wkh yduldqfh zlwklq foxvwhuv odujh1 Li foxvwhuv duh

xvhg dv h{shulphqwdo xqlwv lq FUG/ wkh dqdo|vlv frqfhuqv foxvwhu wrwdov1 Wkhuhiruh wkh yduldqfh

ri wkh hvwlpdwhg wuhdwphqw h�hfwv rqo| frqfhuqv wkh yduldqfh ehwzhhq foxvwhu wrwdov1 Wklv lq

frqwudvw zlwk dq UEG zlwk foxvwhuv dv eorfn yduldeohv/ zkhuh wkh yduldqfh ri wkh hvwlpdwhg

wuhdwphqw h�hfwv rqo| frqfhuqv wkh yduldqfh zlwklq foxvwhuv1

/#.  ����������� �� �	��� ������	�� ����� ����	� ������

����	��� ������� ���	�������

Lq pdq| vrfldo vxuyh|v/ gdwd duh froohfwhg e| phdqv ri frpsxwhu0dvvlvwhg whohskrqh lqwhuylhzlqj

+FDWL, ru frpsxwhu0dvvlvwhg shuvrqdo lqwhuylhzlqj +FDSL,1 Lq vxfk vlwxdwlrqv d phdvxuhphqw

huuru prgho zlwk udqgrp ru �{hg lqwhuylhzhu h�hfwv pljkw eh uhdolvwlf1 Gxh wr wkh lqwhuylhzhu

h�hfwv vshfl�hg lq phdvxuhphqw huuru prghov +617,/ vhfwlrq 615 dqg +71;,/ vhfwlrq 715/ revhuyd0

wlrqv |k� rewdlqhg iurp lqglylgxdov dvvljqhg wr wkh vdph lqwhuylhzhu whqg wr eh pruh krprjhqrxv
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wkdq lqglylgxdov dvvljqhg wr gl�huhqw lqwhuylhzhuv1 Wkhuhiruh/ lw pljkw eh h!flhqw wr ghvljq dq

h{shulphqw hpehgghg lq d vxuyh| zkhuh gdwd duh froohfwhg e| phdqv ri FDSL ru FDWL dv dq

UEG zlwk lqwhuylhzhuv dv eorfn yduldeohv1

Li lqwhuylhzhuv duh xvhg dv eorfn yduldeohv/ wkhq wkh eorfnv ri wkh h{shulphqwdo ghvljq duh

qrw gluhfwo| olqnhg zlwk wkh vdpsolqj ghvljq1 Lq wklv vhfwlrq zh frqvlghu h{shulphqwv frqgxfwhg

xqghu vlpsoh udqgrp vdpsolqj zlwkrxw uhsodfhphqw1

Wkh srsxodwlrq X ri vl}h Q fdq eh glylghg lq M jurxsv X� ri vl}h Q�1 Wkh lqglylgxdov ri

hdfk vxejurxs X� duh dvvljqhg wr lqwhuylhzhu m li wkh| duh lqfoxghg lq wkh vdpsoh1 Iurp wklv

srsxodwlrq d vlpsoh udqgrp vdpsoh ri vl}h q lv gudzq1 Diwhu uhdol}lqj wklv vdpsoh/ wkh glvwule0

xwlrq +q�> = = = > qa, ri wkh vdpsolqj xqlwv ryhu wkh M lqwhuylhzhuv lv rewdlqhg1 Frqvhtxhqwo|/ wkh

qxpehu ri vdpsolqj xqlwv dvvljqhg wr hdfk lqwhuylhzhu +ru eorfn, pxvw eh wuhdwhg dv udqgrp1

Ehfdxvh q hohphqwv duh gudzq e| phdqv ri vlpsoh udqgrp vdpsolqj zlwkrxw uhsodfhphqw iurp

d srsxodwlrq ri vl}h Q / zklfk fdq eh glylghg lq M jurxsv ri vl}h +Q�> = = = > Qa,/ lw iroorzv wkdw

wkh yhfwru +q�> = = = > qa, kdv d pxowlyduldwh k|shujhrphwulf glvwulexwlrq1 Dffruglqj wr wkh h{shu0

lphqwdo ghvljq/ wkh q� lqglylgxdov dvvljqhg wr wkh m�wk lqwhuylhzhu/ duh udqgrpl}hg ryhu wkh

N wuhdwphqwv1 Qrwh wkdw wkh vdpsoh vsdfh ri vlpsoh udqgrp vdpsolqj zlwkrxw uhsodfhphqw lv

htxdo wr wkh vdpsoh vsdfh ri vwudwl�hg vlpsoh udqgrp vdpsolqj iurp M vwudwd pxowlsolhg zlwk

wkh suredelolw| ri gudzlqj d yhfwru +q�> = = = > qa, iurp wkh k|shujhrphwulf glvwulexwlrq zkhuh

hdfk hohphqw fruuhvsrqgv wr wkh vdpsoh vl}h ri wkh vwudwd1 Qrz zh fdq hydoxdwh wkh h{shfwdwlrq

zlwk uhvshfw wr wkh vdpsolqj ghvljq dv iroorzv1 Frqglwlrqdo rq wkh uhdol}hg glvwulexwlrq ri wkh

vdpsolqj xqlwv ryhu wkh eorfnv +ru lqwhuylhzhuv,/ zh fdq wdnh wkh h{shfwdwlrq dv li d vwudwl�hg

vdpsoh zdv gudzq zkhuh wkh eorfnv duh wkh vwudwd1 Wkhq zh fdq wdnh wkh h{shfwdwlrq ri wkh

qxpehu ri vdpsolqj xqlwv zlwklq hdfk eorfn dv li wklv lv d uhdol}dwlrq iurp wkh k|shujhrphwulf

glvwulexwlrq/ vhh dsshqgl{ 91<16 iru whfkqlfdo ghwdlov1

Lq wkh fdvh ri wkh Kruylw}0Wkrpsvrq hvwlpdwru/ xqghu vlpsoh udqgrp vdpsolqj jhqhudoo|

fdoohg wkh gluhfw hvwlpdwru/ wkh gldjrqdo hohphqwv g& duh gh�qhg lq +6167,/ vhfwlrq 619 zkhuh

�� @ q@Q 1 Xqghu d phdvxuhphqw huuru prgho zlwk udqgrp dv zhoo dv �{hg lqwhuylhzhu h�hfwv/

lw lv suryhg lq dsshqgl{ 91<16 wkdw=

HkHrg& @
a[
�'�

Q�

Q

q�
q�& q

4

+Q� � 4,

��[
�'�
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Q�

��[
��'�

x��

4D2

.
a[
�'�

q�
q�& q

��[
�'�

�2�&
Q

= +9169,

Lq wkh fdvh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ wkh gldjrqdo hohphqwv g&- duh gh�qhg lq

+715;,/ vhfwlrq 717 zlwk �� @ q@Q 1 Xqghu d phdvxuhphqw huuru prgho zlwk udqgrp dv zhoo dv

�{hg lqwhuylhzhu h�hfwv/ lw lv suryhg lq dsshqgl{ 91<16 wkdw=

HkHrg&-@

a[
�'�

Q�

Q

q�
q�&q

4

+Q��4,

��[
�'�
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��[
��'�
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|{��,
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.
a[
�'�

q�
q�& q

��[
�'�

�2�&
Q

> +916:,

zkhuh g ghqrwhv wkh pxowlsoh uhjuhvvlrq frh!flhqwv iurp wkh uhjuhvvlrq ixqfwlrq ri wkh lqwhu0

ylhzhu h�hfwv rq wkh dx{loldu| yduldeohv {� +vhh +716<, lq dsshqgl{ 71:15,1 Zh vhh wkdw xqghu wkh

gluhfw hvwlpdwru/ lqwhuylhzhu h�hfwv duh holplqdwhg iurp wkh yduldqfh vlqfh lqwhuylhzhuv duh xvhg

dv eorfn yduldeohv1 Xqghu wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ krzhyhu/ wklv h!flhqf| jdlq lv

sduwldoo| qxool�hg vlqfh wkh uhvlgxdov ri wkh �{hg lqwhuylhzhu h�hfwv #� � g{� jhqhudoo| gr qrw

fdqfho rxw lq +916:,1 Wkh| gr fdqfho rxw xqghu wzr vshfl�f vlwxdwlrqv= Iluvw li wkh h{whqghg

Kruylw}0Wkrpsvrq hvwlpdwru lv dssolhg1 Lq wklv vlwxdwlrq doo wkh uhvlgxdov ri wkh �{hg lqwhuylhzhu

h�hfwv #� �g|{� zlwklq hdfk eorfn duh htxdo wr #� � �#/ zkhuh �# @
Sa

�'�+Q�@Q,#�1 Vlqfh wkhvh

uhvlgxdov duh frqvwdqw zlwklq hdfk eorfn/ wkh| frqvhtxhqwo| fdqfho rxw lq +916:,1 Vlqfh e| @ + �X,/

+916:, htxdov +9169, lq wklv fdvh1 Vhfrqg/ li zlwklq hdfk eorfn d vhsdudwh uhjuhvvlrq hvwlpdwru

lv dssolhg plqlpdoo| xvlqj wkh eorfn vl}h dv dx{loldu| lqirupdwlrq1 Lq wklv vlwxdwlrq wkh �{hg

lqwhuylhzhu h�hfwv fdqfho rxw iurp wkh uhvlgxdov +|k�& � e
|
&{�,/ vlqfh g{� @ #�/ ;l +vhh +91;7, lq

dsshqgl{ 91<16,1 Lq wklv vlwxdwlrq +916:, vlpsol�hv wr

HkHrg&-@
a[
�'�

Q�

Q

q�
q�& q

4

+Q��4,

��[
�'�

3C+x��e|{�,� 4

Q�

��[
��'�

+x���e
|{��,

4D2

.
a[
�'�

q�
q�& q

��[
�'�

�2�&
Q

=

/#.#� "=�����
 �� �	������ �� ������������ ���� ������ ����������� �3����

Wkh h!flhqf| ri eorfnlqj rq lqwhuylhzhuv iroorzv li wkh lqfuhdvh lq wkh yduldqfh h{suhvvlrqv ri

HkHrg& ru HkHrg&- gxh wr wkh dssolfdwlrq ri d FUG lqvwhdg ri dq UEG zlwk lqwhuylhzhuv dv

eorfn yduldeohv lv txdqwl�hg xqghu d phdvxuhphqw huuru prgho zlwk �{hg ru udqgrp lqwhuylhzhu

h�hfwv1 Lq rughu wr nhhs irupxod*v pdqdjhdeoh/ phdvxuhphqw huuru prghov zlwk rqo| udqgrp ru

rqo| �{hg lqwhuylhzhu h�hfwv duh wuhdwhg vhsdudwho|1 Zh vwduw zlwk udqgrp lqwhuylhzhu h�hfwv

lq wklv vxevhfwlrq1 Wkh h!flhqf| ri eorfnlqj rq lqwhuylhzhuv xqghu �{hg lqwhuylhzhu h�hfwv lv

ghdow zlwk lq wkh qh{w vxevhfwlrq1

Lq wkh fdvh ri d FUG dqdo|}hg zlwk wkh gluhfw hvwlpdwru xqghu d phdvxuhphqw huuru prgho

zlwk udqgrp lqwhuylhzhu h�hfwv ++617,/ vhfwlrq 615 zkhuh #� @ 3, lw lv suryhg lq dsshqgl{ 91<17

wkdw

HkHrg& @
4

q&

4

Q � 4

�[
�'�

#
x� �

4

Q

�[
��'�

x��

$2

.
4

q&

4

Q � 4

a[
�'�

Q��
2
�

�
4�

Q�

Q

�

.
4

q&

�[
�'�

�2�&
Q

= +916;,

H{suhvvlrq +9169, pxvw eh frpsduhg zlwk +916;, lq rughu wr txdqwli| wkh h!flhqf| ri eorfnlqj

rq lqwhuylhzhuv1 Wkh srsxodwlrq yduldqfh ri wkh wdujhw yduldeoh lq +916;, +l1h1 wkh �uvw whup rq

wkh uljkw0kdqg vlgh ri wkh htxdolw| vljq, fdq eh uhzulwwhq dv iroorzv

4

Q � 4

�[
�'�

�
x� � �X

�2
@

4

Q � 4

a[
�'�

��[
�'�

�
x� � �X

�2

438



@
4

Q � 4

3C a[
�'�

��[
�'�

�
x� � �X�

�2
.

a[
�'�

Q�

�
�X� � �X

�24D
�

a[
�'�

Q�

Q

4

Q� � 4

��[
�'�

�
x� � �X�

�2
.

a[
�'�

Q�

Q

�
�X� � �X

�2
= +916<,

Lq dq UEG zlwk lqwhuylhzhuv dv eorfn yduldeohv wkh iudfwlrq ri h{shulphqwdo xqlwv lq eorfn ru

lqwhuylhzhu m dvvljqhg wr wuhdwphqw n htxdov q�&@q� 1 Li wklv iudfwlrq lv +dssur{lpdwho|, htxdo

iru hdfk lqwhuylhzhu/ wkhq lw iroorzv wkdw

q�
q�&q

@
4

q&
= +9173,

Li +9173, lv vxevwlwxwhg lqwr +9169, dqg +916<, lv vxevwlwxwhg lqwr +916;,/ wkhq lw iroorzv wkdw wkh

lqfuhdvh lq HkHrg& gxh wr wkh dssolfdwlrq ri d FUG lqvwhdg ri dq UEG zlwk lqwhuylhzhuv dv

eorfn yduldeohv xqghu d phdvxuhphqw huuru prgho zlwk udqgrp lqwhuylhzhu h�hfwv lv htxdo wr

4

q&

4

Q � 4

a[
�'�

Q��
2
�

�
4�

Q�

Q

�
.

4

q&

a[
�'�

Q�

Q

�
�X� � �X

�2
=

Xqghu d FUG wkh yduldqfh h{suhvvlrqv ri HkHrg& duh lqfuhdvhg zlwk wzr frpsrqhqwv1 Wkh �uvw

frpsrqhqw lv wkh yduldqfh gxh wr wkh udqgrp lqwhuylhzhu h�hfwv1 Wkh vhfrqg yduldqfh frpsrqhqw

frqfhuqv wkh yduldqfh ri wkh lqwulqvlf ydoxhv ehwzhhq wkh eorfnv +l1h1 wkh lqwhuylhzhuv,1 Lq vxuyh|v

zkhuh gdwd duh froohfwhg e| phdqv ri FDSL/ lqwhuylhzhuv zrun lq vhsdudwh uhodwlyho| vpdoo uhjlrqv1

Lq vxfk vlwxdwlrqv/ wkh yduldqfh ehwzhhq wkh phdqv ri wkh wdujhw yduldeohv pljkw eh vxevwdqwldo1

Lq vxuyh|v zkhuh gdwd duh froohfwhg e| phdqv ri FDWL/ whohskrqh qxpehuv duh dvvljqhg udqgrpo|

wr dq lqwhuylhzhu1 Frqvhtxhqwo| lqwhuylhzhuv zrun wkurxjk wkh hqwluh vxuyh| srsxodwlrq1 Lq wklv

vlwxdwlrq/ wkh yduldqfh ehwzhhq wkh phdqv ri wkh wdujhw yduldeohv pljkw eh uhodwlyho| vpdoo1

Iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru wkh h!flhqf| ri eorfnlqj rq lqwhuylhzhuv xqghu d

phdvxuhphqw huuru prgho zlwk udqgrp lqwhuylhzhu h�hfwv fdq eh txdqwl�hg lq dq htxlydohqw

zd|1 Dq h{suhvvlrq iru HkHrg&- lq wkh fdvh ri d FUG lv jlyhq e| +916;, zkhuh x� lv uhsodfhg e|

wkh uhvlgxdov x� � e
|{�1 Wkh lqfuhdvh lq HkHrg&- gxh wr wkh dssolfdwlrq ri FUG lqvwhdg ri dq

UEG zkhuh lqwhuylhzhuv duh eorfn yduldeohv htxdov

4

q&

4

Q � 4

a[
�'�

Q��
2
�

�
4�

Q�

Q

�
.

4

q&

a[
�'�

Q�

Q

�
�H� � �H

�2
>

zkhuh

�H� @
4

Q�

��[
�'�

x� � e
|{�>

dqg

�H @
4

Q

�[
�'�

x� � e
|{�=

Wkh �uvw whup lv d yduldqfh frpsrqhqw ri udqgrp lqwhuylhzhu h�hfwv1 Wkh vhfrqg yduldqfh

frpsrqhqw frqfhuqv wkh yduldqfh ehwzhhq wkh eorfn phdqv ri wkh �uvw0rughu Wd|oru vhulhv ds0

sur{lpdwlrq ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1
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Lq wkh fdvh ri d FUG dqdo|}hg zlwk wkh gluhfw hvwlpdwru frqgxfwhg xqghu d phdvxuhphqw huuru

prgho zlwk �{hg lqwhuylhzhu h�hfwv ++617,/ vhfwlrq 615 zkhuh �k� @ 3, lw lv suryhg lq dsshqgl{

91<17 wkdw=

HkHrg& @
4

q&

4

Q � 4

[
�ML

3Cx�� 4

Q

[
��ML

x��

4D2

.
4

q&

4

Q � 4

3EC a[
�'�

Q�#
2
��

4

Q

3C a[
�'�

Q�#�

4D2
4FD

.5
4

q&

4

Q � 4

[
�ML

3Cx�� 4

Q

[
��ML

x��

4D3C#�� 4

Q

a[
�'�

Q�#�

4D.
4

q&

[
�ML

�2�&
Q

= +9174,

Wkh h!flhqf| ri dq UEG lv txdqwl�hg li +9169, lv frpsduhg zlwk +9174,1 Li +9173, lv vxevwlwxwhg

lqwr +9169, dqg +916<, lv vxevwlwxwhg lqwr +9174,/ wkhq lw iroorzv wkdw wkh lqfuhdvh lq HkHrg& gxh

wr wkh dssolfdwlrq ri d FUG lqvwhdg ri dq UEG zlwk lqwhuylhzhuv dv eorfn yduldeohv htxdov

4

q&

4

Q � 4

3EC a[
�'�

Q�#
2
� �

4

Q

3C a[
�'�

Q�#�

4D2
4FD

.5
4

q&

4

Q � 4

[
�ML

3Cx� � 4

Q

[
��ML

x��

4D3C#� � 4

Q

a[
�'�

Q�#�

4D.
4

q&

a[
�'�

Q�

Q

�
�X� � �X

�2
=

Wkh yduldqfh uhgxfwlrq/ gxh wr wkh dssolfdwlrq ri dq UEG zkhuh lqwhuylhzhuv duh eorfn yduldeohv

xqghu d phdvxuhphqw huuru prgho zlwk �{hg lqwhuylhzhu h�hfwv/ frqvlvwv ri wkuhh whupv1 Wkh

�uvw whup lv wkh yduldqfh ri wkh �{hg lqwhuylhzhu h�hfwv1 Wkh vhfrqg whup lv wkh fryduldqfh

ehwzhhq wkh �{hg lqwhuylhzhu h�hfwv dqg wkh wdujhw yduldeohv1 Wkh wklug whup lv wkh ehwzhhq0

eorfn yduldqfh ri wkh lqwulqvlf ydoxhv ri wkh wdujhw yduldeohv1

Uhvxowv iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru uhdg dv iroorzv1 Lq wkh fdvh ri d FUG

frqgxfwhg xqghu d phdvxuhphqw huuru prgho zlwk �{hg lqwhuylhzhu h�hfwv ++71;,/ vhfwlrq 715

zkhuh �k� @ 3, lw iroorzv wkdw

HkHrg&- @
4

q&

4

Q � 4

�[
�'�

#
+x��e

|{�,.+#��g
|{�,�

4

Q

�[
��'�

�
+x���e

|{��,.+#��g
|{��,

�$2

.
4

q&

�[
�'�

�2�&
Q

= +9175,

Wkh surri ri +9175, lv htxlydohqw wr wkh surriv iru wkh gluhfw hvwlpdwru +9174,1 Wkh lqfuhdvh lq

yduldqfh lq HkHrg&- gxh wr wkh dssolfdwlrq ri d FUG lqvwhdg ri eorfnlqj rq lqwhuylhzhuv iroorzv

li +9175, lv frpsduhg zlwk +916:, dqg lv dssur{lpdwho| htxdo wr

4

q&

a[
�'�

Q�

Q

�
+ �X� � e

| �[�,� + �X � e| �[, . +#� � g
| �[�,� + �# � g| �[,

�2
>

zkhuh �# @
Sa

�'�+Q�@Q,#�1 Iurp +916:, lw iroorzv wkdw wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru fdq

sduwldoo| qxooli| wkh h!flhqf| ri orfdo frqwuro rq lqwhuylhzhuv e| phdqv ri dq UEG1 Wkhuhiruh
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wkh yduldqfh uhgxfwlrq gxh wr wkh dssolfdwlrq ri dq UEG lqvwhdg ri d FUG rqo| frqfhuqv wkh

ehwzhhq0eorfn yduldqfh ri wkh wdujhw sdudphwhu/ wkh �{hg lqwhuylhzhu h�hfwv dqg wkh fryduldqfh

ehwzhhq wkhvh wzr sdudphwhuv1

Xqghu d FUG/ hdfk lqglylgxdo dvvljqhg wr dq lqwhuylhzhu kdv d qrq}hur suredelolw| wr eh

dvvljqhg wr rqh ri wkh N wuhdwphqwv1 Lq wklv fdvh wkh vxevdpsoh hvwlpdwhv a�\
k

& duh eldvhg zlwk

wkh vdph �{hg lqwhuylhzhu h�hfw �# @
Sa

�'�+Q�@Q,#�1 Lq wkh N�4 frqwudvwv ri wkhvh hvwlpdwhv/

wklv eldv frqyhqlhqwo| fdqfhov rxw1 Lq pdq| vlwxdwlrqv/ krzhyhu/ lqwhuylhzhuv duh iru sudfwlfdo

uhdvrqv dvvljqhg wr rqo| rqh ri wkh N wuhdwphqwv1 Vwulfwo| vshdnlqj wklv duh qrw FUG*v1 Vlqfh

hdfk wuhdwphqw lv frqgxfwhg zlwk d gl�huhqw vhw ri lqwhuylhzhuv/ hdfk hvwlpdwh lv eldvhg zlwk wkh

phdq ri d gl�huhqw vhw ri �{hg lqwhuylhzhu h�hfwv1 Wklv eldv/ frqvhtxhqwo|/ grhv qrw fdqfho rxw

lq wkh N � 4 frqwudvwv ri wkh hvwlpdwhg srsxodwlrq sdudphwhuv1

/#/  ����������� �� �	��� ������	�� ����� ����	�
 ����	���

�������

Lq wkh fdvh ri dq UEG zkhuh lqwhuylhzhuv duh eorfn yduldeohv/ wkh eorfnv ri wkh h{shulphqwdo

ghvljq duh jhqhudoo| qrw gluhfwo| olqnhg zlwk wkh vdpsolqj vfkhph1 Frqvhtxhqwo|/ wkh qxpehu ri

lqglylgxdov doorfdwhg wr hdfk eorfn lv udqgrp1 Xqghu vlpsoh udqgrp vdpsolqj/ frqvlghuhg lq wkh

suhfhglqj vhfwlrq/ wkh h{shfwdwlrq zlwk uhvshfw wr wkh vdpsolqj ghvljq zdv hydoxdwhg dv iroorzv1

Frqglwlrqdo rq wkh uhdol}hg glvwulexwlrq ri wkh vdpsolqj xqlwv ryhu wkh eorfnv/ zh fdq wdnh wkh

h{shfwdwlrq dv li d vwudwl�hg vlpsoh udqgrp vdpsoh zdv gudzq zkhuh wkh vwudwd fruuhvsrqg

zlwk wkh eorfnv ri wkh h{shulphqwdo ghvljq1 Wkhq zh fdq wdnh wkh h{shfwdwlrq ri wkh qxpehu ri

lqglylgxdov doorfdwhg wr hdfk eorfn dv li wklv lv d uhdol}dwlrq iurp wkh k|shujhrphwulf glvwulexwlrq1

Wklv dssurdfk fdq eh dssolhg xqghu vlpsoh udqgrp vdpsolqj/ vlqfh wkh vdpsoh vsdfh ri vlpsoh

udqgrp vdpsolqj lv htxdo wr wkh vdpsoh vsdfh ri vwudwl�hg vlpsoh udqgrp vdpsolqj pxowlsolhg

zlwk wkh suredelolw| ri gudzlqj d yhfwru iurp wkh k|shujhrphwulf glvwulexwlrq zkhuh hdfk hohphqw

fruuhvsrqgv wr wkh vdpsoh vl}h ri wkh vwudwd1 Wklv dssurdfk lv qrw dssolfdeoh xqghu pruh frpsoh{

vdpsolqj vfkhphv1 Li lw lv ljqruhg wkdw wkh qxpehu ri lqglylgxdov doorfdwhg wr eorfn m lv udqgrp/

wkhq zh fdq vwloo hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh vdpsolqj ghvljq e| wuhdwlqj wkh

eorfnv dv grpdlqv1 Wklv lpsolhv wkdw wkh yduldqfhv duh ghulyhg frqglwlrqdo rq wkh uhdol}hg vdpsoh

v1
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Iru dq UEG zlwk lqwhuylhzhuv dv eorfn yduldeohv dqdo|}hg zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru

xqghu d phdvxuhphqw huuru prgho zlwk rqo| udqgrp lqwhuylhzhu h�hfwv +l1h1 prgho +617,/ vhfwlrq

615 zlwk #� @ 3, lw lv suryhg lq dsshqgl{ 91<18 wkdw

HkHrg& @
a[
�'�

�
Q�

Q

�2 q�
+q� � 4,

q�
q�&

%
�Ydu+ a�X �&t,.

�2�
Q2
�

�Ydu+ aQ�,�
4

q�

#
Ydu+ a�X �&t,.

�2�
Q2
�

Ydu+ aQ�,

$&
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.
4

Q2

a[
�'�

q�
q�&

��[
�'�

�2�&
��

= +9176,

Khuh a�X �&t / Ydu+
a�X �&t, dqg

�Ydu+ a�X �&t, duh gh�qhg e| +9149,/ +914:, dqg +914;, lq vhfwlrq 9161 Uhfdoo

wkdw

aQ� @

?�[
�'�

4

��
> +9177,

lv wkh Kruylw}0Wkrpsvrq hvwlpdwru iru wkh vl}h ri wkh m�wk eorfn1 Lw iroorzv wkdw

Ydu+ aQ�, @

��[
�'�

��[
��'�

+���� � �����,

�����
> +9178,

lv wkh yduldqfh ri wkh hvwlpdwhg eorfn vl}h zlwk uhvshfw wr wkh uhdo vdpsolqj ghvljq dqg

�Ydu+ aQ�, @
4

q�

3C��[
�'�

q�
��
�Q2

�

4D > +9179,

wkh yduldqfh ri wkh hvwlpdwhg eorfn vl}h dv li wkh vdpsolqj xqlwv zhuh gudzq zlwk uhsodfhphqw

zlwk lqfoxvlrq suredelolwlhv ��@q� 1

Iru dq UEG dqdo|}hg zlwk wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ lw lv suryhg lq dsshqgl{

91<19 wkdw

HkHrg&- @
a[
�'�

�
Q�

Q

�2 q�
+q� � 4,

q�
q�&

%
�Ydu+ a�H�t,.

�2�
Q2
�

�Ydu+ aQ�,�
4

q�

#
Ydu+ a�H�t,.

�2�
Q2
�

Ydu+ aQ�,

$&

.
4

Q2

a[
�'�

q�
q�&

��[
�'�

�2�&
��

> +917:,

zkhuh a�H�t / Ydu+
a�H�t, dqg �Ydu+a�H�t, duh gh�qhg e| +9154,/ +9155, dqg +9156,/ vhfwlrq 9161

Wkh h{suhvvlrqv Ydu+ aQ�, dqg �Ydu+ aQ�, duh wkh ghvljq yduldqfhv ri wkh hvwlpdwhg eorfn vl}h1

Wkhvh yduldqfh frpsrqhqwv duh jhqhudoo| qrq}hur vlqfh zh fdqqrw hvwlpdwh wkhvh grpdlq vl}hv

zlwkrxw huuru xqghu jhqhudo frpsoh{ vdpsolqj ghvljqv1 Li wkh vdpsolqj vfkhph zlwklq hdfk

eorfn lv vhoi0zhljkwhg dqg wkh vdpsoh vl}h lv �{hg/ wkhq aQ� @ Q� dqg frqvhtxhqwo| Ydu+ aQ�, dqg

�Ydu+ aQ�, duh htxdo wr }hur1 Wklv frqglwlrq lv phw li h1j1 wkh lqwhuylhzhu uhjlrqv frlqflgh h{dfwo|

zlwk vwudwd ru SVX*v dqg wkh vdpsolqj ghvljq zlwklq hdfk vwudwxp ru SVX lv vhoi0zhljkwhg zlwk

d �{hg vdpsoh vl}h q�1 Wkdw �Ydu+ aQ�, lv htxdo wr }hur lq wklv vlwxdwlrq/ iroorzv gluhfwo| iurp

h{suhvvlrq +9179, iru �� @ q�@Q�1 Wkdw Ydu+ aQ�, lv htxdo wr }hur iroorzv iurp surri +617;, lq

vxevhfwlrq 619141

Wkh h{suhvvlrqv ri Ydu+a�X �&t,/
�Ydu+ a�X�&t,/ Ydu+

a�H�t, dqg �Ydu+ a�H�t, fdq eh lqwhusuhwhg dv wkh

yduldqfhv ri wkh eorfn phdqv ri wkh lqwulqvlf ydoxhv/ frqglwlrqdo rq wkh uhdol}hg doorfdwlrq ri

lqglylgxdov ryhu wkh M eorfnv lq wkh vdpsoh1 Xqghu wkh Kruylw}0Wkrpsvrq hvwlpdwru/ Ydu+ a�X �&t,

dqg �Ydu+ a�X �&t, frqwdlq wkh wuhdwphqw h�hfwv �&1 Li lqwhuylhzhu uhjlrqv frlqflgh h{dfwo| zlwk wkh

vwudwd ru SVX*v ri wkh vdpsolqj ghvljq dqg wkh vdpsolqj ghvljq zlwklq hdfk vwudwxp ru SVX lv

vhoi0zhljkwhg zlwk d �{hg vdpsoh vl}h q� / wkhq wkhvh wuhdwphqw h�hfwv ydqlvk iurp wkhvh yduldqfh

frpsrqhqwv1
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Iru dq UEG zlwk lqwhuylhzhuv dv eorfn yduldeohv dqdo|}hg zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru

xqghu d phdvxuhphqw huuru prgho zlwk rqo| �{hg lqwhuylhzhu h�hfwv +l1h1 prgho +617,/ vhfwlrq

615 zlwk �k� @ 3, lw lv suryhg lq dsshqgl{ 91<18 wkdw

HkHrg& @
a[
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�
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Q

�2 q�
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k
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�
4
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�
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4
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= +917;,

Khuh

Ydu+ a#�, @
4
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�
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Ydu+ aQ�,> +917<,

dqg

�Ydu+ a#�, @
4

q�
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�
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@

#2
�

Q2
�

�Ydu+ aQ�,> +9183,

zkhuh Ydu+ aQ�, dqg �Ydu+ aQ�, duh gh�qhg lq +9178, dqg +9179,/ uhvshfwlyho|1 Ixuwkhupruh/

Fry+a�X �&t >
a#�, @

#�
Q2
�

��[
�'�

��[
��'�

+���� � �����,
x�&
�����

�
#�
Q2
�

Fry+ aX�&t >
aQ�,> +9184,

dqg

�Fry+a�X �&t >
a#�, @

#�
Q2
�

4

q�

3C��[
�'�

q�x�&
��

� �X�&Q
2
�

4D � #�
Q2
�

�Fry+ aX�&t >
aQ�,= +9185,

Qrwh wkdw Ydu+ a#�, dqg �Ydu+ a#�, fdq eh lqwhusuhwhg dv wkh zlwklq eorfn yduldqfhv ri

a#� @
#�
Q�

?�[
�'�

4

��
>

zlwk wkh gl�huhqfhv wkdw Ydu+ a#�, fdq eh uhfrjql}hg dv wkh ghvljq yduldqfh ri wkh Kruylw}0

Wkrpsvrq hvwlpdwru dqg �Ydu+ a#�, wkh ghvljq yduldqfh dv li q� hohphqwv lq wklv eorfn zhuh gudzq

zlwk uhsodfhphqw zlwk vhohfwlrq suredelolwlhv ��@q�1 Htxlydohqwo|/ irupxodv +9184, dqg +9185, duh

wkh zlwklq eorfn fryduldqfhv ehwzhhq wkh Kruylw}0Wkrpsvrq hvwlpdwru ri wkh �{hg lqwhuylhzhu

h�hfw dqg wkh Kruylw}0Wkrpsvrq hvwlpdwru ri wkh wdujhw sdudphwhu/ l1h1 a�X �&t / zlwk uhvshfw wr

wkh uhdo vdpsolqj ghvljq dqg dv li q� hohphqwv lq wklv eorfn zhuh gudzq zlwk uhsodfhphqw zlwk

vhohfwlrq suredelolwlhv ��@q� 1 Wkh yduldqfh dqg fryduldqfh h{suhvvlrqv +917<, wkurxjk +9185, dulvh

vlqfh wkh eorfn vl}hv fdqqrw eh hvwlpdwhg zlwkrxw huuru xqghu jhqhudo frpsoh{ vdpsolqj ghvljqv1

Li lqwhuylhzhu uhjlrqv frlqflgh h{dfwo| zlwk vwudwd ru SVX*v ri wkh vdpsolqj vfkhph dqg wkh

vdpsolqj ghvljq zlwklq hdfk vwudwxp ru SVX lv vhoi0zhljkwhg zlwk d �{hg vdpsoh vl}h q�/ wkhq

443



wkh eorfn vl}h fdq eh hvwlpdwhg zlwkrxw huuru/ l1h1 aQ� @ Q� 1 Lq wklv vlwxdwlrq zh kdyh wkh

iroorzlqj vlpsol�fdwlrqv lq wkh yduldqfh h{suhvvlrqv1 Iluvw wkh wuhdwphqw h�hfwv �& ydqlvk lq

wkh h{suhvvlrqv ri Ydu+ a�X �&t,/
�Ydu+a�X �&t,/ Fry+

a�X �&t >
a#, dqg �Fry+a�X �&t >

a#,1 Vhfrqg/ wkh yduldqfhv

Ydu+ a#�, dqg �Ydu+ a#�, dv zhoo dv wkh fryduldqfh Fry+
a�X �&t >

a#�, dqg �Fry+a�X �&t >
a#�, duh htxdo wr }hur1

Wkdw �Fry+a�X �&t >
a#�, lv htxdo wr }hur lq wklv vlwxdwlrq iroorzv gluhfwo| iurp h{suhvvlrq +9185, iru

�� @ q�@Q�1 Iru Fry+
a�X �&t >

a#�, lw iroorzv iurp +617:, lq vxevhfwlrq 61914 dqg �� @ q�@Q� wkdw

Fry+a�X �&t >
a#�, @

4
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��[
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��[
��'�

+���� � �����,
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�����

@
4
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3C#Q�

q�
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��'�

����x�&#� �Q2
�
�X�&#�

4D

@
4

Q2
�

3EEC
#
Q�

q�
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�'�
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��[
��'�
�� �'�

���� .

��[
�'�

��x�&#�

6::8�Q2
�
�X�&#�

4FFD
@

4

q2�

3C+q� � 4,

��[
�'�

��x�&#� .

��[
�'�

��x�&#�

4D� �X�&#� @ 3=

Iru dq UEG dqdo|}hg zlwk wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lw lv suryhg lq dsshqgl{ 91<19

wkdw

HkHrg&- @
a[
�'�

�
Q�

Q

�2 q�
+q� � 4,

q�
q�&

k
�Ydu+ a�H�t, . �Ydu+ a#�-, . 5 �Fry+a�H�t >

a#�-,

�
4

q�

�
Ydu+a�H�t, . Ydu+ a#�-, . 5Fry+a�H�t >

a#�-,
� l

.
4

Q2

a[
�'�

q�
q�&

��[
�'�

�2�&
��

> +9186,

zkhuh

Ydu+ a#�-, @
4

Q2
�

��[
�'�

��[
��'�

+���� � �����,
+#� � g|{�,

��

+#� � g|{��,

���
> +9187,

�Ydu+ a#�-, @
4

q�

3C��[
�'�

q�+#� � g
|{�,

2

��Q2
�

�
�
#� � g

| �[�

�24D > +9188,

Fry+a�H�t >
a#�-, @

4

Q2
�

��[
�'�

��[
��'�

+���� � �����,
+x� � e

|{�,

��

+#� � g
|{��,

���
> +9189,

dqg

�Fry+a�H�t >
a#�-, @

4

q�

3C��[
�'�

q�+x� � e
|{�,+#� � g

|{�,

��Q2
�

� + �X� � e
| �[�,+#� � g

| �[�,

4D = +918:,
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Khuh g ghqrwhv wkh pxowlsoh uhjuhvvlrq frh!flhqwv iurp wkh uhjuhvvlrq ixqfwlrq ri wkh lqwhuylhzhu

h�hfwv rq wkh dx{loldu| yduldeohv {� +vhh +716<, lq dsshqgl{ 71:15,1 Qrwh wkdw Ydu+ a#�-, dqg

�Ydu+ a#�-, fdq eh lqwhusuhwhg dv wkh zlwklq eorfn yduldqfhv ri

4

Q�

?�[
�'�

#� � g
|{�

��
= +918;,

Htxlydohqwo|/ �Fry+a�H�t >
a#�-, dqg �Fry+a�H�t >

a#�-, duh wkh zlwklq eorfn fryduldqfhv ehwzhhq wkh

Kruylw}0Wkrpsvrq hvwlpdwruv +918;, dqg a�H�t 1

Wkh yduldqfh dqg fryduldqfh frpsrqhqwv +9187,/ +9188,/ +9189, dqg +918:, ydqlvk zkhq zlwklq

hdfk eorfn d vhsdudwh uhjuhvvlrq hvwlpdwru lv dssolhg plqlpdoo| xvlqj wkh eorfn vl}h dv dx{loldu|

lqirupdwlrq/ vlqfh wkhq g|{� @ #� / ;l/ vhh +91;7, lq dsshqgl{ 91<161 Wklv frqglwlrq pljkw

eh phw lq vlwxdwlrqv zkhuh lqwhuylhzhu uhjlrqv frlqflgh h{dfwo| zlwk wkh vwudwd ru wkh SVX*v

ri wkh vdpsolqj ghvljq1 Zh hpskdvlv wkdw li wkh eorfn yduldeohv duh qrw lqfrusrudwhg lq wkh

zhljkwlqj vfkhph ri wkh uhjuhvvlrq hvwlpdwru/ wkh frpsrqhqwv +9187,/ +9188,/ +9189, dqg +918:,

duh qrq}hur vr wkdw wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru pljkw lqfuhdvh wkh yduldqfh ri wkh

hvwlpdwhg wuhdwphqw h�hfwv1

/#/#% "=�����
 �� �	������ �� ������������

Lq wkh iroorzlqj vhfwlrq zh hoderudwh rq wkh h{shfdwlrqv Hk dqg Hr rqfh pruh/ exw qrz iru

FUG*v1 Wklv hqdeohv xv wr vwxg| wkh h�hfw ri eorfnlqj rq lqwhuylhzhuv xqghu jhqhudo frpsoh{

vdpsolqj ghvljqv1 Wkh ghulydwlrq ri HkHrg& iru d FUG frqgxfwhg xqghu d phdvxuhphqw huuru

prgho zlwk udqgrp lqwhuylhzhu h�hfwv/ dqdo|}hg zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru surfhhgv

htxlydohqwo| wr wkh ghulydwlrq ri +9176, lq dsshqgl{ 91<181 Dv d uhvxow zh kdyh

HkHrg& @
q

+q� 4,

q

q&

k
�Ydu+a�X&t, .
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Q2

�Ydu+ aQ�, .
Q2
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Q2

+q� q�,

q
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�
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q

3CYdu+a�X&t, .
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Q2

Ydu+ aQ�,

4Dl. 4

Q2

q

q&

�[
�'�

�2�&
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= +918<,

Khuh Ydu+a�X&t, dqg �Ydu+ a�X&t, duh gh�qhg lq +814, dqg +815, lq vhfwlrq 8151 Dq h{suhvvlrq ri

HkHrg&- iru d FUG frqgxfwhg xqghu d phdvxuhphqw huuru prgho zlwk udqgrp lqwhuylhzhu

h�hfwv/ dqdo|}hg zlwk wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lv jlyhq e| +918<,/ zkhuh �Ydu+a�X&t,

dqg Ydu+a�X&t, duh uhsodfhg e| �Ydu+ a�Ht, dqg Ydu+a�Ht,/ uhvshfwlyho|1 H{suhvvlrqv iru Ydu+
a�Ht, dqg

�Ydu+a�Ht, duh gh�qhg lq +81:, dqg +81;, lq vhfwlrq 8151

Wkh ghulydwlrq ri HkHrg& iru d FUG frqgxfwhg xqghu d phdvxuhphqw huuru prgho zlwk �{hg

lqwhuylhzhu h�hfwv/ dqdo|}hg zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru/ surfhhgv htxlydohqwo| wr wkh

ghulydwlrq ri +917;, lq dsshqgl{ 91<181 Dv d uhvxow zh kdyh

HkHrg& @
q

+q� 4,

q

q&

k
�Ydu+a�X&t, .
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Khuh

Ydu+a�#, @
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4

q

#
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�'�

qx�&#�
��Q2

� �X �#

$
>

zkhuh �# @
Sa

�'�Q�@Q#� ghqrwh wkh zhljkwhg phdq ri wkh �{hg lqwhuylhzhu h�hfwv lq wkh �qlwh

srsxodwlrq dqg

a�# @
4

Q

?[
�'�

#�
��

wkh Kruylw}0Wkrpsvrq hvwlpdwru ri �#1 Dq h{suhvvlrq ri HkHrg&- iru d FUG frqgxfwhg xqghu d

phdvxuhphqw huuru prgho zlwk �{hg lqwhuylhzhu h�hfwv/ dqdo|}hg zlwk wkh jhqhudol}hg uhjuhvvlrq

hvwlpdwru lv jlyhq e| +9193,/ zkhuh Ydu+a�X&t, lv uhsodfhg e|Ydu+
a�Ht,/ �Ydu+ a�X&t, e|

�Ydu+ a�Ht,/ Ydu+
a�#,

e|

Ydu+a�#-, @
4
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�'�
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�Ydu+a�#, e|
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4

q
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��Q2
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Fry+a�X&t >
a�#, e|

Fry+a�Ht>
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+���� � �����,
+x� � e
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���
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dqg �Fry+a�X&t >
a�#, e|

�Fry+a�Ht>
a�#-, @

4

q

#
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�'�

q+x� � e
|{�,+#� � g

|{�,

��Q2
� + �X � e| �[,+ �# � g| �[,

$
=

Lw lv dvvxphg wkdw wkh fryduldqfh ehwzhhq wkh lqwulqvlf ydoxhv dqg wkh �{hg lqwhuylhzhu

h�hfwv lv htxdo wr }hur1 Qrz/ zkhq dsso|lqj d FUG lqvwhdg ri dq UEG zlwk lqwhuylhzhuv dv

eorfn yduldeohv/ wkh yduldqfh lqfuhdvh lq HkHrg& dqg HkHrg&- lv pdlqo| fdxvhg e| wkuhh idfwruv=

� D ehwzhhq0eorfn yduldqfh ri wkh �{hg lqwhuylhzhu h�hfwv dv idu dv lw lv qrw h{sodlqhg e|

wkh dx{loldu| lqirupdwlrq lq wkh fdvh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1
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� Udqgrp lqwhuylhzhu h�hfwv dv h{suhvvhg e| �2� 1

� D ehwzhhq0eorfn yduldqfh ri wkh lqwulqvlf ydoxhv dv lw lv qrw h{sodlqhg e| wkh dx{loldu|

lqirupdwlrq lq wkh fdvh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1

Zh frqfoxgh wkdw eorfnlqj rq lqwhuylhzhuv qrw rqo| holplqdwhv dq| lqwhuylhzhu h�hfwv/ exw pd|

dovr eh iuxlwixo li wkh srsxodwlrq phdqv ri wkh lqwulqvlf ydoxhv ehwzhhq wkh gl�huhqw lqwhuylhzhu

uhjlrqv gl�hu vxevwdqwldoo|1 Wkh odwwhu pd| eh hvshfldoo| h{shfwhg lq vxuyh|v zkhuh gdwd duh

froohfwhg e| FDSL/ iru wkhq lqwhuylhzhuv zrun lq vhsdudwh uhodwlyh vpdoo uhjlrqv1 Lq vxuyh|v zkhuh

gdwd duh froohfwhg e| phdqv ri FDWL/ whohskrqh qxpehuv duh dvvljqhg udqgrpo| wr dq lqwhuylhzhu1

Frqvhtxhqwo|/ lqwhuylhzhuv zrun wkurxjk wkh hqwluh vxuyh| srsxodwlrq/ vr wkh yduldqfh ehwzhhq

wkh phdqv ri wkh wdujhw yduldeohv duh h{shfwhg wr eh vpdoo1

/#5 "<��	 ����	����� ��������� ��� ��	�7�������� ����	���

�������

Lq wklv vhfwlrq zh zloo ixuwkhu lpsuryh wkh yduldqfh hvwlpdwlrq surfhgxuh iru UEG*v e| xwlol}lqj

wkh prgho dvvxpswlrqv ri dgglwlyh wuhdwphqw h�hfwv dqg LLG phdvxuhphqw huuruv1 Lq wkh fdvh

ri wkh Kruylw}0Wkrpsvrq hvwlpdwru
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> +9194,

gh�qhg e| +618;, lq vhfwlrq 61915/ lv dq hvwlpdwru ri
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���Q
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>

gh�qhg e| +6167, lq vhfwlrq 619141 Wkh sdudphwhu V2
�& fdq eh uhjdughg dv wkh srsxodwlrq yduldqfh

ri wkh wdujhw yduldeoh |k�& +zhljkwhg zlwk d idfwru q�@+��Q,, ri wkh q� lqglylgxdov ri vdpsoh v lq

eorfn m revhuyhg e| phdqv ri wuhdwphqw n1 Lq wkh fdvh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru
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k
��& �
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|
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$2

> +9195,

gh�qhg e| +7164, lq vhfwlrq 717/ lv dq hvwlpdwru ri=
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@
4

+q� � 4,
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�'�

#
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k
�& � e

|
&{�,

Q��
�

4

q�

?�[
��'�

q�+|
k
��& � e

|
&{��,

Q���

$2

> +9196,

gh�qhg e| +715;, lq vhfwlrq 7171 Wkh sdudphwhu V2
.�&

fdq eh uhjdughg dv wkh srsxodwlrq yduldqfh

ri wkh uhvlgxdov +|k�& � e
|
&{�, +zhljkwhg zlwk d idfwru q�@+��Q,, ri wkh q� lqglylgxdov ri vdpsoh

v lq eorfn m revhuyhg e| phdqv ri wuhdwphqw n1

Lq wkh fdvh ri dq UEG wkh vdpsoh v ri vl}h q lv glylghg lq M eorfnv dqg hdfk eorfn lv glylghg lq

N vxevdpsohv1 Frqvhtxhqwo|/ wkh q lqglylgxdov ri v duh glylghg lqwr MN jurxsv ri vl}h q�&1 Iru
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hdfk ri wkhvh MN vxevdpsohv vhsdudwh srsxodwlrq yduldqfhv aV2
�& ru

aV2
.�&

kdyh wr eh hvwlpdwhg1 Li

wkh qxpehu ri h{shulphqwdo xqlwv q�& dydlodeoh iru wkh hvwlpdwlrq ri wkhvh srsxodwlrq yduldqfhv

ehfrphv wrr vpdoo/ wkhq wkhvh hvwlpdwhv pljkw ehfrph xqvwdeoh1 Lq vxfk vlwxdwlrqv/ pruh vwdeoh

hvwlpdwhv fdq eh rewdlqhg e| srrolqj hvwlpdwhv ri wkh srsxodwlrq yduldqfhv zlwklq wkh eorfnv1

Lq wkh fdvh ri wkh Kruylw}0Wkrpsvrq hvwlpdwru/ lw lv dvvxphg wkdw wkh fryduldqfh pdwulfhv

lq wkh phdvxuhphqw huuru prghov glvfxvvhg lq vhfwlrq 615 duh htxdo wr 	� @ �2� L1 Xqghu wklv

dvvxpswlrq lw iroorzv wkdw wkh h{shfwdwlrq ri V2
�& zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho

dqg wkh vdpsolqj ghvljq zlwklq hdfk eorfn rqo| ghshqgv rq wuhdwphqw n wkurxjk wkh dgglwlyh

wuhdwphqw h�hfw �&1 Dv d uhvxow lw iroorzv wkdw wkh h{shfwhg ydoxhv ri wkhvh srsxodwlrq yduldqfhv

zlwklq hdfk eorfn duh htxdo/ l1h1 HkHrV
2
�� @ = = = @ HkHrV

2
�g @ HkHrV

2
� / iru m @ 4> 5> = = = > M 1

Xqghu wklv dvvxpswlrq/ d pruh h!flhqw hvwlpdwh ri wkh srsxodwlrq yduldqfh HkHrV
2
� lv rewdlqhg

li wkh hvwlpdwhv ri wkh srsxodwlrq yduldqfhv ri wkh N h{shulphqwdo jurxsv zlwklq hdfk eorfn duh

srrohg=
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Lq wkh fdvh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ wkh uhvlgxdov +|k�& � e|&{�, rqo| ghshqg

rq wkh n�wk wuhdwphqw h�hfw wkurxjk wkh phdvxuhphqw huuruv %k�&1 Xqghu wkh dvvxpswlrq wkdw

wkh fryduldqfh pdwulfhv lq wkh phdvxuhphqw huuru prghov glvfxvvhg lq vhfwlrq 715 duh htxdo wr

	� @ �2� L/ lw iroorzv wkdw HkHrV
2
.�&

zlwklq hdfk eorfn duh lghqwlfdo sdudphwhuv/ l1h1 HkHrV
2
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= = = @ HkHrV
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.�g

@ HkHrV
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.�
/ iru m @ 4> 5> = = = > M 1 Xqghu wklv dvvxpswlrq wkh aV2

.�&
�v/ zlwklq

hdfk eorfn/ duh N hvwlpdwruv iru wkh vdph sdudphwhu HkHrV
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1 D pruh h!flhqw hvwlpdwru iru

HkHrV
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lv wkh srrohg yduldqfh hvwlpdwru

aV2
.�

@
4

+q� � 4,

g[
&'�

?�&[
�'�

3Cq�+|k�& � aek
|

& {�,

Q��
�

4

q�

g[
&�'�

?�&�[
��'�

q�+|
k
��&� �

aek
|

&� {��,

Q���

4D2

+9198,
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Wkhuh duh vhyhudo vshfldo fdvhv zkhuh wkh ghvljq0edvhg Zdog vwdwlvwlf frlqflghv zlwk wkh

I� vwdwlvwlfv nqrzq iurp pruh vwdqgdug prgho0edvhg dqdo|vlv surfhgxuhv1 Frqvlghu dq UEG

hpehgghg lq d vhoi0zhljkwhg vdpsolqj ghvljq zkhuh wkh wuhdwphqwv duh doorfdwhg sursruwlrqdoo|

ryhu wkh eorfnv/ l1h1 �� @ q@Q dqg q�&@q� @ q&@q iru doo m @ 4> = = = > M 1 Wkhq/ lw iroorzv iurp

wkh uhvxowv rewdlqhg iru wkh udwlr hvwlpdwru +7166,/ vhfwlrq 717 wkdw a�\
k
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@ �
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Li q� � q� � 4/ wkhq lw iroorzv xqghu wkh srrohg yduldqfh hvwlpdwru +9198, wkdw
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Ghqrwh �|k�& @
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k
�&1 Xqghu wkh srrohg yduldqfh hvwlpdwru +9199, lw iroorzv wkdw
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Li wkhvh srrohg yduldqfh hvwlpdwruv duh vxevwlwxwhg lqwr wkh Zdog vwdwlvwlf +7168, lq vhfwlrq

718/ wkhq lw iroorzv wkdw

Z @
4
ag

#
g[
&'�

q& +�|
k
& ,

2 � q +�|k,2
$
> +919<,

zkhuh ag lv jlyhq e| +919:, ru +919;,1 Lw fdq eh uhfrjql}hg wkdw Z@+N � 4, lq +919<, zlwk wkh

srrohg yduldqfh hvwlpdwru +919:, fruuhvsrqgv zlwk wkh I�vwdwlvwlf ri dq DQRYD iru d wzr0

zd| od|rxw zlwkrxw lqwhudfwlrqv1 Li +919;, lv dssolhg/ wkhq Z@+N � 4, fruuhvsrqgv zlwk wkh

I�vwdwlvwlf ri dq DQRYD iru d wzr0zd| od|rxw zlwk lqwhudfwlrqv +Vfkh�ì +4<8</ fk17,1 Xqghu

wkh dvvxpswlrq ri qrupdoo| dqg lqghshqghqwo| glvwulexwhg revhuydwlrqv/ lw iroorzv wkdw xqghu

wkh qxoo k|srwkhvlv I * I
dg3�o
d?3go1 Li q whqgv wr lq�qlw|/ wkhq I

dg3�o
d?3go whqgv wr "

2
dg3�o@+N� 4, dqg

frqvhtxhqwo| wkh Zdog vwdwlvwlf dqg wkh I�vwdwlvwlf dv|pswrwlfdoo| kdyh wkh vdph glvwulexwlrq1

/#8 -�� ����	� ����	��

Lq vhfwlrq 817/ wkh wzr vdpsoh sureohp lv wuhdwhg dv d vshfldo fdvh ri d FUG1 Lw lv/ krzhyhu/ dovr

srvvleoh wr ghvljq d wzr wuhdwphqw hpehgghg h{shulphqw dv dq UEG1 K|srwkhvhv ri lqwhuhvw duh

gh�qhg e| +8154, dqg fdq eh whvwhg e| phdqv ri wkh ghvljq0edvhg w�vwdwlvwlf/ gh�qhg e| +8155,

iru wkh Kruylw}0Wkrpsvrq hvwlpdwru dqg +8159, iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Iru wkh

Kruylw}0Wkrpsvrq hvwlpdwru h{suhvvlrqv ri wkh gl�huhqfh ehwzhhq wkh wzr vxevdpsoh phdqv
a�\
k

� dqg a�\
k

2 / lq wkh hqxphudwru ri wkh w�vwdwlvwlf/ duh jlyhq e| +6155, ru +6156, lq vhfwlrq 6181

H{suhvvlrqv iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwruv a�\
k

�-
dqg a�\

k

2-
duh gh�qhg e| dqg +7149, ru

+714:, lq vhfwlrq 7161 Wkh yduldqfh ri wkh gl�huhqfh ehwzhhq wkh wzr vxevdpsoh phdqv lq wkh

ghqrplqdwru ri wkh w�vwdwlvwlf lv jlyhq e| Ydu+a�\
k

� �
a�\
k

2 , @ g� . g2> iru wkh Kruylw}0Wkrpsvrq
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hvwlpdwru dqg Ydu+ a�\
k

�-�
a�\
k

2-, @ g�-.g2- iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 H{suhvvlrqv

iru g& dqg g&- duh ghulyhg lq vhfwlrqv 916 wkurxjk 9191 Ghvljq0xqeldvhg hvwlpdwruv iru wkhvh

yduldqfhv duh rewdlqhg e| ag& jlyhq lq +618;, vhfwlrq 618 iru wkh Kruylw}0Wkrpsvrq hvwlpdwru dqg

ag&- gh�qhg lq +7164, vhfwlrq 716 iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Wkh vwdqgdug qrupdo

glvwulexwlrq fdq eh xvhg wr frqvwuxfw fulwlfdo uhjlrqv iru wkh ghulyhg w�vwdwlvwlf/ zklfk |lhog yhu|

qhduo| +4� �,( fryhudjh/ zkhuh � ghqrwhv wkh vl}h ri wkh whvw +vhh vhfwlrqv 61:15/ 718 dqg 817,1

/#9 �������


/#9#� :���� �� �����	� )/#/*

Frqvlghu dq UEG hpehgghg lq d wzr0vwdjh vdpsolqj vfkhph zkhuh SVX*v duh eorfn yduldeohv/

frqgxfwhg xqghu wkh edvlf phdvxuhphqw huuru prgho +614, lq vhfwlrq 615 dqg dqdo|}hg zlwk wkh

Kruylw}0Wkrpsvrq hvwlpdwru1 Lw lv suryhg wkdw

HkHrg& @
a�[
�'�

+Q�@Q,2
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q�
+q� � 4,

q�
q�&

#
�Ydu+ a�X �&t,�

4
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$

.
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q�&
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��Q2

=

Ohw a�\
k

�&t
ghqrwh wkh Kruylw}0Wkrpsvrq hvwlpdwru iru �\ k

�&/ l1h1 wkh srsxodwlrq phdq lq eorfn

m/ edvhg rq wkh q� lqglylgxdov ri vdpsoh v� 1 Wkhq

Ydu+a�\
k

�&t
, @

4

Q2
�

��[
�'�

��[
��'�

+������ � ���������,
|k�&|

k
��&

���������

ghqrwhv wkh ghvljq yduldqfh ri a�\
k

�&t dqg

�Ydu+ a�\
k

�&t
, @

4

q�

3C��[
�'�

q�|
k2
�&

����Q
2
�

� �\ 2
�&

4D
wkh yduldqfh ri a�\

k

�&t dv li q� hohphqwv duh gudzq zlwk uhsodfhphqw iurp eorfn m ri vl}h Q� zlwk

vhohfwlrq suredelolwlhv ����@q�1

Wkh gldjrqdo hohphqwv g& duh gh�qhg e| +6167, lq vhfwlrq 619141 Ohw HrU ghqrwh wkh h{shfwd0

wlrq zlwk uhvshfw wr wkh �uvw vwdjh ri wkh vdpsolqj ghvljq dqg HrUU wkh h{shfwdwlrq zlwk uhvshfw

wr wkh vhfrqg vwdjh ri wkh vdpsolqj ghvljq frqglwlrqdo rq wkh uhdol}dwlrq ri wkh �uvw vwdjh1 Lq

rughu wr wdnh wkh h{shfwdwlrq zlwk uhvshfw wr wkh vdpsolqj ghvljq zh frqglwlrq rq wkh �uvw vwdjh

ri wkh vdpsolqj ghvljq dv iroorzv> Hr+=, @ HrU ^HrUU +=, m vU ` zkhuh HrU ghqrwhv wkh h{shfwdwlrq

zlwk uhvshfw wr wkh vdpsolqj ghvljq ri wkh �uvw vwdjh dqg HrUU +=, m vU wkh wkh h{shfwdwlrq zlwk

uhvshfw wr wkh vhfrqg vwdjh ri wkh vdpsolqj ghvljq/ frqglwlrqdo rq wkh �uvw vwdjh1 Xvlqj wkh

ghulydwlrq dssolhg lq +8163, lq dsshqgl{ 81814/ zh fdq hoderudwh rq wkh h{shfwdwlrq zlwk uhvshfw
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wr wkh vdpsolqj ghvljq dv iroorzv=
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Qrz zh zloo ixuwkhu hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho xqghu

wkh edvlf phdvxuhphqw huuru prgho +614, lq vhfwlrq 6151 Htxlydohqw wr wkh ghulydwlrq ri +8164,

lq dsshqgl{ 81814/ lw iroorzv wkdw
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zkhuh Ydu+a�X �&t, lv gh�qhg lq +917, lq vhfwlrq 9151 Htxlydohqw wr wkh ghulydwlrq ri +8165, lq

dsshqgl{ 81814/ lw iroorzv wkdw
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zkhuh �Ydu+ a�X �&t, lv gh�qhg lq +918, lq vhfwlrq 9151 Li uhvxowv +91:4, dqg +91:5, duh vxevwlwxwhg

lqwr +91:3,/ wkhq lw iroorzv wkdw
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Iru dq UEG hpehgghg lq d wzr0vwdjh vdpsolqj vfkhph zkhuh SVX*v duh eorfn yduldeohv/ frq0

gxfwhg xqghu wkh edvlf phdvxuhphqw huuru prgho +718, lq vhfwlrq 715 dqg dqdo|}hg zlwk wkh

jhqhudol}hg uhjuhvvlrq hvwlpdwru/ lw lv suryhg wkdw
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Ohw a�\
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ghqrwh wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru ri �\ k
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4D +91:7,

ghqrwhv wkh yduldqfh ri wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�\
k

�&-t
dv li vdpsoh v� lq

eorfn m kdv ehhq gudzq zlwk uhsodfhphqw zlwk vhohfwlrq suredelolwlhv ����@q�1

Wkh gldjrqdo hohphqwv g&- duh gh�qhg e| +715;, lq vhfwlrq 7171 Htxlydohqw wr wkh ghulydwlrq

ri +91:3, lq dsshqgl{ 91<14 lw iroorzv wkdw wkh h{shfwdwlrq ri g&- zlwk uhvshfw wr wkh vdpsolqj

ghvljq htxdov

Hr

ar[
�'�

4

+q� � 4,

4

q�&

?�[
�'�

#
q�+|

k
�& � e

|
&{�,

Q��
�

4

q�

?�[
��'�

q�+|
k
��& � e

|
&{��,

Q���

$2

@
a�[
�'�

+Q�@Q,2

��

q�
+q� � 4,

q�
q�&

#
�Ydu+ a�H

k

�&t
,�

4

q�
Ydu+a�H

k

�&t
,

$
= +91:8,

Xqghu wkh edvlf phdvxuhphqw huuru prgho +718, lq vhfwlrq 715 dqg wkh frqglwlrq wkdw wkhuh

h{lvwv d frqvwdqw K�yhfwru d vxfk wkdw d|{� @ 4 iru doo l 5 X / lw iroorzv iurp +716<, lq dsshqgl{

71:15 wkdw e& @ e.d�&1 Frqvhtxhqwo|/ |
k
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Frqvlghu dq UEG zlwk duelwudulo| fkrvhq eorfn yduldeohv +h1j1 lqwhuylhzhuv, hpehgghg lq d

vlpsoh udqgrp vdpsolqj ghvljq1 Wkh �qlwh srsxodwlrq pljkw eh glylghg lq M jurxsv ri vl}h

+Q�> = = = > Qa,/ zklfk fruuhvsrqg zlwk wkh eorfnv ri wkh h{shulphqwdo ghvljq1 D vdpsoh ri vl}h

q lv gudzq e| phdqv ri vlpsoh udqgrp vdpsolqj zlwkrxw uhsodfhphqw iurp wklv srsxodwlrq1

Frqvhtxhqwo|/ wkh qxpehu ri vdpsolqj xqlwv zlwklq hdfk eorfn +q�> = = = > qa, lv udqgrp1 Lq rughu

wr hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh vdpsolqj ghvljq zh frqglwlrq rq wkh uhdol}hg

qxpehu ri vdpsolqj xqlwv zlwklq hdfk eorfn dv iroorzv1 Wkh suredelolw| wr gudz d vlpsoh udqgrp

vdpsoh ri vl}h q zlwkrxw uhsodfhphqw lv htxdo wr
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lv wkh suredelolw| wkdw d yhfwru +q�> = = = > qa, lv gudzq iurp wkh pxowlyduldwh k|shujhrphwulf

glvwulexwlrq dqg wkdw
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lv wkh suredelolw| ri gudzlqj d sduwlfxodu vwudwl�hg vlpsoh udqgrp vdpsoh ri jlyhq vl}h +q�> = = = > qa,

zlwkrxw uhsodfhphqw1 Lw iroorzv wkdw wkh vdpsoh vsdfh ri vlpsoh udqgrp vdpsolqj zlwkrxw uh0

sodfhphqw lv htxdo wr surgxfw ri wkh suredelolw| ri gudzlqj d yhfwru +q�> = = = > qa, iurp wkh pxo0

wlyduldwh k|shujhrphwulf glvwulexwlrq dqg wkh vdpsoh vsdfh ri vwudwl�hg vdpsolqj iurp M vwudwd
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zlwk Hr|o wkh h{shfwdwlrq ri vwudwl�hg vlpsoh udqgrp vdpsoh zlwkrxw uhsodfhphqw dqg H� wkh
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Xqghu d phdvxuhphqw huuru prgho zlwk lqwhuylhzhu h�hfwv +71;,/ vhfwlrq 715/ dqg wkh frqglwlrq
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Lq wklv dsshqgl{ zh hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh vdpsolqj ghvljq dqg wkh
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Lq wklv dsshqgl{ zh hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho dqg

wkh vdpsolqj ghvljq ri g& iru UEG*v zkhuh lqwhuylhzhuv duh eorfn yduldeohv xqghu d jhqhudo frp0

soh{ vdpsolqj vfkhphv dqdo|}hg zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru1 Wkh eorfn yduldeohv duh

qrw gluhfwo| olqnhg zlwk wkh vdpsolqj ghvljq1 Wkhuhiruh/ wkh vdpsolqj vfkhph grhvq*w ghwhuplqh

wr zklfk eorfn dq lqglylgxdo ehorqjv1 Lq rughu wr hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh

vdpsolqj ghvljq/ eorfnv duh wuhdwhg dv grpdlqv1 Khuh lw lv ljqruhg wkdw wkh qxpehu ri lqglylgxdov

q� dvvljqhg wr eorfn m lv udqgrp1 Ohw d�� ghqrwh wkh phpehuvkls lqglfdwru ri lqglylgxdo l lq
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2

Q2
� ��

� + �X�&,
2

4D.
�2�
Q2
�

4

q�

3C��[
�'�

q�
��
�Q2

�

4D
.

4

q�

4

Q2
�

��[
�'�

�
+q� � ��,

��

�
�2�&

@ �Ydu+ a�X �&t, .
�2�
Q2
�

�Ydu+ aQ�, .
4

q�

4

Q2
�

��[
�'�

�
+q� � ��,

��

�
�2�&> +91<6,

zkhuh �Ydu+ a�X �&t, lv gh�qhg e| +914;,/ vhfwlrq 916 dqg �Ydu+ aQ�, e| +9179,/ vhfwlrq 9191

Li uhvxowv +91<5, dqg +91<6, duh vxevwlwxwhg lqwr +91<4,/ wkhq lw iroorzv wkdw

HkHrg& @
a[
�'�

�
Q�

Q

�2 q�
+q� � 4,

q�
q�&

k
�Ydu+a�X �&t, .

�2�
Q2
�

�Ydu+ aQ�,

�
4

q�

#
Ydu+ a�X �&t, .

�2�
Q2
�

Ydu+ aQ�,

$l
.

4

Q2

a[
�'�

q�
q�&

��[
�'�

�2�&
��

> THG=

Wkh surri ri +917;, iroorzv lq dq htxlydohqw zd|/ li wkh h{shfwdwlrq ri Ydu+a�\
k

�&t
, dqg �Ydu+ a�\

k

�&t
,

xqghu d phdvxuhphqw huuru prgho zlwk �{hg lqwhuylhzhu h�hfwv lv wdnhq dqg wkh uhvxowv duh

vxevwlwxwhg lqwr +91<4,1

/#9#/ :���� �� �����	� )/#(5* ��� )/#.%*

Lq wklv dsshqgl{ zh hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho dqg

wkh vdpsolqj ghvljq ri g&- iru UEG*v zkhuh lqwhuylhzhuv duh eorfn yduldeohv xqghu d jhqhudo

frpsoh{ vdpsolqj vfkhphv dqdo|}hg zlwk wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Wkh gldjrqdo
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hohphqwv ri g&- duh gh�qhg lq +715;,/ vhfwlrq 7171 Htxlydohqw wr wkh ghulydwlrq ri +91<4, lq

dsshqgl{ 91<18 lw iroorzv wkdw

Hrg&- @ Hr

a[
�'�

4

+q� � 4,

4

q�&

?�[
�'�

#
q�+|

k
�& � e

|
&{�,

Q��
�

4

q�

?�[
��'�

q�+|
k
��& � e

|
&{��,

Q���

$2

@
a[
�'�

�
Q�

Q

�2 q�
+q� � 4,

q�
q�&

#
�Ydu+ a�H

k

�&t
,�

4

q�
Ydu+ a�H

k

�&t
,

$
> +91<7,

zkhuh

Ydu+ a�H
k

�&t
, @

4

Q2
�

��[
�'�

��[
��'�

+���� � �����,
+|k�& � e

|
&{�,

��

+|k��& � e
|
&{��,

���
>

dqg

�Ydu+ a�H
k

�&t, @
4

q�

3C��[
�'�

q�+|
k
�& � e

|
&{�,

2

Q2
� ��

�
�
�\ k
�& � e

|
&
�[�

�24D =

Qrz zh hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho ri Ydu+a�H
k

�&t
, dqg

�Ydu+a�H
k

�&t, iru d phdvxuhphqw huuru prgho zlwk �{hg lqwhuylhzhu h�hfwv1 Li +91;7, lq dsshqgl{

91<16 lv vxevwlwxwhg lqwr wkh h{suhvvlrq ri Ydu+a�H
k

�&t
,/ wkhq lw iroorzv wkdw

HkYdu+
a�H
k

�&t
,

@ Hk
4

Q2
�

��[
�'�

��[
��'�

+����������,

�
+x��e

|{�,.+#��g
|{�,.%

k
�&

�
��

�
+x���e

|{��,.+#��g
|{��,.%

k
��&

�
���

@ Ydu+a�H�t, . Ydu+ a#�-, . 5Fry+a�H�t >
a#�-, .

4

Q2
�

��[
�'�

+�� � �2� ,

�2�
> +91<8,

zkhuh Ydu+a�H�t, lv gh�qhg e| +9155, lq vhfwlrq 916/ Ydu+ a#�-, e| +9187, lq vhfwlrq 919 dqg

Fry+a�H�t >
a#�-, e| +9189, lq vhfwlrq 9191 Li +91;7, lq dsshqgl{ 91<16 lv vxevwlwxwhg lqwr wkh h{suhv0

vlrq ri �Ydu+a�H
k

�&t
,/ wkhq lw iroorzv wkdw

Hk �Ydu+a�H
k

�&t
,

@ Hk
4

q�

3EC��[
�'�

q�
�
+x��e|{�,.+#��g|{�,.%k�&

�2
Q2
� ��

�

3C+ �X��e| �[�,.+#��g
| �[�,.

4

Q�

��[
�'�

%k�&

4D2
4FD

@
4

q�

3C��[
�'�

q�
�
+x��e|{�,.+#��g|{�,

�2
.�2�&

Q2
� ��

�
�
+ �X��e

| �[�,.+#��g
| �[�,

�2
�

4

Q2
�

��[
�'�

�2�&

4D
@ �Ydu+ a�H�t, . �Ydu+ a#�-, . 5 �Fry+a�H�t >

a#�-, .
4

q�

4

Q2
�

��[
�'�

�2�&

�
+q� � ��,

��

�
> +91<9,

zkhuh �Ydu+ a�H�t, lv gh�qhg e| +9156, lq vhfwlrq 916/ �Ydu+ a#�-, e| +9188, lq vhfwlrq 919 dqg

Fry+a�H�t > a#�-, e| +918:, lq vhfwlrq 9191
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Li uhvxowv +91<8, dqg +91<9, duh vxevwlwxwhg lqwr uhvxowv +91<7,/ wkhq lw iroorzv wkdw

HkHrg&- @
a[
�'�

�
Q�

Q

�2 q�
+q� � 4,

q�
q�&

k
�Ydu+ a�H�t, . �Ydu+ a#�-, . 5 �Fry+a�H�t >

a#�-,

�
4

q�

�
Ydu+a�H�t, . Ydu+ a#�-, . 5Fry+a�H�t >

a#�-,
� l

.
4

Q2

a[
�'�

q�
q�&

��[
�'�

�2�&
��

> THG=

Wkh surri ri +917:, iroorzv lq dq htxlydohqw zd|/ li wkh h{shfwdwlrq ri Ydu+ a�H
k

�&t
, dqg �Ydu+ a�H

k

�&t
,

xqghu d phdvxuhphqw huuru prgho zlwk udqgrp lqwhuylhzhu h�hfwv lv wdnhq dqg wkh uhvxowv duh

vxevwlwxwhg lqwr +91<7,1
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������� 5

"������� �
��������� ����

��3����� ������������� 	���	� ���

�
���������	 ����� ��� ����	���

�����

5#�  �����������

Lq wkh h{shulphqwv frqvlghuhg lq wkh suhfhglqj fkdswhuv wkh vdpsolqj xqlwv ri wkh vdpsolqj

ghvljq duh udqgrpl}hg ryhu N gl�huhqw wuhdwphqwv/ dffruglqj wr wkh h{shulphqwdo ghvljq1 Wklv

lpsolhv wkdw wkh vdpsolqj xqlwv ri wkh vdpsolqj ghvljq frlqflgh zlwk wkh h{shulphqwdo xqlwv ri

wkh h{shulphqwdo ghvljq1 Lq pdq| sudfwlfdo vlwxdwlrqv/ krzhyhu/ wklv lv lpsrvvleoh1 Frqvlghu dq

h{shulphqw/ hpehgghg lq d wzr0vwdjh vdpsolqj ghvljq1 Gxh wr wkh qdwxuh ri wkh wuhdwphqwv lq

wkh h{shulphqw/ lw pljkw eh qhfhvvdu| wr xvh wkh SVX*v dv h{shulphqwdo xqlwv lq wkh h{shulphqw/

zkloh wkh vdpsolqj xqlwv duh wkh VVX*v1 Iru h{dpsoh li SVX*v duh krxvhkrogv/ VVX*v duh shuvrqv

dqg wkh wuhdwphqwv lq wkh h{shulphqw frqfhuq gl�huhqw dssurdfk vwudwhjlhv wr rswlpl}h uhvsrqvh

udwhv1 Lq vxfk vlwxdwlrqv lw pljkw/ iurp d sudfwlfdo srlqw ri ylhz/ eh lqihdvleoh wr dsso| gl�hu0

hqw wuhdwphqwv zlwklq wkh vdph krxvhkrog1 Frqvhtxhqwo|/ krxvhkrogv duh udqgrpl}hg ryhu wkh

gl�huhqw wuhdwphqwv1 Lq wklv fkdswhu wkh ghvljq0edvhg dssurdfk iru wkh dqdo|vlv ri hpehgghg h{0

shulphqwv ghyhorshg lq wkh suhfhglqj fkdswhuv lv h{whqghg wr vlwxdwlrqv zkhuh wkh h{shulphqwdo

xqlwv fruuhvsrqg zlwk wkh SVX*v ri d wzr0vwdjh vdpsolqj ghvljq1

Frqvlghu dq h{shulphqw hpehgghg lq d wzr0vwdjh vdpsolqj ghvljq frqgxfwhg wr whvw wkh

h�hfw ri N gl�huhqw vxuyh| phwkrgrorjlhv ru wuhdwphqwv rq wkh hvwlpdwhv ri wkh �qlwh srsxodwlrq

sdudphwhuv rewdlqhg iurp d vdpsoh vxuyh|1 Wkh dlp ri wkh h{shulphqw lv wr whvw wkh k|srwkhvlv

ri qr wuhdwphqw h�hfwv=

Kf = FHk �\
k @ 3>
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K� = FHk �\
k 9@ 3> +:14,

zlwk F gh�qhg e| +6149, lq vhfwlrq 6161 Wklv k|srwkhvlv fdq eh whvwhg e| phdqv ri wkh Zdog

vwdwlvwlf=

Z @ a�\
k|

F|
� gFYF|

�3�
Fa�\

k
=

D ghvljq0edvhg hvwlpdwru iru wklv Zdog0vwdwlvwlf zloo eh ghulyhg xvlqj wkh Kruylw}0Wkrpsvrq

hvwlpdwru dqg wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru FUG*v dv zhoo dv UEG*v zlwk gl�huhqw

udqgrpl}dwlrq ohyhov iru wkh h{shulphqwdo xqlwv dqg wkh vdpsolqj xqlwv1

5#! 0���������� ����� ����	�

Wkh phdvxuhphqw huuru prghov lqwurgxfhg lq vhfwlrq 615 dqg 715 duh dgmxvwhg iru wkh h{shulphqwv

frqvlghuhg lq wklv fkdswhu1 Ohw |k��& ghqrwh wkh revhuydwlrq ri lqglylgxdo l iurp SVX m revhuyhg

e| phdqv ri wuhdwphqw n/ phdvxuhg rq wkh ��wk rffdvlrq/ x�� wkh lqwulqvlf ydoxh ri lqglylgxdo

l iurp SVX m dqg �& wkh n�wk wuhdwphqw h�hfw1 Ixuwkhupruh/ ohw %k��& wkh huuru whup rewdlqhg

rq wkh ��wk rffdvlrq wkdw lqglylgxdov l wuxh ydoxh x�� lv phdvxuhg e| phdqv ri wkh n�wk

wuhdwphqw1 Li wkh Kruylw}0Wkrpsvrq hvwlpdwru lv dssolhg lq wkh dqdo|vlv/ wkhq wkh revhuydwlrqv

|k��& duh prghohg zlwk wkh edvlf phdvxuhphqw huuru prgho iru N vxuyh| vwudwhjlhv

|k�� @ mx�� . � . %k��> +:15,

zlwk prgho dvvxpswlrqv

Hk+%
k
��, @ 3> +:16,

Fryk+%
k
�� > %

k|

����, @

;?= 	�� = l @ l�

R = l 9@ l�
= +:17,

Khuh |k�� @ +|k���> = = = > |
k
��g,

|/ � @ +��> = = = > �g,
| dqg %k�� @ +%k���> = = = > %

k
��g,

|1 H{whqvlrqv wr phd0

vxuhphqw huuru prghov zlwk udqgrp ru �{hg lqwhuylhzhu h�hfwv iroorzv gluhfwo| iurp +617, jlyhq

lq vhfwlrq 6151

Li wkh h{shulphqw lv dqdo|}hg zlwk wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ wkhq wkh lqwulqvlf

ydoxhv x�� duh prghohg zlwk d olqhdu uhjuhvvlrq prgho1 Ohw {�� @ +{���> {��2> = = = > {��M,
| ghqrwh

d yhfwru ri rughu K zlwk hdfk hohphqw {��� dq dx{loldu| yduldeoh ri lqglylgxdo l iurp SVX m1

Dffruglqj wr wkh dssurdfk iroorzhg lq vhfwlrq 715/ lw lv dvvxphg wkdw hdfk lqwulqvlf ydoxh x�� ri

hohphqw l iurp SVX m lv d uhdol}dwlrq ri wkh olqhdu uhjuhvvlrq prgho

x�� @ e|{�� . h��> +:18,

zkhuh e lv d K�yhfwru zlwk uhjuhvvlrq frh!flhqwv dqg h�� wkh uhvlgxdov ri wkh olqhdu uhjuhvvlrq

prgho1 Wkh iroorzlqj prgho dvvxpswlrqv duh dgrswhg=

H1+h��, @ 3> +:19,

Fry1+h��> h����, @

;?= $2
�� = l @ l�

3 = l 9@ l�
> +:1:,

463



zkhuh $�� ghqrwhv wkh yduldqfh ri wkh uhvlgxdov h�� 1 Wkh edvlf phdvxuhphqw huuru prgho +:15,

fdq eh h{whqghg e| lqvhuwlqj +:18, lqwr +:15,=

|k�� @ m
�
e|{�� . h��

�
. � . %k��> +:1;,

zlwk prgho dvvxpswlrqv +:16,/ +:17,/ +:19, dqg+:1:,1 H{whqvlrqv wr prghov zlwk udqgrp ru �{hg

lqwhuylhzhu h�hfwv iroorzv gluhfwo| iurp +71;, lq vhfwlrq 7151

5#% "��������� �� ��������� �3����

Frqvlghu d �qlwh srsxodwlrq X wkdw frqvlvwv ri P SVX*v1 Hdfk SVX m frqvlvwv ri Q� VVX*v1

Ohw Q @
S�

�'�Q� ghqrwh wkh vl}h ri wkh srsxodwlrq1 Wr whvw wkh k|srwkhvlv ri qr wuhdwphqw

h�hfwv +:14, d wzr0vwdjh vdpsoh v ri vl}h q/ gudzq iurp wkh �qlwh srsxodwlrq/ lv dydlodeoh1 Lq wkh

�uvw vwdjh p SVX*v duh gudzq zlwk �uvw dqg vhfrqg0rughu lqfoxvlrq suredelolwlhv �� dqg ���� 1 Lq

wkh vhfrqg vwdjh d vdpsoh ri q� VVX*v lv gudzq iurp hdfk SVX vhohfwhg lq wkh �uvw vwdjh zlwk

�uvw dqg vhfrqg0rughu lqfoxvlrq suredelolwlhv ���� dqg ������ 1 Wkh �uvw dqg vhfrqg0rughu lqfoxvlrq

suredelolwlhv ri wkh VVX*v lq d wzr0vwdjh vdpsoh ghvljq duh gh�qhg e|

�� @ ������ >

���� @

;?= �������� li l 5 m dqg l� 5 m

�������������� li l 5 m dqg l� 5 m�
=

Dffruglqj wr wkh h{shulphqwdo ghvljq/ wkh p SVX*v duh udqgrpo| glylghg lqwr N vxevdpsohv

ri vl}h p&1 Wkh qxpehu ri VVX*v lq hdfk vxevdpsoh htxdov q& @
S6&

�'� q� 1 Lq wkh h{shulphqwdo

ghvljqv frqvlghuhg lq wkh suhfhglqj fkdswhuv/ m lv xvhg dv lqgh{ iru wkh eorfn yduldeohv1 Vlqfh

vdpsolqj vwuxfwxuhv olnh SVX*v zhuh srwhqwldo eorfn yduldeohv xqghu wkdw w|sh ri h{shulphqwdo

ghvljqv/ lw zdv frqyhqlhqw wr xvh wkh vdph lqgh{ iru eorfn yduldeohv dqg SVX*v +ru rwkhu vdpsolqj

vwuxfwxuhv,1 Lq wkh h{shulphqwdo ghvljqv frqvlghuhg lq wklv fkdswhu/ SVX*v fdqqrw fruuhvsrqg

zlwk eorfn yduldeohv vlqfh zh udqgrpl}h ryhu wkh SVX*v1 Vlqfh m lv xvhg dv lqgh{ iru wkh SVX*v/

zh fkdqjh wr e dv wkh lqgh{ iru wkh eorfn yduldeohv1 Srwhqwldo eorfn yduldeohv duh vwudwd +lq wkh

fdvh ri vwudwl�hg wzr0vwdjh vdpsolqj, ru lqwhuylhzhuv +lq wkh fdvh ri d phdvxuhphqw huuru prgho

zlwk lqwhuylhzhu h�hfwv,1

Wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq fdq eh ghvfulehg zlwk frqglwlrqdo

vhohfwlrq suredelolwlhv1 Lq wkh fdvh ri d FUG/ wkh p SVX*v duh udqgrpo| glylghg lqwr N vxe0

vdpsohv ri vl}h p&1 Wkhuhiruh/ wkh frqglwlrqdo suredelolw| wkdw wkh m�wk SVX lv vhohfwhg lq

vxevdpsoh v& htxdov p&@p1 Lq wkh fdvh ri dq UEG/ wkh h{shulphqwdo xqlwv duh ghwhuplqlvwlfdoo|

glylghg lq E eorfnv vK1 Ohw pK ghqrwh wkh qxpehu ri h{shulphqwdo xqlwv lq eorfn e dqg pK&

wkh qxpehu ri h{shulphqwdo xqlwv lq eorfn e dvvljqhg wr wuhdwphqw n1 Lq dq UEG/ pK& ri wkh

pK SVX*v ru h{shulphqwdo xqlwv zlwklq hdfk eorfn duh udqgrpo| dvvljqhg wr wuhdwphqw n1 Wkh

frqglwlrqdo suredelolw| wkdw wkh m�wk SVX lv vhohfwhg lq vxevdpsoh v&/ jlyhq wkdw vdpsoh v lv

vhohfwhg dqg wkdw wkh m�wk SVX lv lq eorfn e/ htxdov p&@pK&1
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Iru wkh hvwlpdwlrq ri wkh srsxodwlrq sdudphwhuv Hk �\
k
& wkh �uvw0rughu lqfoxvlrq suredelolwlhv

ri wkh q& vdpsolqj xqlwv lq vxevdpsoh v& pxvw eh nqrzq1 Htxlydohqw wr wkh ghulydwlrq ri +614<,

lq vhfwlrq 618 lw iroorzv iru d FUG wkdw wkh �uvw0rughu lqfoxvlrq suredelolwlhv iru wkh hohphqwv

ri vxevdpsoh v& duh htxdo wr �
W
� @

6&

6
��1 Htxlydohqw wr wkh ghulydwlrq ri +6153, lw iroorzv iru dq

UEG wkdw wkh �uvw0rughu lqfoxvlrq suredelolwlhv ri wkh vdpsolqj xqlwv lq vxevdpsoh v& duh htxdo

wr �W� @
6K&

6K
��1

Wkh Kruylw}0Wkrpsvrq hvwlpdwru iru Hk �\
k
& / edvhg rq vxevdpsoh v& iru d FUG lv jlyhq e|

a�\
k

& @
p

Qp&

6&[
�'�

?�[
�'�

|k��&
��

�
p

Qp&

6&[
�'�

a|k�&
��

> +:1<,

zkhuh

a|k�& @

?�[
�'�

|k��&
����

+:143,

ghqrwhv wkh Kruylw}0Wkrpsvrq hvwlpdwru iru wkh wrwdo ri wkh m�wk SVX1 Iru dq UEG/ wkh

Kruylw}0Wkrpsvrq hvwlpdwru iru Hk �\
k
& lv jlyhq e|

a�\
k

& @
4

Q

�[
K'�

6K&[
�'�

?�[
�'�

pK

pK&

|k��&
��

�
4

Q

�[
K'�

6K&[
�'�

pK

pK&

a|k�&
��

= +:144,

Xvlqj +:147, dqg +:148,/ wkh Kruylw}0Wkrpsvrq hvwlpdwruv iru Hk �\
k
& iru d FUG dqg dq UEG

fdq eh gh�qhg pruh jhqhudoo| dv

a�\
k

& @
4

Q

6[
�'�

s|�&a|
k
�

��
> +:145,

zkhuh

a|k� @

?�[
�'�

|k��

����
> +:146,

dqg s�& duh N�yhfwruv wkdw ghvfuleh wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq1

Iru d FUG lw iroorzv iurp wkh lghqwlw| ehwzhhq +:1<, dqg +:145, wkdw

s�& �

;?= 6
6&
h& li m 5 v&

3 li m 5@ v&
> +:147,

zkhuh h& ghqrwhv wkh xqlw yhfwru ri rughu N zlwk wkh n�wk hohphqw htxdo wr rqh dqg wkh rwkhu

hohphqwv htxdo wr }hur1 Dv d frqvhtxhqfh ri wkh udqgrpl}dwlrq phfkdqlvp ri d FUG/ wkh yhfwruv

s�& duh udqgrp zlwk wkh iroorzlqj frqglwlrqdo suredelolw| pdvv ixqfwlrq

S

�
s�& @

p

p&

h& m v

�
@
p&

p
dqg S +s�& @ 3 m v, @ 4�

p&

p
=

Iru dq UEG lw iroorzv iurp wkh lghqwlw| ehwzhhq +:144, dqg +:145, wkdw

s�& �

;?=
6K

6K&
h& li m 5 vK&

3 li m 5@ vK&
> +:148,
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zkhuh vK& ghqrwhv wkh vxevdpsoh ri pK& SVX*v lq eorfn e wkdw duh dvvljqhg wr wuhdwphqw n1 Dv d

frqvhtxhqfh ri wkh udqgrpl}dwlrq phfkdqlvp ri dq UEG/ wkh yhfwruv s�& duh udqgrp zlwk wkh

iroorzlqj frqglwlrqdo suredelolw| pdvv ixqfwlrq

S

�
s�& @

pK

pK&

h& m v�

�
@
pK&

pK

dqg S +s�& @ 3 m v�, @ 4�
pK&

pK

=

Surshuwlhv ri wkh udqgrpl}dwlrq yhfwruv s�& iroorz gluhfwo| iurp dsshqgl{ 61<14 dqg 61<151

Wkh yhfwru a�\
k

t&
@ +a�\

k

� >
a�\
k

2 > = = = >
a�\
k

g,
| lv sursrvhg dv d ghvljq0xqeldvhg hvwlpdwru iru Hk �\

k @

+Hk �\
k
� >Hk

�\ k
2 > = = = >Hk

�\ k
g,

|1

Wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru Hk �\
k lv ghulyhg dv iroorzv1 Wkh ehvw olqhdu xqeldvhg

hvwlpdwru iru wkh uhjuhvvlrq frh!flhqwv e lq +:18, edvhg rq d frpsohwh hqxphudwlrq ri wkh �qlwh

srsxodwlrq lv jlyhq e|

e @

3C �[
�'�

��[
�'�

{��{
|
��

$2
��

4D3�3C �[
�'�

��[
�'�

{��x��
$2
��

4D = +:149,

Wkh �qlwh srsxodwlrq uhjuhvvlrq frh!flhqwv e revhuyhg xqghu wkh n�wk wuhdwphqw rq wkh ��wk

rffdvlrq lv gh�qhg dv

ek& @

3C �[
�'�

��[
�'�

{��{
|
��

$2
��

4D3�3C �[
�'�

��[
�'�

{��|
k
��&

$2
��

4D > n @ 4> = = = >N= +:14:,

Wkh h{shfwdwlrq ri ek& zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho htxdov

e& @ Hke
k
& @

3C �[
�'�

��[
�'�

{��{
|
��

$2
��

4D3�3C �[
�'�

��[
�'�

{��+x��, . �&,

$2
��

4D > n @ 4> = = = >N= +:14;,

Ohw �[ ghqrwh d yhfwru ri rughu K zlwk hdfk hohphqw wkh nqrzq srsxodwlrq wrwdov ri wkh dx{loldu|

yduldeohv1 Wkh Kruylw}0Wkrpsvrq hvwlpdwru iru �[ lq wkh fdvh ri d FUG lv jlyhq e|

a�[t&
@

p

Qp&

6&[
�'�

?�[
�'�

4

��
{�� �

p

Qp&

6&[
�'�

a{�
��
>

zkhuh

a{� @

?�[
�'�

{��

����
+:14<,

ghqrwhv wkh Kruylw}0Wkrpsvrq hvwlpdwru ri wkh wrwdov ri wkh dx{loldu| yduldeohv ri wkh m�wk

SVX1 Wkh Kruylw}0Wkrpsvrq hvwlpdwru iru �[ lq wkh fdvh ri dq UEG lv jlyhq e|

a�[t&
@

4

Q

�[
K'�

6K&[
�'�

?�[
�'�

pK

pK&

4

��
{�� �

4

Q

�[
K'�

6K&[
�'�

pK

pK&

a{�
��
=

Wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru Hk �\
k
& edvhg rq wkh revhuydwlrqv rewdlqhg lq vxevdpsoh

v& iru d FUG dv zhoo dv dq UEG lv jlyhq e|

a�\
k

&-
@ a�\

k

& . aek
|

& +�[� a�[t&
,> n @ 4> 5> = = = >N> +:153,
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zkhuh a�\
k

& lv wkh Kruylw}0Wkrpsvrq hvwlpdwru gh�qhg lq +:145,1 Wkh Kruylw}0Wkrpsvrq hvwlpd0

wru iru ek& / edvhg rq wkh revhuydwlrqv rewdlqhg iurp vxevdpsoh v&/ lv jlyhq e|

aek& @

3C6&[
�'�

?�[
�'�

{��{
|
��

$2
���

W
�

4D3�3C6&[
�'�

?�[
�'�

{��|
k
��&

$2
���

W
�

4D > n @ 4> = = = >N= +:154,

Iru wkh ghulydwlrq ri wkh fryduldqfh pdwul{ ri wkh frqwudvwv ehwzhhq wkh vxevdpsoh hvwlpdwhv/

lw lv frqyhqlhqw wr h{suhvv wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru +:153, lq whupv ri udqgrpl}dwlrq

yhfwruv s�& dv iroorzv=

a�\
k

&-
@
[
�Mr

3Cs|�&+a|k� � aEk|a{�,

�� Q

4D. aek
|

&
�[> +:155,

zkhuh a|k� dqg a{� duh gh�qhg e| uhvshfwlyho| +:146, dqg +:14<, dqg aEk ghqrwhv d pdwul{ ri

rughu K � N zkrvh froxpqv duh wkh K glphqvlrqdo yhfwruv ri aek& 1 Wkh yhfwru a�\
k

-t&
@

+a�\
k

�-
> a�\

k

2-
> = = = > a�\

k

g-
,| ghqrwhv wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru Hk �\

k1

5#( 4������� ���������� �� ��������� �3����

Lq wklv vhfwlrq +dssur{lpdwho|, ghvljq0xqeldvhg hvwlpdwruv iru wkh fryduldqfh pdwul{ ri wkh N�4

frqwudvwv ri wkh Kruylw}0Wkrpsvrq hvwlpdwru a�\
k

t&
dqg wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru a�\

k

-t&

duh jlyhq1

Iru wkh Kruylw}0Wkrpsvrq hvwlpdwru wkh fryduldqfh pdwul{ ri wkh N � 4 frqwudvwv Fa�\
k

t&
lv

jlyhq e| FYF| @ HkHrFGF
|/ zkhuh G ghqrwhv wkh N �N gldjrqdo pdwul{ zlwk wkh gldjrqdo

hohphqwv g&1 Xqghu wkh dowhuqdwlyh k|srwkhvlv d jhqhudoo| vpdoo frpsrqhqw/ zklfk frqfhuqv wkh

ghvljq yduldqfh ri hvwlpdwhg srsxodwlrq wrwdov lv ljqruhg1 Vhh vhfwlrq 619 iru pruh ghwdlov1 Iru

d FUG lw iroorzv wkdw

g& @
p

+p� 4,

p

p&

6[
�'�

3C a|k�&
Q��

�
4

p

6[
��'�

a|k��&
Q���

4D2

= +:156,

Iru dq UEG lw iroorzv wkdw

g& @
�[
K'�

pK

+pK � 4,

pK

pK&

6K[
�'�

3C a|k�&
Q��

�
4

pK

6K[
��'�

a|k��&
Q���

4D2

= +:157,

zkhuh a|k�& lv gh�qhg e| +:143,1

Dq xqeldvhg hvwlpdwru iru wkh fryduldqfh pdwul{ ri Fa�\
k

t&
lv jlyhq e| gFYF|

@ FaGF
|
zlwk

aG @ gldj+ ag� = = = agg,1 Iru d FUG lw iroorzv wkdw

ag& @
4

p&

4

+p& � 4,

6&[
�'�

3Cpa|k�&
Q��

�
4

p&

6&[
��'�

pa|k��&
Q���

4D2

= +:158,

Iru dq UEG lw iroorzv wkdw

ag& @
�[
K'�

4

pK&

4

+pK& � 4,

6K&[
�'�

3CpKa|
k
�&

Q��
�

4

pK&

6K&[
��'�

pKa|
k
��&

Q���

4D2

= +:159,
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Iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ wkh fryduldqfh pdwul{ ri wkh N � 4 frqwudvwv wkh

�uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri Fa�\
k

-t&
lv jlyhq e| FY-F

| @ HkHrFG-F
|/ zkhuh

G- ghqrwhv wkh N �N gldjrqdo pdwul{ zlwk wkh gldjrqdo hohphqwv g&- 1 H{suhvvlrq iru g&- iru

d FUG dqg dq UEG duh jlyhq e| +:156, dqg +:157,/ uhvshfwlyho|/ zkhuh a|k� lv uhsodfhg e|

a|k�& � e
|
&a{� @

?�[
�'�

+|k��& � e
|
&{��,

����
= +:15:,

Dq dssur{lpdwho| xqeldvhg hvwlpdwru iru wkh fryduldqfh pdwul{ ri Fa�\
k

-t&
lv jlyhq e|gFY-F

|
@ FaG-F

| zlwk aG- @ gldj+ ag�- = = =
agg-

,1 Dq h{suhvvlrq ri ag&- iru d FUG dqg dq

UEG lv jlyhq e| +:158, dqg +:159,/ uhvshfwlyho|/ zkhuh a|k�& lv uhsodfhg e|

a|k�& � aek
|

& a{� @

?�[
�'�

+|k��& �
aek

|

& {��,

����
= +:15;,

Dq rxwolqh ri wkh surri ri wkhvh uhvxowv lv jlyhq lq dsshqgl{ :1:141

D vshfldo fdvh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lv wkh h{whqghg Kruylw}0Wkrpsvrq

hvwlpdwru1 Wkh h{whqghg Kruylw}0Wkrpsvrq hvwlpdwru �|kr& lv gh�qhg e| +7166, lq vhfwlrq 7171

Dq h{suhvvlrq iru wkh yduldqfh hvwlpdwru lv rewdlqhg e| +:158, iru d FUG dqg +:159, iru dq UEG

zkhuh a|k�& lv uhsodfhg e|

a|k�& � �|kr& aq� @

?�[
�'�

+|k��& � �|kr&,

����
=

Jhqhudoo| lw zloo eh suhihudeoh wr dsso| wkh h{whqghg Kruylw}0Wkrpsvrq hvwlpdwru lqvwhdg ri wkh

Kruylw}0Wkrpsvrq hvwlpdwru vlqfh wkh yduldqfh hvwlpdwru ri wkh h{whqghg Kruylw}0Wkrpsvrq

hvwlpdwru lv dssur{lpdwho| ghvljq0xqeldvhg xqghu wkh qxoo dv zhoo dv wkh dowhuqdwlyh k|srwkhvlv1

Wkh Kruylw}0Wkrpsvrq hvwlpdwru ryhuhvwlpdwhv wkh yduldqfh xqghu wkh dowhuqdwlyh k|srwkhvhv

li Q 9@
S

�Mr&
+4@�W� ,1

5#. 1
�������� �������

K|srwkhvhv ri qr wuhdwphqw h�hfwv fdq eh whvwhg zlwk wkh ghvljq0edvhg Zdog vwdwlvwlf gh�qhg

e| +61;3, lq vhfwlrq 61: iru wkh Kruylw}0Wkrpsvrq hvwlpdwru ru +7168, lq vhfwlrq 718 iru wkh

jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Iru wkh wzr0vdpsoh hpehgghg h{shulphqw/ wkh ghvljq0edvhg

w�vwdwlvwlf sursrvhg lq vhfwlrqv 817 ru 91; fdq eh xvhg1 Hvwlpdwruv iru wkh srsxodwlrq sdudphwhuv

dqg wkh yduldqfh ri wkh frqwudvwv ri wkhvh srsxodwlrq sdudphwhuv duh ghulyhg lq wkh suhfhglqj

vhfwlrqv1 Fulwlfdo uhjlrqv ru s�ydoxhv duh fdofxodwhg e| xvlqj wkh fkl0vtxduhg glvwulexwlrq zlwk

N � 4 ghjuhhv ri iuhhgrp iru wkh Zdog0vwdwlvwlf dqg wkh vwdqgdug qrupdo glvwulexwlrq iru wkh

w�vwdwlvwlf1
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5#/ 4������� �� ��� ��������� ��������� �3����

Lq wklv vhfwlrq h{suhvvlrqv iru HkHrg& dqg HkHrg&- duh ghulyhg iru d FUG xqghu wkh edvlf

phdvxuhphqw huuru prgho1 Wklv hqdeohv xv wr frpsduh wkh h!flhqf| ehwzhhq dq h{shulphqw

ghvljqhg dv dq UEG zlwk SVX*v dv eorfn yduldeohv +vhh vhfwlrq 915, dqg dq h{shulphqw ghvljqhg

dv d FUG zkhuh wkh SVX*v duh wkh h{shulphqwdo xqlwv1 Zh grq*w ixuwkhu hydoxdwh wkh yduldqfh

ri HkHrg& dqg HkHrg&- iru UEG*v zkhuh wkh SVX*v duh wkh h{shulphqwdo xqlwv dqg vwudwd ru

lqwhuylhzhuv duh eorfn yduldeohv1 Wklv uhvxowv lq sulqflsdoo| wkh vdph frqfoxvlrqv frqfhuqlqj wkh

h!flhqf| ri eorfnlqj rq vdpsolqj vwuxfwxuhv olnh vwudwd ru lqwhuylhzhuv dv rewdlqhg lq vhfwlrqv

916/ 918 dqg 9191

Ohw x� ghqrwh wkh srsxodwlrq wrwdo ri wkh lqwulqvlf ydoxhv x�� ri wkh m�wk SVX1 Wkhq x�& @

x� . Q��& ghqrwhv wkh srsxodwlrq wrwdo ri wkh lqwulqvlf ydoxhv ri wkh m�wk SVX eldvhg zlwk

wuhdwphqw h�hfw �&1 Ohw �X& @ �X . �& ghqrwh wkh srsxodwlrq phdq ri wkh lqwulqvlf ydoxhv lq

wkh wdujhw srsxodwlrq/ eldvhg zlwk wuhdwphqw h�hfw �&1 Wkh Kruylw}0Wkrpsvrq hvwlpdwru ri wkh

srsxodwlrq phdq �X& edvhg rq wkh p SVX wrwdov revhuyhg lq vdpsoh v lv jlyhq e|

a�X&tW
@

4

Q

6[
�'�

x�&
��

= +:15<,

Qrwh wkdw +:15<, lv qrw revhuydeoh lq wkh h{shulphqw vlqfh rqo| p& rxw ri wkh p SVX*v lq vdpsoh

v duh dvvljqhg wr wuhdwphqw n1 Ohw

Ydu+a�X&tW
, @

4

Q2

�[
�'�

�[
��'�

�
���� � �����

� x�&x��&
�����

+:163,

ghqrwh wkh ghvljq yduldqfh ri a�X&tW
/ l1h1 wkh yduldqfh zlwk uhvshfw wr wkh vdpsolqj ghvljq xvhg wr

gudz wkh SVX*v lq wkh �uvw vwdjh dqg ohw

�Ydu+ a�X&t
W
, @

4

p

3C �[
�'�

px2�&
��Q2

� �X2
&

4D +:164,

ghqrwhv wkh yduldqfh ri a�X&tW
dv li wkh p SVX*v lq wkh �uvw vwdjh zhuh gudzq zlwk uhsodfhphqw

zlwk vhohfwlrq suredelolwlhv ��@p1 Ohw �x�& @ �x� . �& ghqrwhv wkh phdq ri wkh lqwulqvlf ydoxhv

x��& @ x�� . �& ri wkh m�wk SVX1 Wkhq

a�x�& @
4

Q�

?�[
�'�

x��&
����

+:165,

ghqrwhv wkh Kruylw}0Wkrpsvrq hvwlpdwru ri �x�& dqg

Ydu+a�x�&, @
4

Q2
�

��[
�'�

��[
��'�

+������ � ���������,
x��&x���&
���������

+:166,

ghqrwhv wkh ghvljq yduldqfh ri a�x�&/ l1h1 wkh yduldqfh zlwk uhvshfw wr wkh vdpsolqj ghvljq xvhg wr

gudz wkh VVX*v iurp wkh m�wk SVX lq wkh vhfrqg vwdjh/ frqglwlrqdo rq wkh uhdol}dwlrq ri wkh �uvw

vwdjh1 Qrwh wkdw a�x�& gh�qhg e| +:165, lv htxdoo| gh�qhg dv a�X �&t lq +916, vhfwlrq 9151 Dovr qrwh
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wkdw +:166, lv htxlydohqw wr Ydu+a�X �&t, gh�qhg lq +917,/ vhfwlrq 9151 Lq d FUG zkhuh wkh SVX*v

duh wkh h{shulphqwdo xqlwv/ doo wkh VVX*v ri SVX m duh dvvljqhg wr rqh ri wkh N wuhdwphqwv1

Frqvhtxhqwo|/ wkh Kruylw}0Wkrpsvrq hvwlpdwru +:165, lv revhuydeoh1 Wklv lq frqwudvw zlwk a�X �&t

iru dq h{shulphqwdo ghvljq zkhuh wkh VVX*v duh udqgrpl}hg ryhu wkh N wuhdwphqwv zlwklq hdfk

SVX1

Iru d FUG frqgxfwhg xqghu wkh dvvxpswlrq ri d edvlf phdvxuhphqw huuru prgho +:15, lw lv

suryhg lq wkh dsshqgl{ :1:15 wkdw=

HkHrg& @
p

+p� 4,

p

p&

�
�Ydu+ a�X&tW

,�
4

p
Ydu+ a�X&tW

,

�

.
p

p&

�[
�'�

+Q�@Q,2

��
Ydu+a�x�&, .

p

p&

�[
�'�

��[
�'�

�2��&
��Q2

= +:167,

Vlplodu h{suhvvlrqv fdq eh ghulyhg iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Ohw a�X-tW
ghqrwh

wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru ri wkh srsxodwlrq phdq �X edvhg rq wkh p SVX wrwdov lq

vdpsoh v1 Wkh �uvw0rughu Wd|oru vhulhv dssur{lpdwlrq ri a�X-tW
lv jlyhq e|

a�X-tW

=
@ a�XtW

. e|+�[� a�[tW
, @ a�HtW

. e| �[>

zkhuh

a�HtW
@

4

Q
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�'�

+x� � e
|{�,

��
> +:168,

dqg a�XtW
dqg a�[tW

ghqrwhv wkh Kruylw}0Wkrpsvrq hvwlpdwruv ri �X dqg �[ edvhg rq wkh p SVX

wrwdov lq v1 Wkhq

Ydu+a�HtW
, @

4

Q2
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��'�

�
���� � �����

� +x� � e|{�,+x�� � e|{��,
�����

+:169,

ghqrwhv wkh dssur{lpdwh ghvljq yduldqfh ri a�X-t
W
1 Ixuwkhupruh

�Ydu+ a�HtW
, @

4

p

3C �[
�'�

p+x� � e
|{�,

2

��Q2
�
�
�X � e| �[

�24D +:16:,

ghqrwhv wkh dssur{lpdwh yduldqfh ri a�X-tW
dv li wkh p SVX*v lq wkh �uvw vwdjh duh gudzq zlwk

uhsodfhphqw zlwk vhohfwlrq suredelolwlhv ��@p1 Ilqdoo|

Ydu+a�h�, @
4

Q2
�

��[
�'�

��[
��'�

+������ � ���������,
+x�� � e

|{��,

����

+x��� � e
|{���,

�����
+:16;,

ghqrwhv wkh dssur{lpdwh ghvljq yduldqfh ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru ri �x�1 Qrwh wkdw

wklv yduldqfh lv htxlydohqw wr Ydu+a�H�&t, gh�qhg e| +91<, lq vhfwlrq 9151 Iru d FUG frqgxfwhg

xqghu phdvxuhphqw huuru prgho +:1;, dqg dqdo|}hg zlwk wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ lw
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lv suryhg lq dsshqgl{ :1:16 wkdw=

HkHrg&- @
p

+p� 4,

p

p&

�
�Ydu+ a�HtW
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4

p
Ydu+ a�HtW

,

�

.
p

p&

�[
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+Q�@Q,2
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Ydu+a�h�, .

p

p&

�[
�'�

��[
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�2��&
��Q2

= +:16<,

Wkh �uvw whup rq wkh uljkw0kdqg vlgh ri wkh htxdolw| vljq lq +:167, ru +:16<, frqfhuqv wkh

yduldqfh ehwzhhq wkh SVX0wrwdov1 Wkh| kdyh wkh w|slfdo yduldqfh vwuxfwxuh ri dq hpehgghg FUG

exw qrz rq wkh ohyho ri wkh SVX0wrwdov vlqfh SVX*v duh udqgrpl}hg ryhu wkh N wuhdwphqwv/ vhh

vhfwlrq 8151 Wkh vhfrqg whup frqfhuqv wkh yduldqfh ehwzhhq wkh VVX*v zlwklq wkh SVX*v1 Wklv

whup dulvhv vlqfh wkh SVX*v duh qrw frpsohwho| revhuyhg lq wzr0vwdjh vdpsolqj ghvljqv1 Wkh

wklug whup frqfhuqv wkh yduldqfh ri wkh huuru frpsrqhqw ri wkh phdvxuhphqw huuru prgho1

Wkh h!flhqf| ri ghvljqlqj dq h{shulphqw hpehgghg lq d wzr0vwdjh vdpsolqj ghvljq dv dq

UEG zlwk SVX*v dv eorfn yduldeohv lqvwhdg ri d FUG zlwk SVX*v dv h{shulphqwdo xqlwv iroorzv

li zh frpsduh wkh yduldqfh h{suhvvlrqv xqghu erwk ghvljqv/ l1h1 irupxod +919, iurp vhfwlrq 915

zlwk +:167, iru wkh Kruylw}0Wkrpsvrq hvwlpdwru ru irupxod +9144, iurp vhfwlrq 915 zlwk +:16<,

iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Li wkh yduldqfh ehwzhhq wkh SVX*v lv odujh dqg wkh

yduldqfh ehwzhhq wkh VVX*v zlwklq wkh SVX*v lv vpdoo/ wkhq wkh �uvw whup rq wkh uljkw0kdqg

vlgh ri wkh htxdolw| vljq lq +:167, ru +:16<, zloo eh odujh1 Vlqfh wklv yduldqfh frpsrqhqw zloo eh

holplqdwhg lq dq UEG zlwk SVX*v dv eorfn yduldeohv/ eorfnlqj rq SVX*v zloo eh yhu| h!flhqw lq

vxfk vlwxdwlrqv1

Li wkh yduldqfh ehwzhhq wkh SVX0wrwdov lv vpdoo dqg wkh yduldqfh zlwklq wkh SVX*v lv odujh/

wkhq d odujh yduldqfh frpsrqhqw/ zklfk frqfhuqv wkh yduldqfh ehwzhhq wkh VVX*v zlwklq wkh

SVX*v/ dsshduv lq wkh yduldqfhv g& ru g&- xqghu erwk h{shulphqwdo ghvljqv1 Lq wklv vlwxdwlrq

dq UEG zlwk SVX*v dv eorfn yduldeohv vwloo kdv vhyhudo dgydqwdjhv1 Iluvw wkh VVX*v duh wkh

h{shulphqwdo xqlwv/ zklfk kdv wkh dgydqwdjh ri pruh ghjuhhv ri iuhhgrp lq wkh hvwlpdwlrq sur0

fhgxuh1 Vhfrqg wkh yduldqfh ehwzhhq wkh SVX*v/ wkrxjk vpdoo/ lv holplqdwhg iurp wkh yduldqfhv

g& ru g&- 1 Lq vhfwlrq 917 zh vdz iru foxvwhu vdpsohv wkdw lw pljkw eh h!flhqw wr xvh foxvwhuv dv

h{shulphqwdo xqlwv lq d FUG li wkh yduldqfh ehwzhhq foxvwhuv lv vpdoo dqg wkh yduldqfh zlwklq

foxvwhuv odujh1 Vlqfh foxvwhuv duh frpsohwho| revhuyhg/ wkh yduldqfh zlwklq foxvwhuv lv holplqdwhg

li foxvwhuv duh xvhg dv h{shulphqwdo xqlwv1 Wklv grhvq*w krog wuxh iru wzr0vwdjh vdpsolqj ghvljqv/

vlqfh SVX*v duh qrw frpsohwho| revhuyhg lq wkhvh vdpsolqj ghvljqv1

Li dq h{shulphqw lv hpehgghg lq d wzr0vwdjh vdpsolqj ghvljq lw zloo jhqhudoo| eh h!flhqw wr

ghvljq lw dv dq UEG zlwk SVX*v dv eorfn yduldeohv1 Iru sudfwlfdo uhdvrqv/ krzhyhu/ wklv pljkw

eh lpsrvvleoh1 Hvshfldoo| lq vdpsolqj ghvljqv zkhuh krxvhkrogv duh SVX*v wkhuh fdq eh d vwurqj

gxdolw| ehwzhhq wkh h!flhqf| rewdlqhg zlwk eorfnlqj rq SVX*v dqg wkh sudfwlfdo dgydqwdjhv ri

xvlqj SVX*v dv h{shulphqwdo xqlwv1 Li revhuydwlrqv ri krxvhkrog phpehuv duh kljko| fruuhodwhg/

wkhq eorfnlqj rq krxvhkrogv zloo jhqhudoo| eh yhu| h!flhqw1 Rq wkh rwkhu kdqg wkhuh pljkw

eh vwurqj sudfwlfdo dujxphqwv djdlqvw wkh dssolfdwlrq ri gl�huhqw wuhdwphqwv zlwklq wkh vdph
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Wkh uhvxowv iru wkh fryduldqfh pdwul{ ri wkh frqwudvwv ehwzhhq wkh vxevdpsoh hvwlpdwhv dqg

wkh yduldqfh hvwlpdwlrq surfhgxuh duh rewdlqhg dqdorjrxv wr wkh ghulydwlrqv jlyhq lq vhfwlrq

619 dqg 7171 Qrz wkh ghulydwlrqv duh sulqflsdoo| dssolhg rq wkh ohyho ri wkh SVX*v +zklfk duh

wkh h{shulphqwdo xqlwv, zlwk a|k� dqg a{� gh�qhg lq +:146, dqg +:14<,1 Wkh surshuwlhv ri wkh

udqgrpl}dwlrq yhfwruv s�& duh gh�qhg rq wkh ohyho ri wkh SVX*v1 Surshuwlhv ri s�& iru d FUG

iroorz gluhfwo| iurp dsshqgl{ 61<14 zkhuh q dqg q& duh uhsodfhg e| p dqg p&/ uhvshfwlyho|1

Surshuwlhv ri s�& iru dq UEG iroorz gluhfwo| iurp dsshqgl{ 61<15 zkhuh q� dqg q�& duh uhsodfhg

e| pK dqg pK&/ uhvshfwlyho|1 Iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lw lv dvvxphg wkdw wkhuh

h{lvwv d frqvwdqw K�yhfwru d vxfk wkdw d|{�� @ 4/ iru doo l 5 X 1

5#5#! :���� �� �����	� )5#%(*

Frqvlghu d FUG zkhuh wkh h{shulphqwdo xqlwv duh wkh SVX*v ri d wzr0vwdjh vdpsolqj ghvljq/

frqgxfwhg xqghu wkh edvlf phdvxuhphqw huuru prgho +:15, lq vhfwlrq :151 Lw lv suryhg iru wkh

Kruylw}0Wkrpsvrq hvwlpdwru wkdw
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Wkh gldjrqdo hohphqwv g& duh gh�qhg e| +:156, lq vhfwlrq :171 Zh fdq hydoxdwh wkh h{shfwdwlrq

zlwk uhvshfw wr wkh vdpsolqj ghvljq dv iroorzv1
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Wkh h{shfwdwlrq ri wkh vlqjoh vxppdwlrq whup ri +:176, fdq eh hydoxdwhg dv iroorzv=
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Wkh h{shfwdwlrq ri wkh grxeoh vxppdwlrq whup ri +:176, fdq eh hydoxdwhg dv iroorzv=
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Li wkh uhvxowv rewdlqhg lq +:177, dqg +:178, duh vxevwlwxwhg lqwr +:176,/ wkhq lw iroorzv wkdw
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Qrz zh zloo hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho1 Li

wkh edvlf phdvxuhphqw huuru prgho +:15, lq vhfwlrq :15 lv vxevwlwxwhg lqwr wkh h{suhvvlrqv ri
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Li wkh uhvxowv rewdlqhg lq +:17:,/ +:17;, dqg +:17<, duh vxevwlwxwhg lqwr +:179,/ wkhq lw iroorzv

wkdw

HkHrg& @ Hk
p

+p� 4,

p

p&

�
�Ydu+ a�\

k

&tW
,�

4

p
Ydu+ a�\

k

&tW
,

�
.

p

p&

�[
�'�

+Q�@Q,2

��
Ydu+a�|

k
�&,

474



@
p

+p� 4,

p

p&

�
�Ydu+ a�X&tW

,�
4

p
Ydu+ a�X&tW

,

�

.
p

p&

�[
�'�

+Q�@Q,2

��
Ydu+a�x�&, .

p

p&

�[
�'�

��[
�'�

�2��&
��Q2

> THG=

5#5#% :���� �� �����	� )5#%9*

Frqvlghu d FUG zkhuh wkh h{shulphqwdo xqlwv duh wkh SVX*v ri d wzr0vwdjh vdpsolqj ghvljq/

frqgxfwhg xqghu wkh edvlf phdvxuhphqw huuru prgho +:1;, lq vhfwlrq :151 Lw lv suryhg iru wkh

jhqhudol}hg uhjuhvvlrq hvwlpdwru wkdw
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Htxlydohqw wr wkh ghulydwlrq ri +:179, lq dsshqgl{ :1:15 lw iroorzv wkdw
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Xqghu wkh dvvxpswlrq wkdw wkhuh h{lvwv d frqvwdqw K�yhfwru d vxfk wkdw d|{�� @ 4/ iru doo l 5 X /
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Qrz zh fdq hydoxdwh wkh h{shfwdwlrq zlwk uhvshfw wr wkh phdvxuhphqw huuru prgho dv iroorzv1

Htxlydohqw wr wkh ghulydwlrq ri +:17:,/ +:17;, dqg +:17<, lq dsshqgl{ :1:15 lw iroorzv wkdw
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Li +:184,/ +:185, dqg +:186, duh vxevwlwxwhg lqwr +:183,/ wkhq lw iroorzv wkdw
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Wkh remhfwlyh ri wkh Gxwfk Oderxu Irufh Vxuyh| +OIV, lv wr surylgh uholdeoh lqirupdwlrq derxw

wkh vlwxdwlrq rq wkh oderxu pdunhw/ hvshfldoo| derxw hpsor|phqw dqg xqhpsor|phqw udwhv1 Wkh

OIV kdv ehhq fduulhg rxw dv d frqwlqxrxv vxuyh| vlqfh 4<;:1 Hdfk prqwk d vdpsoh ri dgguhvvhv lv

vhohfwhg iurp zklfk/ gxulqj wkh gdwd froohfwlrq/ krxvhkrogv duh lghqwl�hg wkdw fdq eh uhjdughg

dv wkh xowlpdwh vdpsolqj xqlwv1 Gdwd duh froohfwhg e| phdqv ri Frpsxwhu Dvvlvwhg Shuvrqdo

Lqwhuylhzlqj +FDSL, xvlqj kdqg0khog frpsxwhuv1 Wkh txhvwlrqqdluh zdv ghyhorshg e| phdqv ri

d GRV0yhuvlrq ri Eodlvh 51 Vlqfh wkh OIV fkdqjhg lq Rfwrehu 4<<< iurp d furvv0vhfwlrqdo vxuyh|

wr d urwdwlqj sdqho vxuyh|/ d qhz txhvwlrqqdluh zdv ghyhorshg lq d Zlqgrzv yhuvlrq ri Eodlvh

71 Ehiruh wkh qhz txhvwlrqqdluh zdv lpsohphqwhg dv d vwdqgdug lq wkh OIV/ wkh lpsdfw ri wklv

frqyhuvlrq rq wkh pdlq rxwfrphv ri wkh OIV zdv whvwhg e| phdqv ri d �hog h{shulphqw1 Wklv

h{shulphqw zdv ghvljqhg dv d wzr0vdpsoh UEG hpehgghg lq wkh vdpsoh ri wkh fxuuhqw OIV1 Wr

whvw k|srwkhvhv derxw srvvleoh h�hfwv gxh wr wkh gl�huhqfhv ehwzhhq wkh wzr txhvwlrqqdluhv rq

hvwlpdwhv ri wkh wdujhw sdudphwhuv ri wkh OIV/ wkh ghvljq0edvhg dqdo|vlv surfhgxuh sursrvhg

lq wkh suhfhglqj fkdswhuv zdv dssolhg dqg frpsduhg zlwk wkh uhvxowv rewdlqhg zlwk d vwdqgdug

prgho0edvhg dqdo|vlv surfhgxuh1 Dv d uhvxow ri wkh revhuyhg h�hfwv lq wkh h{shulphqw/ wkh qhz

txhvwlrqqdluh zdv dgmxvwhg ehiruh lw zdv lpsohphqwhg dv d vwdqgdug lq wkh OIV1

Wklv fkdswhu ghvfulehv wkh ghvljq/ dqdo|vlv dqg wkh uhvxowv ri wklv h{shulphqw1 Wkh vxuyh|

ghvljq ri wkh OIV lv ghvfulehg lq vhfwlrq 51 D ghwdlohg ghvfulswlrq ri wkh phwkrgrorj| ri wkh OIV

lv jlyhq e| Kloelqn/ Ydq Ehunho dqg Ydq ghq Eudnho +5333,1 Lq vhfwlrq 6 wkh h{shulphqwdo ghvljq

xvhg wr whvw wkh h�hfwv ri wkh qhz txhvwlrqqdluh lv ghvfulehg1 Lq vhfwlrq 7 wkh ghvljq0edvhg

phwkrgv dssolhg lq wkh dqdo|vlv ri wklv sduwlfxodu h{shulphqw duh ghvfulehg1 Lq vhfwlrq 8 zh

dqdo|}h wkh OIV h{shulphqw zlwk wkhvh ghvljq0edvhg phwkrgv dqg frpsduh wkh uhvxowv rewdlqhg

zlwk d vwdqgdug prgho0edvhg surfhgxuh1 Frqfoxvlrqv duh gudzq lq vhfwlrq 91
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Wkh wdujhw srsxodwlrq ri wkh OIV frqvlvwv ri wkh qrq0lqvwlwxwlrqdolvhg srsxodwlrq djhg ryhu

48 uhvlglqj lq wkh Qhwkhuodqgv1 Wkh vdpsolqj iudph lv ghulyhg iurp d uhjlvwhu ri doo nqrzq

dgguhvvhv lq wkh Qhwkhuodqgv +Jhrjudsklfdo Edvh Uhjlvwhu,1 Wkh dgguhvvhv lq wkh vdpsolqj iudph

duh vwulfwo| vshdnlqj srvwdo gholyhu| srlqwv1 Wkh OIV ghvljq lv edvhg rq d vwudwl�hg wzr0vwdjh

foxvwhu vdpsoh ri dgguhvvhv1 Pxqlflsdolwlhv duh frqvlghuhg dv Sulpdu| Vdpsolqj Xqlwv +SVX, dqg

dgguhvvhv dv Vhfrqgdu| Vdpsolqj Xqlwv +VVX,1 Vwudwd duh iruphg e| jhrjudsklfdo duhdv edvhg rq

d furvv0fodvvl�fdwlrq ri Frurs uhjlrqv +Frurs lv wkh Gxwfk deeuhyldwlrq iru Frpplwwhh iru wkh

Frruglqdwlrq ri Uhjlrqdo Uhvhdufk Surjudp, dqg UED uhjlrqv +UED lv wkh Gxwfk deeuhyldwlrq

iru Uhjlrqdo Hpsor|phqw Erdug,1 Lq wkh �uvw vwdjh d vdpsoh ri pxqlflsdolwlhv lv gudzq zlwk

lqfoxvlrq suredelolwlhv sursruwlrqdo wr wkh qxpehu ri dgguhvvhv1 Pxqlflsdolwlhv zlwk pruh wkdq

:81333 dgguhvvhv duh vhoi0vhohfwlqj dqg duh lqfoxghg lq wkh vdpsoh iru hdfk prqwk1 Qrq0vhoi

vhohfwlqj SVX*v duh gudzq lq vxfk d zd| wkdw doo +ru qhduo| doo, pxqlflsdolwlhv duh lqfoxghg lq

wkh vdpsoh iru dw ohdvw rqh prqwk ri wkh fdohqgdu |hdu1 Dw wkh vhfrqg vwdjh d vdpsoh ri plqlpdo

45 dgguhvvhv lv gudzq zlwkrxw uhsodfhphqw iurp hdfk vhohfwhg SVX1 Sulqflsdoo|/ doo krxvhkrogv

uhvlglqj rq dq dgguhvv/ zlwk d pd{lpxp ri wkuhh/ duh lqfoxghg lq wkh vdpsoh1 Wkh prqwko|

vdpsoh vl}h dprxqwv wr dssur{lpdwho| 431333 dgguhvvhv1

Vlqfh wkh OIV kdv wr surylgh dffxudwh rxwfrphv iru wkh prqwko| sxeolfdwlrq rq uhjlvwhuhg

xqhpsor|phqw/ dgguhvvhv wkdw rffxu lq wkh uhjlvwhu ri wkh Hpsor|phqw H{fkdqjh duh ryhuvdp0

sohg1 Vlqfh prvw wdujhw sdudphwhuv ri wkh OIV frqfhuq shrsoh djhg ehwzhhq 48 dqg 98/ dgguhvvhv

zlwk rqo| shuvrqv djhg ryhu 98 duh xqghuvdpsohg1 Whfkqlfdoo| wklv lv fduulhg rxw e| gudzlqj

d vdpsoh wkdw lv wkuhh wlphv dv odujh dv qhfhvvdu| iru wkh OIV +631333 dgguhvvhv shu prqwk,1

Wkh qxpehu ri dgguhvvhv gudzq iurp hdfk pxqlflsdolw| lq wkh vhfrqg vwdjh lv ghwhuplqhg vxfk

wkdw d vhoi0zhljkwhg vdpsoh ri dgguhvvhv lv rewdlqhg1 Wklv vdpsoh lv udqgrpo| glylghg lqwr wkuhh

vxevdpsohv ri htxdo vl}h1 Iurp wkh �uvw vxevdpsoh 93( ri wkh dgguhvvhv zlwk rqo| shrsoh djhg

ryhu 98 duh uhpryhg1 Wkh uhpdlqlqj dgguhvvhv ri wkh �uvw vxevdpsoh duh lqfoxghg lq wkh �qdo

vdpsoh1 Iurp wkh vhfrqg vxevdpsoh rqo| wkh dgguhvvhv zklfk rffxu lq wkh uhjlvwhu ri wkh Hp0

sor|phqw H{fkdqjh +hpsor|hg ru xqhpsor|hg, duh lqfoxghg1 Iurp wkh wklug vxevdpsoh rqo| wkh

dgguhvvhv ri shuvrqv zkr duh uhjlvwhuhg dv xqhpsor|hg duh lqfoxghg1 Wklv uhvxowv lq d vdpsoh

ri dssur{lpdwho| 431333 dgguhvvhv shu prqwk1 Gxh wr uhgxfhg fdsdflw| ri wkh �hog vwd� gxulqj

wkh krolgd| vhdvrq/ wkh vdpsoh vl}h lv kdoyhg lq wkh prqwkv Mxo| dqg Dxjxvw1

8#!#! ���� ��		������

Gdwd duh froohfwhg lq shuvrqdo lqwhuylhzv zlwk kdqg0khog frpsxwhuv1 Wkhvh frpsxwhuv frqwdlq

wkh txhvwlrqqdluh vxssruwhg e| wkh Eodlvh v|vwhp1 Derxw 833 lqwhuylhzhuv duh zrunlqj rq wkh

gdwd froohfwlrq ri wkh OIV lq duhdv durxqg wkhlu sodfh ri uhvlghqfh1 Iru doo phpehuv ri wkh

479



vhohfwhg krxvhkrogv/ ghprjudsklf yduldeohv duh revhuyhg1 Iru wkh wdujhw yduldeohv rqo| shuvrqv

djhg ryhu 48 duh lqwhuylhzhg1

Dw prvw irxu shuvrqv lq d krxvhkrog duh lqwhuylhzhg1 Wkh vr0fdoohg krxvhkrog nhuqho lv

dozd|v lqwhuylhzhg1 Wkh phpehuv ri wkh krxvhkrog nhuqho duh wkh zdjh hduqhu dqg klv ru khu

sduwqhu1 Zkhq wkhuh duh pruh wkdq irxu krxvhkrog phpehuv wkh rwkhu uhvsrqghqwv duh vhohfwhg

�uvw iurp wkh phpehuv djhg ehwzhhq 48 dqg 981 Li wkh qxpehu ri irxu lv qrw uhdfkhg diwhu wklv

vhohfwlrq/ shuvrqv djhg ryhu 98 duh vhohfwhg wrr1

Zkhq d krxvhkrog phpehu fdqqrw eh frqwdfwhg wkh uhtxluhg lqirupdwlrq fdq eh rewdlqhg

e| phdqv ri d sur{|0lqwhuylhz1 Wklv phdqv wkdw dqrwkhu phpehu ri wkh krxvhkrog/ suhihudeo|

d phpehu ri wkh krxvhkrog nhuqho/ dqvzhuv wkh txhvwlrqv frqfhuqlqj wkh devhqw shuvrq1 E|

doorzlqj sur{|0lqwhuylhzv wkh qxpehu ri sduwldoo| uhvsrqglqj krxvhkrogv lv uhgxfhg1 Krxvhkrogv

lq zklfk rqh ru pruh ri wkh vhohfwhg shuvrqv gr qrw uhvsrqg iru wkhpvhoyhv ru lq d sur{| lqwhuylhz/

duh wuhdwhg dv qrquhvsrqglqj krxvhkrogv1

8#!#% 6�������� ���������

Wkh zhljkwlqj surfhgxuh ri wkh OIV vwduwv zlwk ghulylqj lqfoxvlrq zhljkwv iru wkh uhvsrqglqj

krxvhkrogv1 Lq grlqj wklv zh wdnh lqwr dffrxqw=

41 Wkh ryhuvdpsolqj ri dgguhvvhv wkdw rffxu lq wkh uhjlvwhu ri wkh Hpsor|phqw H{fkdqjh1

51 Wkh xqghuvdpsolqj ri dgguhvvhv zlwk rqo| shuvrqv djhg ryhu 981

61 Wkh prqwk ri lqwhuylhz +l1h1 khog lq Mxo| ru Dxjxvw ru lq wkh rwkhu prqwkv,1

71 Wkh gl�huhqw uhvsrqvh udwhv ehwzhhq jhrjudsklfdo uhjlrqv1 Wkhvh uhjlrqv duh iruphg e| wkh

vhoi0vhohfwlqj pxqlflsdolwlhv1 Wkh qrq0vhoi vhohfwlqj pxqlflsdolwlhv duh jurxshg lqwr uhjlrqv

e| surylqfh1

Lq wkh zhljkwlqj surfhgxuh/ lqfoxvlrq zhljkwv duh dgmxvwhg xvlqj wkh jhqhudol}hg uhjuhvvlrq

hvwlpdwru1 Uhjuhvvlrq0edvhg phwkrgv xvh dx{loldu| yduldeohv wkdw duh revhuyhg lq wkh vdpsoh

iru zklfk wkh srsxodwlrq wrwdov duh nqrzq1 Iru wkh OIV rqo| fdwhjrulfdo dx{loldu| yduldeohv

duh dydlodeoh dqg wkh fruuhvsrqglqj srsxodwlrq wrwdov duh suhvhqw dv srsxodwlrq frxqwv1 Wkh

zhljkwlqj vfkhph lv edvhg rq d frpelqdwlrq ri gl�huhqw vrfldo0ghprjudsklf fdwhjrulfdo yduldeohv1

Wkh zhljkwlqj surfhgxuh lv edvhg rq wkh lqwhjudwhg phwkrg iru zhljkwlqj shuvrqv dqg idplolhv

ri Ohpdñwuh dqg Gxirxu +4<;:, wr hqvxuh d vlqjoh zhljkw iru hdfk phpehu ri wkh vdph krxvhkrog1

Ilqdoo| d erxqglqj dojrulwkp lv dssolhg wr dyrlg qhjdwlyh zhljkwv1

8#% "
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Wr lqyhvwljdwh wkh h�hfwv ri d qhz txhvwlrqqdluh vxssruwhg e| d Zlqgrzv yhuvlrq ri Eodlvh 7 rq

wkh pdlq rxwfrphv ri wkh OIV/ d odujh vfdoh �hog h{shulphqw zdv fduulhg rxw gxulqj wkh shulrg

47:



Dsulo wkurxjk Vhswhpehu 4<<<1 Wkh h{shulphqw zdv shuiruphg dv d wzr0wuhdwphqw hpehgghg

UEG1 Iru wkh h{shulphqw <3 h{shulphqwdo duhdv ru eorfnv zhuh vhohfwhg1 Hdfk eorfn frqvlvwv ri

wkh xqlrq ri wzr qhljkerulqj lqwhuylhz0duhdv ri wzr lqwhuylhzhuv1 Wkh dgguhvvhv lq wkh prqwko|

vdpsoh ri wkh OIV lq hdfk eorfn zhuh udqgrpo| glylghg lqwr wzr vxevdpsohv ri htxdo vl}h1 Rqh

vxevdpsoh zdv dvvljqhg wr wkh qhz txhvwlrqqdluh/ wkh rwkhu vxevdpsoh wr wkh uhjxodu rqh1 Wkh

wzr lqwhuylhzhuv lq hdfk eorfn zhuh udqgrpo| dvvljqhg wr wkh uhjxodu ru wkh qhz txhvwlrqqdluh1

Erwk lqwhuylhzhuv froohfwhg gdwd iurp wkh krxvhkrogv rq wkh dgguhvvhv ri wkh vxevdpsoh zlwk wkh

txhvwlrqqdluh wr zklfk wkh| zhuh dvvljqhg1 Lw iroorzv wkdw erwk lqwhuylhzhuv zrunhg wkurxjk wkh

hqwluh duhd ri d eorfn1 Xvlqj uhjlrqv dv eorfn yduldeohv hqdeohv xv wr frqwuro iru uhjlrqdo h�hfwv

lq wkh dqdo|vlv ri wkh h{shulphqw1 Lw lv hpskdvl}hg wkdw wkh revhuydwlrqv rewdlqhg zlwk wkh

uhjxodu txhvwlrqqdluh iurp wkh krxvhkrogv rxwvlgh wkhvh eorfnv zhuh qrw xvhg lq wkh dqdo|vlv ri

wklv h{shulphqw1 Li wkrvh revhuydwlrqv zhuh dovr lqfrusrudwhg lq wkh dqdo|vlv/ wkhq wkh hvwlpdwhg

wuhdwphqw h�hfwv zrxog kdyh ehhq eldvhg zlwk uhjlrqdo h�hfwv1

Lw zdv ghflghg qrw wr xvh lqwhuylhzhuv dv eorfn yduldeohv/ vlqfh wklv lpsolhv wkdw hdfk lqwhu0

ylhzhu pxvw h{hfxwh wkh OIV zlwk wkh qhz dv zhoo dv wkh uhjxodu txhvwlrqqdluh1 Wklv kdv wkh

lpsruwdqw gudzedfn wkdw lqwhuylhzhuv hdvlo| frqixvh wkh wzr txhvwlrqqdluhv gxulqj wkh gdwd fro0

ohfwlrq/ zklfk pljkw glvwxue wkh h{shulphqw1 Ixuwkhupruh/ vlqfh lw zdv qrw srvvleoh wr uxq erwk

txhvwlrqqdluhv rq rqh kdqg0khog frpsxwhu/ wkh lqwhuylhzhu zrxog eh irufhg wr ylvlw dgguhvvhv

zlwk wzr gl�huhqw txhvwlrqqdluhv1

Eorfnv zhuh vhohfwhg dv iroorzv1 Iurp wkh dydlodeoh lqwhuylhzhuv zlwk dw ohdvw rqh |hdu ri

h{shulhqfh zlwk wkh OIV/ d olvw ri srwhqwldo frxsohv zdv iruphg1 Wkh xqlrq ri wkh lqwhuylhz duhdv

ri hdfk frxsoh iruphg d srwhqwldo eorfn1 Iurp wklv olvw ri srwhqwldo eorfnv d vwudwl�hg vdpsoh ri <3

eorfnv zdv gudzq xvlqj Frurs dv d vwudwl�fdwlrq yduldeoh1 Vlqfh wkh vhohfwhg eorfnv zhuh htxdoo|

glylghg dprqj wkh Qhwkhuodqgv e| uhjlrq/ dqg vlqfh d udqgrp vdpsoh ri dgguhvvhv zdv gudzq

lq hdfk eorfn iru erwk wuhdwphqwv/ wkh uhvxowv revhuyhg lq wkh h{shulphqw fdq eh jhqhudol}hg

wr wkh hqwluh wdujhw srsxodwlrq ri wkh OIV1 Dffruglqj wr wklv h{shulphqwdo ghvljq/ hdfk prqwk

dssur{lpdwho| 48( ri wkh vdpsoh vl}h ri wkh OIV zdv dvvljqhg wr wkh qhz txhvwlrqqdluh1

Rqh prqwk ri suhwhvwlqj/ gxulqj Pdufk/ suhfhghg wkh h{shulphqw vr dv wr suhfoxgh glvwruwlrq

ri wkh h{shulphqw gxh wr lqlwldo sureohpv zlwk wkh Zlqgrzv yhuvlrq ri Eodlvh 7 rq wkh qhz

kdqg0khog frpsxwhuv/ dqg lq wkh zd| wkh lqwhuylhzhuv ghdowk zlwk wkh qhz txhvwlrqqdluh1 Pdq|

xqh{shfwhg sureohpv zlwk wkh qhz vriwzduh zhuh vroyhg gxulqj wklv prqwk ri suhwhvwlqj1

8#( 0������

Wkh dlp ri wklv h{shulphqw lv wr whvw k|srwkhvhv derxw wkh h�hfwv ri wkh qhz txhvwlrqqdluh rq

wkh pdlq rxwfrphv ri wkh OIV1 Wkh ghvljq0edvhg dqdo|vlv surfhgxuh iru hpehgghg h{shulphqwv

sursrvhg lq wkh suhfhhglqj fkdswhuv lv dssolhg iru wkh dqdo|vlv ri wklv h{shulphqw1 Ohw �\ k
& ghqrwh

wkh �qlwh srsoxwlrq phdq revhuyhg xqghu wuhdwphqw n1 Iurp wkh sxusrvh ri wkh h{shulphqw lw
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iroorzv wkdw zh duh lqwhuhvwhg lq wkh k|srwkhvlv
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Edvhg rq wkh revhuydwlrqv rewdlqhg lq wkh h{shulphqw/ wzr hvwlpdwhv zhuh rewdlqhg iru hdfk

srsxodwlrq sdudphwhu ri wkh OIV1 Rqh hvwlpdwh zdv edvhg rq wkh vxevdpsoh zkhuh gdwd zhuh

froohfwhg zlwk wkh uhjxodu txhvwlrqqdluh1 Wkh rwkhu zdv edvhg rq wkh vxevdpsoh zkhuh gdwd zhuh

froohfwhg zlwk wkh qhz txhvwlrqqdluh1 K|srwkhvlv +;14,/ derxw srvvleoh h�hfwv rq wkh hvwlpdwhv

ri wkh srsxodwlrq sdudphwhuv ri wkh OIV lqgxfhg e| wkh gl�huhqw txhvwlrqqdluhv/ fdq eh whvwhg

xvlqj d ghvljq0edvhg w�vwdwlvwlf
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Wkh h{whqghg Kruylw}0Wkrpsvrq hvwlpdwru dv zhoo dv wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru lv

dssolhg iru wkh hvwlpdwlrq ri wkh srsxodwlrq sdudphwhuv dv zhoo dv wkh yduldqfh ri wkh gl�huhqfhv

ehwzhhq wkhvh wzr hvwlpdwruv1

Vlqfh krxvhkrogv duh erwk wkh vdpsolqj dqg wkh h{shulphqwdo xqlwv/ wkh dqdo|vlv lv fduulhg rxw

dw wkh krxvhkrog ohyho1 Ohw |k��& ghqrwh wkh revhuydwlrq rewdlqhg iurp shuvrq l iurp krxvhkrog m

dvvljqhg wr wuhdwphqw n1 Wkhq |k�& @
S?�

�'� |
k
��& lv wkh wdujhw sdudphwhu ri krxvhkrog m dvvljqhg

wr wuhdwphqw n zlwk q� wkh qxpehu ri shuvrqv lq krxvhkrog m djhg ryhu 481 Lw lv dvvxphg wkdw

wkh revhuydwlrqv rewdlqhg iurp wkh krxvhkrogv duh d uhdol}dwlrq ri wkh edvlf phdvxuhphqw huuru

prgho +718, zlwk prgho dvvxpswlrqv +719, dqg +71:, lq vhfwlrq 7151

Wkh �uvw0rughu lqfoxvlrq suredelolwlhv ri krxvhkrogv duh ghulyhg edvhg rq wkh uhdol}hg qhw

vdpsoh zlwklq hdfk eorfn1 Dw wklv zh wdnh lqwr dffrxqw wkdw dgguhvvhv zklfk rffxu lq wkh

uhjlvwhu ri wkh Hpsor|phqw H{fkdqjh duh ryhuvdpsohg/ dgguhvvhv zkhuh rqo| shuvrqv djhg ryhu

98 olyh duh xqghuvdpsohg/ dqg wkh vdpsoh vl}h lq wkh prqwkv Mxo| dqg Dxjxvw lv uhgxfhg1 Vhh

Kloelqn/ Ydq Ehunho dqg Ydq ghq Eudnho +5333, iru whfkqlfdo ghwdlov derxw wkh ghulydwlrq ri wkh

�uvw0rughu lqfoxvlrq suredelolwlhv1

Wr doorz iru wkh zhljkwlqj surfhgxuh ri wkh OIV/ wkh dqdo|vlv pxvw eh edvhg rq wkh jhqhudol}hg

uhjuhvvlrq hvwlpdwru1 Ohw {�� @ +{���> {��2> = = = > {��M,
| ghqrwh d yhfwru ri rughu K zlwk hdfk

hohphqw {��� dq dx{loldu| yduldeoh ri lqglylgxdo l iurp krxvhkrog m1 Wkhq {� @
S?�

�'� {�� ghqrwhv

d yhfwru ri rughu K zlwk wkh krxvhkrog wrwdov ri wkh dx{loldu| yduldeohv ri wkh shuvrqv djhg

ryhu 481 D olqhdu uhjuhvvlrq prgho iru wkh lqwulqvlf ydoxhv ri wkh krxvhkrogv lq wkh srsxodwlrq lv

gh�qhg e| +715, zlwk prgho dvvxpswlrqv +716, dqg +717, lq vhfwlrq 7151 Wkh zhljkwlqj surfhgxuh

lv fduulhg rxw dw wkh ohyho ri krxvhkrog wrwdov1 Wkh yduldqfh vwuxfwxuh lq wkh olqhdu uhjuhvvlrq

prgho +715, lv fkrvhq sursruwlrqdo wr wkh vl}h ri wkh krxvhkrog= $2
� @ q�$

2 zlwk q� wkh qxpehu

ri shuvrqv djhg ryhu 48 lq krxvhkrog m1 Qlhxzhqeurhn +4<<6, vkrzv wkdw lq wklv vlwxdwlrq wkh

zhljkwlqj surfhgxuh fruuhvsrqgv wr wkh lqwhjudwhg phwkrg iru zhljkwlqj shuvrqv dqg krxvhkrogv

sursrvhg e| Ohpdñwuh dqg Gxirxu +4<;:,1
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Wkh qhw vdpsoh vl}hv ri erwk vxevdpsohv duh uhodwlyho| vpdoo frpsduhg zlwk wkh vdpsoh ri

wkh OIV +vhh vhfwlrq ;18,1 Wkhuhiruh zh frxog qrw dsso| wkh uhjxodu zhljkwlqj vfkhph ri wkh

OIV lq wkh dqdo|vlv ri wklv h{shulphqw1 Wkh iroorzlqj zhljkwlqj vfkhph/ zklfk frqwdlqv wkh

prvw lpsruwdqw dx{loldu| lqirupdwlrq ri wkh uhjxodu zhljkwlqj vfkhph ri wkh OIV/ zdv dssolhg

lq wkh dqdo|vlv ri wklv h{shulphqw=

Djh�Uhjlrq. Vh{�Uhjlrq.Pdulwdo Vwdwxv�Uhjlrq> +;16,

zkhuh wkh irxu yduldeohv duh fdwhjrulfdo1

Li wkh h{shulphqw lv dqdo|}hg dv dq UEG xvlqj wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ wkhq

dq h{suhvvlrq iru a�\
k

&-
lq wkh hqxphudwru ri +;15, lv jlyhq e| +7149, ru +714:, lq vhfwlrq 7161 Dq

h{suhvvlrq iru wkh yduldqfh lq wkh ghqrplqdwru ri +;15, lv jlyhq e|

aYdu+ a�\
k

�- �
a�\
k

2-, @
ag�- . ag2- > +;17,

zkhuh ag&- lv gh�qhg e| +7164,/ vhfwlrq 7171

Dq h{suhvvlrq iru wkh w�vwdwlvwlf dqdo|}hg zlwk wkh h{whqghg Kruylw}0Wkrpsvrq hvwlpdwru

iroorzv dv d vshfldo fdvh iurp wkh uhvxowv rewdlqhg iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Wkh

plqlpxp xvh ri dx{loldu| lqirupdwlrq lv d zhljkwlqj vfkhph zkhuh {�� @ +4,/ khqfh {� @ +q�,/

iru doo hohphqwv lq wkh srsxodwlrq1 Ixuwkhupruh lw lv dvvxphg wkdw $2
� @ q�$

21 Wklv zhljkwlqj

vfkhph fruuhvsrqgv zlwk wkh frpprq phdq prgho1 Dq h{suhvvlrq iru a�\
k

&-
lq wkh hqxphudwru

ri +;15, lv jlyhq e| �|r& gh�qhg lq +7166,/ vhfwlrq 7171 Dq h{suhvvlrq iru wkh yduldqfh lv rewdlqhg

e| +;17,/ zkhuh zkhuh ag&- lv jlyhq e| +7164,/ zlwk +|k�& �
aek

|

& {�, uhsodfhg e| +|k�& � q� �|r&,1

Wr txdqwli| wkh h!flhqf| ri wkh UEG/ wklv h{shulphqw lv dovr dqdo|}hg dv li lw zhuh ghvljqhg

dv d FUG1 Wkhq h{suhvvlrqv iru wkh yduldqfh lq +;15, duh jlyhq e| +;17, zlwk ag&- gh�qhg e|

+7163,/ vhfwlrq 7171

Lw lv dvvxphg wkdw d �qlwh srsxodwlrq fhqwudo olplw wkhruhp krogv vr wkdw wkh wzr hvwlpdwhg

srsxodwlrq sdudphwhuv kdyh d pxowlyduldwh qrupdo glvwulexwlrq1 Frqvhtxhqwo|/ wkh w�vwdwlvwlf

xqghu wkh qxoo0k|srwkhvlv ri qr wuhdwphqw h�hfwv lv vwdqgdug0qrupdoo| glvwulexwhg1

8#. 2���	��

D wrwdo ri 4997: dgguhvvhv zhuh vhohfwhg lq wkh vdpsoh ri wkh OIV iru wklv h{shulphqw1 Iurp

wklv vdpsoh/ ;595 dgguhvvhv zhuh dvvljqhg wr wkh vxevdpsoh zkhuh gdwd zhuh froohfwhg zlwk wkh

uhjxodu txhvwlrqqdluh dqg ;6;8 dgguhvvhv wr wkh vxevdpsoh zkhuh gdwd zhuh froohfwhg zlwk wkh

qhz txhvwlrqqdluh1 Uhvsrqvh udwhv lq erwk vxevdpsohv dprxqw wr dssur{lpdwho| 83(1 Wkh

uhvsrqvh rewdlqhg lq d eorfn gxulqj rqh prqwk zdv xvhg lq wkh dqdo|vlv rqo| li hdfk ri wkh wzr

lqwhuylhzhuv lq wkdw eorfn rewdlqhg d uhvsrqvh ri dw ohdvw 6 krxvhkrogv1 Lq vhyhudo eorfnv rqh

ri wkh wzr lqwhuylhzhuv glgq*w kdyh dq| uhvsrqvh dw doo gxulqj d prqwk gxh wr h1j1 looqhvv ru

ydfdwlrq1 Lq vxfk vlwxdwlrqv wkh uhvsrqvh rewdlqhg lq d eorfn iru wkh rwkhu lqwhuylhzhu gxulqj wkdw
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prqwk zdv h{foxghg iurp wkh dqdo|vlv lq rughu wr dyrlg dq| v|vwhpdwlf lq xhqfh lq wkh dqdo|vlv

fdxvhg e| vhdvrqdo h�hfwv1 Ilqdoo| 636: krxvhkrogv lqwhuylhzhg zlwk wkh uhjxodu txhvwlrqqdluh

dqg 648< krxvhkrogv lqwhuylhzhg zlwk wkh qhz txhvwlrqqdluh zhuh xvhg lq wkh dqdo|vlv ri wkh

h{shulphqw1

Wkh iroorzlqj �yh sdudphwhuv ri wkh OIV zhuh dqdo|}hg= wkh Hpsor|hg Oderxu Irufh/ wkh

Xqhpsor|hg Oderxu Irufh/ Uhjlvwhuhg Xqhpsor|phqw/ wkh Hpsor|hg Oderxu Irufh dffruglqj

wr wkh Lqwhuqdwlrqdo Oderxu Rujdql}dwlrq +deeuhyldwhg dv LOR Hpsor|hg, dqg wkh Uhjlvwhuhg

dw wkh Hpsor|phqw H{fkdqjh1 Doo sdudphwhuv duh h{suhvvhg dv shufhqwdjhv ri wkh srsxodwlrq

djhg ehwzhhq 48 dqg 981 Wkh �uvw dqdo|vlv lv edvhg rq wkh w�vwdwlvwlf zkhuh wkh srsxodwlrq

sdudphwhuv dqg wkh yduldqfh ri wkh fruuhvsrqglqj frqwudvwv zhuh hvwlpdwhg zlwk wkh jhqhudol}hg

uhjuhvvlrq hvwlpdwru iru dq UEG zlwk wkh zhljkwlqj vfkhph gh�qhg e| +;16,1 Wklv lv wkh prvw

dssursuldwh dqdo|vlv vlqfh lw wdnhv erwk wkh h{shulphqwdo ghvljq lqwr dffrxqw dqg wkh ghvljq ri

wkh OIV lqfoxglqj wkh hvwlpdwlrq dqg zhljkwlqj surfhgxuh1 Uhvxowv duh jlyhq lq wdeoh ;141

Wdeoh ;14= Uhvxowv zlwk wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru dq UEG1

OIV txhvwlrqqdluh

uhjxodu qhz gl�1 vwg1 huuru w�vwdwlvwlf s�ydoxh

Hpsor|hg Oderxu Irufh 971:43 961379 041996 41339 041986 313<;

Xqhpsor|hg Oderxu Irufh 51736 61384 3197< 3166: 41<56 31387

Uhjlvwhuhg Xqhpsor|phqw 51469 51945 317:9 31657 417:4 31474

LOR Hpsor|hg :417<3 9<1:74 041:7< 31<;8 041::9 313:9

Uhjlvwhuhg dw Hpso1 H{f1 :1973 <13:5 41766 3189; 51857 31345

Sdudphwhuv duh h{suhvvhg dv shufhqwdjhv ri wkh srsxodwlrq djhg ehwzhhq 48 dqg 981

Wkh vhfrqg dqdo|vlv lv edvhg rq wkh w�vwdwlvwlf zkhuh wkh srsxodwlrq sdudphwhuv dqg wkh

yduldqfh ri wkh fruuhvsrqglqj frqwudvwv zhuh hvwlpdwhg zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru

iru dq UEG1 Uhvxowv duh jlyhq lq wdeoh ;151
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Wdeoh ;15= Uhvxowv zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru iru dq UEG1

OIV txhvwlrqqdluh

uhjxodu qhz gl�1 vwg1 huuru w�vwdwlvwlf s�ydoxh

Hpsor|hg Oderxu Irufh 981639 95199: 05196< 41:96 0417<: 31467

Xqhpsor|hg Oderxu Irufh 51579 51<87 31:3< 3166: 51436 31368

Uhjlvwhuhg Xqhpsor|phqw 41<68 51848 318;3 3165: 41::6 313:9

LOR Hpsor|hg :514<: 9<1596 051<67 41;:: 041896 3144;

Uhjlvwhuhg dw Hpso1 H{f1 :1598 ;1875 415:: 31876 51684 3134<

Sdudphwhuv duh h{suhvvhg dv shufhqwdjhv ri wkh srsxodwlrq djhg ehwzhhq 48 dqg 981

Frpsduhg zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru kdv

wzr h�hfwv rq wkh dqdo|vlv1 Iluvwo|/ wkh vl}h ri wkh wuhdwphqw h�hfwv lv uhgxfhg1 Wkh hvwlpdwhv ri

wkh sdudphwhuv xqghu erwk wuhdwphqwv duh pruh vlplodu gxh wr wkh dssolfdwlrq ri wkh dx{loldu|

lqirupdwlrq lq wkh zhljkwlqj vfkhph1 Vhfrqgo|/ wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw h�hfwv lv

uhgxfhg1 Iru wkh Xqhpsor|hg Oderxu Irufh dqg Uhjlvwhuhg Xqhpsor|phqw wklv �qdoo| uhvxowhg

lq ohvv vljql�fdqw wuhdwphqw h�hfwv zkloh iru wkh rwkhu sdudphwhuv wkh wuhdwphqw h�hfwv duh pruh

vljql�fdqw1

Lq rughu wr frpsduh wkh h!flhqf| ri ghvljqlqj wklv h{shulphqw dv dq UEG/ wkh h{shulphqw

zdv dqdo|}hg dv li lw zhuh ghvljqhg dv d frpsohwho| udqgrpl}hg ghvljq +FUG,1 Uhvxowv iru wkh

jhqhudol}hg uhjuhvvlrq hvwlpdwru duh jlyhq lq wdeoh ;16 dqg iru wkh Kruylw}0Wkrpsvrq hvwlpdwru

lq wdeoh ;171

Wdeoh ;16= Uhvxowv zlwk wkh jhqhudo|}hg uhjuhvvlrq hvwlpdwru iru d FUG1

OIV txhvwlrqqdluh

uhjxodu qhz gl�1 vwg1 huuru w�vwdwlvwlf s�ydoxh

Hpsor|hg Oderxu Irufh 971:44 96139: 041976 31<;9 041999 313<9

Xqhpsor|hg Oderxu Irufh 516<9 61358 3195< 3166; 41;93 31396

Uhjlvwhuhg Xqhpsor|phqw 51485 51844 3168< 31646 4147: 31584

LOR Hpsor|hg :417<< 9<19<7 041;38 31<9; 041;98 31395

Uhjlvwhuhg dw Hpso1 H{f1 :17<8 <1465 41969 31879 51<<: 31336

Sdudphwhuv duh h{suhvvhg dv shufhqwdjhv ri wkh srsxodwlrq djhg ehwzhhq 48 dqg 981

485



Wdeoh ;17= Uhvxowv zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru iru d FUG1

OIV txhvwlrqqdluh

uhjxodu qhz gl�1 vwg1 huuru w�vwdwlvwlf s�ydoxh

Hpsor|hg Oderxu Irufh 971::< 961347 041:97 41;:4 031<76 31679

Xqhpsor|hg Oderxu Irufh 51598 51<:8 31:43 31676 5139< 3136<

Uhjlvwhuhg Xqhpsor|phqw 41<46 517:4 3188; 31676 4195: 31437

LOR Hpsor|hg :41:54 9<17<8 051559 41<<6 04144: 31597

Uhjlvwhuhg dw Hpso1 H{f1 :1395 ;1:65 419:3 31885 61356 31336

Sdudphwhuv duh h{suhvvhg dv shufhqwdjhv ri wkh srsxodwlrq djhg ehwzhhq 48 dqg 981

Li wkh uhvxowv ri dq dqdo|vlv iru dq UEG duh frpsduhg zlwk d FUG/ erwk dqdo|}hg zlwk

wkh Kruylw}0Wkrpsvrq hvwlpdwru +wdeohv ;15 dqg ;17,/ wkhq lw iroorzv wkdw wkh yduldqfh ri wkh

hvwlpdwhg wuhdwphqw h�hfwv xqghu d FUG lqfuhdvhv rqo| voljkwo|1 Li wkh uhvxowv ri dq dqdo|vlv iru

dq UEG duh frpsduhg zlwk d FUG xvlqj wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru +wdeohv ;14 dqg

;16,/ wkhq lw iroorzv wkdw wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw h�hfwv lv dssur{lpdwho| htxdo ru

hyhq voljkwo| vpdoohu xqghu d FUG1 Wkh h!flhqf| ri eorfnlqj lv vpdoo lq wklv dssolfdwlrq/ zklfk

fdq eh h{sodlqhg dv iroorzv1 Iluvwo|/ wkh yduldwlrq ri wkh sdudphwhuv ri wkh OIV ehwzhhq wkh

eorfnv dsshduv wr eh vpdoo1 Vhfrqgo|/ rqo| li wkh iudfwlrq ri krxvhkrogv dvvljqhg wr d wuhdwphqw

zlwklq hdfk eorfn lv htxdo iru hdfk eorfn +l1h1 qK&@qK @ qK�&@qK� / zkhuh qK ghqrwhv wkh qxpehu

ri krxvhkrogv lq eorfn e dqg qK& wkh qxpehu ri krxvhkrogv lq eorfn e dvvljqhg wr wuhdwphqw

n,/ wkhq lw fdq eh suryhg wkdw wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw h�hfwv iru d FUG lv

odujhu wkdq iru dq UEG +vhh vhfwlrq 916,1 Iru wkh jurvv vdpsoh wkhvh iudfwlrqv zhuh htxdo e|

wkh ghvljq ri wklv h{shulphqw1 Krzhyhu/ gxh wr xqhtxdo uhvsrqvh udwhv ri wkh wzr lqwhuylhzhuv

zlwklq hdfk eorfn/ wkh htxdolw| ri wkhvh iudfwlrqv iru wkh qhw vdpsoh zhuh vhyhuho| glvwxuehg1

Wklv uhvxowhg lq dq h{wud yduldwlrq ri wkh vdpsoh zhljkwv qK@+qK&��, lq wkh dqdo|vlv ri dq UEG1

Wklv h{sodlqv wkh vpdoo yduldqfh uhgxfwlrq gxh wr wkh dssolfdwlrq ri dq UEG iru wkh Kruylw}0

Wkrpsvrq hvwlpdwru1 Wkh zhljkwlqj vfkhph ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru holplqdwhv

vrph uhjlrqdo yduldwlrq iurp wkh hvwlpdwhg wuhdwphqw h�hfwv1 Wkhuhiruh/ wkh qhjdwlyh lq xhqfh

ri wkh xqhtxdo doorfdwlrq ri wkh krxvhkrogv ryhu wkh wuhdwphqwv zlwklq wkh eorfnv ri dq UEG

ehfrphv pruh reylrxv li wkh dqdo|vlv lv fduulhg rxw zlwk wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1

Wklv h{sodlqv zk| wkh yduldqfh ri wkh wuhdwphqw h�hfwv duh hyhq voljkwo| vpdoohu xqghu d FUG

iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Lq vxppdu|/ gxh wr gl�huhqw uhvsrqvh udwhv rewdlqhg

e| wkh lqwhuylhzhuv/ wkh rswlpdolw| ri wkh UEG zdv dw ohdvw sduwldoo| glvwxuehg1 Wklv pljkw kdyh

ehhq dyrlghg li lqwhuylhzhuv kdg ehhq xvhg dv eorfn yduldeohv1

Wkh h�hfw rq wkh dqdo|vlv ri wkh dssolfdwlrq ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru frpsduhg

zlwk wkh Kruylw}0Wkrpsvrq hvwlpdwru lq wkh fdvh ri FUG iroorzv iurp wdeohv ;16 dqg ;171 Dv

lq wkh fdvh ri dq UEG +wdeohv ;14 dqg ;15, lw iroorzv wkdw wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru

uhgxfhv wkh gl�huhqfhv ehwzhhq wkh wuhdwphqwv dv zhoo dv wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw
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h�hfwv1

Wr frpsduh wkh h�hfw rq wkh dqdo|vlv ri d ghvljq0edvhg zlwk d prgho0edvhg dqdo|vlv/ wklv

h{shulphqw zdv dovr dqdo|}hg zlwk wkh vwdqgdug prgho0edvhg w�vwdwlvwlf dqg d vwdqgdug DQRYD

iru dq UEG/ xvlqj VSVV1 Wr dssur{lpdwh wkh wdujhw yduldeohv ri wkh OIV dv zhoo dv srvvleoh

lq wkhvh dqdo|vhv/ wkh ghshqghqw yduldeohv duh wkh krxvhkrog phdqv ri wkh wdujhw sdudphwhuv1

Wkh revhuydwlrqv rewdlqhg iurp wkh h{shulphqwdo xqlwv duh prghohg lq d olqhdu uhjuhvvlrq prgho

frqwdlqlqj rqh idfwru zlwk wzr ohyhov wkdw prghov wkh wuhdwphqwv lq wkh h{shulphqw dqg/ lq wkh

fdvh ri dq UEG/ rqh idfwru wkdw prghov wkh eorfn vwuxfwxuh1 Lw lv dvvxphg wkdw wkh uhvlgxdov

duh qrupdoo| dqg lqghshqghqwo| glvwulexwhg zlwk h{shfwdwlrq }hur dqg htxdo yduldqfh1 Uhvxowv

duh vxppdul}hg lq wdeohv ;18 dqg ;191 Wkh frpsohwh DQRYD wdeohv duh rplwwhg khuh> rqo| wkh

dqdo|vlv uhvxowv ri wkh wuhdwphqw h�hfwv duh lqfoxghg lq wdeoh ;191

Wdeoh ;18= Uhvxowv zlwk wkh vwdqgdug w�vwdwlvwlf +xqzhljkwhg,1

OIV txhvwlrqqdluh

uhjxodu qhz gl�1 vwg1 huuru w�vwdwlvwlf s�ydoxh

Hpsor|hg Oderxu Irufh 95146 9317< 041979 31<<4 041994 313<:

Xqhpsor|hg Oderxu Irufh 61:49 71:3; 31<<5 3174< 516:3 3134;

Uhjlvwhuhg Xqhpsor|phqw 61;69 71;6< 41336 31774 515:8 31356

LOR Hpsor|hg 9;19; 99177 051573 31<;6 0515:< 31356

Uhjlvwhuhg dw Hpso1 H{f1 4719; 49137 41694 31:;: 41:5; 313;7

Sdudphwhuv duh h{suhvvhg dv shufhqwdjhv ri wkh srsxodwlrq djhg ehwzhhq 48 dqg 981

Wdeoh ;19= Uhvxowv zlwk wkh DQRYD iru dq UEG +xqzhljkwhg,1

frqwudvw vwg1 huuru w�vwdwlvwlf s�ydoxh

Hpsor|hg Oderxu Irufh 0416:5 4133 0416:3 314:4

Xqhpsor|hg Oderxu Irufh 41358 3173 51746 31349

Uhjlvwhuhg Xqhpsor|phqw 4135; 3173 51639 31354

LOR Hpsor|hg 041:<8 4133 041;4; 3139<

Uhjlvwhuhg dw Hpso1 H{f1 319:; 31;3 31;93 316<3

Frqwudvwv ri wkh sdudphwhuv duh h{suhvvhg dv shufhqwdjhv ri wkh srsxodwlrq djhg ehwzhhq 48

dqg 981

Wkh lq xhqfh ri d prgho0edvhg yhuvxv d ghvljq0edvhg dqdo|vlv gl�huv iru wkh �yh sdudphwhuv

ri wkh OIV1 Lw iroorzv iurp wdeoh ;18 wkdw wkh Xqhpsor|hg Oderxu Irufh/ Uhjlvwhuhg Xqhp0

sor|phqw dqg wkh Uhjlvwhuhg dw Hpsor|phqw H{fkdqjh duh vhyhuho| ryhuhvwlpdwhg zkloh wkh

Hpsor|hg Oderxu Irufh dqg wkh LOR Hpsor|hg duh xqghuhvwlpdwhg1 Wklv lv pdlqo| fdxvhg e|
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wkh ryhuvdpsolqj ri dgguhvvhv wkdw rffxu lq wkh uhjlvwhu ri wkh Hpsor|phqw H{fkdqjh/ zklfk lv

ljqruhg lq d vwdqgdug prgho0edvhg dqdo|vlv1 Wklv frqvhtxhqwo| uhvxowv lq eldvhg hvwlpdwhv iru

wkh srsxodwlrq sdudphwhuv1 Hvshfldoo| wkh wuhdwphqw h�hfwv iru wkh Xqhpsor|hg Oderxu Irufh/

Uhjlvwhuhg Xqhpsor|phqw dqg wkh LOR Hpsor|hg duh odujhu dqg pruh vljql�fdqw lq d prgho0

edvhg dqdo|vlv1 Lq d ghvljq0edvhg dqdo|vlv wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw h�hfwv pljkw

eh lqfuhdvhg gxh wr wkh  xfwxdwlrq ri wkh vdpsolqj zhljkwv1 Qhyhuwkhohvv/ wkh yduldqfh ri wkh hv0

wlpdwhg wuhdwphqw h�hfwv iru wkh Xqhpsor|hg Oderxu Irufh/ Uhjlvwhuhg Xqhpsor|phqw dqg wkh

LOR Hpsor|hg lq wkh prgho0edvhg dqdo|vlv duh voljkwo| kljkhu wkdq wkh fruuhvsrqglqj yduldqfhv

rewdlqhg zlwk wkh ghvljq0edvhg dqdo|vlv1 Lw lv xqfohdu zk|/ frqwudu| wr wkh uhvxowv revhuyhg iru

wkh Xqhpsor|hg Oderxu Irufh dqg Uhjlvwhuhg Xqhpsor|phqw/ wkh hvwlpdwhg wuhdwphqw h�hfw ri

wkrvh Uhjlvwhuhg dw wkh Hpsor|phqw H{fkdqjh lv vpdoohu dqg ohvv vljql�fdqw lq d prgho0edvhg

dssurdfk1

Wkh h!flhqf| ri dq UEG lq d prgho0edvhg dqdo|vlv iroorzv li wkh uhvxowv ri wdeohv ;18 dqg ;19

duh frpsduhg1 Dowkrxjk lq wkh DQRYD iru dq UEG/ wkh I�vwdwlvwlf iru wkh eorfnv lv vljql�fdqw

dw d ohyho ri 3138/ wkh uhgxfwlrq lq wkh huuru vxp ri vtxduhv lv yhu| vpdoo1 Frqvhtxhqwo|/ wkh

yduldqfh uhgxfwlrq ri wkh hvwlpdwhg wuhdwphqw h�hfwv gxh wr wkh dssolfdwlrq ri dq UEG/ lv

plqru1 Iru wkh Hpsor|hg Oderxu Irufh/ wkh LOR Hpsor|hg dqg wkh shuvrqv uhjlvwhuhg dw wkh

hpsor|phqw h{fkdqjh/ wkh frqwudvwv duh vpdoohu gxh wr wkh fruuhfwlrq iru wkh eorfn yduldeohv/

uhvxowlqj lq ohvv vljql�fdqw wuhdwphqw h�hfwv1

Lq frqfoxvlrq/ lw iroorzv wkdw wkh uhvxowv rewdlqhg zlwk wkh prgho0edvhg dqdo|vlv zlwk wkh

w0whvw dv zhoo dv wkh DQRYD iru dq UEG duh eldvhg vlqfh wkh vshfl�f ihdwxuhv ri wkh zhljkw0

lqj surfhgxuh ri wkh OIV/ hvshfldoo| wkh ryhuvdpsolqj ri dgguhvvhv zlwk shuvrqv uhjlvwhuhg dw

Hpsor|phqw H{fkdqjh/ lv ljqruhg lq wkhvh dqdo|vhv1

Wkh �qdo dqdo|vlv ri wkh h{shulphqw zdv edvhg rq wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru

dq UEG +wdeoh ;14, vlqfh wklv hvwlpdwru doorzv iru erwk wkh vdpsolqj ghvljq dqg wkh zhljkwlqj

surfhgxuh ri wkh OIV1 Whvwv zhuh fduulhg rxw dw d vljql�fdqfh ohyho ri 31381

Wkh Hpsor|hg Oderxu Irufh dv zhoo dv wkh LOR Hpsor|hg revhuyhg zlwk wkh qhz txhvwlrq0

qdluh duh derxw 41: shufhqwdjh srlqwv vpdoohu wkdq zlwk wkh uhjxodu rqh1 Dowkrxjk wkh whvwv

ri qr wuhdwphqw h�hfwv iru wkhvh sdudphwhuv duh qrw uhmhfwhg/ wkh gl�huhqfhv duh vxevwdqwldo1

Ixuwkhu lqyhvwljdwlrq vkrzhg wkdw wkhvh gl�huhqfhv duh fdxvhg e| wkh Vhoi0Hpsor|hg1 Zlwk wkh

qhz txhvwlrqqdluh wkh shufhqwdjh ri wkh Vhoi0Hpsor|hg zhuh irxqg wr eh 41; shufhqwdjh srlqwv

vpdoohu wkdq zlwk wkh uhjxodu rqh1 Vlqfh wkh fruuhvsrqglqj s�ydoxh dprxqwv 3134/ wklv gl�huhqfh

lv vljql�fdqw1 Fkdqjhv lq wkh urxwlqj ri wkh qhz txhvwlrqqdluh fdxvhg pdq| vhoi0hpsor|hg wr

dqvzhu wkh txhvwlrq %Gr |rx fxuuhqwo| kdyh d sdlg mreB% lq wkh qhjdwlyh1 Frqvhtxhqwo| wkhvh

vhoi0hpsor|hg duh huurqhrxvo| qrw fodvvl�hg dv dfwlyh Oderxu Irufh1 Wklv h�hfw zdv frq�uphg e|

wkh gheulh�qjv ri wkh lqwhuylhzhuv1 Wklv uhvxowhg lq wkh revhuyhg gl�huhqfhv iru wkh Hpsor|hg

Oderxu Irufh dqg wkh LOR Hpsor|hg1 Wkh qhz txhvwlrqqdluh zdv dgmxvwhg lq rughu wr dyrlg wklv

xqghu0uhsruwlqj ehiruh lw zdv dfwxdoo| lpsohphqwhg dv wkh vwdqgdug txhvwlrqqdluh lq wkh OIV1
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Wkh Xqhpsor|hg Oderxu Irufh dqg Uhjlvwhuhg Xqhpsor|phqw phdvxuhg zlwk wkh qhz txhv0

wlrqqdluh duh derxw 318 shufhqwdjh srlqwv kljkhu wkdq zlwk wkh uhjxodu txhvwlrqqdluh1 Wkhvh

gl�huhqfhv duh vxevwdqwldo dqg doprvw vljql�fdqw iru wkh Xqhpsor|hg Oderxu Irufh1

Iru wkh sdudphwhu Uhjlvwhuhg dw wkh Hpsor|phqw H{fkdqjh wkh revhuyhg gl�huhqfh ri 417

shufhqwdjh srlqwv lv vljql�fdqw1 Lq wkh uhjxodu txhvwlrqqdluh/ wkh txhvwlrq derxw uhjlvwudwlrq

dw wkh Hpsor|phqw H{fkdqjh zdv suhfhghg e| vhyhudo txhvwlrqv frqfhuqlqj ehqh�wv1 Lq wkh

qhz txhvwlrqqdluh wkh txhvwlrqv derxw ehqh�wv zhuh vnlsshg1 Srvvleoh lqwhudfwlrqv ehwzhhq

wkh txhvwlrqv frqfhuqlqj ehqh�wv dqg uhjlvwudwlrq dw wkh Hpsor|phqw H{fkdqjh pljkw h{sodlq

wkh revhuyhg gl�huhqfh1 Ghvslwh wklv revhuyhg gl�huhqfh wkh txhvwlrqv derxw ehqh�wv duh qrw

lqfoxghg lq wkh qhz txhvwlrqqdluh vlqfh wklv lqirupdwlrq zloo eh dydlodeoh iurp uhjlvwudwlrqv1

8#/ ����	������

Wklv h{shulphqw looxvwudwhv wkh qhfhvvlw| wr lqyhvwljdwh li dqg krz fkdqjhv lq wkh txhvwlrqqdluh/

ru rwkhu dvshfwv ri wkh vxuyh| surfhvv/ h�hfw wkh rxwfrphv ri d vxuyh|1 Wklv vkrxog eh grqh

e| phdqv ri hpehgghg h{shulphqwv/ zklfk fdq eh xvhg wr ghwhfw dqg txdqwli| srvvleoh wuhqg

fkdqjhv lq wkh wlph vhulhv ri hvwlpdwhg srsxodwlrq sdudphwhuv gxh wr dq dowhuqdwlyh vxuyh|

surfhvv1 Wklv hqdeohv wkh vxuyh| pdqdjhu wr dgmxvw wkh qhz surfhvv ru wr dffhsw wkh h{shfwhg

wuhqg fkdqjhv1 Wkh h�hfwv irxqg lq wklv h{shulphqw pljkw qrw kdyh ehhq ghwhfwhg e| phdqv ri

vpdoo0vfdoh oderudwru| h{shulphqwv vlqfh wkh| zhuh suryrnhg e| yhu| vpdoo jurxsv lq wkh wdujhw

srsxodwlrq/ zlfk frxog qrw kdyh ehhq iruhvhhq1

Vwdqgdug prgho0edvhg whfkqltxhv iru wkh dqdo|vlv ri h{shulphqwv grq*w doorz iru wkh vdp0

solqj ghvljq dqg wkh zhljkwlqj surfhgxuh ri wkh vxuyh|1 Wkh prgho dvvxpswlrqv wkdw wkh gdwd

duh qrupdoo| dqg lqghshqghqwo| glvwulexwhg duh olnho| wr eh ylrodwhg gxh wr wkh frpsoh{lw| ri

wkh vdpsolqj ghvljq1 Wklv uhvxowv lq eldvhg sdudphwhu dqg yduldqfh hvwlpdwhv1 Pruhryhu/ d

prgho0edvhg dssurdfk gudzv lqihuhqfhv derxw wkh sdudphwhuv ri d olqhdu uhjuhvvlrq prgho1 Frq0

vhtxhqwo|/ whvwv ri wuhdwphqw h�hfwv gr qrw gluhfwo| dsso| wr wkh wdujhw srsxodwlrq sdudphwhuv

ri wkh vxuyh|1 Wr frsh zlwk wkhvh glvdgydqwdjhv/ wkh ghvljq0edvhg dqdo|vlv surfhgxuh iru hp0

ehgghg h{shulphqwv sursrvhg lq wkh suhfhhglqj fkdswhuv lv dssolhg wr wkh dqdo|vlv ri wkh OIV

h{shulphqw1

Wxuqlqj wr wkh sudfwlfdo frqvhtxhqfhv ri wklv �hog h{shulphqw wkh qhz txhvwlrqqdluh zdv

dgmxvwhg lq rughu wr dyrlg dq h{shfwhg xqghu0uhsruwlqj ri wkh Vhoi Hpsor|hg1 Wkh qhz txhvwlrq0

qdluh pljkw uhvxow lq d vljql�fdqw ghfuhdvh ri wkh shuvrqv uhjlvwhuhg dw Hpsor|phqw H{fkdqjh1

Wklv frxog eh wkh uhvxow ri wkh rplvvlrq ri wkh txhvwlrqv derxw ehqh�wv lq wkh qhz txhvwlrqqdluh1

Vlqfh lqirupdwlrq frqfhuqlqj ehqh�wv fdq eh rewdlqhg iurp uhjlvwudwlrqv pruh h!flhqwo|/ wklv

glgq*w uhvxow lq dq dgmxvwphqw ri wkh qhz txhvwlrqqdluh1
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9#�  �����������

Uhvsrqvh udwhv wr Vwdwlvwlfv Qhwkhuodqgv* vrfldo vxuyh|v ghfolqhg doduplqjo| gxulqj wkh qlqhwlhv1

Gxulqj wkh vdph shulrg/ Vwdwlvwlfv Qhwkhuodqgv* �hog vwd�/ zkr froohfw gdwd e| phdqv ri frpsxwhu

dvvlvwhg shuvrqdo lqwhuylhzlqj +FDSL,/ idfhg lqfuhdvlqj fdsdflw| sureohpv/ vr wkdw pruh vdpsoh

dgguhvvhv zhuh qrw ehlqj ylvlwhg dw doo1 Wkh txhvwlrq zdv dovr udlvhg zkhwkhu wkhvh fdsdflw|

sureohpv zhuh d vljql�fdqw idfwru lq wkh lqfuhdvlqj qrq0uhvsrqvh ri wkh krxvhkrogv wkdw zhuh

frqwdfwhg1 Wkh lqfuhdvh lq qrq0uhvsrqvh udwhv dv zhoo dv wkh qxpehu ri krxvhkrogv wkdw zhuh

qrw ylvlwhg kdv d qhjdwlyh h�hfw rq wkh rxwfrphv ri wkh vrfldo vxuyh|v1 Iluvw lw uhvxowv lq ohvv

suhflvh hvwlpdwhv vlqfh wkh qhw vdpsoh vl}hv duh uhgxfhg +l1h1 dq lqfuhdvh ri wkh ghvljq yduldqfh,1

Vhfrqg lw pljkw uhvxow lq ohvv dffxudwh hvwlpdwhv gxh wr vhohfwlyh uhvsrqvh +l1h1 wkh hvwlpdwhv duh

eldvhg,1 Qrw rqo| pljkw wkh qrq0uhvsrqvh eh vhohfwlyh/ dovr wkh krxvhkrogv wkdw duh qrw ylvlwhg

pljkw eh vhohfwlyh/ vlqfh wkh lqwhuylhzhuv duh doorzhg wr ghflgh e| wkhpvhoyhv zklfk dgguhvvhv

duh ylvlwhg dqg zklfk qrw1 Lw lv qrw xqolnho| wkdw lqwhuylhzhuv frqfhqwudwh rq qhljkerukrrgv

zkhuh wkh kljkhvw uhvsrqvh udwhv duh h{shfwhg lq fdvh wkh| duh qrw deoh wr ylvlw doo wkh dgguhvvhv

dvvljqhg wr wkhp1

Lqwhuylhzhu zrunordg/ l1h1 wkh qxpehu ri vdpsoh fdvhv dvvljqhg wr dq lqwhuylhzhu wr frpsohwh

gxulqj wkh gdwd froohfwlrq shulrg/ d�hfw wkh ohyho ri h�ruw ri wkh lqwhuylhzhu dssolhg wr frqwdfwlqj

dqg rewdlqlqj frrshudwlrq iurp hdfk vdpsolqj xqlw1 Wkhuhiruh/ lqwhuylhzhu zrunordg lv rqh ri

wkh ghvljq idfwruv ri krxvhkrog vxuyh|v wkdw lq xhqfh uhvsrqvh udwhv +Juryhv dqg Frxshu/ 4<<;/

Fk1 43,1 Wr vkhg vrph oljkw rq wkhvh lvvxhv d �hog h{shulphqw kdv ehhq fduulhg rxw zkhuh zh

v|vwhpdwlfdoo| ydulhg wkh zrunordg ri dssur{lpdwho| :3 lqwhuylhzhuv iru wkh Gxwfk Oderxu Irufh

Vxuyh| +OIV,1 Srvvleoh h�hfwv rq uhvsrqvh udwhv/ wkh udwhv ri krxvhkrog wkdw zhuh qrw ylvlwhg/

dv zhoo dv wkh pdlq rxwfrphv ri wkh OIV kdyh ehhq lqyhvwljdwhg1 Wkh ghvljq0edvhg phwkrgv iru

wkh dqdo|vlv ri hpehgghg h{shulphqwv ghyhorshg lq wkh suhfhglqj fkdswhuv kdyh ehhq dssolhg wr
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whvw k|srwkhvhv derxw sdudphwhu hvwlpdwhv ri wkh OIV1

Lq wklv fkdswhu wkh ghvljq/ dqdo|vlv dqg uhvxowv ri wklv h{shulphqw duh ghvfulehg1 Iru d

ghvfulswlrq ri wkh ghvljq ri wkh OIV/ zh uhihu wr vhfwlrq ;151 Wkh remhfwlyh ri wklv vwxg| dv zhoo

dv wkh h{shulphqwdo ghvljq lv jlyhq lq vhfwlrqv <15 dqg <16 uhvshfwlyho|1 Uhvxowv duh suhvhqwhg lq

vhfwlrq <171 Wkh pdmru frqfoxvlrqv duh vxppdul}hg lq vhfwlrq <181

9#! ��?������

Wkh remhfwlyh ri wkh h{shulphqw lv wr lqyhvwljdwh wkh lq xhqfh ri wkh lqwhuylhzhuv* zrunordg rq

uhvsrqvh udwhv1 Zh frq�qhg rxuvhoyhv wr wkh �hog vwd� froohfwlqj gdwd e| phdqv ri FDSL vlqfh

wkh fdsdflw| sureohpv pdlqo| rffxu lq wklv jurxs1 Doo lqwhuylhzhuv zrun lq dq lqwhuylhz duhd

durxqg wkhlu sodfh ri uhvlghqfh1 Lqwhuylhzhuv ylvlw wkh krxvhkrogv olylqj rq dgguhvvhv lq klv ru khu

lqwhuylhz duhd wkdw duh gudzq lq wkh vdpsohv ri wkh gl�huhqw vrfldo vxuyh|v1 Gdwd duh froohfwhg

lq idfh0wr0idfh lqwhuylhzv/ vxssruwhg e| hohfwurqlf txhvwlrqqdluhv rq d kdqg0khog frpsxwhu +l1h1

FDSL,1

Lq wklv h{shulphqw zrunordg lv gh�qhg dv wkh qxpehu ri dgguhvvhv shu prqwk dvvljqhg wr dq

lqwhuylhzhu1 Dprqj rwkhu idfwruv wkh wrwdo zrunordg ri d sdfndjh ri dgguhvvhv lv ghwhuplqhg e|

41 Wkh wlph uhtxluhg wr frpsohwh d txhvwlrqqdluh ri d vxuyh|1

51 Wkh wudyho glvwdqfh ehwzhhq wkh dgguhvvhv1 Wklv ghshqgv rq wkh ghjuhh ri xuedql}dwlrq ri

wkh lqwhuylhz duhd1

61 Wkh dyhudjh uhvsrqvh udwhv1

Lq wklv h{shulphqw zh v|vwhpdwlfdoo| ydulhg zlwk wkh qxpehu ri dgguhvvhv iru wkh OIV/ vlqfh

wklv lv rqh ri Vwdwlvwlfv Qhwkhuodqgv* odujhvw frqwlqxrxvo| frqgxfwhg vrfldo vxuyh|v1 Wklv hqwdlov

wkdw doo wkh lqwhuylhzhuv ylvlw dgguhvvhv wr froohfw gdwd iru wkh OIV hdfk prqwk wkurxjkrxw wkh

|hdu1 Wkhuhiruh wkh OIV lv dq lghdo vxuyh| wr h{hfxwh d odujh �hog h{shulphqw zlwk d jurxs ri

lqwhuylhzhuv wkdw lv uhsuhvhqwdwlyh ri Vwdwlvwlfv Qhwkhuodqgv* �hog vwd�1

Lq wkh uhvsrqvh dqdo|vlv zh frqwuroohg iru wkh zrunordg wkdw dq lqwhuylhzhu uhfhlyhg iurp

rwkhu vxuyh|v1 Dw wklv/ wkh lqwhuylhz wlph uhtxluhg iru wkh gl�huhqw vxuyh|v lv wdnhq lqwr dffrxqw1

Vlpsoh udwlrv ehwzhhq wkh wlph uhtxluhg frpsohwlqj d txhvwlrqqdluh ri wkh gl�huhqw vxuyh|v dqg

wkh OIV zhuh ghulyhg1 Wkh qxpehu r� dgguhvvhv iru rwkhu vxuyh|v zhljkwhg zlwk wkhvh udwlrv

duh xvhg dv d fryduldeoh lq wkh uhvsrqvh dqdo|vlv1

Wkh remhfwlyh ri wklv h{shulphqw lv wr whvw wkh iroorzlqj k|srwkhvhv1

K|srwkhvlv 4= Wkh udwh ri krxvhkrogv wkdw zhuh qrw ylvlwhg lv qrw lq xhqfhg e| lqwhuylhz0

huv* zrunordg yhuvxv wkh udwh ri krxvhkrogv wkdw zhuh qrw ylvlwhg lv lq xhqfhg e| lqwhuylhzhuv*

zrunordg1
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Iru wklv sxusrvh/ zh glylghg wkh jurvv vdpsoh lqwr wkh iroorzlqj jurxsv=

41 wkh qxpehu ri krxvhkrogv ylvlwhg/

51 wkh qxpehu ri krxvhkrogv qrw ylvlwhg gxh wr kljk zrunordg/

61 wkh qxpehu ri krxvhkrogv qrw ylvlwhg gxh wr rwkhu uhdvrqv +looqhvv/ ydfdwlrq,1

K|srwkhvlv 5= Wkh uhvsrqvh udwh ri wkh krxvhkrogv wkdw zhuh ylvlwhg lv qrw lq xhqfhg e|

lqwhuylhzhuv* zrunordg/ yhuvxv wkh uhvsrqvh udwh ri wkh krxvhkrogv wkdw zhuh ylvlwhg lv lq xhqfhg

e| lqwhuylhzhuv* zrunordg1

Iru wklv sxusrvh wkh jurxs ri krxvhkrogv wkdw zhuh ylvlwhg lv glylghg lqwr

41 wkh qxpehu ri frpsohwho| uhvsrqglqj krxvhkrogv/

51 wkh qxpehu ri sduwldoo| uhvsrqglqj krxvhkrogv/

61 wkh qxpehu ri qrq0uhvsrqglqj krxvhkrogv +uhixvdo/ qrw dw krph dw ohdvw wkuhh wlphv/ odq0

jxdjh sureohpv/ looqhvv/ ydfdwlrq/ vshfldo flufxpvwdqfhv,1

K|srwkhvlv 6= Wkh pdlq rxwfrphv ri wkh OIV duh qrw lq xhqfhg e| lqwhuylhzhuv* zrunordg/

yhuvxv wkh pdlq rxwfrphv ri wkh OIV duh lq xhqfhg e| lqwhuylhzhuv* zrunordg1 Wkh iroorzlqj

wkuhh sdudphwhuv ri wkh OIV zhuh dqdo|}hg= wkh Hpsor|hg Oderxu Irufh/ wkh Xqhpsor|hg

Oderxu Irufh dqg Uhjlvwhuhg Xqhpsor|phqw1

9#% "
���������	 ������

Wkh h{shulphqw lv ghvljqhg dv dq UEG zkhuh lqwhuylhzhuv duh wkh eorfn yduldeohv1 Iru hdfk

lqwhuylhzhu zkr sduwlflsdwhg lq wkh h{shulphqw zh v|vwhpdwlfdoo| ydulhg zlwk wkuhh gl�huhqw

ohyhov ri zrunordg/ l1h1 wkh qxpehu ri dgguhvvhv iru wkh OIV dvvljqhg wr dq lqwhuylhzhu wr

frpsohwh gxulqj d gdwd froohfwlrq shulrg ri rqh prqwk1 Wkh ghjuhh ri xuedql}dwlrq ri wkh

lqwhuylhzhu uhjlrq lv d frqwulexwru| idfwru ri wkh �qdo zrunordg iru d vshfl�f qxpehu ri dgguhvvhv/

zklfk duh dvvljqhg wr dq lqwhuylhzhu hdfk prqwk1 Wkhuhiruh wkh wkuhh zrunordg ohyhov lq wkh

h{shulphqw ghshqghg rq wkh ghjuhh ri xuedql}dwlrq ri wkh lqwhuylhzhu duhd1 Wr wklv hqg wkh

lqwhuylhzhuv duh fodvvl�hg lqwr wkuhh gl�huhqw jurxsv edvhg rq wkh ghjuhh ri xuedql}dwlrq ri

wkhlu lqwhuylhzhu uhjlrq1 Zlwklq hdfk jurxs wkh dyhudjh qxpehu ri dgguhvvhv shu prqwk iru wkh

OIV +gxulqj 4<<:, zdv fdofxodwhg1 Lq wkh �uvw jurxs/ pruh wkhq 83( ri wkh lqwhuylhz duhd lv

kljko| xuedqlvhg1 Lq wkh vhfrqg jurxs/ pruh wkhq 83( ri wkh lqwhuylhz duhd kdv d prghudwh ru

orz ghjuhh ri xuedql}dwlrq1 Wkh lqwhuylhz duhdv zlwk d prghudwh ru orz ghjuhh ri xuedql}dwlrq

duh wdnhq wrjhwkhu/ vlqfh wkh dyhudjh qxpehu ri OIV dgguhvvhv shu prqwk lq wkhvh jurxsv duh

htxdo1 Wkh wklug jurxs lv d uhvw jurxs1 Wkh lqwhuylhz duhdv lq wklv jurxs grq*w frqvlvw ri rqh
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grplqdwlqj ghjuhh ri xuedql}dwlrq1 Wkhvh wkuhh gl�huhqw jurxsv duh lqglfdwhg dv zrunordg duhd1

Hdfk lqwhuylhzhu uhfhlyhg wkuhh gl�huhqw zrunordgv>

41 orz zrunordg/ l1h1 :8( ri wkh dyhudjh zrunordg/

51 dyhudjh zrunordg/ l1h1 wkh dyhudjh qxpehu ri OIV dgguhvvhv shu prqwk ri wkh lqwhuylhzhuv*

zrunordg duhd gxulqj 4<<:/

61 kljk zrunordg/ l1h1 458( ri wkh dyhudjh zrunordg1

Wkh wkuhh gl�huhqw zrunordgv iru wkh wkuhh gl�huhqw zrunordg duhdv duh vxppdul}hg lq wdeoh <141

Wdeoh <14= Qxpehu ri OIV dgguhvvhv shu prqwk iru gl�huhqw zrunordg ohyhov lq wkuhh gl�huhqw

zrunordg duhdv1

zrunordg duhd wuhdwphqw

orz zrunordg dyhudjh zrunordg kljk zrunordg

4 56 64 6<

5 4: 55 5<

6 4< 59 66

D udqgrp vdpsoh ri :5 lqwhuylhzhuv iurp Vwdwlvwlfv Qhwkhuodqgv* �hog vwd� zdv vhohfwhg wr

sduwlflsdwh lq wkh h{shulphqw1 Iluvw/ wkh lqwhuylhzhuv zkr phw wkh iroorzlqj uhtxluhphqwv zhuh

vhohfwhg=

41 dw ohdvw 5 |hduv h{shulhqfh zlwk wkh OIV/

51 qr h{wuhpho| orz ru kljk uhvsrqvh udwhv/

61 qr h{wuhpho| orz ru kljk qxpehu ri dgguhvvhv iru wkh OIV shu prqwk1

Wklv uhvxowhg lq d iudph ri 6;5 lqwhuylhzhuv1 D vdpsoh ri :5 rxw ri wkhvh 6;5 lqwhuylhzhuv zdv

gudzq e| phdqv ri sursruwlrqdo vwudwl�hg vlpsoh udqgrp vdpsolqj zkhuh wkh wkuhh zrunordg

duhdv duh wkh vwudwd1 Hdfk lqwhuylhzhu uhfhlyhg hdfk zrunordg ohyho iru d shulrg ri wkuhh frq0

vhfxwlyh prqwkv1 Dv d uhvxow wkh h{shulphqw zdv fduulhg rxw lq < prqwkv iurp Vhswhpehu 4<<;

wkurxjk Mxqh 4<<<1 +Ghfhpehu 4<<< lv h{foxghg iurp wkh h{shulphqw1, Lw frxog eh wkh fdvh

wkdw wkh h�hfw ri d fkdqjh lq wkh prqwko| zrunordg rq uhvsrqvh udwhv ehfrphv pdqlihvw rqo|

diwhu d fhuwdlq shulrg ri wlph/ vlqfh wkh lqwhuylhzhuv pxvw jhw dffxvwrphg wr wklv qhz zrunordg

ohyho1 Wkhuhiruh hdfk �uvw prqwk wkdw wkh lqwhuylhzhuv uhfhlyhg d qhz zrunordg ohyho lq wkh

h{shulphqw/ lv h{foxghg iurp wkh dqdo|vlv1

Lq rughu wr suhfoxgh vhdvrqdo h�hfwv/ lqwhuylhzhuv zhuh htxdoo| glylghg ryhu wkh wkuhh gl�huhqw

wuhdwphqw ohyhov dw hdfk srlqw lq wlph1 Wklv lv dffrpsolvkhg e| glvwlqjxlvklqj wkuhh gl�huhqw

vhtxhqfhv ri zrunordg ohyhov1 Zlwklq hdfk zrunordg duhd/ lqwhuylhzhuv duh udqgrpo| dvvljqhg wr
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rqh ri wkh wkuhh vhtxhqfhv1 Wklv ghvljq lv edvhg rq d Odwlq vtxduh dqg lv uhsuhvhqwhg lq wdeoh

<151 Lqwhuylhzhuv dv zhoo dv uhvsrqghqwv glgq*w nqrz wkdw wkh| sduwlflsdwhg lq dq h{shulphqw wr

dyrlg wkdw wkh| dowhuhg wkhlu ehkdylru/ shukdsv hyhq xqfrqvflrxvo|1

Wdeoh <15= H{shulphqwdo ghvljq1

zrunordg qxpehu prqwk

duhd ri lqwhuy1 4 5 6 7 8 9 : ; <

4 8 orz zruno1 +56, dyhudjh zruno1 +64, kljk zruno1 +6<,

8 dyhudjh zruno1 +64, kljk zruno1 +6<, orz zruno1 +56,

8 kljk zruno1 +6<, orz zruno1 +56, dyhudjh zruno1 +64,

5 48 orz zruno1 +4:, dyhudjh zruno1 +56, kljk zruno1 +5<,

48 dyhudjh zruno1 +56, kljk zruno1 +5<, orz zruno1 +4:,

47 kljk zruno1 +5<, orz zruno1 +4:, dyhudjh zruno1 +56,

6 7 orz zruno1 +4<, dyhudjh zruno1 +59, kljk zruno1 +66,

8 dyhudjh zruno1 +59, kljk zruno1 +66, orz zruno1 +4<,

7 kljk zruno1 +66, orz zruno1 +4<, dyhudjh zruno1 +59,

Wkh qxpehuv ehwzhhq sduhqwkhvhv duh wkh qxpehu ri dgguhvvhv dvvljqhg wr hdfk lqwhuylhzhu shu

prqwk iru wkh OIV1

9#( 2���	��

9#(#� "3���� �� �������� �����

Gxulqj wkh h{shulphqw : lqwhuylhzhuv gursshg rxw ehfdxvh wkh| vwrsshg zrunlqj iru Vwdwlvwlfv

Qhwkhuodqgv/ ru zkhuh qrw dydlodeoh iru vhyhudo prqwkv gxh wr looqhvv/ ydfdwlrq ru idplo| flufxp0

vwdqfhv1 Wkhuh zhuh qr lqglfdwlrqv wkdw wkh| gursshg rxw gxh wr wkhlu sduwlflsdwlrq zlwk wkh

h{shulphqw1 Ilqdoo| 98 lqwhuylhzhuv sduwlflsdwhg < prqwkv lq wkh h{shulphqw1 Iurp wkhvh 98

lqwhuylhzhuv wkh dgguhvvhv ri wkh OIV ri wkh odvw wzr prqwkv ri hdfk zrunordg ohyho duh xvhg

lq wkh dqdo|vlv ri wkh h{shulphqw1 Wklv uhvxowhg lq d jurvv vdpsoh vl}h ri <<85 krxvhkrogv1 Lq

wdeoh <16 wkh jurvv vdpsoh lv lwhpl}hg lqwr wkh qxpehu ri krxvhkrogv ylvlwhg/ wkh qxpehu ri

krxvhkrogv qrw ylvlwhg gxh wr kljkhu zrunordg dqg wkh qxpehu ri krxvhkrogv qrw ylvlwhg gxh

wr rwkhu uhdvrqv +h1j1 looqhvv ru ydfdwlrq,1 Lw fohduo| iroorzv wkdw wkh qxpehu ri krxvhkrogv qrw

ylvlwhg lqfuhdvhv zlwk wkh zrunordg1

Jlyhq wkh jurxs ri krxvhkrogv wkdw zhuh ylvlwhg/ zh fdq vwxg| wkh h�hfw ri wkh lqwhuylhzhuv*

zrunordg rq wkhlu uhvsrqvh udwhv1 Wkhuhiruh wkh qxpehu ri ylvlwhg krxvhkrogv lv lwhpl}hg lqwr

wkh qxpehu ri ixoo| uhvsrqglqj krxvhkrogv/ sduwldoo| uhvsrqglqj krxvhkrogv dqg qrq0uhvsrqglqj

krxvhkrogv lq wdeoh <171 Lw vhhpv wkdw/ frqglwlrqdo rq wkh jurxs ri krxvhkrogv wkdw zhuh ylvlwhg/

wkhuh lv qr h�hfw ri wkh lqwhuylhzhuv* zrunordg rq wkhlu uhvsrqvh udwhv1 Wkh qxpehu ri sduwldoo|
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uhvsrqglqj krxvhkrogv lv h{wuhpho| orz vlqfh sur{| lqwhuylhzv duh doorzhg lq wkh OIV +vhh vhfwlrq

;15,1

Wdeoh <16= Jurvv vdpsoh lwhpl}hg wr gl�huhqw ohyhov ri wuhdwphqwv dqg ylvlwdwlrq dffrxqwv1

qxpehu ri krxvhkrogv

wuhdwphqw ylvlwhg qrw ylvlwhg qrw ylvlwhg gxh wrwdo

+zrunordg, gxh wr zrunordg wr rwkhu uhdvrqv

orz 5548 +<4(, 75 +5(, 4:; +:(, 5768

dyhudjh 5<38 +;:(, 439 +6(, 65; +43(, 666<

kljk 6798 +;6(, 64< +;(, 6<7 +<(, 74:;

wrwdo ;8;8 +;9(, 79: +8(, <33 +<(, <<85

Wkh qxpehuv ehwzhhq sduhqwkhvhv duh shufhqwdjhv edvhg rq wkh urz wrwdov1

Wdeoh <17= Ylvlwhg krxvhkrogv lwhpl}hg wr gl�huhqw ohyhov ri wuhdwphqwv dqg uhvsrqvh dffrxqwv1

qxpehu ri krxvhkrogv

wuhdwphqw ixoo| uhvsrqglqj sduwldoo| uhvsrqglqj qrq0uhvsrqglqj wrwdo

+zrunordg, krxvhkrogv krxvhkrogv krxvhkrogv

orz 43<6 +7<(, 75 +5(, 43;3 +7<(, 5548

dyhudjh 4788 +83(, 94 +5(, 46;< +7;(, 5<38

kljk 49<< +7<(, 8< +5(, 4:3: +7<(, 6798

wrwdo 757: +7<(, 495 +5(, 74:9 +7<(, ;8;8

Wkh qxpehuv ehwzhhq sduhqwkhvhv duh shufhqwdjhv edvhg rq wkh urz wrwdov1

Iru hdfk lqwhuylhzhu e zh kdyh revhuyhg xqghu zrunordg ohyho n/ d yhfwru sK& @ +sK&�> sK&2> sK&�,
|

wkdw uhsuhvhqwv wkh sursruwlrq ri wkh ylvlwdwlrq dffrxqw ryhu wkh wkuhh gl�huhqw fdwhjrulhv krxvh0

krogv ylvlwhg +sK&�,/ krxvhkrogv qrw ylvlwhg gxh wr zrunordg +sK&2, dqg krxvhkrogv qrw ylvlwhg

gxh wr rwkhu uhdvrqv +sK&�, gxulqj wkh odvw wzr prqwkv wkdw wkh e�wk lqwhuylhzhu zdv h{srvhg

wr wkh n�wk zrunordg ohyho1 Wkhvh sursruwlrqv duh gh�qhg dv

sK&, @
qK&,
qK&n

>

zkhuh qK&� ghqrwhv wkh qxpehu ri krxvhkrogv ylvlwhg/ qK&2 wkh qxpehu ri krxvhkrogv qrw ylvlwhg

gxh wr zrunordg dqg qK&� wkh qxpehu ri krxvhkrogv qrw ylvlwhg gxh wr rwkhu uhdvrqv1 Ixuwkhupruh

qK&n @
S�

,'� qK&, ghqrwhv wkh wrwdo qxpehu ri krxvhkrogv dvvljqhg wr wkh e�wk lqwhuylhzhu xqghu

zrunordg ohyho n1

Lq dq htxlydohqw zd| zh kdyh revhuyhg iru hdfk lqwhuylhzhu e xqghu zrunordg ohyho n d yhfwru

tK& @ +tK&�> tK&2> tK&�,
| wkdw uhsuhvhqwv wkh uhvsrqvh dffrxqw ri wkh ylvlwhg krxvhkrogv ryhu wkh
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wkuhh gl�huhqw fdwhjrulhv ri ixoo| uhvsrqglqj krxvhkrogv +tK&�,/ sduwldoo| uhvsrqglqj krxvhkrogv

+tK&2, dqg qrq0uhvsrqglqj krxvhkrogv +tK&�,1 Wkhvh sursruwlrqv duh gh�qhg dv

tK&, @
pK&,

qK&�
>

zkhuh pK&� ghqrwhv qxpehu ri ixoo| uhvsrqglqj krxvhkrogv/ pK&2 wkh qxpehu ri sduwldoo| uh0

vsrqglqj krxvhkrogv dqg pK&� wkh qxpehu ri qrq0uhvsrqglqj krxvhkrogv1 Qrwh wkdw qK&� @S�
,'�pK&,1

Vlqfh wkhvh yhfwruv uhsuhvhqw sursruwlrqv ri wkuhh fdwhjrulhv ri vrph zkroh/ wkh| duh vxemhfw

wr wkh frqvwudlqwv

�[
,'�

sK&, @ 4> sK&, � 3>
�[
,'�

tK&, @ 4> tK&, � 3= +<14,

Yhfwruv uhsuhvhqwlqj sursruwlrqv ri vrph zkroh duh fdoohg frpsrvlwlrqv1 D frqyhqlhqw zd| ri

glvsod|lqj wkh yduldelolw| ri 60sduw frpsrvlwlrqv lv zkdw lv fdoohg d whuqdu| gldjudp/ dovr fdoohg d

uhihuhqfh wuldqjoh ru d edu|fhqwulf frruglqdwh vsdfh1 D whuqdu| gldjudp lv dq htxlodwhudo wuldqjoh

zlwk xqlw dowlwxgh1 Hdfk yhuwh{ fruuhvsrqgv zlwk rqh ri wkh wkuhh sduwv ri wkh frpsrvlwlrq dqg

uhsuhvhqwv wkh srlqw zkhuh wkh frpsrvlwlrq frpsohwho| frqvlvwv ri wkdw sduw1 Wkh vlgh rssrvlwh

ri d yhuwh{ fruuhvsrqgv zlwk wkh duhd zkhuh wklv sduw grhvq*w rffxu lq wkh frpsrvlwlrq1 Wkh

sursruwlrq ri hdfk sduw ri wkh frpsrvlwlrq htxdov wkh shushqglfxodu ydoxh iurp d srlqw lq wkh

wuldqjoh wr wkh vlgh rssrvlwh wkh yhuwh{ ri wkdw sduw1 Wkh odujhu wkh sursruwlrq ri d frpsrqhqw

lv/ wkh qhduhu wkh uhsuhvhqwdwlyh srlqw lq wkh wuldqjoh olhv wr lwv fruuhvsrqglqj yhuwh{1

Iru hdfk zrunordg ohyho/ wkh frpsrvlwlrqv iru ylvlwdwlrq dqg uhvsrqvh dffrxqw duh sorwwhg lq

d whuqdu| gldjudp lq �jxuh <14 dqg <15/ uhvshfwlyho|1 Wkh �jxuhv vkrz wkdw wkh sursruwlrq ri

krxvhkrogv qrw ylvlwhg lqfuhdvhv zlwk wkh zrunordg ohyho +�jxuh <14, dqg wkdw/ frqglwlrqdo rq

wkh jurxs ri krxvhkrogv wkdw zhuh ylvlwhg/ wkh sursruwlrqv ixoo| uhvsrqglqj/ sduwldoo| uhvsrqglqj

dqg qrq0uhvsrqglqj krxvhkrogv duh qrw lq xhqfhg e| wkh zrunordg ohyho +�jxuh <15,1

Wkh frpsrvlwlrqv iru wkh ylvlwdwlrq dffrxqw dqg wkh uhvsrqvh dffrxqw fdq eh xvhg wr whvw

k|srwkhvhv 4 dqg 5 iurp vhfwlrq <151 Wkh vdpsoh vsdfh ri wkhvh 60sduw frpsrvlwlrqv lv wkh 5

glphqvlrqdo vlpsoh{1 Dlwfklvrq +4<;9,/ glvfxvvhv wkh vwdwlvwlfdo dqdo|vlv ri vxfk frpsrvlwlrqdo

gdwd1 Gxh wr wkh frqvwudlqwv jlyhq e| +<14, frpsrvlwlrqdo yhfwruv kdyh d ghjhqhudwh dqg vlqjxodu

fryduldqfh vwuxfwxuh1 Dovr wkh dvvxpswlrq ri d pxowlyduldwh qrupdo glvwulexwlrq iru frpsrvl0

wlrqv revhuyhg rq d frqvwudlqhg vsdfh/ dv wkh vlpsoh{/ lv grxewixo1 Wkhuhiruh vwdqgdug vwdwlvwlfdo

phwkrgv fdq ohdg wr glvwruwhg lqihuhqfhv1 Wr dqdo|}h frpsrvlwlrqdo gdwd zlwk vwdqgdug pxo0

wlyduldwh surfhgxuhv d fodvv ri dgglwlyh orjlvwlf qrupdo glvwulexwlrqv rq wkh vlpsoh{ lv gh�qhg

+Dlwfklvrq/ 4<;9/ Fk19,1 D frpsrvlwlrq lv vdlg wr kdyh dq dgglwlyh orjlvwlf qrupdo glvwulexwlrq/

li wkh orjudwlr wudqviruphg frpsrvlwlrqv kdyh d pxowlyduldwh qrupdo glvwulexwlrq1 Wklv orjudwlr

wudqvirupdwlrq wudqvirupv wkh 60sduw frpsrvlwlrqv iurp wkh wzr0glphqvlrqdo vlpsoh{ wr wkh wzr0

glphqvlrqdo uhdo vsdfh1 Iru wkh wlph ehlqj lw lv dvvxphg wkdw wkh fdwhjrulhv ri hdfk frpsrvlwlrq

duh vwulfwo| srvlwlyh1 Iru wkh frpsrvlwlrqv ri wkh ylvlwdwlrq dffrxqw wkh orjudwlr wudqvirupdwlrq
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A

B C

A

B C

A

B C

VISITATION ACCOUNT
A: VISITED
B: NOT VISITED DUE TO WORKLOAD
C: NOT VISITED DUE TO OTHER REASONS

TREATMENT 1: LOW WORKLOAD

TREATMENT 2: AVERAGE WORKLOAD

TREATMENT 3: HIGH WORKLOAD

47 CASES

42 CASES

32 CASES

Iljxuh <14= Whuqdu| gldjudpv ri wkh frpsrvlwlrqv iru ylvlwdwlrq dffrxqw iru hdfk zrunordg ohyho1
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A

B C

A

B C

A

B C

RESPONSE ACCOUNT
A: FULLY RESPONDING HOUSEHOLDS
B: PARTIALLY RESPONDING HOUSEHOLDS
C: NON-RESPONDING HOUSEHOLDS

TREATMENT 1: LOW WORKLOAD

TREATMENT 2: AVERAGE WORKLOAD

TREATMENT 3: HIGH WORKLOAD

Iljxuh <15= Whuqdu| gldjudpv ri wkh frpsrvlwlrqv iru uhvsrqvh dffrxqw iru hdfk zrunordg ohyho1
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lv gh�qhg dv

|K& @ +|K&�> |K&2,
| @

�
orj

�
sK&�
sK&�

�
> orj

�
sK&2
sK&�

��|
>

zkhuh %orj% ghqrwhv wkh qdwxudo orjdulwkp1 Wkh orjudwlr wudqviruphg frpsrvlwlrqv ri wkh uh0

vsrqvh dffrxqw duh htxlydohqwo| gh�qhg dv

}K& @ +}K&�> }K&2,
| @

�
orj

�
tK&�
tK&�

�
> orj

�
tK&2
tK&�

��|
=

Li wkh frpsrvlwlrqv sK& dqg tK& duh lqghshqghqw uhdol}dwlrqv iurp d el0yduldwh orjlvwlf qrupdo

glvwulexwlrq/ wkhq wkh orjudwlr wudqviruphg frpsrvlwlrqv |K& dqg }K& duh lqghshqghqw uhdol}d0

wlrqv iurp d el0yduldwh qrupdo glvwulexwlrq1 Diwhu wklv wudqvirupdwlrq/ vwdqgdug pxowlyduldwh

whfkqltxhv fdq eh dssolhg wr dqdo|}h wkh frpsrvlwlrqv iru ylvlwdwlrq dqg uhvsrqvh dffrxqwv1

Wkh orjudwlr wudqvirupdwlrq/ krzhyhu/ lv qrw gh�qhg iru frpsrvlwlrqv wkdw duh o|lqj rq wkh

hgjh ri wkh vlpsoh{/ l1h1 dw ohdvw rqh frpsrqhqw ri wkh frpsrvlwlrq lv htxdo wr }hur1 Wkh dgglwlyh

orjlvwlf qrupdo glvwulexwlrq lv d yhu|  h{leoh fodvv ri glvwulexwlrqv wr prgho frpsrvlwlrqdo gdwd/

li prvw ri gdwd gr qrw rffxu rq wkh hgjhv ri wkh vlpsoh{1 Lw iroorzv iurp �jxuhv <14 dqg <15 iru

wkh ylvlwdwlrq dffrxqw dv zhoo dv wkh uhvsrqvh dffrxqw/ krzhyhu/ wkdw d pdlq sduw ri wkh gdwd

pdvv olhv rq wkh hgjhv ri wkh vlpsoh{1 Prghov edvhg rq wkh el0yduldwh orjlvwlf qrupdo glvwulexwlrq

zloo jhqhudoo| �w vxfk gdwd sdwwhuqv srruo|1 Lw pljkw eh srvvleoh wr vhsdudwh rxw wkh }hurv e|

vrph irup ri frqglwlrqdo prgholqj1 Wkh gdwd sdwwhuq ri wkh ylvlwdwlrq dffrxqw iru h{dpsoh fdq

eh prghohg zlwk d �qlwh pl{wxuh iru wkh suredelolw| pdvv rq wkh yhuwh{ D dqg wzr xqlyduldwh

orjlvwlf qrupdo glvwulexwlrqv iru wkh gdwd wkdw rffxu rq wkh D0E dqg wkh D0F hgjhv1 Wkhq zh

duh lq wkh srvlwlrq wr frqvwuxfw d olnholkrrg ixqfwlrq fruuhvsrqglqj wr d frpsrvlwlrqdo gdwd vhw

zlwk vxfk }hur frpsrqhqwv dqg whvw sdudphwulf k|srwkhvhv1

Dq dqdo|vlv edvhg rq dq h{solflw prgholqj ri wkh }hur frpsrqhqwv lv yhu| oderulrxv1 Pruh0

ryhu/ lw iroorzv gluhfwo| iurp wkh �jxuhv <14 dqg <15 wkdw zrunordg kdv d vwurqj lq xhqfh rq wkh

ylvlwdwlrq dffrxqw dqg qhduo| qr lq xhqfh rq wkh uhvsrqvh dffrxqw1 Wkhuhiruh zh frq�qhg rxu0

vhoyhv wr d txlfnhu exw ohvv vrsklvwlfdwhg dssurdfk1 Dlwfklvrq +4<;9/ Fk144, sursrvhg d jhqhudo

surfhgxuh/ zklfk uhsodfhv }hurv e| d srvlwlyh ydoxh/ zklfk lv vpdoohu wkdq wkh vpdoohvw uhfrugdeoh

ydoxh1 Ohw � ghqrwh wkh pd{lpxp urxqglqj0r� huuru ri wkh revhuyhg frpsrvlwlrqv1 Dffruglqj

wr wklv surfhgxuh dq| G�sduw frpsrvlwlrq zlwk F }hur dqg G � F qrq0}hur frpsrqhqwv duh

uhsodfhg e| d frpsrvlwlrq lq zklfk wkh }hurv ehfrph �+F . 4,+G � F,@G2 dqg wkh srvlwlyh

frpsrqhqwv duh hdfk uhgxfhg e| �F+F . 4,@G21 Li d frpsrvlwlrqdo gdwd vhw kdv ehhq dgmxvwhg

iru }hurv/ wkhq wkh dqdo|vlv xqghu frqvlghudwlrq vkrxog eh vxemhfwhg wr vrph irup ri d vhqvlwlylw|

dqdo|vlv1 Wkhuhiruh zh vwxg| wkh h�hfw rq wkh vwdwlvwlfdo lqihuhqfh iru yduldwlrq lq wkh fkrlfh ri

� lq wkh }hur uhsodfhphqw surfhgxuh1 Dlwfklvrq +4<;9/ Fk144, sursrvhg wr uhshdw wkh dqdo|vlv

zlwklq d udqjh ri �o@8 � � � 5�o/ zlwk wkh �o wkh pd{lpxp urxqg0r� huuru1 Lq wklv dssolfdwlrq

�o @ 4( dqg zh uhshdwhg wkh dqdo|vhv zlwk � htxdo wr 315(/ 318(/ 418( dqg 5(1

Wkh frpsrvlwlrqdo gdwd iru wkh ylvlwdwlrq dqg uhvsrqvh dffrxqwv duh prghohg lq wzr pxo0

wlyduldwh olqhdu uhjuhvvlrq prghov1 Wkhq/ k|srwkhvhv 4 dqg 5 +vhfwlrq <15, duh whvwhg zlwk d
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PDQRYD1 Wkh ghshqghqw yduldeohv duh wkh orjudwlr wudqviruphg frpsrvlwlrqv |K& dqg }K&1

Wkh iroorzlqj h{sodqdwru| yduldeohv duh xvhg wr prgho wkh frpsrvlwlrqv=

41 lqwhufhsw/

51 lqwhuylhzhu +eorfn yduldeoh,> d idfwru zlwk 98 ohyhov/

61 zrunordg +wuhdwphqw,> d idfwru zlwk 6 ohyhov/

71 zrunordg duhd> d idfwru zlwk 6 ohyhov/

81 wlph shulrg> d idfwru zlwk 6 ohyhov lqglfdwlqj li wkh frpsrvlwlrq lv revhuyhg lq wkh �uvw/

vhfrqg ru wklug wkuhh0prqwk shulrg ri wkh h{shulphqw/

91 zrunordg rewdlqhg iurp rwkhu vxuyh|v> d frqwlqxrxv yduldeoh/ zklfk frqwdlqv wkh qxpehu

ri dgguhvvhv iru rwkhu vxuyh|v zhljkwhg zlwk d udwlr wkdw lqglfdwhv wkh wlph uhtxluhg wr

frpsohwh wkhvh txhvwlrqqdluhv dv frpsduhg wr d txhvwlrqqdluh ri wkh OIV/

:1 h{shulhqfh ri wkh lqwhuylhzhu> d frqwlqxrxv yduldeoh/ zklfk frqwdlqv wkh qxpehu ri prqwkv

wkdw wkh lqwhuylhzhu kdv fduulhg rxw wkh OIV1

Ilqdoo| wkh iroorzlqj prgho zdv vhohfwhg wr whvw k|srwkhvhv 4 dqg 5

Lqwhufhsw. Lqwhuylhzhu.Zrunordg.Zrunordg rwkhu vxuyh|v. Wlph shulrg=

Wkh s�ydoxh ri zrunordg rq wkh lqwhuylhzhuv* ylvlwdwlrq dqg uhvsrqvh dffrxqwv lq erwk

PDQRYD*v zdv 31334 dqg 31;:6 uhvshfwlyho|1 Wkhuhiruh lw fdq eh frqfoxghg wkdw zrunordg

kdv d vljql�fdqw h�hfw rq wkh lqwhuylhzhuv* ylvlwdwlrq dffrxqw exw qr vljql�fdqw h�hfw rq wkh

lqwhuylhzhuv* uhvsrqvh dffrxqw1 Lw dovr iroorzv wkdw wkh lqihuhqfh edvhg rq erwk PDQRYD*v zdv

qrw vhqvlwlyh iru wkh fkrlfh ri � lq wkh }hur uhsodfhphqw surfhgxuh1

9#(#! "3���� �� �������� �� ��� ,����� '���� $����


Lq wkh suhfhglqj vhfwlrq zh vdz wkdw d kljkhu zrunordg uhvxowv lq dq lqfuhdvh ri wkh sursruwlrq

ri krxvhkrogv qrw ylvlwhg1 Li wkh krxvhkrogv wkdw duh qrw ylvlwhg duh d vhohfwlyh jurxs zlwk

uhvshfw wr wkhlu wdujhw sdudphwhuv ri wkh OIV/ wkhq wkh lqwhuylhzhuv* zrunordg pljkw lq xhqfh

wkh pdlq rxwfrphv ri wkh OIV1 Wkhuhiruh zh zloo whvw k|srwkhvlv 6 iurp vhfwlrq <151 Ohw �\k @

+�\ k
� >

�\ k
2 >

�\ k
� ,

| zkhuh �\ k
� /

�\ k
2 dqg �\ k

� ghqrwhv d sdudphwhu ri wkh OIV edvhg rq gdwd froohfwhg zlwk

lqwhuylhzhuv dvvljqhg wr wkh orz/ dyhudjh dqg kljk zrunordg/ uhvshfwlyho|1 Qrz wkh k|srwkhvlv

ri qr wuhdwphqw h�hfwv lq wkh sdudphwhuv ri wkh OIV fdq eh irupxodwhg pruh irupdoo| e| +6147,

lq vhfwlrq 6161 Dffruglqj wr wkh h{shulphqwdo ghvljq ghvfulehg lq vhfwlrq <16/ wkuhh vxevdpsoh

duh rewdlqhg1 Wkh krxvhkrogv lq vxevdpsoh v� duh ylvlwhg e| lqwhuylhzhuv dvvljqhg wr wkh orz

zrunordg/ lq vxevdpsoh v2 e| lqwhuylhzhuv dvvljqhg wr wkh dyhudjh zrunordg dqg wkh krxvhkrogv

lq vxevdpsoh v� e| lqwhuylhzhuv dvvljqhg wr wkh kljk zrunordg1 Edvhg rq wkhvh wkuhh vxevdpsohv

hvwlpdwhv ri wkh sdudphwhuv ri wkh OIV revhuyhg xqghu wkh gl�huhqw zrunordgv fdq eh rewdlqhg

49:



dqg wkh k|srwkhvlv ri qr wuhdwphqw h�hfw fdq eh whvwhg xvlqj wkh ghvljq0edvhg Zdog vwdwlvwlf

sursrvhg lq fkdswhuv 6 dqg 71

Wkh dqdo|vlv surfhgxuh lv odujho| htxlydohqw wr wkh surfhgxuh ghvfulehg lq vhfwlrq ;171 Wkh

dqdo|vlv lv fduulhg rxw dw wkh krxvhkrog ohyho/ vlqfh krxvhkrogv duh wkh vdpsolqj xqlwv1 Ohw

|k��& ghqrwh wkh revhuydwlrq rewdlqhg iurp wkh l�wk lqglylgxdo iurp krxvhkrog m revhuyhg xqghu

wuhdwphqw n1 Wkhq |k�& @
S?�

�'� |
k
��& ghqrwhv wkh krxvhkrog wrwdo ri wkh q� krxvhkrog phpehuv

djhg ryhu 481 Wkhvh krxvhkrog wrwdov |k�& fdq eh prghohg zlwk d phdvxuhphqw huuru prgho/

zklfk doorzv iru lqwhuylhzhu h�hfwv +71;, zlwk prgho dvvxpswlrqv +719,/ +71:,/ +71<,/ +7143, dqg

+7144,/ vhfwlrq 7151 Wr lqfrusrudwh wkh hvwlpdwlrq surfhgxuh ri wkh OIV lq wkh dqdo|vlv ri wklv

h{shulphqw/ wkh dqdo|vlv lv edvhg rq wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Iluvw0rughu lqfoxvlrq

suredelolwlhv duh ghulyhg/ zklfk wdnh lqwr dffrxqw wkdw gl�huhqw w|shv ri dgguhvvhv duh gudzq zlwk

gl�huhqw lqfoxvlrq suredelolwlhv +vhfwlrq ;15,1 Wr dsso| wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru/ lw lv

dvvxphg wkdw wkh krxvhkrog wrwdov ri wkh lqwulqvlf ydoxhv x�& fdq eh prghohg dffruglqj wr olqhdu

uhjuhvvlrq prgho +715, zlwk prgho dvvxpswlrqv +716, dqg +717,/ vhfwlrq 7151 Iru wklv dqdo|vlv wkh

iroorzlqj zhljkwlqj vfkhph zdv dssolhg=

Djh. Vh{.Pdulwdo Vwdwxv.Uhjlrq>

zkhuh wkh irxu yduldeohv duh fdwhjrulfdo1 Wr hqvxuh d vlqjoh zhljkw iru hdfk phpehu ri wkh vdph

krxvhkrog/ wkh lqwhjudwhg phwkrg iru zhljkwlqj shuvrqv dqg idplolhv ri Ohpdñwuh dqg Gxirxu

+4<;:, lv dssolhg dv ghvfulehg lq vhfwlrq ;171

Edvhg rq wkh revhuydwlrqv rewdlqhg iurp wkh krxvhkrogv lq wkh wkuhh vxvedpsohv/ hvwlpdwhv

ri �\k duh rewdlqhg e| wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru +7149, lq vhfwlrq 7161 Wkh yduldqfhv

ri wkh wuhdwphqw h�hfwv duh hvwlpdwhg zlwk +7164,/ vhfwlrq 717/ zkhuh krxvhkrogv duh wkh h{shul0

phqwdo xqlwv dqg lqwhuylhzhuv wkh eorfn yduldeohv1 Wr whvw wkh k|srwkhvlv ri qr wuhdwphqw h�hfwv/

wkh ghvljq0edvhg Zdog vwdwlvwlf +7168,/ vhfwlrq 718 lv dssolhg1

Wkh qhw vdpsoh vl}hv ri wkh wkuhh vxevdpsohv duh jlyhq lq wdeoh <181 Wkhvh qxpehuv duh

orzhu wkdq wkh qxpehuv ri ixoo| uhvsrqglqj krxvhkrogv jlyhq lq wdeoh <17 iru wzr uhdvrqv1 Iluvw/

wkh qxpehuv ri ixoo| uhvsrqglqj krxvhkrogv lq wdeoh <17 duh edvhg rq wkh gh�qlwlrq ri Vwdwlv0

wlfv Qhwkhuodqgv* Gdwd Froohfwlrq Ghsduwphqw1 Sduw ri wkh frpsohwhg txhvwlrqqdluhv ri wkhvh

krxvhkrogv duh/ qhyhuwkhohvv/ qrw ri vx!flhqw txdolw| wr eh xvhg iru sxeolfdwlrq sxusrvhv ri

wkh OIV1 Wkhvh krxvhkrogv duh dovr h{foxghg iurp wklv dqdo|vlv1 Vhfrqg/ lq rqh eorfn wkhuh

zhuh qr uhvsrqglqj krxvhkrogv rewdlqhg lq rqh ri wkh wkuhh wuhdwphqwv dqg lq dq rwkhu eorfn

wkhuh zhuh rqo| wkuhh ixoo| uhvsrqglqj krxvhkrogv rewdlqhg lq rqh ri wkh wuhdwphqwv1 Lq wklv

vlwxdwlrq zh fdqqrw hvwlpdwh wkh srsxodwlrq yduldqfh iru wklv eorfn0wuhdwphqw frpelqdwlrq +vhh

irupxod +7164,/ vhfwlrq 717,1 Pruhryhu/ wklv wuhdwphqw lv h{wuhpho| xqghuuhsuhvhqwhg lq wklv

eorfn1 Wkhuhiruh/ doo wkh krxvhkrogv dvvljqhg wr wkhvh wzr eorfnv duh dovr h{foxghg iurp wkh

dqdo|vlv1
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Wdeoh <18= Qxpehu ri krxvhkrogv ri wkh vxevdpsohv1

zrunordg ohyho vdpsoh vl}h

orz <::

dyhudjh 4673

kljk 4863

Lw lv dvvxphg wkdw d �qlwh srsxodwlrq fhqwudo wkhruhp krogv vr wkdw wkh hvwlpdwhv ri d

srsxodwlrq sdudphwhu xqghu wkh wkuhh gl�huhqw wuhdwphqwv kdyh pxowlyduldwh qrupdo glvwulexwlrq1

Wkhq wkh Zdog vwdwlvwlf/ xqghu wkh qxoo k|srwkhvlv ri qr wuhdwphqw h�hfwv/ lv dv|pswrwlfdoo|

glvwulexwhg dv d fkl0vtxduhg udqgrp yduldeoh zlwk wzr ghjuhhv ri iuhhgrp1

Wkh Hpsor|hg Oderxu Irufh/ wkh Xqhpsor|hg Oderxu Irufh dqg Uhjlvwhuhg Xqhpsor|phqw

duh wkh pdlq sdudphwhuv ri wkh OIV/ zklfk duh dqdo|}hg lq wklv h{shulphqw1 Wkhvh sdudphwhuv

duh h{suhvvhg dv shufhqwdjhv ri wkh srsxodwlrq djhg ehwzhhq 48 dqg 981 Uhvxowv duh jlyhq lq

wdeoh <191

Wdeoh <19= Dqdo|vlv uhvxowv iru wkuhh sdudphwhuv ri wkh Gxwfk Oderxu Irufh Vxuyh|1

sdudphwhu zrunordg Zdog s�ydoxh

orz dyhudjh kljk vwdwlvwlf

Hpsor|hg Oderxu Irufh 9914 931< 9617 <148 3134

Xqhpsor|hg Oderxu Irufh 615; 619: 51:< 6139 3155

Uhjlvwhuhg Xqhpsor|phqw 5146 5156 419; 615; 314<

Rqo| wkh wkuhh hvwlpdwhv ri wkh Hpsor|hg Oderxu Irufh duh vljql�fdqwo| gl�huhqw/ dw d

vljql�fdqfh ohyho ri 31381 Lw lv qrw fohdu zk| wkh Hpsor|hg Oderxu Irufh iru wkh dyhudjh dqg

kljk zrunordg lv orzhu zlwk uhvshfw wr wkh orz zrunordg1 Wkh revhuyhg gl�huhqfhv pljkw eh d

uhvxow ri vhohfwlylw| lq wkh krxvhkrogv/ zklfk duh qrw ylvlwhg e| wkh lqwhuylhzhu1 Lq wkh suhfhglqj

vhfwlrq zh vdz wkdw wkh sursruwlrq ri krxvhkrogv wkdw duh qrw ylvlwhg lqfuhdvhv zlwk wkh zrunordg1

Vrph vhohfwlylw| lq wkh rxwfrphv ri wkh OIV pljkw eh lqwurgxfhg/ vlqfh lqwhuylhzhuv ghflgh e|

wkhpvhoyhv zklfk krxvhkrogv duh ylvlwhg dqg zklfk qrw1 Lw pljkw dovr eh dq duwlidfw/ krzhyhu/

vlqfh wkh revhuyhg h�hfw ri zrunordg rq wkh Hpsor|hg Oderxu Irufh lv qrw prqrwrqh1

9#. ����	������

Lq wklv h{shulphqw zh �uvw lqyhvwljdwhg wkh h�hfw ri wkh lqwhuylhzhuv* zrunordg rq wkhlu ylvlwdwlrq

dffrxqw/ l1h1 wkh sursruwlrq ri krxvhkrogv ylvlwhg/ qrw ylvlwhg gxh wr zrunordg/ dqg qrw ylvlwhg

iru rwkhu uhdvrqv1 Zh dovr lqyhvwljdwhg wkh lq xhqfh ri lqwhuylhzhuv* zrunordg rq wkh uhvsrqvh

dffrxqw ri wkh krxvhkrogv wkdw zhuh ylvlwhg/ l1h1 wkh sursruwlrq ri ixoo|/ sduwldoo| dqg qrq0
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uhvsrqglqj krxvhkrogv1 Iru wkh ylvlwdwlrq dffrxqw lw iroorzv wkdw wkh sursruwlrq ri krxvhkrogv

wkdw zhuh ylvlwhg ghfolqhv li wkh lqwhuylhzhuv* zrunordg lqfuhdvhv1 Lw dsshduv wkdw wkh fxuuhqw ru0

jdql}dwlrq ri Vwdwlvwlfv Qhwkhuodqgv* �hogzrun doorzv lqwhuylhzhuv wr ghflgh krz pdq| dgguhvvhv

wkh| ylvlw shu prqwk1 Li wkh qxpehu ri dgguhvvhv dvvljqhg wr dq lqwhuylhzhu h{fhhgv wkh olplw

ri wkh lqwhuylhzhuv* shuvrqdo fdsdflwlhv/ wkhq wklv uhvxowv lq dq lqfuhdvh ri krxvhkrogv wkdw zhuh

qrw ylvlwhg1 Wkh uhvsrqvh dffrxqw ri wkh krxvhkrogv wkdw zhuh ylvlwhg/ krzhyhu/ vhhpv qrw wr

eh lq xhqfhg e| wkh lqwhuylhzhuv* zrunordg1 Wkhuh duh lqglfdwlrqv wkdw wkh wdujhw sdudphwhuv

wkh OIV ri wkh krxvhkrogv wkdw duh qrw ylvlwhg duh v|vwhpdwlfdoo| gl�huhqw zlwk uhvshfw wr wkh

krxvhkrogv wkdw duh ylvlwhg1 Dv d uhvxow wklv lqwhuylhzhuv* vhohfwlrq phfkdqlvp kdv dq xqghvludeoh

lq xhqfh rq wkh rxwfrphv ri wkh OIV dqg suredeo| dovr rq rxwfrphv ri rwkhu vxuyh|v1

Iurp wkhvh uhvxowv/ lw iroorzv wkdw dq lpsuryhphqw ri wkh uhvsrqvh udwhv fdq*w eh h{shfwhg

iurp d uhgxfwlrq ri wkh lqwhuylhzhuv* zrunordg1 Wkh fdsdflw| sureohpv ri Vwdwlvwlfv Qhwkhuodqgv*

�hog vwd�/ krzhyhu/ uhvxowhg lq dq xqghvludeo| odujh sursruwlrq ri krxvhkrogv wkdw zhuh qrw

ylvlwhg1 Wkhuhiruh wkh sodqqlqj v|vwhp ri wkh �hogzrun kdv ehhq lpsuryhg lq vxfk d zd| wkdw

wkh dydlodeoh fdsdflw| ri wkh �hog vwd� lv nqrzq dw d ghwdlohg uhjlrqdo ohyho1 Edvhg rq wklv

lqirupdwlrq v|vwhp wkh vdpsoh vl}hv ri wkh vxuyh|v fdq eh dgmxvwhg li qhfhvvdu|1 Wklv vkrxog

plqlpl}h wkh sursruwlrq ri krxvhkrogv wkdw duh qrw ylvlwhg dqg wkh dffrpsdq|lqj qhjdwlyh

h�hfwv rq wkh rxwfrphv ri rxu vxuyh|v1 Uhgxflqj wkh ruljlqdo vdpsoh vl}hv xqwlo wklv pdwfk

zlwk wkh dydlodeoh lqwhuylhzhu fdsdflw|/ krzhyhu/ lv dq xqvdwlvidfwru| dqg whpsrudu| vroxwlrq1

Lq rughu wr vhwwoh wkhvh fdsdflw| sureohpv pruh shupdqhqwo|/ wkh iuhh odqfh vwdwxv ri Vwdwlvwlfv

Qhwkhuodqgv* �hog vwd� zloo eh fkdqjhg wr shupdqhqw frqwudfwv1 Wklv vkrxog pdnh wkh �hogzrun

pruh dwwudfwlyh/ zklfk hqdeohv Vwdwlvwlfv Qhwkhuodqgv wr uhfuxwh pruh �hog vwd� wkdw lv reoljdwhg

wr ylvlw d plqlpxp qxpehu ri krxvhkrogv gxulqj wkh gdwd froohfwlrq shulrg ri d vxuyh|1
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Odujh0vfdoh �hog h{shulphqwv hpehgghg lq rqjrlqj vxuyh|v duh sduwlfxoduo| dssursuldwh wr whvw

h�hfwv ri dowhuqdwlyh vxuyh| phwkrgrorjlhv rq �qlwh srsxodwlrq sdudphwhuv ri d vxuyh| lq wkh

gdlo| sudfwlfh ri rqjrlqj vdpsoh vxuyh|v1 Lq qdwlrqdo vwdwlvwlfdo lqvwlwxwhv/ vxfk h{shulphqwv duh

h{hfxwhg iru gl�huhqw sxusrvhv1 Vdpsoh vxuyh|v duh jhqhudoo| nhsw xqfkdqjhg dv orqj dv srv0

vleoh lq rughu wr frqvwuxfw wlph vhulhv ri wkh hvwlpdwhg srsxodwlrq sdudphwhuv1 Lw lv lqhylwdeoh/

krzhyhu/ wr dgmxvw wkhvh vxuyh| surfhvvhv iurp wlph wr wlph1 Lq vxfk vlwxdwlrqv/ hpehgghg

h{shulphqwv fdq eh dssolhg wr ghwhfw dqg txdqwli| wuhqg euhdnv lq wkh wlph vhulhv ri hvwlpdwhg

srsxodwlrq sdudphwhuv gxh wr qhfhvvdu| dgmxvwphqwv ri d vxuyh| surfhvv ehiruh wkh| duh lp0

sohphqwhg dv d vwdqgdug1 Dqrwkhu eurdg duhd ri dssolfdwlrqv iru hpehgghg h{shulphqwv lv wkh

uhvhdufk dlphg dw wkh lpsuryhphqw ri vdpsoh vxuyh| surfhvvhv dqg wkh txdqwl�fdwlrq ri wkh eldv

gxh wr doo nlqgv ri qrq0vdpsolqj huuruv1

Lq dq hpehgghg h{shulphqw wkh vdpsoh ri dq rqjrlqj vxuyh| lv udqgrpo| glylghg lqwr N

vxevdpsohv/ dffruglqj wr dq h{shulphqwdo ghvljq1 Jhqhudoo| wkhuh lv rqh uhodwlyho| odujh vxevdp0

soh/ zklfk lv dvvljqhg wr wkh uhjxodu vxuyh| iru uhjxodu sxeolfdwlrq sxusrvhv dqg zklfk lv dovr

frqvlghuhg dv wkh frqwuro jurxs lq wkh h{shulphqw1 Wkh uhpdlqlqj/ jhqhudoo| vpdoohu/ vxevdpsohv

duh dvvljqhg wr dowhuqdwlyh vxuyh| dssurdfkhv +wuhdwphqwv, wr eh frqgxfwhg lq sdudooho zlwk wkh

uhjxodu vxuyh|1 Edvhg rq wkh revhuydwlrqv rewdlqhg lq wkhvh N vxevdpsohv zh fdq hvwlpdwh wkh

�qlwh srsxodwlrq sdudphwhuv xqghu wkh N gl�huhqw wuhdwphqwv dqg whvw k|srwkhvhv derxw wkh

gl�huhqfhv ehwzhhq wkhvh sdudphwhu hvwlpdwhv1

Xvxdoo| pdq| shrsoh duh lqyroyhg lq frqgxfwlqj hpehgghg �hog h{shulphqwv1 Wklv hqwdlov wkh

ulvn wkdw pdq| vrxufhv ri h{wudqhrxv yduldwlrq fdq pdvn ru eldv wkh uhvxowv ri vxfk h{shulphqwv

dqg glvwruw wkh fdxvh0h�hfw uhodwlrqvkls ehwzhhq wuhdwphqwv dqg revhuyhg h�hfwv1 Lq rughu wr

plqlpl}h wkhvh ulvnv/ sulqflsohv ri h{shulphqwdo ghvljqv fdq eh dssolhg lq ghvljqlqj hpehgghg

�hog h{shulphqwv1 Sdudoohov ehwzhhq wkh wkhru| ri h{shulphqwdo ghvljqv dqg vdpsolqj wkhru| fdq

eh h{sorlwhg lq d vwudljkwiruzdug pdqqhu1 Wkh vwuxfwxuh ri wkh vxuyh| ghvljq irupv d iudphzrun

iru wkh ghvljq ri wkh h{shulphqw/ h1j1 orfdo frqwuro e| phdqv ri udqgrpl}dwlrq zlwklq vwudwd/

sulpdu| vdpsolqj xqlwv +SVX*v,/ foxvwhuv ru lqwhuylhzhuv1 Wklv uhvxowv lq hpehgghg h{shulphqwv

zlwk d vx!flhqw ghjuhh ri lqwhuqdo ydolglw|/ pdlqo| eruurzhg iurp vwdwlvwlfdo phwkrgv nqrzq

iurp h{shulphqwdo ghvljq1

Wkh sxusrvh ri hpehgghg h{shulphqwv lv wr hvwlpdwh �qlwh srsxodwlrq sdudphwhuv xqghu
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gl�huhqw wuhdwphqwv dqg wr whvw k|srwkhvhv derxw wkh gl�huhqfhv ehwzhhq srsxodwlrq sdudphwhu

hvwlpdwhv1 Wkhuhiruh wkh irupdo dqdo|vlv ri vxfk hpehgghg h{shulphqwv qhhgv wr h{solflwo| wdnh

lqwr dffrxqw wkh suredelolw| vwuxfwxuh lpsrvhg e| wkh fkrvhq vdpsolqj ghvljq/ xvhg wr gudz wkh

vdpsoh dv zhoo dv wkh udqgrpl}dwlrq phfkdqlvp ri wkh h{shulphqwdo ghvljq xvhg wr glylgh wklv

vdpsoh lqwr N vxevdpsohv1 Dq dqdo|vlv edvhg rq wkh dvvxpswlrq ri lghqwlfdo dqg lqghshqghqwo|

glvwulexwhg gdwd pljkw uhvxow lq ghvljq0eldvhg sdudphwhu hvwlpdwhv dv zhoo dv plvohdglqj yduldqfh

hvwlpdwhv/ lq d vhqvh wkdw wkh| duh lqfrpsdwleoh zlwk wkh sdudphwhu dqg yduldqfh hvwlpdwhv ri

wkh rqjrlqj vxuyh|1 Pruhryhu lw lv qrw dozd|v reylrxv krz wkh dqdo|vlv uhvxowv rewdlqhg lq vxfk d

prgho0edvhg lqihuhqfh duh uhodwhg wr wkh srsxodwlrq sdudphwhuv ri wkh vdpsoh vxuyh|1 Wklv wkhvlv

vkrzv wkdw vwdwlvwlfdo phwkrgv iurp vdpsolqj wkhru| fdq eh xvhg wr frqvwuxfw ghvljq0edvhg whvw

vwdwlvwlfv/ zklfk wdnh lqwr dffrxqw wkdw h{shulphqwdo xqlwv duh vhohfwhg iurp d �qlwh srsxodwlrq

e| vrph frpsoh{ vdpsolqj ghvljq zlwk srvvleo| xqhtxdo lqfoxvlrq suredelolwlhv dqg2ru foxvwhulqj1

Zh vwduw zlwk wkh irupxodwlrq ri phdvxuhphqw huuru prghov1 Vlqfh hpehgghg h{shulphqwv duh

dlphg wr lqyhvwljdwh gl�huhqw vrxufhv ri qrq0vdpsolqj huuruv/ wkh frqfhsw ri phdvxuhphqw huuru

prghov �wv qdwxudoo| lq d jhqhudo iudphzrun iru wkh dqdo|vlv ri vxfk h{shulphqwv1 Lq wkhvh

prghov wkh revhuydwlrqv rewdlqhg iurp wkh vdpsolqj xqlwv duh dvvxphg wr eh d uhdol}dwlrq ri

wkh lqglylgxdov wuxh dqg lqwulqvlf ydoxh frqirxqghg zlwk dq dgglwlyh wuhdwphqw h�hfw1 Wkhvh

phdvxuhphqw huuru prghov dovr doorz iru fruuhodwhg ru eldvhg uhvsrqvh gxh wr h1j1 udqgrp ru

�{hg lqwhuylhzhu h�hfwv1

Hdfk vxevdpsoh fdq eh frqvlghuhg dv d wzr0skdvh suredelolw| vdpsoh iurp d �qlwh srsxodwlrq/

zkhuh wkh ghvljq ri wkh vxuyh| vdpsoh dqg wkh h{shulphqwdo ghvljq ghwhuplqh wkh ghvljq ri wkh

�uvw dqg wkh vhfrqg skdvh/ uhvshfwlyho|1 Wkhuhiruh vwdwlvwlfdo phwkrgv iurp vdpsolqj wkhru| fdq

eh xvhg wr ghulyh ghvljq0xqeldvhg hvwlpdwruv iru wkh srsxodwlrq sdudphwhuv revhuyhg xqghu wkh

N gl�huhqw wuhdwphqwv dv zhoo dv wkh fryduldqfh pdwul{ ri wkh N � 4 frqwudvwv ehwzhhq wkhvh

sdudphwhu hvwlpdwhv1 Wklv uhvxowv lq d ghvljq0edvhg Zdog0w|sh whvw vwdwlvwlf1 Wklv Zdog vwdwlvwlf

whvwv k|srwkhvhv derxw hvwlpdwhv ri �qlwh srsxodwlrq sdudphwhuv vlqfh lw lv ghulyhg xqghu wkh

gl�huhqw phdvxuhphqw huuru prghov/ wkh suredelolw| vwuxfwxuh lpsrvhg e| wkh fkrvhq vdpsolqj

ghvljq/ dqg wkh udqgrpl}dwlrq phfkdqlvp lpsrvhg e| wkh h{shulphqwdo ghvljq1 H{suhvvlrqv iru

wkh Zdog vwdwlvwlf duh zrunhg rxw iru wkh dqdo|vlv ri frpsohwho| udqgrpl}hg ghvljqv +FUG*v,

dqg udqgrpl}hg eorfn ghvljqv +UEG*v, hpehgghg lq jhqhudo frpsoh{ vdpsolqj ghvljqv erwk

xvlqj wkh Kruylw}0Wkrpsvrq hvwlpdwru dqg wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Wkh xvh ri

wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru kdv wkh dgydqwdjh wkdw wkh zhljkwlqj vfkhph ri wkh uhjxodu

vxuyh| lv lqfrusrudwhg lq wkh dqdo|vlv ri wkh h{shulphqw1 Wklv pljkw lqfuhdvh wkh suhflvlrq ri wkh

dqdo|vlv dqg pdnh wkh dqdo|vlv/ dw ohdvw sduwldoo|/ pruh urexvw djdlqvw eldv gxh wr vhohfwlyh qrq0

uhvsrqvh1 Wkh dssolfdwlrq ri ghvljq0edvhg surfhgxuhv lq wkh dqdo|vlv ri hpehgghg h{shulphqwv

hqdeohv xv wr jhqhudol}h wkh uhvxowv ri wkh h{shulphqw iurp wkh vshfl�f vdpsoh wr wkh hqwluh

vxuyh| srsxodwlrq iurp zklfk wkh vdpsoh lv gudzq1 Lq rwkhu zrugv/ lw jxdudqwhhv d kljk ghjuhh

ri h{whuqdo ydolglw| wkdw lv pdlqo| eruurzhg iurp vwdwlvwlfdo phwkrgv nqrzq iurp vdpsolqj

wkhru|1 Wklv ohdgv wr vwdwlvwlfdo surfhgxuhv iru wkh ghvljq dqg dqdo|vlv ri hpehgghg h{shulphqwv
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wkdw frpelqh wkh lqwhuqdo ydolglw| jxdudqwhhg e| phwkrgv iurp udqgrpl}hg h{shulphqwdwlrq

zlwk wkh h{whuqdo ydolglw| rewdlqhg iurp wkh wkhru| ri udqgrpl}hg vdpsolqj1

Vlqfh wkh N vxevdpsohv duh gudzq zlwkrxw uhsodfhphqw iurp d �qlwh srsxodwlrq/ wkhuh

lv d qrq}hur ghvljq fryduldqfh ehwzhhq wkh vxevdpsoh hvwlpdwhv1 Iru wkh hvwlpdwlrq ri wklv

fryduldqfh/ zh qhhg dq revhuydwlrq xqghu hdfk ri wkh N wuhdwphqwv iru hdfk lqglylgxdo1 Vlqfh dq

lqglylgxdo lv dvvljqhg wr rqo| rqh ri wkhN wuhdwphqwv/ wkhvh sdluhg revhuydwlrqv duh qrw dydlodeoh1

Dv d uhvxow zh fdqqrw hvwlpdwh wkh fryduldqfh pdwul{ ri wkhN vxevdpsoh hvwlpdwhv1 Wkh sureohp

ri wkh plvvlqj ydoxhv lv flufxpyhqwhg e| ghulylqj dq hvwlpdwlrq surfhgxuh iru wkh fryduldqfh

pdwul{ ri wkh N�4 frqwudvwv ehwzhhq wkh N vxevdpsoh hvwlpdwhv1 Iru wkh jhqhudol}hg uhjuhvvlrq

hvwlpdwru dq dssur{lpdwho| ghvljq0xqeldvhg hvwlpdwru iru wklv fryduldqfh pdwul{ lv ghulyhg/

zklfk kdv wkh vwuxfwxuh dv li wkh vxevdpsohv duh gudzq lqghshqghqwo| iurp hdfk rwkhu1 Wkh

suredelolw| vwuxfwxuh ri wkh vdpsolqj ghvljq lv lqfrusrudwhg lq wkh yduldqfh hvwlpdwlrq surfhgxuh/

e| zhljkwlqj wkh uhvlgxdov ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru zlwk d idfwru frqwdlqlqj wkh

�uvw0rughu lqfoxvlrq suredelolwlhv ri wkh vdpsolqj ghvljq1 Qr vhfrqg0rughu lqfoxvlrq suredelolwlhv

duh uhtxluhg/ zklfk vlpsol�hv wkh dqdo|vlv frqvlghudeo|1 Wklv uhpdundeoh uhvxow lv pdlqo| d

frqvhtxhqfh ri wkh idfw wkdw zh hvwlpdwh yduldqfhv ri frqwudvwv ehwzhhq vxevdpsoh phdqv/ wkh

dvvxpswlrq wkdw wkh phdvxuhphqw huuruv ehwzhhq lqglylgxdov duh lqghshqghqw/ wkh dvvxpswlrq ri

dgglwlyh wuhdwphqw h�hfwv lq wkh phdvxuhphqw huuru prgho/ dqg wkh frqglwlrq wkdw wkh zhljkwlqj

vfkhph ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru dw ohdvw xwlol}hv wkh vl}h ri wkh �qlwh srsxodwlrq

dv dx{loldu| lqirupdwlrq1

Wkh yduldqfh hvwlpdwlrq surfhgxuh iru wkh Kruylw}0Wkrpsvrq hvwlpdwru lv doprvw htxlydohqw

wr wkh yduldqfh hvwlpdwlrq surfhgxuh iru wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Wkh plqlpxp xvh

ri dx{loldu| lqirupdwlrq lq wkh zhljkwlqj vfkhph ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru iru zklfk

wkhvh uhvxowv krog wuxh lv wkh frpprq phdq prgho +Vçuqdo hw do1/ 4<<5/ fk1 :17,1 Xqghu wklv

zhljkwlqj vfkhph wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru htxdov wkh h{whqghg Kruylw}0Wkrpsvrq

hvwlpdwru ru wkh udwlr hvwlpdwru iru d srsxodwlrq phdq/ ruljlqdoo| sursrvhg e| Kämhn +4<:4,1

Iru wkh uhjxodu Kruylw}0Wkrpsvrq hvwlpdwru d ghvljq0xqeldvhg hvwlpdwru iru wkh fryduldqfh

pdwul{ ri wkh frqwudvwv ehwzhhq wkh vxevdpsoh phdqv frqvlvwv ri wzr frpsrqhqwv1 Wkh ohdglqj

frpsrqhqw lv d gldjrqdo fryduldqfh pdwul{/ zklfk kdv wkh vdph vwuxfwxuh dv wkh fryduldqfh

pdwul{ ri wkh jhqhudol}hg uhjuhvvlrq hvwlpdwru1 Lqvwhdg ri uhvlgxdov/ revhuydwlrqv duh zhljkwhg

zlwk d idfwru frqwdlqlqj wkh �uvw0rughu lqfoxvlrq suredelolwlhv ri wkh vdpsolqj ghvljq1 Wkh vhfrqg

frpsrqhqw lv d qrq0gldjrqdo fryduldqfh pdwul{ wkdw lqyroyhv vhfrqg0rughu lqfoxvlrq suredelolwlhv1

Lw fdq eh lqwhusuhwhg dv wkh surgxfw ri wkh yduldqfh ri wkh hvwlpdwhg srsxodwlrq vl}h dqg d pdwul{

frqwdlqlqj wkh furvv surgxfwv ri wkh hvwlpdwhg wuhdwphqw h�hfwv1 Lq pdq| sudfwlfdo vlwxdwlrqv wklv

vhfrqg frpsrqhqw zloo eh }hur ru qhjoljleoh1 Wkhuh duh vhyhudo vshfldo fdvhv zkhuh wkh Kruylw}0

Wkrpsvrq hvwlpdwru frlqflghv zlwk wkh h{whqghg Kruylw}0Wkrpsvrq hvwlpdwru1 Iru h{dpsoh/

lq wkh fdvh ri d FUG hpehgghg lq d vlpsoh udqgrp vdpsolqj ghvljq/ d FUG hpehgghg lq d

vwudwl�hg vlpsoh udqgrp vdpsolqj ghvljq zlwk sursruwlrqdo doorfdwlrq/ dqg dq UEG hpehgghg
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lq d vwudwl�hg vlpsoh udqgrp vdpsolqj ghvljq xqghu doo nlqgv ri doorfdwlrqv zlwk vwudwd dv

eorfn yduldeohv1 Lq wkhvh vlwxdwlrqv wkh qrq0gldjrqdo fryduldqfh frpsrqhqw zlwk vhfrqg0rughu

lqfoxvlrq suredelolwlhv iru wkh Kruylw}0Wkrpsvrq hvwlpdwru lv htxdo wr }hur1 Lq rwkhu vlwxdwlrqv

zh fdq ljqruh wklv frpsrqhqw/ vlqfh lw zloo jhqhudoo| eh qhjoljleoh/ ru xvh wkh h{whqghg Kruylw}0

Wkrpsvrq hvwlpdwru dv dq dowhuqdwlyh1

Wkhuh duh vhyhudo vshfldo fdvhv zkhuh wkh Zdog vwdwlvwlf frlqflghv zlwk wkh whvw vwdwlvwlfv

nqrzq iurp pruh vwdqgdug prgho0edvhg dqdo|vlv surfhgxuhv1 D FUG dqdo|}hg zlwk wkh Kruylw}0

Wkrpsvrq hvwlpdwru dqg wkh srrohg yduldqfh hvwlpdwru ri wkh N vxevdpsoh phdqv jlyhv ulvh

wr d Zdog vwdwlvwlf/ zklfk/ xs wr d idfwru N � 4/ htxdov wkh I�vwdwlvwlf ri wkh DQRYD ri wkh

rqh0zd| od|rxw/ zkhuh wkh revhuydwlrqv duh zhljkwhg zlwk d idfwru frqwdlqlqj wkh �uvw0rughu

lqfoxvlrq suredelolwlhv ri wkh vdpsolqj ghvljq1 Lq fdvh ri d vhoi0zhljkwhg vdpsolqj ghvljq lw

iroorzv wkdw wkh Zdog vwdwlvwlf glylghg e| d idfwru N � 4 htxdov wkh I�vwdwlvwlf ri wkh DQRYD

ri wkh rqh0zd| od|rxw1 Lq dq htxlydohqw zd|/ iru dq UEG hpehgghg lq d vhoi0zhljkwhg vdpsolqj

ghvljq zkhuh wuhdwphqwv duh doorfdwhg sursruwlrqdoo| ryhu wkh eorfnv/ zh fdq glvwlqjxlvk wzr

srrohg yduldqfh hvwlpdwruv zklfk jlyhv ulvh wr d Zdog vwdwlvwlf/ zklfk/ xs wr d idfwru N � 4/

htxdov wkh I�vwdwlvwlf ri wkh DQRYD iru d wzr0zd| od|rxw zlwk dqg zlwkrxw lqwhudfwlrqv1 Iru

wkh dqdo|vlv ri wkh hpehgghg wzr0wuhdwphqw h{shulphqw d ghvljq0edvhg yhuvlrq ri wkh w�vwdwlvwlf

fdq eh ghulyhg dv d vshfldo fdvh iurp wkh Zdog vwdwlvwlf1 Lq wkh fdvh ri d vhoi0zhljkwhg vdpsolqj

ghvljq/ wklv whvw vwdwlvwlf uhgxfhv wr wkh Zhofk*v w�vwdwlvwlf/ uhjdugohvv wkh vhfrqg0rughu lqfoxvlrq

suredelolwlhv ri wkh vdpsolqj ghvljq1 Li wkh srrohg yduldqfh hvwlpdwru lv dssolhg xqghu d vhoi0

zhljkwhg vdpsolqj ghvljq/ wkhq wkh whvw vwdwlvwlf uhgxfhv wr wkh xvxdo prgho0edvhg w�vwdwlvwlf1

Wkh dssolfdwlrq ri dq UEG pljkw eh h!flhqw li wkh lqglylgxdov lq wkh vdpsoh fdq eh glylghg

lqwr jurxsv ru eorfnv zlwk uhodwlyho| krprjhqhrxv revhuydwlrqv/ h1j1 lqglylgxdov iurp wkh vdph

vwudwxp/ sulpdu| vdpsolqj xqlw +SVX, ru foxvwhu/ ru lqglylgxdov dvvljqhg wr wkh vdph lqwhuylhzhu1

Wkh h!flhqf| ri eorfnlqj fdq eh txdqwl�hg e| frpsdulqj wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw

h�hfwv xqghu d FUG dqg dq UEG1 Lw iroorzv wkdw li dq h{shulphqw lv hpehgghg lq vwudwl�hg/

wzr0vwdjh ru foxvwhu vdpsolqj ghvljqv/ wkh yduldqfh ehwzhhq vwudwd/ SVX*v ru foxvwhuv fdq eh

holplqdwhg iurp wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw h�hfwv li wkhvh vdpsolqj vwuxfwxuhv duh

xvhg dv eorfn yduldeohv lq dq UEG1 Iru d vwudwl�hg vdpsolqj ghvljq wklv lpsolhv wkdw wkh h!flhqf|

jdlq ri vwudwl�fdwlrq lv qxool�hg lq wkh dqdo|vlv ri dq hpehgghg h{shulphqw li wklv h{shulphqw lv

ghvljqhg dv d FUG lqvwhdg ri dq UEG zlwk vwudwd dv eorfn yduldeohv1

Li dq h{shulphqw lv hpehgghg lq d wzr0vwdjh vdpsoh/ wkhq zh fdq fkrrvh ehwzhhq wkh SVX*v

ru wkh VVX*v dv h{shulphqwdo xqlwv wr udqgrpl}h ryhu wkh wuhdwphqwv1 Vdpsolqj xqlwv zlwklq

SVX*v duh jhqhudoo| pruh krprjhqhrxv wkdq vdpsolqj xqlwv iurp gl�huhqw SVX*v1 Frqvhtxhqwo|/

lw zloo jhqhudoo| eh h!flhqw wr ghvljq vxfk h{shulphqwv dv dq UEG zlwk SVX*v dv eorfn yduldeohv

dqg wr xvh wkh vhfrqgdu| vdpsolqj xqlwv +VVX*v, dv h{shulphqwdo xqlwv1 Wklv dovr krogv iru

foxvwhu vdpsohv/ li foxvwhuv duh krprjhqhrxv1 Xvlqj foxvwhuv dv eorfn yduldeohv/ krzhyhu/ lpsolhv

wkdw foxvwhuv duh qrw frpsohwho| revhuyhg lq wkh gl�huhqw vxevdpsohv1 Dv d uhvxow/ d qrq}hur
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zlwklq0foxvwhu yduldqfh frpsrqhqw dsshduv lq wkh yduldqfh ri wkh hvwlpdwhg wuhdwphqw h�hfwv1

Wkhuhiruh lw pljkw eh h!flhqw wr xvh foxvwhuv dv h{shulphqwdo xqlwv li wkh yduldqfh ehwzhhq

foxvwhuv lv vpdoo dqg wkh yduldqfh zlwklq foxvwhuv odujh1

Wkhuh fdq eh d frq lfw ehwzhhq wkh h!flhqf| jdlq rewdlqhg e| eorfnlqj rq SVX*v ru foxvwhuv

dqg wkh sudfwlfdo dgydqwdjhv ri xvlqj SVX*v ru foxvwhuv dv h{shulphqwdo xqlwv1 Frqvlghu iru

h{dpsoh vdpsolqj ghvljqv zkhuh krxvhkrogv duh SVX*v ru foxvwhuv1 Xvlqj krxvhkrogv dv eorfn

yduldeohv zloo eh h!flhqw li wkh revhuydwlrqv ri krxvhkrog phpehuv duh kljko| fruuhodwhg +l1h1 d

kljk ghjuhh ri krprjhqhlw| zlwklq foxvwhuv,1 Gxh wr wkh qdwxuh ri wkh wuhdwphqwv/ krzhyhu/ lw

pljkw eh lqihdvleoh wr dsso| gl�huhqw wuhdwphqwv zlwklq wkh vdph krxvhkrog1

Xqghu d phdvxuhphqw huuru prgho zlwk �{hg ru udqgrp lqwhuylhzhu h�hfwv/ lw pljkw eh

h!flhqw wr xvh lqwhuylhzhuv dv eorfn yduldeohv lq dq UEG1 Wkh h!flhqf| jdlq lq wkh hvwlpdwhg

wuhdwphqw h�hfwv gxh wr wkh dssolfdwlrq ri dq UEG zlwk lqwhuylhzhuv dv eorfn yduldeohv lqvwhdg

ri d FUG frqvlvwv ri wzr frpsrqhqwv1 Wkh �uvw frpsrqhqw frqfhuqv wkh yduldqfh ri udqgrp

dqg2ru �{hg lqwhuylhzhu h�hfwv/ dv zhoo dv wkh fryduldqfh ehwzhhq �{hg lqwhuylhzhu h�hfwv dqg

wkh eorfn phdqv ri wkh wdujhw yduldeohv1 Wkh vhfrqg frpsrqhqw frqfhuqv wkh yduldqfh ehwzhhq

wkh phdqv ri wkh wdujhw yduldeohv ri wkh lqglylgxdov dvvljqhg wr wkh vdph lqwhuylhzhu1 Hvshfldoo|

lq wkh fdvh ri FDSL zkhuh lqwhuylhzhuv zrun lq vhsdudwh lqwhuylhzhu duhdv durxqg wkhlu sodfh ri

uhvlghqfh/ wklv vhfrqg whup pljkw eh vxevwdqwldo1

Wkh h{solflw prgholqj ri qrq0vdpsolqj huuruv olnh lqwhuylhzhu h�hfwv lq d phdvxuhphqw huuru

prgho hpskd}hv wkh lpsruwdqw uroh ri frqfhswv olnh udqgrpl}dwlrq ru orfdo frqwuro e| phdqv ri

eorfnlqj rq lqwhuylhzhuv1 Xqghu d phdvxuhphqw huuru prgho zlwk �{hg lqwhuylhzhu h�hfwv/ wkh

vxevdpsoh phdqv duh eldvhg zlwk d zhljkwhg dyhudjh ri wkhvh lqwhuylhzhu h�hfwv1 Lq wkh fdvh ri

dq UEG/ hdfk vxevdpsoh phdq lv eldvhg zlwk wkh vdph lqwhuylhzhu h�hfw1 Dovr lq d FUG wkhuh

lv d qrq}hur suredelolw| wkdw wkh lqglylgxdov ri hdfk lqwhuylhzhu duh dvvljqhg wr hdfk ri wkh N

wuhdwphqwv ri wkh h{shulphqw1 Wklv lpsolhv wkdw wkh ghvljq h{shfwdwlrq ri hdfk vxevdpsoh phdq

lv eldvhg zlwk wkh vdph zhljkwhg dyhudjh ri lqwhuylhzhu h�hfwv1 Wklv eldv/ frqvhtxhqwo|/ fdqfhov

rxw lq wkh frqwudvwv ehwzhhq wkhvh vxevdpsoh phdqv xqghu UEG*v dv zhoo dv FUG*v1

Ghvslwh wkhvh wkhruhwlfdo dujxphqwv wkhuh pd| eh sudfwlfdo uhdvrqv wr frqvlghu h{shulphqwv

zkhuh lqwhuylhzhuv sduwlflsdwh lq rqo| rqh ri wkh N wuhdwphqwv1 Iru h{dpsoh/ lw pljkw eh h!flhqw

wr dyrlg wkdw lqwhuylhzhuv nqrz wkdw wkh| duh sduwlflsdwlqj lq dq h{shulphqw ru wr dyrlg wkdw

rwkhu phdvxuhphqw huuruv duh lqwurgxfhg vlqfh lqwhuylhzhuv frqixvh wkh lqwhuylhzhu lqvwuxfwlrqv

iru wkh gl�huhqw wuhdwphqwv1 Xqghu d phdvxuhphqw huuru prgho zlwk �{hg lqwhuylhzhu h�hfwv/

hdfk vxvevdpsoh phdq lv eldvhg zlwk d zhljkwhg dyhudjh ri d gl�huhqw vhw ri lqwhuylhzhuv/ zklfk

grhvq*w qhfhvvdulo| fdqfho rxw lq wkh frqwudvwv ehwzhhq wkh vxevdpsoh phdqv1 Lq vxfk vlwxdwlrqv

wkh dvvljqphqw ri lqwhuylhzhuv wr wkh wuhdwphqwv vkrxog eh udqgrp wr suhfoxgh v|vwhpdwlfdo eldv

ri wkh wuhdwphqwv1

Wkh phwkrgv sursrvhg lq wklv wkhvlv duh dssolhg lq wkh dqdo|vlv ri wzr gl�huhqw h{shulphqwv

hpehgghg lq wkh Gxwfk Oderxu Irufh Vxuyh|1 Wkh �uvw h{shulphqw zdv ghvljqhg wr whvw wkh h�hfw
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ri d qhz txhvwlrqqdluh rq wkh pdlq rxwfrphv ri wklv vxuyh|1 Lq wkh vhfrqg h{shulphqw/ h�hfwv

ri lqwhuylhzhuv* zrunordg rq wkh uhsvrqvh udwhv dqg wkh rxwfrphv ri wkh OIV zhuh lqyhvwljdwhg1

Wkhvh h{dpsohv looxvwudwh vhyhudo dvshfwv1 Iluvw wkdw wkh dssolfdwlrq ri vwdqgdug prgho0edvhg

phwkrgv pd| glvwruw wkh dqdo|vlv1 Vhfrqgo| wkdw qrq0vdpsolqj huuruv fdq kdyh d vljql�fdqw

lpsdfw rq wkh dffxudf| ri wkh rxwfrphv ri d vdpsoh vxuyh|1 Wklv hpskdvl}hv wkh uhohydqfh ri

sd|lqj pxfk dwwhqwlrq wr wkh lpsuryhphqw ri vdpsoh vxuyh| surfhvvhv lq rughu wr plqlpl}h qrq0

vdpsolqj huuruv1 Lw dovr hpskdvl}hv wkh uhohydqfh ri txdqwli|lqj wuhqg euhdnv gxh wr qhfhvvdu|

dgmxvwphqwv ru d wrwdo uhghvljq ri d vdpsoh vxuyh| surfhvv1
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Khw grho ydq vwdwlvwlvfkh exuhdxv }rdov khw Fhqwuddo Exuhdx yrru gh Vwdwlvwlhn +FEV, lv khw

ehvfkulmyhq ydq xlwhhqorshqgh yhuvfklmqvhohq hq rqwzlnnholqjhq lq gh vdphqohylqj1 Glw jhehxuw

grru ddq gh kdqg ydq vwhhnsurhirqghu}rhnhq ydq glyhuvh nhqphunhq srsxodwlhwrwdohq/ jhplggho0

ghq ri iudfwlhv wh vfkdwwhq1 Rs khw FEV zrughq uhjhopdwlj jurrwvfkdoljh yhogh{shulphqwhq/ glh

}lmq lqjherxzg ri lqjhehg lq orshqgh vwhhnsurhirqghu}rhnhq/ xlwjhyrhug rp wh rqghu}rhnhq

zdw khw h�hfw lv ydq hhq ri phhughuh ddqsdvvlqjhq lq khw vxuyh|surfhv rs gh xlwnrpvwhq ydq

ghujholmnh vwhhnsurhirqghu}rhnhq1 Vwhhnsurhirqghu}rhnhq zrughq grrujddqv }r odqj prjholmn

rqjhzlm}ljg jhodwhq1 Klhugrru rqwvwddw gh prjholmnkhlg rp ydq gh jhsxeolfhhugh nhqphunhq

wlmguhhnvhq rs wh erxzhq glh rqwzlnnholqjhq grru gh wlmg khhq }r jrhg prjholmn ehvfkulmyhq1 Khw

eolmiw hfkwhu rqyhuplmgholmn rp ydq wlmg wrw wlmg khw vxuyh|surfhv rs ììq ri phhughuh rqghugh0

ohq ddq wh sdvvhq1 Lq ghujholmnh vlwxdwlhv ndq grru plggho ydq hhq jurrwvfkdolj yhogh{shulphqw

zrughq jhnzdqwl�fhhug zdw khw h�hfw lv ydq ììq ri phhughuh ddqsdvvlqjhq lq khw vxuyh|surfhv

rs gh xlwnrpvwhq ydq khw vwhhnsurhirqghu}rhn1 Rs gh}h zlm}h zrugw yrrunrphq gdw rqwzlnnh0

olqjhq glh zrughq ehvfkuhyhq grru plggho ydq wlmguhhnvhq zrughq yhuvwrrug1 Gdduqddvw zrughq

h{shulphqwhq xlwjhyrhug lq khw ndghu ydq khw rqghu}rhn qddu gh yhuehwhulqj ydq nzdolwhlw hq

h!flîqwlh ydq khw vxuyh|surfhv1

Elm hhq yhogh{shulphqw zrugw gh vwhhnsurhi ydq khw ehwuh�hqgh rqghu}rhn grru plggho ydq

hhq surhirs}hw lq N ghhovwhhnsurhyhq jhghhog1 Grrujddqv lv hu ììq uhodwlhi jurwh ghhovwhhnsurhi

glh zrugw jheuxlnw yrru khw uhjxolhuh rqghu}rhn hq whjholmn glhqw dov gh frqwurohjurhs lq khw

h{shulphqw1 Gh ryhuljh/ phhvwdo uhodwlhi nohlqhuh/ ghhovwhhnsurhyhq zrughq jheuxlnw rp gh

h�hfwhq ydq ììq ri phhughuh ddqsdvvlqjhq rs khw uhjxolhuh vxuyh|surfhv wh rqghu}rhnhq1 Rs

jurqg ydq gh ghhovwhhnsurhyhq zrughq N vfkdwwlqjhq ydq gh ehodqjulmnvwh grhosdudphwhuv ydq

khw vwhhnsurhirqghu}rhn jhpddnw/ glh }lmq jhedvhhug rs zdduqhplqjhq yhunuhjhq rqghu gh N

yhuvfkloohqgh ehkdqgholqjhq ydq khw h{shulphqw1 Rs edvlv klhuydq nxqqhq k|srwkhvhq zrughq

jhwrhwvw rpwuhqw prjholmnh yhuvfkloohq wxvvhq gh}h sdudphwhuvfkdwwlqjhq1

Elm gh xlwyrhulqj ydq yhogh{shulphqwhq }lmq hu grrujddqv hhq jurrw ddqwdo h{whuqh idfwruhq

glh khw h{shulphqw nxqqhq yhuvwruhq hq zdduyrru prhlolmn jhfrqwurohhug ndq zrughq1 Glw zrugw

phw qdph yhurru}ddnw grrugdw elm khw gdwdyhu}dpholqjvsurfhv phhvwdo yhho phqvhq ehwurnnhq

}lmq1 Klhugrru ehvwddw khw jhyddu gdw gh lqwhuqh ydolglwhlw ydq khw h{shulphqw/ gdw zlo }hjjhq

gh pdwh zddulq khw zddujhqrphq h�hfw ndq zrughq wrhjhvfkuhyhq ddq gh ehkdqgholqj/ oddj lv1
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Ydqxlw gh vwdwlvwlvfkh surhiwhfkqlhn }lmq whq ehkrhyh ydq khw rqwzhushq ydq h{shulphqwhq hhq

ddqwdo phwkrghq ehnhqg glh gh qdxznhxuljkhlg zdduphh ehkdqgholqjvh�hfwhq zrughq jhvfkdw

nxqqhq yhukrjhq hq nxqqhq yrrunrphq gdw ehkdqgholqjvh�hfwhq v|vwhpdwlvfk zrughq yhuwhnhqg

grru glh h{whuqh idfwruhq1 Elmyrruehhog udqgrplvhuhq/ khw wrhsdvvhq ydq orndoh frqwuroh grru

plggho ydq eornnhq/ khw eolqg ri gxeeho eolqg xlwyrhuhq ydq surhyhq hq khw vlpxowddq whvwhq

ydq phhughuh ehkdqgholqjhq lq ììq idfwrulîoh surhi1 Gh lqwhuqh ydolglwhlw ydq lq vwhhnsurhirqghu0

}rhnhq lqjherxzgh yhogh{shulphqwhq zrugw }r jrhg prjholmn jhzdduerujg grru ghujholmnh ph0

wkrghq xlw gh vwdwlvwlvfkh surhiwhfkqlhn wrh wh sdvvhq lq gh rqwzhusidvh ydq khw h{shulphqw1 Khw

vwhhnsurhirqwzhus elhgw gdduwrh glyhuvh ddqnqrslqjvsxqwhq/ elmyrruehhog grru vwudwd/ foxvwhuv/

sulpdluh vwhhnsurhihhqkhghq ri lqwhuylhzhuv wh jheuxlnhq dov eornyduldehohq lq gh surhirs}hw1

Khw grho ydq lq vwhhnsurhirqghu}rhnhq lqjherxzgh yhogh{shulphqwhq lv khw vfkdwwhq ydq

hlqgljh srsxodwlhsdudphwhuv glh }lmq zddujhqrphq rqghu gh yhuvfkloohqgh vxuyh|lpsohphqwdwlhv

ri ehkdqgholqjhq hq khw wrhwvhq ydq k|srwkhvhq phw ehwuhnnlqj wrw yhuvfkloohq wxvvhq gh}h

sdudphwhuvfkdwwlqjhq1 Elm hhq ghujholmnh dqdo|vhgrhovwhoolqj prhwhq gh wrhwvlqjvjurrwkhghq eh0

wuhnnlqj kheehq rs gh sdudphwhuvfkdwwlqjhq ydq khw vwhhnsurhirqghu}rhn1 Glw ehwhnhqw/ gdw elm

gh dqdo|vh h{solflhw uhnhqlqj prhw zrughq jhkrxghq phw khw ndqvphfkdqlvph ydq khw vwhhn0

surhirqwzhus zdduphh gh vwhhnsurhi xlw gh hlqgljh srsxodwlh lv jhwurnnhq hq khw ndqvphfkdqlvph

ydq khw h{shulphqw zdduphh gh vwhhnsurhi lq N ghhovwhhnsurhyhq lv yhughhog1 Hhq vwdqgddug

prgho0edvhg dqdo|vh/ jhedvhhug rs gh yhurqghuvwhoolqj gdw gh gdwd lghqwlhn hq rqdikdqnholmn

yhughhog }lmq/ ndq uhvxowhuhq lq yhunhhugh sdudphwhu0 hq yduldqwlhvfkdwwlqjhq1 Dqdo|vhuhvxowdwhq

jhedvhhug rs ghujholmnh prgho0edvhg phwkrghq }lmq grrujddqv qlhw ri prhlolmn yhujholmneddu phw

gh sdudphwhu0 hq yduldqwlhvfkdwwlqjhq }rdov glh xlw khw orshqgh vwhhnsurhirqghu}rhn nrphq1 Lq

glw surhivfkuliw }lmq ghvljq0edvhg wrhwvlqjvjurrwkhghq yrru khw dqdo|vhuhq ydq yhogh{shulphqwhq

rqwzlnnhog zdduelm uhnhqlqj zrugw jhkrxghq phw khw vwhhnsurhirqwzhus zdduphh h{shulphqwhoh

hhqkhghq }lmq jhwurnnhq xlw gh hlqgljh grhosrsxodwlh ydq khw vwhhnsurhirqghu}rhn1 Gh revhu0

ydwlhv xlw gh vwhhnsurhi zrughq jhprghoohhug phw ehkxos ydq hhq phhwirxwprgho1 Gh}h prghoohq

yhurqghuvwhoohq gdw lhghuh revhuydwlh khw uhvxowddw lv ydq hhq lqwulqvlhnh zddugh ydq gh h{shul0

phqwhoh hhqkhlg/ hhq dgglwlhi ehkdqgholqjvh�hfw/ hhq udqgrp ri ydvw lqwhuylhzhuh�hfw hq hhq

phhwirxw1 Khw grho ydq lq vwhhnsurhirqghu}rhnhq lqjherxzgh yhogh{shulphqwhq lv grrujddqv

khw rqghu}rhnhq ydq khw h�hfw ydq qlhw0vwhhnsurh�rxwhq rs gh xlwnrpvwhq ydq khw vwhhnsurhi0

rqghu}rhn1 Rp glh uhghq sdvw khw frqfhsw ydq phhwirxwprghoohq jrhg lq hhq ghvljq0edvhg

wkhrulh yrru khw dqdo|vhuhq ydq yhogh{shulphqwhq1

Lhghuh ghhovwhhnsurhi ndq zrughq rsjhydw dov hhq wzhhidvhqvwhhnsurhi xlw gh hlqgljh grho0

srsxodwlh ydq khw vwhhnsurhirqghu}rhn/ zdduelm gh hhuvwh idvh lv jhgh�qlhhug grru khw vwhhn0

surhirqwzhus hq gh wzhhgh idvh grru gh surhirs}hw1 Yhuyrojhqv nxqqhq vwdwlvwlvfkh phwkrghq

xlw gh vwhhnsurhiwkhrulh zrughq jheuxlnw yrru khw d hlghq ydq ghvljq0}xlyhuh vfkdwwhuv yrru gh

srsxodwlhsdudphwhuv zddujhqrphq rqghu gh N yhuvfkloohqgh ehkdqgholqjhq hq yrru gh frydul0

dqwlhpdwul{ ydq ghN�4 frqwudvwhq wxvvhq gh}h sdudphwhuvfkdwwhuv1 Glw uhvxowhhuw lq hhq ghvljq0
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edvhg Zdog0wrhwv zdduphh k|srwkhvhq phw ehwuhnnlqj wrw hlqgljh srsxodwlhsdudphwhuv nxqqhq

zrughq jhwrhwvw1 Xlwguxnnlqjhq yrru gh}h Zdog0wrhwvlqjvjurrwkhghq }lmq dijhohlg yrru yroohglj

jhzdugh surhyhq +FUG*v, hq eornnhqsurhyhq +UEG*v, lqjherxzg lq frpsoh{h vwhhnsurhirqw0

zhushq/ jhdqdo|vhhug phw gh Kruylw}0Wkrpsvrq0vfkdwwhu ri gh jhjhqhudolvhhugh uhjuhvvlhvfkdw0

whu1 Ghvljq0edvhg w�wrhwvlqjvjurrwkhghq yrru gh dqdo|vh ydq khw wzhhghhovwhhnsurhyhqsureohhp

yrojhq dov vshfldoh jhydoohq ydq gh uhvxowdwhq ydq gh Zdog0wrhwvlqjvjurrwkhghq1 Gh jhjhqhudol0

vhhugh uhjuhvvlhvfkdwwhu khhiw dov yrrughho gdw elm gh dqdo|vh ydq khw h{shulphqw uhnhqlqj ndq

zrughq jhkrxghq phw khw zhhjvfkhpd ydq khw vwhhnsurhirqghu}rhn1 Khw jheuxln ydq kxoslq0

irupdwlh grru plggho ydq gh jhjhqhudolvhhugh uhjuhvvlhvfkdwwhu ndq gh suhflvlh ydq gh dqdo|vh

yhukrjhq hq khw ndq gh dqdo|vh phhu urexxvw pdnhq whjhq yhuwhnhqlqj whq jhyrojh ydq vhohf0

wlhyh qrquhvsrqv1 Grru khw wrhsdvvhq ydq ghvljq0edvhg dqdo|vhphwkrghq zrugw jhqhudolvdwlh

ydq uhvxowdwhq zddujhqrphq lq khw h{shulphqw qddu gh hlqgljh grhosrsxodwlh ydq khw vwhhn0

surhirqghu}rhn ehwhu prjholmn1 Phw dqghuh zrrughq/ gdqn}lm khw wrhsdvvhq ydq ghvljq0edvhg

whfkqlhnhq xlw gh vwhhnsurhiwkhrulh ndq hhq vwhunh h{whuqh ydolglwhlw ydq yhogh{shulphqwhq zrughq

yhunuhjhq1 Glw ohlgw wrw vwdwlvwlvfkh surfhgxuhv yrru khw rqwzhushq hq dqdo|vhuhq ydq lq orshqgh

vwhhnsurhirqghu}rhnhq lqjherxzgh yhogh{shulphqwhq glh hhq }r krrj prjholmnh lqwhuqh ydolglwhlw/

jhzdduerujg yld phwkrghq xlw gh vwdwlvwlvfkh surhiwhfkqlhn/ frpelqhuhq phw hhq }r krrj pr0

jholmnh h{whuqh ydolglwhlw/ jhzdduerujg yld phwkrghq xlw gh vwhhnsurhiwkhrulh1

Rpgdw gh N ghhovwhhnsurhyhq }lmq jhwurnnhq }rqghu whuxjohjjhq xlw hhq hlqgljh srsxodwlh/

}lmq gh fryduldqwlhv wxvvhq gh ghhovwhhnsurhivfkdwwhuv rqjholmn ddq qxo1 Yrru khw vfkdwwhq ydq

gh}h fryduldqwlhv lv khw qrrg}dnholmn gdw yrru lhghu lqglylgx hhq revhuydwlh rqghu lhghuh ehkdqgh0

olqj lv yhunuhjhq1 Gh}h }rjhqddpgh jhsddugh zdduqhplqjhq }lmq hfkwhu qlhw ehvfklneddu rpgdw

lhghu lqglylgx lq khw h{shulphqw lv wrhjhzh}hq ddq vohfkwv hhq ydq ghN ehkdqgholqjhq1 Klhugrru

lv khw qlhw prjholmn rp hhq vfkdwwhu yrru gh fryduldqwlhpdwul{ ydq gh N ghhovwhhnsurhivfkdwwhuv

di wh ohlghq1 Khw sureohhp ydq gh}h rqweuhnhqgh zdduqhplqjhq lv rp}hlog grru hhq vfkdwwhu yrru

gh fryduldqwlhpdwul{ ydq gh N�4 frqwudvwhq wxvvhq gh srsxodwlhsdudphwhuvfkdwwhuv di wh ohlghq1

Yrru gh jhjhqhudolvhhugh uhjuhvvlhvfkdwwhu lv hhq elm ehqdghulqj ghvljq0}xlyhuh vfkdwwhu yrru gh}h

fryduldqwlhpdwul{ dijhohlg glh hhq vwuxfwxxu khhiw dovri gh zdduqhplqjhq rqghuolqj rqdikdqnholmn

yhughhog }lmq1 Lq gh yduldqwlhvfkdwwhuv zrugw uhnhqlqj jhkrxghq phw khw vwhhnsurhirqwzhus grru

plggho ydq hhq khuzhjlqj ydq gh zdduqhplqjhq phw hhq idfwru glh lv jhedvhhug rs gh hhuvwh

rugh lqvoxlwndqv ydq khw vwhhnsurhirqwzhus1 Rpgdw yrru gh yduldqwlhvfkdwwhuv jhhq wzhhgh rugh

lqvoxlwndqvhq qrglj }lmq/ nxqqhq gh yduldqwlhehuhnhqlqjhq ddqphunholmn zrughq yhuhhqyrxgljg1

Glw uhvxowddw zrugw rqghu dqghuh yhunuhjhq grrugdw yduldqwlhv ydq frqwudvwhq wxvvhq sdudphwhu0

vfkdwwlqjhq zrughq ehuhnhqg/ gh ddqqdph zrugw jhpddnw gdw phhwirxwhq wxvvhq lqglylgxhq rq0

ghuolqj rqdikdqnholmn }lmq/ gh ehkdqgholqjvh�hfwhq dgglwlhi }lmq hq whq plqvwh khw srsxodwlhwrwddo

dov kxoslqirupdwlh zrugw jheuxlnw lq khw zhhjvfkhpd ydq gh jhjhqhudolvhhugh uhjuhvvlhvfkdwwhu1

Gh yduldqwlhv ydq gh Kruylw}0Wkrpsvrq0vfkdwwhu nrphq lq jurwh olmqhq ryhuhhq phw glh ydq gh

jhjhqhudolvhhugh uhjuhvvlhvfkdwwhu1 Khw srsxodwlhwrwddo lv khw plqlpxp ddq kxoslqirupdwlh gdw
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lq khw zhhjvfkhpd ydq gh jhjhqhudolvhhugh uhjuhvvlhvfkdwwhu prhw }lmq rsjhqrphq rp hhq ydul0

dqwlhvfkdwwhu di wh nxqqhq ohlghq/ glh elm ehqdghulqj ghvljq0}xlyhu lv1 Rqghu glw zhhjvfkhpd fru0

uhvsrqghhuw gh jhjhqhudolvhhugh uhjuhvvlhvfkdwwhu phw gh h{whqghg Kruylw}0Wkrpsvrq0vfkdwwhu/

rrn zho ddqjhgxlg dov Kãmhnv udwlrvfkdwwhu yrru hhq srsxodwlhjhplgghogh1 Elm gh Kruylw}0

Wkrpsvrq0vfkdwwhu ehvwddw hhq vfkdwwhu yrru gh fryduldqwlhpdwul{ xlw wzhh frpsrqhqwhq1 Gh

krrigfrpsrqhqw lv hhq gldjrqddopdwul{ glh gh}hoigh yrup khhiw dov glh ydq gh jhjhqhudolvhhugh

uhjuhvvlhvfkdwwhu1 Gh wzhhgh frpsrqhqw lv hhq qlhw0gldjrqddopdwul{ zdduelm rrn wzhhgh rugh

lqvoxlwndqvhq qrrg}dnholmn }lmq1 Gh}h frpsrqhqw ndq zrughq jhòqwhusuhwhhug dov khw surgxfw ydq

gh yduldqwlh ydq khw jhvfkdwwh srsxodwlhwrwddo hq gh pdwul{ glh gh nuxlvsurgxfwhq ydq gh ehkdq0

gholqjvh�hfwhq ehydw1 Lq yhho vlwxdwlhv lv gh}h wzhhgh frpsrqhqw jholmn ddq qxo ri yhuzdduorrv0

eddu whq rs}lfkwh ydq gh krrigfrpsrqhqw1 Lq hhq ddqwdo vlwxdwlhv nrpw gh Kruylw}0Wkrpsvrq0

vfkdwwhu ryhuhhq phw gh h{whqghg Kruylw}0Wkrpsvrq0vfkdwwhu1 Elmyrruehhog lq khw jhydo ydq hhq

FUG lqjhehg lq hhq hqnhoyrxglj dvhohfw vwhhnsurhirqwzhus/ ri hhq jhvwudwl�fhhug vwhhnsurhirqw0

zhus phw sursruwlrqhoh doorfdwlh/ ri hhq UEG lqjhehg lq hhq jhvwudwl�fhhug hqnhoyrxglj dvhohfw

vwhhnsurhirqwzhus rqghu zloohnhxuljh doorfdwlhv1 Lq gh}h vlwxdwlhv lv gh qlhw0gldjrqddopdwul{ lq

jhydo ydq gh Kruylw}0Wkrpsvrq0vfkdwwhu jholmn ddq qxo1

Hu }lmq hhq ddqwdo vlwxdwlhv zddulq gh Zdog0wrhwvlqjvjurrwkhlg ryhuhhqnrpw phw wrhwvlqjv0

jurrwkhghq xlw phhu vwdqgddug prgho0edvhg dqdo|vhsurfhgxuhv1 Lq hhq ddqwdo vshfl�hnh vlwxdwlhv

ndq zrughq ddqjhwrrqg gdw gh Zdog0wrhwvlqjvjurrwkhlg/ rs hhq idfwru N � 4 qd/ ryhuhhqnrpw

phw gh I�wrhwvlqjvjurrwkhlg ydq hhq DQRYD yrru surhirs}hwwhq phw ììq ri wzhh idfwruhq1

Rs ryhuhhqnrpvwljh zlm}h }lmq hu yrru khw wzhhghhovwhhnsurhyhqsureohhp hhq ddqwdo vshfl�hnh

vlwxdwlhv zddu gh ghvljq0edvhg w�wrhwvlqjvjurrwkhlg ryhuhhqnrpw phw Zhofk*v w�wrhwvlqjvjurrw0

khlg hq gh vwdqgddug prgho0edvhg w�wrhwvlqjvjurrwkhlg1

Khw wrhsdvvhq ydq hhq UEG lv h!flîqw lqglhq gh vwhhnsurhihhqkhghq nxqqhq zrughq lqjh0

ghhog lq plq ri phhu krprjhqh jurhshq/ rrn zho eornnhq jhqddpg1 Gh yduldqwlh wxvvhq vwudwd/

sulpdluh vwhhnsurhihhqkhghq ri foxvwhuv ydq khw vwhhnsurhirqwzhus ndq xlw gh yduldqwlh ydq gh eh0

kdqgholqjvh�hfwhq zrughq jhkddog grru gh}h yduldehohq ydq khw vwhhnsurhirqwzhus wh jheuxlnhq

dov eornyduldehohq lq hhq UEG1 Klhuxlw yrojw elmyrruehhog gdw gh yduldqwlhuhgxfwlh glh zrugw

ehuhlnw phw ehkxos ydq vwudwl�fdwlh whqlhw zrugw jhgddq lqglhq hhq h{shulphqw lqjherxzg lq

hhq jhvwudwl�fhhug vwhhnsurhirqwzhus zrugw rqwzrushq dov hhq FUG1

Lqglhq hhq h{shulphqw zrugw lqjhehg lq hhq wzhhwudsvvwhhnsurhi nxqqhq }rzho gh sulpdluh

dov gh vhfxqgdluh vwhhnsurhihhqkhghq zrughq jheuxlnw dov gh h{shulphqwhoh hhqkhghq zdduryhu

jhudqgrplvhhug zrugw1 Lq yhho vwhhnsurhirqghu}rhnhq }lmq gh vhfxqgdluh vwhhnsurhihhqkhghq glh

wrw gh}hoigh sulpdluh vwhhnsurhihhqkhlg ehkruhq krprjhqhu gdq gh vhfxqgdluh vwhhnsurhihhq0

khghq dinrpvwlj ydq yhuvfkloohqgh sulpdluh vwhhnsurhihhqkhghq1 Rp glh uhghq lv khw grrujddqv

h!flîqw rp hhq lq hhq wzhhwudsvvwhhnsurhi lqjherxzg yhogh{shulphqw wh rqwzhushq dov hhq UEG/

zdduelm gh sulpdluh vwhhnsurhihhqkhghq zrughq jheuxlnw dov eornyduldehohq hq gh vhfxqgdluh

vwhhnsurhihhqkhghq dov h{shulphqwhoh hhqkhghq1 Khw}hoigh jhogw yrru foxvwhuvwhhnsurhyhq lq0
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glhq gh hohphqwhq ehkruhqgh wrw khw}hoigh foxvwhu krprjhhq }lmq whq rs}lfkwh ydq hohphqwhq eh0

kruhqgh wrw yhuvfkloohqgh foxvwhuv1 Khw jheuxlnhq ydq foxvwhuv dov eornyduldehohq lpsolfhhuw hfkwhu

gdw foxvwhuv qlhw phhu lqwhjuddo zrughq zddujhqrphq/ zddugrru gh yduldqwlh elm gh dqdo|vh ydq

khw h{shulphqw zrugw yhukrrjg phw hhq elqqhq0foxvwhuyduldqwlhfrpsrqhqw1 Khw ndq gddurp hi0

�flîqw }lmq rp foxvwhuv dov h{shulphqwhoh hhqkhghq wh jheuxlnhq lqglhq gh elqqhq0foxvwhuyduldqwlh

jurrw lv whq rs}lfkwh ydq gh wxvvhq0foxvwhuyduldqwlh1

Whjhqryhu gh wkhruhwlvfkh yrrughohq ydq gh yduldqwlhuhgxfwlh/ glh zrugw yhunuhjhq grru hhq

h{shulphqw wh rqwzhushq dov hhq UEG zdduelm sulpdluh vwhhnsurhihhqkhghq ri foxvwhuv zrughq

jheuxlnw dov eornyduldehohq/ vwddq hhq ddqwdo sudnwlvfkh eh}zduhq1 Elmyrruehhog lqglhq gh sul0

pdluh vwhhnsurhihhqkhghq ri foxvwhuv fruuhvsrqghuhq phw kxlvkrxghqv ndq khw/ dikdqnholmn ydq

gh ddug ydq gh ehkdqgholqjhq/ huj prhlolmn zrughq rp elqqhq ììq kxlvkrxghq gh yhuvfkloohqgh

ehkdqgholqjhq ydq khw h{shulphqw wrh wh sdvvhq1

Rqghu hhq phhwirxwprgho phw ydvwh ri udqgrp lqwhuylhzhuh�hfwhq ndq khw h!flîqw }lmq rp

lqwhuylhzhuv wh jheuxlnhq dov eornyduldehohq lq hhq UEG1 Gh yduldqwlhuhgxfwlh glh phw gh}h surhi0

rs}hw jhsddug jddw/ ehvwddw xlw wzhh frpsrqhqwhq1 Whq hhuvwh zrugw gh yduldqwlh ydq gh ydvwh

hq udqgrp lqwhuylhzhuh�hfwhq xlw gh yduldqwlh ydq gh ehkdqgholqjvh�hfwhq jhîolplqhhug1 Whq

wzhhgh zrugw gh wxvvhq0eornyduldqwlh ydq gh grhoyduldehohq xlw gh yduldqwlh ydq gh ehkdqgholqjv0

h�hfwhq yhuzlmghug1 Phw qdph lqglhq gh gdwdyhu}dpholqj zrugw xlwjhyrhug grru lqwhuylhzhuv glh

vwhhnsurhishuvrqhq ri 0kxlvkrxghqv lq kxq hljhq uhjlrqdoh zhunjhelhg wkxlv eh}rhnhq/ ndq glw

hhq vxevwdqwlîoh frpsrqhqw }lmq1 Hhq qdghho ydq khw jheuxln ydq lqwhuylhzhuv dov eornyduldehohq

lv gdw lhghuh lqwhuylhzhu dooh ehkdqgholqjhq ydq khw h{shulphqw prhw xlwyrhuhq1 Dikdqnholmn

ydq gh ddug ydq gh ehkdqgholqjhq ndq khw h{shulphqw zrughq yhuvwrrug grrugdw gh lqwhuylhzhu

ehkdqgholqjhq yhuzduw gdq zho hhq yrrunhxu yrru ehsddogh ehkdqgholqjhq rqwzlnnhow1 Klhu0

grru ndq v|vwhpdwlvfkh yhuwhnhqlqj lq gh sdudphwhuvfkdwwlqjhq zrughq jhòqwurgxfhhug1 Glw ndq

zrughq yrrunrphq grru lqwhuylhzhuv dvhohfw ddq hhq ehkdqgholqj wrh wh zlm}hq hq hu yrru wh

}rujhq gdw gh lqwhuylhzhuv qlhw zhwhq gdw }lm lq hhq h{shulphqw sduwlflshuhq1

Gh phwkrghq glh lq glw surhivfkuliw }lmq rqwzlnnhog/ }lmq wrhjhsdvw elm gh dqdo|vh ydq wzhh

h{shulphqwhq/ ehlghq lqjherxzg lq gh vwhhnsurhi ydq gh Hqtxíwh ehurhsvehyronlqj +HEE,1 Khw

hhuvwh h{shulphqw lv xlwjhyrhug rp wh rqghu}rhnhq zdw khw h�hfw lv ydq hhq qlhxzh yudjhq0

olmvw rs gh ehodqjulmnvwh grhoyduldehohq ydq gh HEE1 Khw wzhhgh h{shulphqw kdg dov grho rp

wh rqghu}rhnhq zdw khw h�hfw lv ydq gh zhunodvw ydq lqwhuylhzhuv/ gdw zlo }hjjhq khw ddqwdo

vwhhnsurhidguhvvhq gdw hhq lqwhuylhzhu shu pddqg nulmjw wrhjhzh}hq/ rs gh uhvsrqv hq gh eh0

odqjulmnvwh grhoyduldehohq ydq gh HEE1 Gh}h wzhh wrhsdvvlqjhq looxvwuhuhq gdw khw jheuxln ydq

vwdqgddug prgho0edvhg dqdo|vhphwkrghq ndq ohlghq wrw plvohlghqgh dqdo|vhuhvxowdwhq1 Yhughu

looxvwuhuhq ehlgh h{shulphqwhq gh jhyrholjkhlg ydq xlwnrpvwhq ydq vwhhnsurhirqghu}rhnhq yrru

qlhw0vwhhnsurh�rxwhq/ }rdov yudjhqolmvwh�hfwhq1 Glw rqghuvwuhhsw gh qrrg}ddn rp hqhu}lmgv frq0

wlqx rqghu}rhn wh grhq qddu nzdolwhlwvyhuehwhulqj ydq vxuyh|surfhvvhq whqhlqgh gh qhjdwlhyh

h�hfwhq ydq qlhw0vwhhnsurh�rxwhq wh plqlpdolvhuhq hq dqghu}lmgv gh qrrg}ddn rp h�hfwhq ydq
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ddqsdvvlqjhq lq khw vxuyh|surfhv ddq gh kdqg ydq yhogh{shulphqwhq wh nzdqwl�fhuhq rp gh

frqwlqxòwhlw ydq rsjherxzgh wlmguhhnvhq wh zdduerujhq1
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^4` Dlwfklvrq/ M1 +4<;9,1 Wkh Vwdwlvlwfdo Dqdo|vlv ri Frpsrvlwlrqdo Gdwd1 Fkdspdq ) Kdoo/

Orqgrq1

^5` Ehwkohkhp/ M1J1 +4<;;,1 Uhgxfwlrq ri qrquhvsrqvh eldv wkurxjk uhjuhvvlrq hvwlpdwlrq1 Mrxu0

qdo ri R!fldo Vwdwlvwlfv/ Yro1 7/ Qr1 6/ ss1 58405931

^6` Ehwkohkhp/ M1J1 dqg Nhoohu/ Z1J1 +4<;:,1 Olqhdu Zhljkwlqj ri Vdpsoh Vxuyh| Gdwd1 Mrxuqdo

ri R!fldo Vwdwlvwlfv/ yro1 6/ qr1 5/ ss1 47404861

^7` Elhphu/ S1S1/ Juryhv/ U1P1/ O|ehuj/ O1H1/ Pdwklrzhw}/ Q1D1 dqg Vxgpdq/ V1 +4<<4,1 Phd0

vxuhphqw Huuruv lq Vxuyh|v1 Mrkq Zloh| ) Vrqv/ Qhz \run1

^8` Frfkudq/ Z1J1 +4<::,1 Vdpsolqj Whfkqltxhv1 Mrkq Zloh| ) Vrqv/ Qhz \run1

^9` Frfkudq/ Z1J1 dqg Fr{/ J1P1 +4<8:,1 H{shulphqwdo Ghvljqv1 Mrkq Zloh| ) Vrqv/ Qhz

\run1

^:` Hiurq/ E1 dqg U1M1 Wlevkludql/ +4<<6,1 Dq Lqwurgxfwlrq wr wkh Errwvwuds1 Fkdspdq ) Kdoo/

Qhz \run1

^;` Ilhqehuj/ V1H1 dqg Wdqxu/ M1P1 +4<;:,1 H{shulphqwdo dqg Vdpsolqj Vwuxfwxuhv= Sdudoohov

Glyhujlqj dqg Phhwlqj1 Lqwhuqdwlrqdo Vwdwlvwlfdo Uhylhz/ 88/ 4/ ss1 :80<91

^<` Ilhqehuj/ V1H1 dqg Wdqxu/ M1P1 +4<;;,1 Iurp wkh lqvlgh rxw dqg wkh rxwvlgh lq= Frpelqlqj

h{shulphqwdo dqg vdpsolqj vwuxfwxuhv1 Wkh Fdqdgldq Mrxuqdo ri Vwdwlvwlfv/ Yro1 49/ Qr1 5/

ss1 46804841

^43` Ilhqehuj/ V1H1 dqg Wdqxu/ M1P1 +4<;<,1 Frpelqlqj Frjqlwlyh dqg Vwdwlvwlfdo Dssurdfkhv wr

Vxuyh| Ghvljq1 Vflhqfh/ Yro1 576/ ss 434:043551

^44` Ilhqehuj/ V1H1 dqg Wdqxu/ M1P1 +4<<9,1 Uhfrqvlghulqj wkh Ixqghphqwdo Frqwulexwlrqv ri

Ilvkhu dqg Qh|pdq rq H{shulphqwdwlrq dqg Vdpsolqj1 Lqwhuqdwlrqdo Vwdwlvwlfdo Uhylhz/

Yro1 97/ Qr1 6/ ss1 56:05861

^45` Ilvkhu/ U1D1 +4<68,1 Wkh Ghvljq ri H{shulphqwv1 Rolyhu ) Er|g1 Hglqexujk1
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^46` Iruvpdq/ J1 +4<;<,1 Hduo| Vxuyh| Prghov dqg wkhlu xvh lq Vxuyh| Txdolw| Zrun1 Mrxuqdo

ri R!fldo Vwdwlvwlfv/ Yro1 8/ Qr1 4/ ss1 740881

^47` Jhopdq/ D1/ Fduolq/ M1E1/ Vwhuq/ K1V1 dqg Uxelq/ G1E1 +4<<8,1 Ed|hvldq Gdwd Dqdo|vlv1

Fkdspdq ) Kdoo/ Orqgrq1

^48` Juryhv/ U1P1 dqg P1S1 Frxshu +4<<;,1 Qrq0uhvsrqvh lq krxvhkrog lqwhuylhz vxuyh|v1 Mrkq

Zloh| ) Vrqv/ Qhz \run1

^49` Kämhn/ M1 +4<93,1 Olplwlqj glvwulexwlrqv lq vlpsoh udqgrp vdpsolqj iurp d �qlwh srsxodwlrq1

Pdwkhpdwlfdo Lqvwlwxwh ri wkh Kxqjduldq Dfdghp| ri Vflhqfhv/ Qr1 8/ ss1 69406:71

^4:` Kämhn/ M1 +4<:4,1 Frpphqw rq d sdshu e| G1 Edvx1 Lq= Jrgdpeh/ Y1S1/ dqg Vsurww/ G1D1

+hgv1, Irxqgdwlrqv ri Vwdwlvwlfdo Lqihuhqfh1 Wrurqwr= Krow/ Ulqhkduw dqg Zlqvwrq/ s1 5691

^4;` Kdqvhq/ P1K1 dqg Kxuzlw}/ Z1Q1 +4<76,1 Rq wkh wkhru| ri vdpsolqj iurp �qlwh srsxodwlrqv1

Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv1 Yro1 47/ ss1 66606951

^4<` Kduwoh|/ K1R1 dqg Udr/ M1Q1N1 +4<:;,1 Hvwlpdwlrq ri qrqvdpsolqj yduldqfh frpsrqhqwv lq

vdpsoh vxuyh|v1 Lq Q1N1 Qdperrglul +hg1,/ Vxuyh| Vdpsolqj dqg Phdvxuhphqw/ Dfdghplf

Suhvv/ Qhz \run/ ss1 680761

^53` Kloelqn/ N1/ N1 ydq Ehunho dqg M1 ydq ghq Eudnho/ +5333,1 Phwkrgrorj| ri wkh Gxwfk Oderxu

Irufh Vxuyh|/ 4<;:04<<<1 Uhvhdufk sdshu/ ESD qu1= 55<:0330UVP/ Ghsduwphqw ri Vwdwlvwlfdo

Phwkrgv/ Vwdwlvwlfv Qhwkhuodqgv/ Khhuohq1

^54` Klqnhopdqq/ N1 dqg Nhpswkruqh/ R1 +4<<7,1 Ghvljq dqg Dqdo|vlv ri H{shulphqwv1 Mrkq

Zloh| ) Vrqv/ Qhz \run1

^55` Kruylw}/ G1J1 dqg Wkrpsvrq/ G1M1 +4<85,1 D jhqhudol}dwlrq ri vdpsolqj zlwkrxw uhsodfh0

phqw iurp d �qlwh xqlyhuvh1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq1 Yro1 7:/ ss1

99609;81

^56` Kxlvpdq/ D1H1 +4<<;,1 Prqwh Fduor phwkrgv iru wkh dqdo|vlv ri h{shulphqwv hpehgghg lq

frpsoh{ vdpsolqj ghvljqv +xqsxeolvkhg uhsruw lq Gxwfk,1 Ilqdo surmhfw iru Pdvwhu wkhvlv

dw wkh Zdjhqlqjhq Djulfxowxudo Xqlyhuvlw|1

^57` Kx|v/ K1 dqg Urrgxlmq/ M1 +4<<7,1 D qhz vxuyh| rq mxvwlfh dqg vhfxulw|1 Qhwkhuodqgv R!fldo

Vwdwlvwlfv/ Yro1 </ vsulqj 4<<7/ ss1 7:0841

^58` Mrkqvrq/ Q1O1 dqg Nrw}/ V1 +4<9<,1 Glvfuhwh glvwulexwlrqv1 Mrkq Zloh| ) Vrqv/ Qhz \run1

^59` Nhpswkruqh/ R1 +4<85,1 Wkh ghvljq dqg dqdo|vlv ri h{shulphqwv1 Mrkq Zloh| ) Vrqv/ Qhz

\run1

^5:` Nlvk/ O1 +4<98,1 Vxuyh| Vdpsolqj1 Mrkq Zloh| ) Vrqv/ Qhz \run1
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^5;` Nlvk/ O1 dqg Iudqnho/ P1U1 +4<:7,1 Lqihuhqfh iurp Frpsoh{ Vdpsohv1 Mrxuqdo ri wkh Ur|do

Vwdwlvwlfdo Vrflhw|/ E/ 69/ ss 406:1

^5<` Ohkpdqq/ H1O1 +4<:8,1 Qrqsdudphwulfv= Vwdwlvwlfdo Phwkrgv Edvhg rq Udqnv1 PfJudz0Kloo/

Qhz \run1

^63` Ohkwrqhq/ U1 dqg Sdknlqhq/ H1M1 +4<<8,1 Sudfwlfdo Phwkrgv iru Ghvljq dqg Dqdo|vlv ri

Frpsoh{ Vxuyh|v1 Mrkq Zloh| ) Vrqv/ Qhz \run1

^64` Ohpdñwuh/ J1 dqg Gxirxu/ M1 +4<;:,1 Dq Lqwhjudwhg Phwkrg iru Zhljkwlqj Shuvrqv dqg

Idplolhv1 Vxuyh| Phwkrgrorj|/ Yro1 46/ ss1 4<<053:1

^65` Pdkdodqrelv/ S1F1 +4<79,1 Uhfhqw h{shulphqwv lq vwdwlvwlfdo vdpsolqj lq wkh Lqgldq Vwdwlv0

wlfdo Lqvwlwxwh1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Yro1 43</ ss1 65806:31

^66` Ploohu/ U1J1 +4<;9,1 Eh|rqg DQRYD/ Edvlfv ri Dssolhg Vwdwlvwlfv1 Mrkq Zloh| ) Vrqv/ Qhz

\run1

^67` Prulvvrq/ G1I1/ +4<<3,1 Pxowlyduldwh Vwdwlvwlfdo Phwkrgv1 PfJudz0Kloo/ Vlqjdsruh1

^68` Qh|pdq/ M1 +4<67,1 Rq wkh wzr gl�huhqw dvshfwv ri wkh uhsuhvhqwdwlyh phwkrg= wkh phwkrg

ri vwudwl�hg vdpsolqj dqg wkh phwkrg ri sxusrvlyh vhohfwlrq1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo

Vrflhw|/ Yro1 <:/ ss1 88;09581

^69` R*Pxlufkhduwdljk/ F1 +4<<:,1 Fdvp= Vxffhvvhv/ ^Idloxuhv/` dqg Srwhqwldo1 Phwkrgrorj| Lq0

vwlwxwh Orqgrq Vfkrro ri Hfrqrplfv dqg Srolwlfdo Vflhqfh1

^6:` Qlhxzhqeurhn/ Q1M1 +4<<6,1 Dq Lqwhjudwhg Phwkrg iru Zhljkwlqj Fkdudfwhulvwlfv ri Shu0

vrqv dqg Krxvhkrogv xvlqj wkh Jhqhudol}hg Uhjuhvvlrq Hvwlpdwru1 Uhvhdufk sdshu/ ESD

qu1= ;7780<60P4/ Ghsduwphqw ri Vwdwlvwlfdo Phwkrgv/ Vwdwlvwlfv Qhwkhuodqgv/ Khhuohq1 Mrkq

Zloh| ) Vrqv/ Qhz \run1

^6;` Vçuqgdo/ F1H1 dqg Vzhqvvrq/ E1 +4<;:,1 D jhqhudo ylhz ri hvwlpdwlrq iru wzr skdvhv ri

vhohfwlrq zlwk dssolfdwlrq wr wzr0skdvh vdpsolqj dqg qrquhvsrqvh1 Lqwhuqdwlrqdo Vwdwlvwlfdo

Uhylhz/ Yro 88/ Qr1 6/ ss1 5:<05<71

^6<` Vçuqgdo/ F1H1/ Vzhqvvrq/ E1 dqg Zuhwpdq/ M1 +4<<5,1 Prgho Dvvlvwhg Vxuyh| Vdpsolqj1

Vsulqjhu0Yhuodj/ Qhz0\run1

^73` Vhduoh/ V1U1 +4<:4,1 Olqhdu Prghov1 Mrkq Zloh| ) Vrqv/ Qhz \run1

^74` Vfkh�ì/ K1 +4<8<,1 Wkh Dqdo|vlv ri Yduldqfh1 Mrkq Zloh| ) Vrqv/ Qhz \run1

^75` Vkdr/ M1 dqg Wx/ G1 +4<<8,1 Wkh Mdfnnqlih dqg Errwvwuds1 Vsulqjhu Yhuodj/ Qhz \run1

^76` Vnlqqhu/ F1M1/ Krow/ G1 dqg Vplwk/ W1P1I1 +4<;<,1 Dqdo|vlv ri Frpsoh{ Vxuyh|v1 Mrkq Zloh|

) Vrqv/ Qhz \run1
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^77` Ydq ghq Eudnho/ M1D1 +5334,1 H�hfwv ri lqwhuylhzhuv* zrunordg rq wkh Gxwfk Oderxu Irufh

Vxuyh|1 Uhvhdufk sdshu +ESD qr1 4;4:0340WPR,/ Ghsduwphqw ri Vwdwlvwlfdo Phwkrgv/ Vwd0

wlvwlfv Qhwkhuodqgv1

^78` Ydq ghq Eudnho/ M1D1 dqg Elqghu/ G1 +5333,1 Yduldqfh hvwlpdwlrq iru h{shulphqwv hpehgghg

lq frpsoh{ vdpsolqj vfkhphv1 Surfhhglqjv ri wkh Mrlqw Vwdwlvwlfdo Phhwlqjv/ Vhfwlrq rq

Vxuyh| Uhvhdufk Phwkrgv/ Lqgldqdsrolv 5333/ Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ss1 ;380

;431

^79` Ydq ghq Eudnho/ M1D1/ Oxsshv/ P1 dqg Prulw}/ J1 +4<<8,1 Whvwlqj h�hfwv ri lqiruphg frqvhqw

lq wkh Qdwlrqdo Wudyho Vxuyh|1 Qhwkhuodqgv R!fldo Vwdwlvwlfv/ Yro1 43/ zlqwhu 4<<8/ ss1 6:0

761

^7:` Ydq ghq Eudnho/ M1D1 dqg Uhqvvhq/ U1K1 +4<<8,1 Dssolfdwlrq ri h{shulphqwdo ghvljqv dw

vwdwlvwlfdo exuhdx*v1 Uhvhdufk sdshu +ESD qr1= 87760<80UVP,/ Ghsduwphqw ri Vwdwlvwlfdo

Phwkrgv/ Vwdwlvwlfv Qhwkhuodqgv1

^7;` Ydq ghq Eudnho/ M1D1 dqg Uhqvvhq/ U1K1 +4<<9d,1 Dssolfdwlrq ri h{shulphqwdo ghvljqv lq

vxuyh| phwkrgrorj|1 Surfhhglqjv ri wkh Lqwhuqdwlrqdo Frqihuhqfh rq Vxuyh| Phdvxuhphqw

dqg Surfhvv Txdolw|/ Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ss1 48404891

^7<` Ydq ghq Eudnho/ M1D1 dqg Uhqvvhq/ U1K1 +4<<9e,1 Wkh dqdo|vlv ri wkh wzr0vdpsoh sureohp

hpehgghg lq frpsoh{ vdpsolqj ghvljqv1 Uhvhdufk sdshu +ESD qr1 435:0<90UVP,/ Ghsduw0

phqw ri Vwdwlvwlfdo Phwkrgv/ Vwdwlvwlfv Qhwkhuodqgv1

^83` Ydq ghq Eudnho/ M1D1 dqg Uhqvvhq/ U1K1 +4<<9f,1 Wkh dqdo|vlv ri frpsohwho| udqgrpl}hg

ghvljqv hpehgghg lq frpsoh{ vdpsolqj ghvljqv1 Uhvhdufk sdshu +ESD qr1 ;3<30<90UVP,/

Ghsduwphqw ri Vwdwlvwlfdo Phwkrgv/ Vwdwlvwlfv Qhwkhuodqgv1

^84` Ydq ghq Eudnho/ M1D1 dqg Uhqvvhq/ U1K1 +4<<:,1 Ghvljq dqg dqdo|vlv ri h{shulphqwv hp0

ehgghg lq frpsoh{ vdpsoh vxuyh|v1 Surfhhglqjv ri Vwdwlvwlfv Fdqdgd V|psrvlxp <:/ %Qhz

Gluhfwlrqv lq Vxuyh|v dqg Fhqvxvhv%/ ss1 6;806;;1

^85` Ydq ghq Eudnho/ M1D1 dqg Uhqvvhq/ U1K1 +4<<;,1 Ghvljq dqg dqdo|vlv ri h{shulphqwv hp0

ehgghg lq vdpsoh vxuyh|v1 Mrxuqdo ri R!fldo Vwdwlvwlfv/ Yro1 47/ Qr1 6/ ss1 5::05<81

^86` Ydq ghq Eudnho/ M1D1 dqg Uhqvvhq/ U1K1 +4<<<,1 Whvwlqj H�hfwv ri Lqfhqwlyhv dqg d Frq0

ghqvhg Txhvwlrqqdluh rq Uhvsrqvh Udwhv1 Qhwkhuodqgv R!fldo Vwdwlvwlfv/ Yro1 47/ vxpphu

4<<</ ss1<0451

^87` Ydq ghq Eudnho/ M1D1 dqg Uhqvvhq/ U1K1 +5333,1 D �hog h{shulphqw wr whvw h�hfwv ri dq

lqfhqwlyh dqg d frqghqvhg txhvwlrqqdluh rq uhvsrqvh udwhv lq wkh Qhwkhuodqgv Ihuwlolw| dqg

Idplo| Vxuyh|1 Uhvhdufk lq R!fldo Vwdwlvwlfv/ Yro1 6/ Qr1 4/ ss1 880961
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^88` Ydq ghq Eudnho/ M1D1 dqg Ydq Ehunho/ F1 +5333,1 Whvwlqj h�hfwv ri d qhz txhvwlrqqdluh lq

wkh Gxwfk Oderxu Irufh Vxuyh|1 Uhvhdufk sdshu +ESD qr1 6:350330UVP,/ Ghsduwphqw ri

Vwdwlvwlfdo Phwkrgv/ Vwdwlvwlfv Qhwkhuodqgv1

^89` Zdog/ D1 +4<76,1 Whvwv ri vwdwlvwlfdo k|srwkhvhv frqfhuqlqj vhyhudo sdudphwhuv zkhq wkh

qxpehu ri revhuydwlrqv lv odujh1 Wudqv1 Dphulfdq Pdwkhpdwlfdo Vrflhw|/ 87/ ss1 75907;51
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Mdq ydq ghq Eudnho zdv eruq rq Pd| 48/ 4<99 lq Edduq/ wkh Qhwkhuodqgv1 Iurp 4<:; wr

4<;5 kh dwwhqghg Orzhu Djulfxowxudo Yrfdwlrqdo Hgxfdwlrq lq Qlmnhun dqg iurp 4<;5 wr 4<;8

Lqwhuphgldwh Djulfxowxudo Yrfdwlrqdo Hgxfdwlrq lq Xwuhfkw1 Lq 4<;8 kh vwduwhg vwxg|lqj Iruhvwu|

dw wkh Froohjh iru Iruhvwu| dqg Odqg dqg Zdwhu Pdqdjhphqw lq Yhos1 Kh zurwh klv edfkhoru*v

wkhvlv lq uxudo hvwdwh pdqdjhphqw dqg uhfhlyhg klv Edfkhoru ri Vflhqfh ghjuhh lq Iruhvwu| lq 4<;<1

Wkh vdph |hdu kh vwduwhg vwxg|lqj Elrphwulfv dw Zdjhqlqjhq Djulfxowxudo Xqlyhuvlw|1 Kh zurwh

klv pdvwhu*v wkhvlv lq vwdwlvwlfv %Ghqgurfkurqrorj|/ Vwdwh0Vsdfh Prghov dqg wkh Ndopdq Ilowhu%

lq 4<<51 Wklv uhvhdufk zdv frqgxfwhg lq frrshudwlrq zlwk NHPD Hqylurqphqwdo Vhuylfhv1

Lq wkh vdph |hdu kh uhfhlyhg klv Pdvwhu ri Vflhqfh ghjuhh lq Elrphwulfv +fxp odxgh,1 Diwhu

judgxdwlrq kh vwduwhg dv uhvhdufk ihoorz dw wkh Lqwhuxqlyhuvlw| Fhqwuh iru Vrfldo Vflhqfh Wkhru|

dqg Phwkrgrorj| +LFV, dw Xwuhfkw Xqlyhuvlw| zkhuh kh glg uhvhdufk rq vwdwlvwlfdo phwkrgv iru

wkh dqdo|vlv ri frpsrvlwlrqdo gdwd1 Vlqfh 4<<7 kh lv hpsor|hg dw wkh Ghsduwphqw ri Vwdwlvwlfdo

Phwkrgv ri Vwdwlvwlfv Qhwkhuodqgv zkhuh kh frqgxfwv uhvhdufk dqg frqvxowdqf| zrun lq wkh duhdv

ri vdpsolqj wkhru|/ ghvljq dqg dqdo|vlv ri h{shulphqwv dqg pxowlyduldwh gdwd dqdo|vlv1 Kh lv

dovr lqyroyhg lq vwdwlvwlfdo dxglwlqj surmhfwv1 Lq 5334 kh �qlvkhg klv Sk1G1 wkhvlv rq %Ghvljq

dqg Dqdo|vlv ri H{shulphqwv Hpehgghg lq Frpsoh{ Vdpsoh Vxuyh|v%/ zklfk lv edvhg rq klv

uhvhdufk dqg frqvxowdqf| zrun rq h{shulphqwdo ghvljq dw Vwdwlvwlfv Qhwkhuodqgv1
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