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Summary: When observations in a survey are missing, one may use single imputation (SI) or
multiple imputation (M) for filling in the missing data. Using Kalman equations, we derive
straightforward formulas for the total imputation variance for several imputation methods
commonly used in regression analysis and (un)equal probability sampling without
replacement. From these formulas it emerges that, in general, there is no necessity for taking
parameter uncertainty into account. The paper proposes a new Ml method which provides
improved efficiency compared to the standard MI method for combining variances. Examples
of the regression estimator for the unemployment rate and a simulation study are carried out
to illustrate the theoretical results. The paper also discusses the important role of the
underlying data model. It is shown that for some data patterns Ml yields confidence intervals
with undercoverage when estimating a ratio while Sl and the new MI method produce valid
confidence intervals. Obviously, these results are relevant for external users of imputed
datasets as well. By providing several applications a better understanding of Ml and SI may
arise, including the three conditions for proper Mi.

Key words: Confidence intervals; deterministic ratio imputation; g-weights; missing covariates;
regression estimator; self-efficiency; unequal probability sampling.
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2.1

Introduction

Since nonresponse in many surveys is increasing, imputation methods are important for making
correct statistical inferences. In particular, this holds for national statistical offices (NSOs), that
have a long tradition with imputation [e.g., Deville and Sarndal (1994) and De Waal et al. (2011)].
Comprehensive overviews of imputation methods are given in Murray (2018) and Chen and
Haziza (2019). The main aim of this paper is to examine the impact of single imputation (SI) and
multiple imputation (Ml) on the variances of commonly used estimators by using explicit
variance formulas, in particular for the variance of the widely used regression estimator of a
population mean. This kind of insight is important not only for statistical agencies but also for
external users (or analysts) of imputed datasets.

The outline of the paper is as follows. Section 2 introduces some notation and describes the Ml
method, including when sampling from a finite population. Furthermore, the three essential
requirements for proper Ml are explained in frequentist terms. Using Kalman equations,
section 3 derives straightforward variance formulas applicable to several imputation methods,
including hotdeck imputation. These formulas are in line with the Ml results in Schenker and
Welsh (1988), Wang and Robins (1998) and Kim (2004) who examined more specific situations.
Section 4 examines SI methods as hotdeck which is important for discrete variables. It emerges
that for other imputation methods than Rubin’s (1987) Ml there are no frequentist reasons for
accounting for uncertainty of estimated parameters. Further, we propose a new M|l method with
improved efficiency. To illustrate the merits of Sl and M, section 5 compares the 95% confidence
intervals for several S| and MI methods. Section 6 derives variance formulas for the regression
estimator after using imputations. To illustrate the formulas, the section gives several examples
of the regression estimator of the unemployment rate after using Ml, hotdeck and the new Ml
method. Besides, a simulation study is conducted. Section 6 also pays attention to unequal
probability sampling without replacement, and g-weights in the case of nonresponse. Section 7
discusses Ml when estimating a ratio and the important role of the underlying data model. It
emerges that for some data patterns Rubin’s Ml yields confidence intervals with undercoverage
while SI and the new MI method work well. Section 7 also examines deterministic ratio
(regression) imputation for the Horvitz-Thompson (HT) estimator as proposed by Deville and
Sarndal (1994) and shows that the ratio (regression) estimator has a smaller variance in such
cases. Section 8 briefly discusses missing covariates and section 9 summarizes the main
conclusions.

MI from a Frequentist Perspective

Notation and a Single MI Step

To explain the Bayesian MI method from a frequentist point of view, consider a sample s of n
independent drawings Y3, ..., ¥, from the normal distribution N (i, 62). Suppose that a simple
random subsample (say s,-) of p drawings is available and that g drawings are missing

(p + q = n); this is often called missing completely at random (MCAR). The quantities p and g
are fixed. For more notational convenience, denote the p observations by y;, ..., 3, and the
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2.2

mis

missing values by y;'}'5, o, Y. Lety, and 532;1 be defined by y, = Z§=1 y;/l and

—\2
s}z,l = Z§=1 (yi - yl) /(1—=1) (1 =2,3,..). Now almost similarly to the Bayesian approach of
Rubin (1987, 83), consider the following q imputations

ViEV,tvtw (i=p+1..,n), (2.1)

where v and the u; are mutually independent drawings with v ~ N (0, sjz,p/p) and
u; ~ N(O, s}z,p). In Ml terms, v reflects the uncertainty of ip. Note that from a frequentist point
of view the random v is desirable to avoid that imputations are centered too much at ip instead
of u leading to a biased estimator 332,,1 for 2. Moreover, writing y; = p + &; (i < p) and

mis

Y™ = u+ ¢ (i > p) where g; ~ N(0,52), we have y/™s = Yy

- Ep + &i.
Further, it follows from (2.1) that the (unbiased) estimator y,, for u can be written as
Yo=Y, te (2.2)

where e = q(v +ug)/nwithu, = Z?:,,H u;/q. The variance of y,, is

var(y,) =varE (¥, |s;) + Evar(e|s,)

2 2 2
_ qgc- (1 1 o qo
= var(yp) +E {n—z <; + E)sz,p} = ? + E (2.3a)
When comparing Sl and M, it is useful to write (2.3a) as
(_)_02+2q02_02+2 © (2.3b)
varyn—n . n var(e). .

where we used 1/p = 1/n + q/np. In addition, we get E(sjz,n) = 02 because

L 2 2

B = Dsin = {0 =D+ > (%-7,) —n(7,-7,)
i=p+1
=(p—1)02+q(1+1>02—£(1+1>02=(n—1)02, (2.4)

p ni\p ¢
where we usedy, — ip = e; see (2.2). An unbiased estimator for var (?n) can be obtained from
(2.3b) by replacing g by s3,, or s3,. Hence, the 95% confidence interval for y is
Vo x 1.96synm almost just as in a complete-data situation (p, n > 1); in the
remainder of this paper we assume that there exists a ¢ such that p/n > ¢ > 0. When in
practice the y; are not normal, the u; in (2.1) can be drawn with replacement from
{m — yp, e Vp — yp}. This does not really affect the above results provided that p is sufficiently
large so that ip is normal; also see section 4. Finally, it should be noted that throughout this
paper E(.), var(.) and plim(.) are frequentist operators with respect to the sampling design and
additional drawings in the case of missing observations.

The MI Method and Rubin's Rule for Combining Variances
Now we explain the major differences between a single Ml step and the MI method:
A. Instead of sf,p in the above imputations Rubin (1987, 83) uses s;% defined by
Sy5 = Syp(p — 1)/1y—1 Where 1,,_; is a drawing from a y2-distribution with p — 1 degrees of

freedom. This specific modification in his Bayesian approach is a consequence of the fact that
his prior distribution for (i, 62) has density proportional to 6~2. From a Bayesian perspective
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the imputations ¥4, -.., ¥, thus obtained can be seen as drawings from the posterior
distribution of the missing data.

B. The most important difference is that the above imputation procedure is to be repeated m
times, with new independent drawings from the aforementioned distributions, including
Ty_q1. This leads to new sample means (say inj), sample variances (say sjzmj) and imputation
noise (say e;) in the jth step (j = 1, ..., m). In Rubin’s notation this leads to estimators Q;

(= ?nj = yp + e;) for u and the associated customary variance estimators ﬁj (= szj/n).

In practice, the average (say 5m) of the aj can be seen as the Ml estimator for u. Following
Rubin (1987, 91), the variance of (1 — @,,,) can be estimated by

T = Up + (1 +1/m)B,y,, (2.5)

where the within-imputation variance ﬁm and the between-imputation variance B,,, are defined
by U,, = Z;-n:l ﬁj/m and B,,, = Z;-nzl(@ — am)z/(m — 1). From a Bayesian perspective, 600
and Ty, are the mean and variance of the posterior distribution of u given y,, ..., y, provided that
the prior distribution of (y, 02) has density proportional to ¢~2. Noting that @j, ﬁj and B,, can

also be seen as random variables in a frequentist sense, it holds that E (U} | s;éj = 02) =d%/n

and since @j —ip =ej = q(vj + uq;)/n, we get

E|\B 2. =¢g?%)= *2_2__q02_1 1) 42 2.6
(mlsypj—a)—var(ejlsypj—a)—np— ;_E o°. (2.6)
By (2.6), the expectation of the variance in (2.5) conditional on S;éj =0%is
1 m+1 1 q
2 _ 2) (= 2 _ [ = 2
E(Tmlsypj—a )_<n+ p q)a <p+ np)a , (2.7)

which equals the variance in (2.3) when m = 1. However, noting that E(s;3 | s,) > 0% because
according to Jensen’s inequality E (1, | s,) > 1/E (1,1 | s), a practical disadvantage of
Rubin’s approach appears to be that the variance estimator in (2.5) may yield a substantial
overestimate of the actual variance of 6m in small samples.

Example 2.1. In this example, we look more closely at the consequences of the drawings from a

x?-distribution when p is small. Noting that s35 /a2 follows Fisher’s F, ,-distribution with

a=b=p—1,wehaveE (s;%) = 0?(p — 1)/(p — 3). Now choosing, for example, p = 4 and

q =1, wegetE (s;3) = 302. Consequently, formula (2.4) changes into

E{(n — 1)sf,} = (p — 1+ 3q)o? = 60°. Hence, E(s)5) = 1.50” and E(U;) = 652/20. Since
E(Bm) =EE (B | s5%) = Evar(e; | s33) = 3q0?/np = 302 /20,

we get E (T,,) = E(ﬁm + By,) = 902 /20 (m > 1) which means an overestimation of

var(aoo) = 02 /4 by 80%; note that we used aw = E(@j | ) = ip. Forp = q = 4, itis almost

160%. To avoid this kind of problem, it should hold that p,n > 1 so that E(SJ*,%) ~o%a~b

indicates that a/b tends to unity as n — oo.

This example with a very small n also gives insight into some important properties of the
Bayesian approach. Although the prior density used here is convenient for calculations in the
Bayesian approach, this example seems to require a different prior. Further, the prior density
becomes irrelevant when more data become available. Also, note that

var(s;% | s,) > var(sf,p | s-). Next, we conclude this section with some general remarks:

1. Since 6m =y, * em and plim(e;,) = 0, we have pIim(am) =y, asm — . Thatis, the

efficiency of 5m is increasing as m increases. Also recall that the t-value is decreasing (Rubin,
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2.3

1987, 77) so that confidence intervals become shorter. Note that Ml yields valid confidence
intervals only if the posterior variance Ty, of (1 — 500) is in expectation equal to the
frequentist variance ofaoo (= yp). Thatis, E (Ty) = 0?/p (p,n > 1).

Several years after the introduction of MI Rubin and Schenker (1986) proposed to include in
(2.5) the additional variance component B,,, /m as a small sample correction; for a Bayesian
justification of this component, see Rubin (1987, 89). However, from a frequentist viewpoint
B,,,/m just stands for an estimate of var(e,,); recall am =y, tem

Apart from E(e;) = 0 and E (s, ;
imputation according to Rubin (1996) in the present notation is var(e;) = qo?/np

) = 02 a third essential requirement for proper multiple

(p,n > 1). Denote these three requirements by Ry, R, and R5, respectively. R3 can be
derived in a frequentist manner as follows. By definition, E(T.,) = E(Uc) + E(Bs). As we
have seen in remark 1, E(T,) = 02 /p and by R,, E(U;) = 02 /n. Hence, E(B,) = qo?/np.
Since by construction, E(B) = var(e;), we get var(e;) = qo?/np. So from a frequentist
viewpoint the underlying parameter B to be estimated by B,, can be defined by

B =var(y,) —var(y,) = qo?/np and R3 amounts to E(By,) = B; Y, stands for the sample
mean in the complete-data case. More generally, when 8 is the parameter to be estimated
and E(§p) = E(B,) = 0, B is defined similarly by B = var(gp) — var(8;) and R; becomes
var(@j | s;) = B; Ry and R, become E(@j | s) = §p and E(ﬁj) = var(8,), respectively.

. By, is an asymptotically unbiased estimator for var(e;) as p,n — o (m > 1). However,

qﬁm/p is also asymptotically unbiased for var(e;) because E(ﬁm) = ¢ /n. In later sections
we will see that in more complicated situations similar results can be derived.

. There are no frequentist reasons for drawing 1;,_, ; from a x?-distribution (j = 1, ..., m).

Moreover, for small p and large m, T,,, substantially overestimates in expectation var(am)
leading to inaccurate confidence intervals while by omitting drawings 7,4 ;, Ty, becomes
unbiased. That is, in Ml terms, imputations with drawings 1,_1 ; are improper for small p
while plim(r,/p) = 1 asp — . Furthermore, these drawings don’t have any evident
practical advantage. Since in most cases p > 1, we omit this kind of drawing in the
remainder of this paper.

. Since E(U,,) = 62/n, B = qo%/np, E(Ty) = 62/p and E(T,, — Too) = B/m, the

requirement E(Ty,) < (1 + 8)E(T,) for agiven § > 0 impliesm > g/né. So when E(T,)
and its lower bound E (T, ) should differ less than 10% and g/n = 0.4, thenm > 4. Thisisa
convenient rule of thumb for finding a suitable value for m.

MI and Unequal Probability Sampling from a Finite Population

Using the above results, we examine in this section proper Ml for a probability sample s of size n

with replacement from a population of size N. Let y; be the study variable and let population

mean iN or, for short, Y be the parameter to be estimated. Each unit in s is drawn from the units
of the population with probabilities py, ..., py (p1 + *** + py = 1). Defining Z; by Z; = y; /Np;
(i =1,...,N)and denoting the Z-values of the n units in s by z4, ..., z,,, the Hansen-Hurwitz

n

~n ~n

estimator (say Yyy) is 7HH =7, = Z?zl z;/n. Its variance is var(?HH) = g2y /n where

2

Ofn = Z?I:l pi(Z; — Y)2. The variance can be estimated by sZ;/n where the (complete) sample

variance s2 is defined by s2, = Z?zl(zi —Z)?/(n — 1). Assuming as before that p drawings are

available and that a simple random subset of g drawings is missing (p + g = n), it holds that z,,

and szzp are unbiased for their counterparts of the population. That is,

E(Ep) = E{E(Ep |s)} =E(zs) = Y and E(Szzp) = E{E(Szzp [s)} = E(Szzs) = UZZN- Next,
consider the imputations z; = z, + v + u; (i = p + 1, ..., n), where v and the u; are

independent drawings with v ~ N (0, szzp/p) and u; ~ N(O, szzp). Subsequently, the
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corresponding imputations for the y; are

Yi=Npi(z,+tv+u) (i=p+1..,n). (2.8)
~imp _ _
In analogy with section 2.2 we can write the resulting estimator as Yy, = z, =z, + ¢, where e
is as defined in (2.2), and var(e | s,) = qszzp/np. Next, taking into account the sampling design,
the variance of 7, is

afmp 1 gq 1 2q
var(YHH ) = (E + E) o2y = <E + %> o2y (2.9)

As in section 2.2, it can be shown that E(s2,) = ¢2y. An unbiased estimator for the variance can
be obtained from (2.9) by replacing a2y by szzp or sZ,. Note that in an Ml procedure (m > 1) we
have E(B,,) = var(e) = qoZy/np = var(z,) — var(zs) = B. For similar results for sampling
without replacement, see Appendix A.1. To our best knowledge these imputation formulas for
Ml are not mentioned elsewhere in the literature.

Kalman Filtering and MI

In this section we look from a frequentist point of view at the Ml method for estimating a vector
of regression coefficients; also see Rubin (1987, 167). Using the Kalman filter, the derivations of
the corresponding Sl and Ml variance formulas are relatively straightforward, including when

m = 1. Consider the linear model (say ¢)

Y, =xB+e, E(g)=0, E()=fio®> and E(ge) =0 #)), (3.2)

where x; is a k X 1 vector of known explanatory variables associated with the ith unit. Further,
suppose that x; contains f;. For a given [ X 1 data vectory; (Il = k), the generalized least squares
(GLS) estimator b; of B is defined by b; = V,X;F; 'y, where X; = (x4, ...,x,)’, F; = diag(f}, ..., f;)
andV; = (X;Fl'lxl)_l; usually y; consists of observations, but y; may also contain imputed
values. Further, define s7, = e;F; 'e;/(l — k) with ; = y; — X;b;. Recall from regression theory
that'e; = 0 (Greene, 2003, 24) when x; contains f;, and that b, is the best linear unbiased (BLU)
estimate of B in model & in (3.1) with var(b;) = 0V, provided that y; does not contain
imputations; when the ei/\/f are iid N (O, 02), b; is the maximum likelihood (ML) estimate.
Consider now an arbitrary partition (y;,,y;,)’ of an arbitrary n X 1 vectory, in R™

(p' +q' =n; p' = k). An interesting question in the present context is if there exists an explicit
expression for the difference (b,, — b,r). The answer is in the affirmative and is given by the GLS
recursions or Kalman’s (1960) update equations. Partitioning X,, as X,, = (X;,, X;,)’, the GLS
recursions are

b, = bp’ + Ky (yq/ — qubpl) (3.2)

Vi, = (I = KgrXqr) Vi (3.3)
! ! -1

Ky = VprX,, (xq,vp,xq, + Fq/) , (3.4)

where Iy, is the identity matrix of order k. For the derivations of (3.2) and (3.3) based on Kalman
filtering, see Appendix A.2. For other derivations with f; = 1, see Plackett (1950) and Harvey
(1990, 53) who made the additional assumption g’ = 1. In fact, they used different versions of
the somewhat laborious but useful matrix inversion lemma

— -1
(A+BCB) ' =Al-A1B(Cl+BA'B) BAL (3.5)
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For a simplification of (3.4), see section 4. From (3.2) it is seen that (b,, — bpr) is a linear function
of ey = ygr — Xgrbyr, often called ‘prediction error’ in Kalman filtering.

Next, suppose as before that p observations are available and that q observations are missing

(p + g = n). Following Rubin (1987, 162-167), we make the assumption of ignorable
nonresponse, sometimes also referred to as missing at random (MAR) or ignorably missing. That
is, the distribution function F (y; | x;) does not depend on the response mechanism for a given s.
Assuming that p is sufficiently large, the MI imputations under model £ are in Rubin’s (1987)
notation

yi=xB +u; (i=p+1,..,n), (3.6a)

where B* ~ N(B,s2,V,), u; ~ N(0, fis%,), and B = b,,. Now defining v = B* — B and replacing
B” in(3.6a) byﬁ + v = b, +v, (3.6a) can be rewritten as

yi =xi(b, +v) +u, (3.6b)

where, conditional on s,., v ~ N(0, s,?pvp). An important advantage of (3.6b) is that it gives an
explicit expression for the total imputation noise in y;", namely x;v + u;. Further, note that (3.6b)
reduces to (2.1) when x; = f; = 1 for all i. In analogy with section 2.1, the u; in (3.6) can be

drawn from {e;+/ f;/f1, .-, €p+/ fi/ fp} Wwhen required. For expository purposes, we write the q
imputations in (3.6b) in obvious matrix notation as

Yq = Xgbp + Xgv +ug, (3.7)

where we skipped the asterisk because subscript q (g > 0) already indicates that y, is a vector of
q imputed values; also see section 2. So definingy, byy, = (y;,,y:])’ where y, is given in (3.7),
the prediction error for y, giveny, is e; = X,v + u,. Subsequently, under the assumptions of
model (3.1), we can prove the following theorem.

Theorem 3.1. Lety, be defined byy, = (y;,,y;)’ where y, is given in (3.7). Define the GLS
estimates b, = V. X, F,lyn, by, = VX, Folyy, e, = vy, — Xyby, e = ygq — Xgb,, and

s2, = e, F,e,/(n — k). Let this estimation step be repeated m times, each time with new
imputationsy,; in (3.7) (j = 1, ...,m). Let Bnm, e,m and Uy, denote the averages of the by, ;,
e4j and ug;. Consider Ml estimator Bnm. Let T,,, B,,, and U,,, be as defined in section 2.2 but
now in multivariate form. Then,

(i) requirements Ry, R, and R are met and

b, =b, +Kse; (e =Xuv+ugy) (3.8)

’ ’ -1
Kq = VpXy (XqVpXi, + Fg) (3.9)
E(Tp) = 02{V, + (V, — V) /m} = var(b,n); (3.10)

(if) assumingv = 0, nV,, = 0(1) and X;F;lxq/q = 0(1) asn — oo, it holds for such a zerov
(2V) and the corresponding Bnm (say BanV) that

bumzy = by + KgUgm (3.11a)
E{s?,(Vp + KgFqK, /m)} = var(bymzy){1 + 0(1/n)}. (3.11b)

Proof. Equation (3.8) follows from (3.2) and (3.7). By (3.8), E(b,) = E(b,) = B so that R is
met. Since E(s%,) = a2, proved in Appendix A.3, R, is met and E(U,,,) = o2V,,. Repeating the
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GLS regression m times, it follows from (3.8) that

E@n) = E{ ) (on = ) (o — )’ /(= 1)
=

var(Kgeq) = 02K (XqVp Xy + Fo)Ky
= 0%KgXqVp = 0% (V, —V,) =B, (3.12)

where we used the (implicit) definition of K; in (3.9). In (3.12) we used (3.3). Hence, R3 is met.
Since by, = b, + Kgeqm, (3.10) follows from (3.12) and R,. When v = 0, (3.11) follows directly
from (3.8) and E(s2,) = a%{1 + 0(1/n)}, proved in Appendix A.3. O

In addition, B can be estimated by sgn(vp —V,), without Ml just as we saw in section 2.
Expressions for E(B,;,) are also given in Schenker and Welsh (1988), Wang and Robins (1998) and
Kim (2004) for special cases but not for the general linear model (3.1) with unspecified &;.
Further, their derivations do not use the convenient GLS recursion (3.8) and therefore somewhat
more algebra is required. Since we also use Kalman filtering in sections 4 and 6 for cases with
categorical variables, v = 0, E(g?) = f;02 (f; > 0) and sampling without replacement, this paper
can be seen as a further extension of their work.

Consequences of Ignoring
Parameter Uncertainty and a New
MI Method

In this section we examine in more detail the consequences of omitting the random v in the
imputations discussed so far. As a point of departure we consider again drawings from a normal
distribution as described in section 2. The imputations without v are

Yi=y,tw (=p+1..,n), (4.1)

where the u; are mutually independent drawings from N (0, sf,p). Imputations with a zero v (ZV)
lead to the following estimator y, ,,, =¥, + e with e = qu,/n. Its variance is

_ 1 q
var (¥,,,,) = <; + F) o2 (4.2)
In addition, we now get for the sample variance based on the imputations in (4.1)
) ) n N2 = N2
E{(n—Dsjn}=E{( — s, + Z (i=%,) =1 (Fnzv —7,)

i=p+1
=(p—1)0? +qo? —qo?/n=(n—1-q/n)c?

and hence,

E(sZ,) = {1 _ ﬁ}az = 02{1 + 0(1/n)}. (4.3)
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It follows from (4.3) that omitting v leads to a negligible decrease of E(sjz,n). In contrast, a maybe
somewhat counterintuitive result now is that the variance of e (= qug/n) is decreasing
dramatically from ga? /np (see section 2) to qo? /n?, due to omitting v. That is, var(e) is
decreasing by (q/n) X 100% and by construction, this also holds for E(B,,). For example, when
the nonresponse is 40%, the decrease of var(e) and E (B,;,) is 40% as well. This means an
important increase of the efficiency of the single ZV method compared to a single Ml step.
Moreover, for Ml the random v is indispensable. Without the random v Ml fails because the
third requirement for proper imputation var(e) = B = qa? /np might be severely violated
especially for high nonresponse rates. Therefore, Rubin (1987, 122-123) stresses the role of the
uncertainty of the estimated parameters in his M| procedure.

A related estimator (say ¥, ¢ ), discussed in Rubin and Schenker (1986), is defined by

Yuse = 0¥, +4Y,)/n, wherey  is the sample mean of a simple random sample of size g with
replacement (SR) from s, = {yy, ..., ¥p}. In fact, it is a kind of hotdeck (HD) imputation, often
used for the imputation of binary data. Its variance is

VarE@nSR | sp) + Evar@nSR | 'sr)

2 2 -1
. ®—Dsyp _ (1 q1+0@ )}
var@p)+ﬁET—a 5+n—2

var(y,sr)

(4.4)

as p — oo. The variance in (4.4) is asymptotically equal to var (ynzv) in (4.2) and
E (slz,n) = 0?{1+ o(1)}.

In analogy with (4.2), similar formulas can be derived in the case of estimating a regression
vector B when v = 0 as we have seen in section 3 under model (3.1). By (3.11) in Theorem 3.1
withm =1, we get

buzv = by +Kqug and  var (bpzy) = 02(V, + K FKp) (4.5)
with

Kg = Vp (e = V51V X F 1 (4.6a)

=V, XgF, (4.6b)

where (4.6a) follows from applying (3.5) to (3.9); recall that V, = (x;Fglxq)—l and
Vi = X Fr X)) ™ = 6, F, X, + XGF "X )™ = (vt + v )™ (4.7)

Replacing V' in (4.6a) by V;* — V" yields (4.6b). Applying imputations with v = 0 m times
yields the following ZVMI versions (m = 1) of the variances in (4.2) and (4.5), say

_ 1 q
var (¥,pv) = (5 + mn2>02 (4.8)

var(Enmzv) =0V, + KqFqKg/m)
= 02(Vp + V, V'V, /m). (4.9)
In (4.9) we used (4.6b). Note that (4.9) is of the same form as (4.8) and likewise by (3.12),
E(Bp) = 0?(Vy, — V) = 0?VpV 'V, = a2V, V'V, (4.10)

is of the same form as (2.6); recall from (4.7) V;* = V' — V;;*. By Theorem 3.1, 62 in (4.8) can
be estimated by sf,n and in (4.9) by s2,. Since v = 0, the variances in (4.8) and (4.9) are smaller
than Rubin’s Ml variances (m > 1). Moreover, one may choose as t-value t = 1.96 for a 95%
confidence interval provided p,n >> 1. This yields much more accurate confidence intervals than
the MI method with its higher t-values for small values of m.
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To the best of our knowledge formula (4.5) is not mentioned elsewhere in the literature for a
model as (3.1). For some related ML results, see Wang and Robins (1998). However, their ML
results are of little use here because the &; in model (3.1) are unspecified. Besides, ML ignores
finite population corrections and the authors assume that each unit is observed with equal
probability r. Hence, their results cannot be applied to the widely used general regression
estimator; see the examples in sections 6 and 7. The following corollary states that ZVMI has an
improved efficiency compared to MI.

Corollary 4.1. Let Bnm and EanV be as defined in Theorem 3.1. Then under the assumptions of
model (3.1), var(b,,,,) exceeds var(b,,,z,) by a positive definite matrix. That is,

var (Enm) —var (BanV) = a?VV 'V, VMV, /m (4.11)

Proof. The proof follows directly from (3.10), (4.9) and (4.10). O

Remark 4.1. It emerges that there are no frequentist reasons for taking v into account. So we
can set v = 0. Only requirements R; and R, are relevant for Sl and ZV. Further, it is noteworthy
that u, (= e4) can be adjusted so that the adjusted ZV (AZV) method is as efficient as Ml with
m = 0. Suppose U, = F'g’wq withw, ~ N(0, sgplq). The adjustment follows from min,, f ()
subject to Aw = 0, with f(w) = (w —wg) (@ —wg) and A = KqF'qS; Kq is given in (4.6). The
solution (say w*) of this optimization problem is w* = Mw, withM =1, — A'(AA)"IA The
proof is as follows. Using the Lagrangian saddle plane L = f(w)/2 + A’ Aw, we get

0L/0w =w —w,; +A'Ad =00rw = w, —A'A. Since Aw = 0, this yields A = (AA") "'Aw, and
thus also @™ = Mw,; note Kqu:; = KqF'qu* = AMw, = 0 because AM = 0. Hence, by (3.8)
brazv = by (= Q). Since M is a symmetric and idempotent g X g matrix (MM = M) with rank
q—k, wegetE (u;'FgluZ | sgp) =E (w*’m* | sgp) = (q — k)sz, (Greene, 2003, 49). Hence,
under model (3.1), E¢(sé,) = 0°.

Comparison of 95% Confidence
Intervals after SI, MI and ZVMI

In order to get a first indication of the performances of the various Sl and MI methods, we
consider iid observations from a normal distribution N (u, %) with response rates between 40%
and 90%; in sections 6 and 7 we examine more general models. Note that the results in this
section also hold for large samples with non-normal data as stated by Rubin and Schenker (1986).
It is also demonstrated that general statements in the literature such as that Sl systematically
underestimates the variance [e.g., Enders (2010, 55) and Rubin (2003)] are incorrect and
misleading; for a similar discussion, see Sdrndal (1992). Assuming n, p > 1, the drawings r;,_;
from a y2-distribution can be omitted because plim(r,/p) = 1as p — oo. For different
situations, we calculate the variance of y,, (am), including the corresponding t-value. In the case
of M, the degrees of freedom (say k) of Student’s t-distribution can be approximated by using
Rubin’s (1987, 77) formula

m \Tn) T, 2
m _(_Im _
=[1+(m+1) Bm} (m_l)_(Tm—Um) (m—1) 51
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where ﬁm and By, are replaced by their expectations 62 /n and qa? /np, respectively, that is

U, /B = p/q. Without loss of generality, we set 62 /n = 1. Further, for Sl and ZVMI we may

choose t,, = 1.96 for sufficiently large p. Since 95% confidence intervals for u are of the form

i + ty/var(id), we give in Table 5.1 an overview of t2var(fi) for various response rates r and

some Sl and MI methods as an indication for the lengths of the intervals.

Table 5.1 Values of t?var(fi) for different MI and SI methods and various response

rates.*

method r=90% r=80% 1r=70% r = 60% r =50% r =40%
1 M,m=1 4.7(1.96) 5.8(1.96) 7.1(1.96) 9.0(1.96) 11.5(1.96) 15.4(1.96)
2 Zvm=1 4.7(1.96) 5.6(1.96) 6.6(1.96) 7.9 (1.96) 9.6(1.96) 11.9(1.96)
3 SR/HD 4.7(1.96) 5.6(1.96) 6.6(1.96) 7.9 (1.96) 9.6(1.96) 11.9(1.96)
4 Ml,m=2 4.7(2.01) 6.4(2.15) 9.5(2.40) 15.4(2.78) 29.4(3.43) 57.5(4.21)
5 ZVM,m=2 45(1.96) 5.2(1.96) 6.1(1.96) 7.2(1.96) 8.6(1.96) 10.8(1.96)
6 Ml,m=3 45(1.98) 55(2.04) 7.1(2.13) 9.7(2.26) 13.9(2.44) 21.4(2.67)
7 ZVMI, m = 3 4.4(1.96) 5.1(1.96) 5.9(1.96) 6.9 (1.96) 8.3(1.96) 10.4(1.96)
8 MIl,m =5 4.4(1.96) 5.2(1.99) 6.3(2.03) 7.8(2.08) 10.2(2.15) 14.0(2.24)
9 ZVMI, m =5 43(1.96) 5.0(1.96) 5.7(1.96) 6.7 (1.96) 8.1(1.96) 10.1(1.96)
10 MI,m=10 43(1.96) 4.9(1.96) 5.8(1.99) 7.0 (2.01) 8.7(2.04) 11.3(2.07)
11 zvMl,m =10 4.3(1.96) 4.9(1.96) 5.6(1.96) 6.6 (1.96) 7.9 (1.96) 9.8 (1.96)
12 Ml,m=o0 43(1.96) 4.8(1.96) 5.5(1.96) 6.4 (1.96) 7.7 (1.96) 9.6 (1.96)

* Between parentheses the used t-values are mentioned

Rows 1-3 deal with SI. That is, row 1 gives the results for Ml with m = 1 as described in section 2;
see (2.3a). Row 2 deals with single ZV imputations ignoring the uncertainty of yp, thatisv = 0;
see (4.2). In row 3 we have included the simple random (SR) imputation method, which can be
seen as a form of hotdeck (HD); see section 4 and Rubin and Schenker (1986). Since p is large, its
variance can be approximated by formula (4.2) for ZV imputations with v = 0 so that the
difference between rows 2 and 3 vanishes. Rows 4, 6, 8, 10 and 12 in Table 5.1 deal with Ml as
discussed in section 2; see (2.7). When k resulting from (5.1) was not an integer, we used a
simple linear interpolation for estimating the t-value (say t,.). In rows 5, 7, 9 and 11 we applied
the ZVMI method for m € {2, 3, 5, 10}; see (4.8). Although today’s advice for m might be much
higher, in their seminal paper Rubin and Schenker (1986) paid much attention to the case with
m = 2 in their comparison with Sl where data were generated from a normal distribution.
Moreover, they recommended m = 2 in a number of cases while Rubin (1996) recommended

m = 3 orm = 5. Therefore, we also consider such low values for m.

For m = oo, Ml yields an estimator which is as efficient as ip; recall that the variance of Ml is
decreasing as m increases. So row 12 can be seen as a row of lower bounds. Recall from (2.7)
and (4.8) that the incremental variances due to imputation are ga? /npm and qa? /n?m for Mi
and ZVMI, respectively and hence the ratio of the increments is n/p irrespective of the value of
m. So in the case of 50% nonresponse, the additional imputation variance of Ml is twice that of
ZVMI. Further, it is striking that the MI method with m = 2 may lead to larger confidence
intervals than each of the three SI methods, especially for low response rates leading to high
t-values for MI. These results seem to deviate from other literature on Ml and SI. For instance,
Little (2011, 167) states (in our notation): “The quantity (1 + 1/m)B,, in (13) estimates the
contribution to the variance from imputation uncertainty, missed (i.e., set to zero) by single
imputation methods”. In addition, comparing Ml and SR, Rubin and Schenker (1986, 366 and
370) state: “Using m = 2 imputations per missing value gives accurate coverages of the resulting
intervals in common cases and is clearly superior to single imputation (m = 1) in all cases” and
“multiple imputation methods that reflect uncertainty due to parameter estimation are clearly
superior to SR imputation, although the effect becomes quite modest for high response rates”. In
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6.1

order to understand these differences, we have a closer look at Table 1 of Rubin and Schenker
(1986). For instance, consider the entry in their Table 1 (95%) with m = 1 and response rate

r = 0.5 which shows a coverage rate of only 78% for SR. From a frequentist viewpoint, their
analysis runs here as follows. Because the between-imputation variance B; cannot be calculated
form = 1, the authors set B; = 0sothatT; = sjz,n/n which underestimates the actual

var (inSR) by 60% as can be seen from the above formula (4.4) withp =g =n/2 (p > 1).
Hence, the resulting 95% confidence interval is 36.8% too short leading to a coverage rate of only
78.5%; recall P(|Z| > 0.632t,,) = 0.2152 with Z ~ N(0, 1) and t,, = 1.96 so that the coverage
rate becomes only 78% as found by the authors. Similar results can be obtained for other
response rates. That is, forr = i/10 (i = 4, 6,7, 8,9) the coverage rates derived in this way for
SR are 73.4%, 82.7%, 86.4%, 89.6% and 92.5%, respectively, which are also fully in line with the
coverages (in two digits) in their Table 1. Hence, the only point the authors demonstrate here is
that the combination of Ml and SR does not work because using SR in each of the m steps of the
MI procedure leads to underestimation of parameter B = qa? /np by 100g% with g = q/n

(m > 1) as we have seen in section 4, and even by 100% for m = 1. That is, in Ml terms, SR and
HD imputations are indeed not proper for Ml purposes because Rz is not met; also see Rubin
(1987, 122). But if the authors had used the correct variance formula (4.4), the coverage rates for
SR would have been 95%. So from a statistical viewpoint their simulation results are certainly not
a correct justification for the above incorrect statements. A correct statement in this context
would be that in the case of imputed values the use of the customary software for n
observations leads to an underestimation of the variance.

The above Table 5.1 shows that also compared to m = 3 the single SR, HD and ZV imputations
may lead to more accurate confidence intervals than Ml provided correct variance formulas are
used unless the response rate is much more than 70%. Then MI might be slightly more accurate.
Furthermore, it emerges that ZVMI leads to much shorter intervals than the corresponding Ml
methods for m € {2, 3, 5}. For instance, the difference between row 7 of ZVMI (m = 3) and row
12 (of lower bounds) in Table 5.1 is less than 10% for any r whereas the difference between row
6 of Ml (m = 3) and row 12 is increasing to 123% as r decreases to 40%. So ZVMI is much more
stable than MI. This is due to smaller variances and lower t-values. Of course, the differences are
vanishing as m increases.

On the Regression Estimator after
MI, ZVMI and SI

Introduction

In this section we examine MI, ZVMI and Sl for the widely used regression estimator of a
population mean Y. Consider a simple random sample s without replacement (SRS) of size n
from a population of size N. Now first assuming g = 0, the familiar regression estimator (say

Yren) of Y and its design based variance approximation are

Yren = ¥, + by Ky — %) (6.1)

= 1 1),
var(YRGn> = TN Sens (6.2)
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6.2

where, quite generally, s5, = eje; /(1 — k), e, =y, — X;b; and b, = (X)X,) "Xy, for [ = k; by is
the ordinary least squares (OLS) estimate from a regression of y; on X;. It is assumed that X, and
the x; are available from registers. The variance in (6.2) can be estimated by replacing sy by 52,
[e.g., Cochran (1977, 195) and Sarndal et al. (1992, 279)]. Recall that in variance approximation
(6.2) the random character of b,, can be ignored for large n. In the next three subsections we
examine SI, Ml and ZVMI for the regression estimator based on model (3.1) with f; = 1, f; # 1,
and unequal m;, respectively, with special attention for the finite population correction and
parameter uncertainty. In subsection 6.5 a simulation study is conducted to investigate several
variance formulas.

SI, MI and ZVMI for the Regression Estimator when f; = 1

Assume that there are q ignorably missing observations and that the data obey model £ in (3.1)
with f; = 1 unless stated otherwise. Recall that the regression results based on the first p
(available) observations can be written as

YVi=Y, tbp(x —%) +e; (1<i<p), (6.3)

where the e; are the residuals from the underlying OLS regression. Now consider the
imputations y; from (3.6b)

yi=xi(b,+v)+y (i=p+1,..,n); (6.4)

note that for notational convenience, we dropped in (6.4) the asterisk of y;* because in the

present context with g > 0 it is clear that each y; is an imputed value if p < i < n. Now the
~imp
actual regression estimator (say Y ;) can be written as

~imp

Yren =¥y + b (Xy — %), (6.5)
where as in sections 2 and 3, y, and b,, are based on imputations. Defining h; by h; = e; if
1<i<pandh; =v'x; +u; if p < i <n, we can write y; given in (6.3) and (6.4) as

YV = yp + b;(xi —ip) + hi (l =1, ---'n)'

Recall that e, =y, — by X, = 0 and Ep =e, = 0sothat hy = q(V'Xg + ug)/n. Subsequently,
wegety, =y, + b, (X, —X,) + hy. Substituting this into (6.5) yields
o~tmp —
Yron =¥, + by, (%, — %) + hp + by Xy — Xy)
=¥, + b,y — %) + Ay + (by — by) Ry — %)
= Yoy + hn + 0,(1/n). (6.6)

Repeating this m times, it can be seen from (6.6) that

E(Bp | sy) = var(hy,) = q?var(v'xq + ug)/n*. Now suppose x; = (1, z;) and n,p > 1so that
(p — 1)/p = 1. Further, let 0, denote a vector of k zeroes. Then defining z,,, = Zle ziz;/p,
Szzp = Z2p — ipi;,, and using the inversion lemma for a block matrix, it can be seen and verified
that for f; = 1,

r\"1 - 4= T
(1 zp) =1<1+zpizzpzp _zzliZZp>; 6.7)

Vp = _ _ b
Zp Iyp p _Szzp Zp Szz;o

1
p
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=/ 1 - —_ .
note that e.g. [X,XpVp] . = (0, Z,)(=S7zp2p/P, S72/P)' = 0} _;. Using (6.7), we get

_ L )
E(By | 57) = var(hn) = g {RqVpXgs2, + EQlg | 5)} /n?

= q%sep {(1 + Apg)/p + 1/q} /n? (6.8)
= qsép(1 4 qApq /1) /np. (6.9)
Apg = (Bp —2¢)'572, (7 — 2g). (6.10)

: — (T = Vet bvi +
More generally, A, can be written as A, = (X, — Xg) Syxp (Xp — Xg) Where sy, is the
Moore-Penrose inverse of sy .

Next, we examine B = var(?RGp) —var(Y ggn)- Since Y = b, Xy, it holds under ¢ that

varg (?RGp - 7) = varg (b;,iN — b;viN). (6.11)

Note that E¢(.) and varg () are (frequentist) operators with respect to the random ¢;
(= ¥; — B'x;) according to model £. Using Kalman filtering, it is shown in Appendix A.2 (also for
fi # 1) that

varg (b, —by) = a2 (V, —Vy), (6.12)

where V/ is as defined in section 3 for [ € {p, N}. So assuming xy = (1,2;\,)’ and f; = 1, we get
from (6.11) and (6.12) in analogy with (6.8)

varg (Vagy = 7) = 02 {(1+ Apn)/p — 1/N} (6.13)
~ 02 (p™t = N1 + q?Apq /pn?); (6.14)

note Ayy = 0. In (6.14) we used zy = z, = (pz, + qz4)/nsothat A,y = A,y = q2Apq /1%,
where a = b indicates that a/b tends (element-wise) to unity as N,n — co. Subsequently, by
(6.2) and (6.14),

24 A
R i 1 1 P Y O B L P (6.15)
np nep np p
From (6.9) and (6.15) it follows that E(B,,) = B. Hence, for m > 1 the model-based variance of
~imp

the (proper) Ml regression estimator (say Y gsm) can be approximated by

aimp 1 1 2 m+1
varg Yrem =Y zEf(Tm)z E—N o +TB

1 1 m+ 1)A
z<———+ a_, ¢ )"”>02. (6.16)
p N npm pm

This variance approximation can be estimated unbiasedly by replacing a2 by s2,, proved in
Appendix A.3, including when m = 1. Note that (6.13) with p replaced by n can be seen as a
generalization of the model-based variance formula (5.9) in Chambers and Clark (2012, 55)
where one auxiliary variable is involved.

Some additional remarks are now in order. First, in the case of MCAR with E(z,) = zy the
quantity A,y in (6.13) and (6.16) is of a negligible order 1/n and in fact, (6.13) amounts to the
customary variance formula for the regression estimator with p observations. Second, note that
use of formula (6.16) leads to lower t-values than using B,,, and hence, to more accurate

confidence intervals since p,n > 1. Third, setting v = 0, we get ﬁn = qug/n and hence, in
~imp

analogy with (6.6), Yrgzy = ?ch + qug/n + 0,(1/n). Subsequently, using (6.13), its variance
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6.3

can be approximated by

~imp _\ (144, 1 g
varg (YRGZV - Y) ~ <Tp -y ﬁ)SéN, (6.17a)

where A, is given in (6.10) with g replaced by N. Repeating these imputations m times, we get
the following variance formula (m = 1)

~lmp — 1+A4A,y 1 q )

varg (YRGmZV - Y) ] <T N + W SNy (6.17b)
which is smaller in expectation than Rubin’s T,,,. Since E;(sgn) = 02{1 + 0(1/n)}, proved in
Appendix A.3, the variances in (6.17a) and (6.17b) can be estimated by replacing s2y by sZ,.
Finally, note that var(v | s,.) used above does not depend on N.

General Case with f; # 1, G-weights and Applications

Assuming E(eiz) = 02, it can be seen from (6.16) that the finite population correction (say fpc)
is —o2/N. When f; # 1 it follows from (6.11) and (6.12) that fpc = —02XyVyXy with

V; = (X;F;'X;) " for L € {p,n, N}. However, also now we have fpc = —a?/N provided x;
contains f; and f, = 1. To show this, let ty denote a vector of N ones. Further, define fy by

fy = Fyty and the projection matrix P; by P, = XV, X/F; " for | € {p,n, N}; recall

¥» = Xpb, = P,y, and P,X,, = X,,. Under the above assumptions, we get

XyViXy = Xy V Xy FulFyty /N2 = (yPyfy /N? = thfy /N? = 1/N. (6.18)

The following corollary presents some general results on the improved efficiency of the ZVMI
method compared to the standard MI method when using the regression estimator.

~imp ~imp , —
Corollary 6.1. Let Ml estimator Y g be defined by Y geim = Xybpm and ZVMI estimator
~imp ~imp _ _ _
Yroemzv BY Yremzy = i;vbanV where b,,;;, and b,z are as defined in Theorem 3.1. Then

under the assumptions of model (3.1),

~imp — —r —

varg <YRGmZV - Y) = g2 {xN(Vp + VoV 'V, /m)xy — 1/N} (6.19)
~imp — ,

varg (YRGm - Y) = 0 fXy (Vp + ViV 'V /)Xy — 1/N} (6.20)
Qimp —_ Qimp —_ !

varg <YR(;m - Y) — varg (YRGmZV - Y) = 0?XyVn Vg 'V Vg 'V Xy /m > 0 (6.21)

and when f; = 1 then, defining A,y = (X — Xn)'S5xp Xp — Xp),

~lmp — ~lmp _ a2 qz ApN

Varf YRGm -Y]- Varf YRGmZV -Y|= E % + T > 0. (622)

Proof. Both (6.19) and (6.20) consist of three terms. Each second term can be seen as the
additional imputation variance, where we used (4.9) in (6.19), and (3.12) and (4.10) in (6.20). The
first and third term in both equations follow from Y = i;\,bN, (6.12) and (6.18). Next, (6.21)
follows from (6.19), (6.20) and (4.10). Finally, (6.22) follows from (6.16) and (6.17b). O

Remark 6.1. Denoting the regression estimator in the complete-data case by YRGn, the above
corollary states that within the class of stochastic regression imputations under the (approximate)
restrictions E(ﬁj) ~var(Yren) (j = 1,...,m), Ml is less efficient than ZVMI. Obviously,
deterministic imputations y; = x;b,, (i = p + 1, ..., n) do not satisfy these restrictions and lead to
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~tmp ~imp ,
an estimator (say Y ggq¢) with a smaller variance, i.e. varg (Y ggqr —Y) = asz(Vp —Vy)Xpy.

However, a serious drawback of deterministic imputations is that they do not preserve the
distributions of the missing data. Further, ZVMI imputations can easily be adjusted form = 1
resulting in fully efficient imputations with b, 47 = b, as pointed out in remark 4.1.

Example 6.1. Let U be a population of N persons with two strata (regions) U; and U, of sizes
N; = 4500 and N, = 5500. The study variable y; is defined by y; = 1 if person i is unemployed
and y; = 0 otherwise (i = 1, ..., N). Let sjz,Nh, Nn, "y, P, Gno Bh, yph, and Xy, denote the
stratum counterparts (h = 1, 2) of the corresponding population quantities. For expediency,
suppose that the unemployment rates in U; and U, are 0.4 and 0.2, respectively. Hence, the
stratum variances are s2

y
heteroscedasticity is the rule rather than the exception. In an SRS sample of size n = 1000, the

y1 = 0.24 and SJZ,NZ = 0.16. In fact, for categorical data

response rate in Uy is 50% and in U, 90%. Now conditioning on n, = Np /10, we compare the
variances of the regression estimator of Y for several imputation methods; so far the (artificial)
data description.

Consider a regression of y; on two dummy variables x;, (h = 1, 2) defined by x;;, = 1if i € U,
and x;, = 0 otherwise. Further, define V¢, = (x;F;lxl)—l where F; is a [ X [ diagonal matrix
with fi;; = s5yy, for i € Uy (I 2 2) so that Vg, = diag(sy1/P1, Syn2/P2); note that 6% = 1,
p1 = 225 and p; = 495. Using GLS, we get by,g,s = prxg,FI;lyl[J = (Vp1 ¥pz)' and
var(bygrs) = Vyp. Hence, the resulting regression estimator can be written as

= .} _ _ _ _ _ _ =
YRap = XnbpgLs = X1nYp1 T XonVpy = Wiy + Woy, = Vpsp,

where W}, = Ny, /N and 7,;5,, stands for the poststratification (PS) estimator of Y based on p
observations. Using the PS variance formula [e.g., Cochran (1977, 134)], we get
var(?PSP) = 0.000294 (=100%); later outcomes are expressed as a percentage of this PS

outcome. Next, using (6.11) and (6.12) for calculating Vg, = var(?RGp) with
Xy = (0.45, 0.55)" and 2V, replaced by Vj,; for I € {p, N}, we get the same outcome. That is,

VRGp =~ Varg (?ch - ?) = i;v (pr - VfN) iN = 100%.

Now we first examine Ml per stratum with m = 1; for MI methods for discrete data, see Rubin
and Schenker (1986). Using (2.6) for calculating the between imputation variances By, (h = 1, 2)
and combining the results, it is seen that the additional imputation variance is

B= Zfl:l Wi qnSsnn/mnPn = 40.0%. On the other hand, it follows from Yrep = i;vprLS and
formula (3.12) with a2V, replaced by Vg, for | € {p,n} that the increase of the Ml variance for
the corresponding regression estimator is i;\, (Vp — Ven)xy = 40% as well.

Next, consider hotdeck imputation in each stratum as described in section 4 without accounting
for the uncertainty of the parameters. On the one hand, it follows from (4.4) that var(?PSp) is
now increasing only by Zizl W2 qnSynn/Mh = 21.3%. On the other hand, this hotdeck
imputation is equivalent to stochastic regression imputation where the imputed residuals in Up,
are random drawings with replacement from the actual/r\esiduals inUp (h = 1, 2) from the
regression on x;; and x;,. So, by (6.19), the variance of ?ch (= i;vprLs) is increasing by

i}vvfnv ;aniN = 21.3%. In summary, applying m times Rubin’s Ml in this case with discrete

f
data leads to an increase of varg (YRGp -Y)[= var(?PSP)] by 40.0%/m while applying m times
ZVMI leads to an increase of only 21.3%/m.
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Example 6.2. In this example we look more closely at the relationship between A,y and the
g-weights [e.g., Sarndal et al. (1992, 235)]. Suppose that the unemployment rates in U; and U,
are now 0.7 and 0.3, respectively, so that 7y, = Spy, = Soy = S&p = 0.21and f; = 1. For
simplicity, consider the regression of y; on a constant and z; = x;,. Noting that p = 720,

Pz = 495,Z, = po/p = 0.6875,Zy = Xy, = 0.55and s,,, = Z,(1 —Z,) = 0.215, we obtain
Apn = 0.088; see (6.10) with q replaced by N. Both variance approximation (6.13) and the PS
variance formula yield 0.000296 (=100%). In contrast, using the standard variance formula (6.2)
with n replaced by p leads to a negative bias of 8.7%. To remove tAhis bias, one may use the
variance estimator based on g-weights (say ‘791))- That is, writing ?ch = i;\,bp = w;,yp with
w, = X,V Xy, the g-weights g; are defined by g; = pw; (i = 1, ..., p). Since w, = X,V Xy, we
get wyw,, = i;\,vpiN = (1 + A,n)/p [see derivation of (6.13)] so that

g,8p/p = 1+ Apy = 1.088. Hence, s, = 1.088sZ, = 0.2285 (ge; = g;e;); recall

Sep1 = Sbpa = 0.21. Estimating var(?RGp) by (1/p — 1/N)sZp gives V, = 99%. Using a
slightly modified version (say I?g’gd) yields I//\g’gd = séep/p — sgp/N = 100%. Further, since

Ep =1and g;,gp/p =1+ A,y, the coefficient of variation (say Cy;,) equals

Cop = Sgp/ Ty, = y/Apn (p » 1). Using Cypp = Cyypp, we get 1+ Apy = 1+ (. Maybe
somewhat surprisingly, this is exactly the factor 1 + L used by Kish (1992) to indicate the increase
of a variance of a weighted mean compared to that of an unweighted mean (s /n in his
notation). Finally, note that a regression on x;; and x;, gives

Apy = (Xy — Xp)'Skxp Xy — Xp) = 0.088 as well. This follows from (Xy —X,,) = 0.1375r,
r=(1,-1), syxp = 0.215R, R = rr’ and R* = R/4; recall z,, = 0.6875, zy = 0.55 and

Szzp = 0.215.

Example 6.3. In this example we look at g-weights in the case of f; # 1. Consider the same data
as in Example 6.1. Applying OLS yields b, = (X,X,) "' X, yp, = @pl,ipz)’ just as GLS. Estimating
the standard OLS variance formula (6.2) with p observations yields (1/p — 1/N)s,§1,J = 81%;
note that s7y = Wisyyq + Wasiy, = 0.196 while s&, = 0.185 (based on f; = 1). Since for OLS
and GLS, g; = 1.44ifi € U; and g; = 0.8 if i € U,, we get séep = 0.226 and

Vgp =1/p— 1/N)s§ep = 99.0% which is a substantial improvement. The modification yields

even Ud =52, /p — s2,/N = 100%.

The next theorem presents some results on g-weights in the case of MAR nonresponse.

Theorem 6.1. Consider model ¢ in (3.1). Further, suppose that x; contains f; and j_fN = 1. Define
— — — = — — — I _

Vl = (X;Fl 1Xl) ! forl e {P, N}: bl = VlX;Fl 1Yz, YRGp = yp + b;)(xN - xp)r g’p = prva’prlp

Sép = e;,szlep/(p — k) and sz, = ?:1 gZe?/(p — k). Let IV, x; and 1/f; be O(1) as

n, N — oo. Let I},¢ denote the variance of (VRGP —Y) under model ¢ in (3.1). Then under MAR

nonresponse,

Ve = 02Xy (Vp — Vy)Xy (6.23)

= a2(XyVpXy — 1/N); (6.24)
Eg {2, Gy Vpky — 1/N)} = Vy; (6.25)
Eg (s2p/P — s2p/N) = Vpe + 0(1/p?). (6.26)

Proof. In analogy with (6.11) and (6.12), we get (6.23). Next, (6.24) follows from (6.18). Recall
from regression theory that E¢ (sgp) = ¢, from which (6.25) follows. To prove (6.26), define

E, = diag(e,) so that we can write 530, as 520, = 8,En8p/(p — k). Using g), = pi;VVpX%FZ‘,l
and E¢ (E;) = 0%F,(1+ 0(p™")), we obtain E¢(s5ep) = (1 + 0(p~1)a*p*)yVpXy /(p — k)
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6.4

from which (6.26) follows. Recall that e, = FiMpe;‘, with M, =1, — F;'SXprXQ,F;,'S and

g, = F, g, (Greene, 2003, 49) so that varg (e,) = 0?Fy M, F5> = 0%(F, — X,V,X;,) where we

used M,M,, = M,,, M}, = M,, and varg (g5) = °l,. Hence, E¢(E;) = 0*F,(1+0(™")). O

Remark 6.2. Another estimator for 62 is s2,,, = ez’[,ep/j_fp(p — k). Noting that

E(epep/p) = ]_‘paz, it follows that sgpz is consistent for 02; also see Sarndal (1992).

Unequal Probability Sampling

Let r; denote the first order inclusion probability of the ith unit (i = 1, ..., N). Further, assume
that mr; is a function of x; so that m; is available for each unit in s. Now first assuming g = 0, the
HT estimator of Y can be written as Y ;- = Y., Wherey, = 2?:1 y*i/nAwith v,; = ny;/Nm;;
also see Appendix A.1. Similarly, we can write the HT estimator of Xy as Xy g7 = X.,,. Noting that
under model (3.1) we have Y,; = x/ B + &,;, where Y,; = nY;/Nm;, E¢(¢%) = f,;0°

(f.i = n?f;/m?N?) and using the GLS estimator of B (say b.,,), the regression estimator in this
case can be written as

= _ _ _ -1 _
Yrem = Yin + b;nGN — Xun) [b*n = (X;nF*r:le*n) X;nF*r%y*n] . (6.27)

Next, a number of remarks are in order. First, replacing F,,,, X.,, and y.,, by their definitions yields
b.,, = V. X,,F, 1y, (= b,); also see section 3. That is, given model & both b,,, and b,, can be seen
as the GLS estimator of B given the n observations irrespective of the ;. Second, assuming that
X,; contains f,; or, equivalently, x; contains f; /m;, we have e,,, =y, — b, X,,, = 0 so that
?Rc*n = b, xy = by Xy = ?ch provided x; contains f; so that e,, = 0 as well. Third, replacing
b.y (= by) in (6.27) by by, = (X, FL X)) ~AX P 0 by, with T, = diag(my, ..., T5,) leads to
another estimator (say Y g.rn)- However, the difference is negligible since

Yren = Yrern = (bun — b)) (Xy — Xup) = Op(l/n);

note E¢ E(bg,) = E¢(by) = B. Options b,, and by, are also discussed in Deville and Sérndal
(1994) in a somewhat different context. Fourth, since under model ¢ in the case of g (g > 0)
ignorably missing observations E¢(Bp,) = azi}\,(vp —V, )Xy = B when b,, is used, option b,, is
to be preferred when applying MI. Finally, in a sample with unequal i; we can use the same kind
of MI, ZVMI or Sl as in an SRS sample with r; = n/N provided that b,, (= b,,,) is used and x;
contains f; and f;/m;. In the next example it is shown that Ml may fail when x; is a scalar and b,;,,
and by, are used; by, is defined as b, with n replaced by p when g > 0.

Example 6.4. Consider model ¥: Y; ~ N(Bx;,02) (i = 1,2, ..., N). Suppose Z?’zl x; =1,
m; = nx; and n &K N. Then we get by, =y, /X and varg (bny | sr) = sgp/pif,; recall
brp = B+ €p/%p (g; = yi — Bx;). In the spirit of Rubin (1987), we use the imputations
Vi =g +v)x;+y, (=p+1..,n (6.28)

where v ~ N(0, sgp/pff,) and u; ~ N(0,s2,). Using ¥p = brpXp = 0, it follows from (6.28) that
~imp
Y = bapXp + q(vxq +ug)/n. Next, using by, =y, /Xn, Y ggrn can be written as

~imp _ _ q _ _
Yrenn = Xnban = Xy {bnp + . (vxq + uq)}i (6.29)
n

recall that the intercept is zero. Repeating this m times, it follows from (6.29) that

_ 2 2
axy (vXy +uy) Xq 1)\ aq*xys,
s ==t

nx, p%, 4) n%

E(Bp | s/) = var{ (6.30)
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Now choosing X, = 0.6xy, xq = 1.4xy, and p = q = n/2, formula (6.30) yields

E(Bm | s;) = (5.44q/n + p/n)qsep/np = 3. 2256p/n Because

varg (YRan) = xNaz/pxp = 5.5602/n and vary (Y ggmen) = S2y/M, We get B = 4.5602 /n.
Hence, B, has a negative bias of about 29% in a model-based sense. So in the case of MAR one
should be careful using by, in an Ml procedure. For more examples, see section 7.

Simulation Study

Let the superpopulation models for generating the Y; and the response indicators R; of a
population of size N = 2000 be given by

Yi =5+ X + 10d2i + \/ﬁé’i, X;i = Qa; + 10d2i and
@; = P(R; = 1) = (45 + x;/2 — 10d5;)/100 (i = 1,...,N),

where a; follows a uniform distribution U (15, 55), dzl =1ifN/2<i<Nandd,; =0
otherwise, and g; ~ N(0, 126); note that x = 40, dzzv =05,Y~50and @ @y = 60%. For f;
we considered two scenarios, thatis f; = 1 and f; = x;/xy. We also considered the scenario
with &; replaced by € = §; — E(6;) where In(6;) ~ N(3, 0.22305) so that E(¢;) = 0 and
var(g;) = 126. From 100,000 generated populations an SRS sample of size n = 400 was drawn;
vector ug in (3.7) was drawn from N (0, sgpz F,). Several estimators were examined form = 1

under four scenarios. Table 6.1 summarizes the averages of 100,000 Monte Carlo (MC) means of
~imp ~imp

three variance estimates (say Vp, VMI and VZVMI) of YRGp: Yrem and Y pemzy givenin (6.24),
(6.20) and (6.19), respectively, with m = 1 and o replaced by sepz, MC mean of Sepz (sep) is
126.1 (126.0). Between parentheses their biases (in %) are mentioned or, in fact, the differences
(in %) with the MC variances of those estimators. For calculating the coverages (in %) of the 95%
confidence intervals we used t,, = 1.96 since p is large. All coverages are slightly less than 95%.

~ ~lm
Table 6.1 Variance estimates for m = 1 under four scenarios for YRGp, YRan and
~lm
YRanZV with biases (in %) between parentheses, and coverages (in %).
scenario Vp VMI VZVMI
gandf, =1 0.472(0.2) 94.9 0.698 (-0.7) 94.8 0.600(-0.3) 94.9
g and f; = x; /Xy 0.461 (-0.0) 95.0 0.668 (-0.0) 94.9 0.580( 0.2) 95.0
gandf; =1 0.473(0.0) 94.7 0.699 (-0.9) 94.6 0.601 (-0.6) 94.7
g and f; = x; /Xy 0.461(-0.0) 94.6 0.670(-0.2) 94.8 0.581(0.1) 94.7

It emerges that all variance biases are small, including when the disturbances are lognormal. The
additional imputation variance of Ml exceeds that of ZVMI considerably by about 75%/m

(m = 1); note (VMI-Vp)/(VZVMI-Vp) = 1.75. This again confirms that there is no reason for using
MI when applying the regression estimator. A nonzero v leads to an unnecessary, sizable increase
of the Ml variance unless m is sufficiently large. Further, note that in practice Ml intervals based

on T,, are larger because t, in (5.1) is larger than t,, = 1.96 used in Table 6.1. We also
considered an NMAR case with ei, fi = 1and @; = (45 + 0.4Y; — 10d;)/100 so that
~imp ~imp

@, = 60%. The three biases of YRGp, Yrem and Yremzy (m = 1) are now 0.85 resulting in the
following (under)coverages 76%, 82% and 80%, respectively. The variances are 0.468 (-0.1%),
0.685 (-0.3%) and 0.594 (-0.4%); biases (between parentheses) are fairly small.
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M], SI and ZVMI in the Case of
Estimating a Ratio

~

In the case of an SRS sample with 1 < p =n K N, the variafrjce of the ratio estimator Y,
(= inf/fn) of a population mean can be estimated by v/a\r(VRn) = s2,/n where
a=ee/(l-1),e =y — Rx;and R, = y,/x; forl € {p,n, N} [e.g., Cochran (1977, 155) and
Rubin (1987, 19)]. Note that X is defined by X = Z?’zl x;/N = Xy. The ratio estimator is
important because it is often used in business surveys. Moreover, the estimator R,, of the ratio
R = 7/? is a relevant quantity in its own right. For instance, in a business survey where y stands
for the turnover of an establishment and x for the number of employees the ratio R = V/Y is
quite relevant. In this section we examine the ratio estimator for different data patterns and for
several imputation methods.

As before we assume that p (p < n) observations are available and that the nonresponse is
ignorable. It is shown that the classical Ml procedure yields biased variance estimators for some
data patterns while Sl and ZVMI work well. First, assuming that the data obey ratio model y:
Y;/VXi ~ N(B+/x;, %), the OLS estimate of 8 equals the familiar sample ratio R, = ¥,,/%n When
q = 0 [e.g., Sdrndal et al. (1992, 247 and 535) and Rubin (1987, 47)]. Hence, in the case of
missing observations, one may apply Ml to the ratio estimator of a population mean as we have
seen in sections 3 and 6. Second, consider model 9: Y; ~ N(Bx;,062) (i = 1,2, ..., N) asin
Example 6.4. With this kind of data we show that MI may fail here as well when using the ratio
estimator in the case of an SRS sample. Since ﬁp = yp/zp = byp, we get here the same
imputations as in (6.28). That is, in the present notation,

yi=[R,+v)xi+w, (i=p+1..,n), (7.1)
~imp ~imp
where v ~ N(O, sep/pxp) andu; ~ N(O, sep) Hence, Yrn, = RyX = Ygemn With R, =¥,/%n
andy, = R pXn t q(vxq + uq)/n sothat E(By, | s,) is as given in (6.30). Choosing again
xp = 0. 6X, Xq = 14X, and p = q = n/2 as in Example 6.4, the negative bias of By, is about
29%. In the next case we show that imputations also may lead to a positive bias of B,,. Assume
Xy = 1.6X, Xq = 0.4X, and p = q = n/2. In analogy with Example 6.4 we now get

= —2 =
E(By | sy) = 0. 535§p/n varg(Yrp) = X az/pfz = 0.7802/n, var(Yg,) =~ sZy/n and hence,
B = —0 2202 /n; YRn stands for the complete-data estimator. Because B < 0 [i.e.,

varg (YRp) <var(Ygy) = 02/n < E(T.)] any form of Ml fails when estimating Y /X even when
the ML/OLS estimate bp of B is used for imputation. In the words of Meng (1994), the

complete-data estimator VRn in this case is not self-efficient. However, Sl and ZVMI work well
under model 9 as shown in the following somewhat more general example.

Example 7.1. Consider model 1: Y; = Bx; + &, E(¢g;) = 0 and E(e?) = o?. Let q observations
be ignorably missing (1 < p,n < N). Instead of (7.1) apply now the following imputations

yi =R pXi +u; (i = p+1,..,n) where the u; are iid N(0, sZ,). This yields y, = R},En + qug/n

~imp _2
and Ygzy = R X+ unq/nxn, recall e. ep = 0. Not'lng that R =p +e,/xpand X /Ef1 ~ 1, the
~imp ~imp
model-based variance of Yz isvary (Y rzy) = (X /pxp + q/n?)a?. This can be estimated by
replacing o2 by sep or sZ,,. Unlike Ml this variance estimator is asymptotically unbiased for
~imp
var; (Yrzy) asn = . When the sampling fraction is not negligible, the first variance component
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~ilmp 2 ~ ~ ~ -~ - = - =
of vary (Y gzy) should be replaced by X var,(R, — Ry) where R,, — Ry = €, /x, — en/X.

Noting that covy (g5, €y) = 0/N and defining a = )_(/Ep, further calculations yield

vary (?:1215 —?) = {az/p —(2a-1)/N+ q/nz}az. (7.2)

Repeating this m times gives the ZVMI version and hence, ga? /n? in (7.2) should be replaced by
qo? /mn?. Note that for the u; hotdeck imputation can be used when required. Similar results
can be derived for model € in (3.1) with E(g?) = f;0? and ]_”N = 1. Recall that now

u; ~ N(0, fisép) forp < i <nandsZ = e;F *e;/(l — k) for | € {p,n, N} with k = 1. Noting
that covg (g, &) = E;(Z?zl e?)/pl = sz_”p/l for I € {p, N}, it can be derived in analogy with
(7.2) that

~lmp — — —

varg (YRZV - Y) = {azfp/p - (2af, - 1)/N + qfq/nz}o2 (7.3a)
~imp _ _ — —

varg <YRmZV - Y) = {azfp/p - (2af,—1/N + qfq/mnz}az. (7.3b)

Remark 7.1. From (7.3a) it follows that under model & with ]_CN = 1 deterministic imputations
=N ~lmp ~imp o
¥i = Rpx; (i =p +1,...,n) lead to estimator (say Ypg4¢ ) Yrar = RpX with variance (say ;)

~imp

V; = varg (YRdt - ?) ={a?f,/p - 2af, — )/N}o”. (7.4)

Under an SRS sampling design and model & with f; = x;, Sdrndal (1992) proposes the same
~imp
deterministic imputations for the HT estimator yielding the following estimator (say Y yrq:) and

variance approximation (say 1%)

~lmp

R P
Yyrar = Eyp + ERpxq = Rpxn
~imp 1 1), 1 1 ) _
var| Yyrar | = Vo = TN Syn + 5 - Cio° (C; = xnxq/xp). (7.5)

Note that I, > ;. Under model § with k > 1, a similar result can be derived for the regression

estimator compared to the HT estimator after using deterministic regression imputation. That is,

~lmp

Yurar = b;in; for further details, see Deville and Sarndal (1994). To prove I, > V; in this more
almp

general case, write Y yrge — Y (= by, X, — byyXy) as
~imp _ _ _ _ _
Yurae =Y = (b —by) Xy + B' (x5 —%xy) + (by — B) (% — Xp).

~tlmp
Since the utmost right term is of negligible order 1/n, var(Y yrq¢) can be approximated by

V Vi + (1/n—1/N)B'sxnB > Vi, (7.6)

where V; is given in (6.24); note that the covariance is zero because E¢ (sng) = 0. Recall that ¢
in 1 can be estimated by sgp or sgpz defined in remark 6.2, and B's,..nfB by b;,sxbep. To
illustrate that (7.5) and (7.6) are equivalent when f; = x; and ]_‘N =X= 1, choose for instance
N =4000,n = 1000, p = 667, x, = 0.75, x4 = 1.5, SJZ,N = 10,000 and p = 0.8 where p is
the correlation coefficient between x; and y; (i = 1, ..., N). Then we obtain 6% = 3600,

B?syen = 6400, C; = 2 and V; = 6.3 so that I, = 11.1 according to (7.5) and (7.6).
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8 Missing Covariates

In this section we briefly look at an adjustment procedure for the regression estimator in the case
of item nonresponse and imputations among the x; provided that X, is known. Suppose that the
missing observations in the p X k matrix X,, can be estimated by a fully conditional specification
(FCS) method [e.g., Murray (2018) and Van Buuren (2018)]. Let X;C denote such an estimated
matrix. For expository purposes, suppose that x;; = w;l‘rl + 1y where E(;;) =0,

EMunig) = 019 (i =1,...,0; 1, g =1, ..., k), and the missingness of the x;; is independent of
the random 7;; and ¢;. Let the variables in w;; be a subset of those in x;; so some elements in w;;
might be missing as well. Further, suppose that the first c records are complete. Subsequently,
Ender model ¢ we can write the regression estimator of Y adjusted for item nonresponse (say
YRGpIN) as

~

= _ _  _FC
Yrepin =Yp t+ b, (XN —Xp ); (8.1)
where b, is the GLS estimate of B from the first c records; recall that b, based on imputations for

the missing x;; might be biased (Little, 1992). In order to examine its variance, write VRGp,N -Y
as

= = S - T - _  _FC

Yerepiv =Y =, + by, (xy —%,) — b\ xy + (b, —b,) (Xy —X,) + b, (xp — X )

r_ o — — —FC
= (bp —by) Xy + (b — bp) (xy — xp) + b, (xp - X ) (8.2)
Next, define q;; = 1 if x;; is missing and q;; = 0 if x;; is observed, q; = Zfﬂ qi1,
p = p —= p —FC p
Qig = Zi=1 qi9ig: M1 = Zi=1 QuNi/q, Wy = Zi=1 quw;/q and wy; = Zi=1 CIizWL-FlC/CIz; note
qy; = q;. Further, note that xi"zc = x;; if q;; = 0 and define the deterministic imputations
FC FC' .FC

xj =W~ T, if g = 1. Now using a Taylor approximation, the last term in (8.2) can be

decomposed in two summation terms. That is,
k
_  _FC — _FC
be (Xp —Xp ) ~ Zﬁz (xpl _xpl)
=1

K K
_ —r _Fc’
= Z By, /p + Z Biay <W11T1 — Wy, TlFC) /p. (8.3)
=1 =1

Now noting that b,, — by and b, — b, are uncorrelated under model ¢, proved in Appendix A.2, it

follows from (8.2) and (8.3) that var;(?RGpIN - 7) consists of four components (say V4, ..., V). 1}
is given in (6.13). Using (6.12) with (p, N) replaced by (c, p) we get

V= o? (xy — ip)’(vc - Vp)(iN - ip) Since E(rlilnig) = 014, We get E(qlﬁlngﬁlg) = (19019
sothat I = Z;{_gzl ﬁlqlgolgﬂg/pz, where f3; can be estimated by b.; and g;4 from the FCS
residuals by, say ach. Repeating this m times (j = 1, ..., m), we can write each regression
estimator (say aj) as Qj = const — Z;;l bclqlele"rZ.C/p. Hence, the fourth component V, of
var(am) can be estimated by ¥, = B,,,/m where B, is as defined in section 2.2. In analogy with
(5.1) it can be derived that the degrees of freedom can be approximated by

k= (Vip34/V)2(m — 1), where Vi, = V; + V,, Vi3 = Vi, + V4, and so forth. Advantages of this
partial MI (PMI) approach compared to Rubin’s Ml are its lower t-value and smaller variance.
Interesting issues for further research are what happens when c is too small, how can this
approach be adjusted for categorical variables and heteroscedastic n;;, and also to what extent
are Qj, 171234, ‘rfc and crfgc asymptotically unbiased. Note that we did not use imputations for

i > p. In our opinion, there are no frequentist reasons for further computational efforts. Also
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note that it follows from (8.2) and (8.3) that var;(?RGp,N - 7) consists of four components. V;
stands for the variance in the hypothetical case of deterministic regression imputation and ¢ = p.
V, is due to the bias of x,, provided ¢ < p. Finally, V5 is due to the noise terms 1;; and 1, to the
imputations x/;° when gq;; = 1.

Concluding Remarks

In this paper, we have examined Ml from a frequentist point of view, including the three
conditions for proper ML. It emerges that drawings from the y2-distribution can be omitted. This
removes the bias from T,,, and leads to a smaller variance. We have shown that SI without
accounting for parameter uncertainty leads to valid confidence intervals provided that the
correct variance formulas are used. Further, the new ZVMI estimate has a smaller variance than
the standard Ml estimate when estimating a regression model or a population mean by means of
the regression estimator under model (3.1) and MAR nonresponse. It emerges that the bias of
Um is of a negligible order 1/n? when v = 0. Besides ZVMI leads to a lower t-value which, in
turn, also leads to a more accurate confidence interval than Ml; using (6.20) instead of T,, yields
lower t-values for MI. Similar results can be derived for unequal probability sampling with(out)
replacement from a finite population. A somewhat counterintuitive result is that the parameter
uncertainty [i.e., var(v)] in an Ml procedure is the same for sampling with and without
replacement. Further, deterministic ratio (regression) imputation for the HT estimator is less
efficient than for the ratio (regression) estimator. In addition, adjusted AZV imputations are fully
efficient so that by, 47y = b, while the distributions of the missing data are preserved.

Interesting questions for future research are to what extent the ZVMI method can be used in the
case of missing covariates, multistage sampling and generalized linear models. Another issue
that needs more attention is that unlike ZVMI MI may fail when estimating a ratio for a data
pattern that differs from the ratio model. This suggests that, in general, Ml may not work well for
parameters that are not directly related to the parameters of the superpopulation model or
imputation model. The results in this paper are also relevant for external users of imputed
datasets. Provided that imputed values are flagged for identification, those users or analysts can
choose their own imputation method for their (regression) analysis and use ZV, AZV or ZVMI
formulas proposed in this paper leading to more accurate estimates and lower t-values. Besides,
after hotdeck imputation only some minor adjustments of the software are required for OLS and
GLS regressions.
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Appendix
A.1 Valid MI in Unequal Probability Sampling Without Replacement

For an unequal probability sample s of size n without replacement similar results can be derived
as in section 2.3. Let m; denote the first-order inclusion probability and 7;; the second-order
inclusion probability (i, j = 1, ..., N); recall m;; = m;. Next, defining p; = ; /n,

=an —
pij = mij/n(n — 1) (i # j) and z; = y;/Np;, the HT estimator (say Y ;1) of population mean Y

~n

can be written as Yy = Zg = X,,_, y;/Nm; and its variance is

N
an Vi
var(YHT> = Z (T[ij - TL'L'T[]') NZ;T'}ﬂ'" (A1)
ij=1 v

where it is assumed that the units of the population are numbered such that the first n units are
sampled. Following Knottnerus (2011), (A.1) can be rewritten as

var (ﬁ) = {1+ (1= Dpo} o/ (8.2)
N N
=" by =D =D/
i=1 j#i
~imp

Applying the same g imputations as in (2.8), we obtain Yy = z, = z, + e. Now using
E(s2p) = E{E(s%, | $)} = E(sZ) = (1 — pzn)0Zy, We get in analogy with (2.9),

N
=tmp N v s YiVj q
Var(YHT > = Z (my; — m; ”j)'Nz;.[s;]nf + %(1 ~ P2n) T, (A3)
ij=1 Y

where t; = pm;/n, j; = p(p — 1)m;;/n(n — 1), and y; = m;; recall that missing values are
random. The variance in (A.3) can be estimated in a standard manner by

; p
~imp T Vi Vi q
o~ _ ] ] 2
Var(YHT ) = E (1 - U ) Nzﬂ:n’j + _npszp.

ij=1

When one applies a systematic probability proportional to size (PPS) sample from a randomly
ordered list, a more convenient estimator for the variance in (A.3) is

~lmp
var <YPPS> {1+®-Dp p} + —szp (A.4)
p = \2 /5 P
i_1Dpi(zi—z 1 — 2p;
Pap = _21_1 pl(; p) /_V( ) and _ Z 1-2p)L
Yi=1(zi —Zp)? 2 =

For further details, see Knottnerus (2011) and the references therein. Furthermore, since
~p
var(YHT> = var(zp) =varE(z, | s) + Evar(z, | s)
1 1 an
=var(zs) + E 5 - si =var(Yyr |+ —(1 — Pn) 02N,
we get B = var(?HT) — var(?HT) = q(1 — pzn)02y /np which equals var(e) = E(B,,) just as

with the HH estimator as we saw in section 2.3; also see (A.3). Hence, the Ml procedure is valid
and var(v | s;-) or the parameter uncertainty is the same for sampling with and without
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A2

replacement. Further, recall from Knottnerus (2003) that p,,, = —(n — 1)~ and that for an SRS
sample, p,, = —1/(N — 1) for any n.

Proofs of (3.2), (3.3) and (6.12)

In order to prove (3.2) and (3.3), consider state space model éy:y; = X8 + & (t =0,1,2,..)
where g, ~ N(0,0°%F,), E(.£5) = 0(t # s) and B is a constant k X 1 state vector

(B = Bt—1 = B). Further, y; and &; are vectors of the same (time-varying) order and X; is a
design matrix of appropriate order. Let b; denote the GLS estimator for § given yy, ..., y; and
define P, = var(b;). Since B; = B+_1 = B, the celebrated Kalman equations reduce to

by = b1 + Ke(ye — Xebe—1) (A.5)

Pr = (Ix — KeXe)Prg (A.6)
-1

Ke = Peoy X, (XPe_1 X, + 02F,) t=1,2.) (A.7)

bo = (XoF;'Xo) X Fsly, and Py = o?(X,F5'Xo) ™.

Recall P, = 0%(Z;D;'Z,) ™" with Z, = (Xj, ..., X})" and D, = blkdiag(Fy, ..., F;) [e.g. Kalman
(1960) and Anderson and Moore (1979, 108)]. Because the arbitrary (partitioned) dataset

(Yn, X)) in (3.2) and (3.3) could have been generated by model &, for t € {0, 1} with 62 = 1, we
may choose starting values by = b, and P, = V,;» and apply the Kalman equations for t = 1
withy; =vyg4/, X; = X4 and F; = Fgr. Hence, (3.2) follows from (A.5), and (3.3) from (A.6). In
addition, note that under model & the variance of b,, [say var(b,;; £5)] would have been equal
to both sides of (3.3) irrespective of the actual variance of b,,. For readers less familiar with
Kalman filtering, we provide a sketch of the algebraic proofs. Applying (3.5) to

vV, = (V;,1 + x;,r;,lxqr)-l gives (3.3) and substituting (3.3) into

b, = Vn(X;,F;,lypr + X;,Fq_,lyqr) —Kgreqr + Kgreqr and using (3.4) give (3.2).

In the remainder of this Appendix we consider again the more general (state space) model £ in
(3.1) instead of &y. In order to prove (6.12), define e, = y; — X¢bi_q1 [= X (B —b_1) + &]. By
(A.5), by —b;_; = K;e;. In analogy with (3.12), we get var(K.e;) = K;X;P;_1 which equals
P;._1 — P;; see (A.6). Hence, var(b; — b;_;) = P;_; — P; from which (6.12) follows. Also note
that b; — b;_; (= Kye;) and by — b,_; (= Kseg) (s # t) are uncorrelated because the so-called
innovations or prediction errors e, €5, ... are uncorrelated.

Furthermore, it is noteworthy that the (frequentist) Kalman equations have a Bayesian
interpretation as well. That is, for a given g2 (b;_1, P;_1) can be seen as the mean and variance
of the prior distribution of a random B while (b, P;) can be seen as the mean and variance of
the posterior distribution (Harvey, 1981, 106). Moreover, following Knottnerus (1991, 70) and
Knottnerus (2003, 52), the optimal Kalman gain K; can be seen as a matrix of regression
coefficients from a regression of k prior errors on the prediction error e; resulting in k posterior
errors. That is, in the present context,

B—bi1 =Kee, +B —by, (A.8)

which is identical to (A.5). Solving the normal equations E{(8 — b.)e;} = 0 or, equivalently,
E{(B —b¢_; — Kcep)e,} = 0yields (A.7); recall e, = X, (B — b;_1) + &. In other words, the
residual variance of b, [= tr{var(b,)}] in (A.8) attains its minimum for K; given in (A.7). Applying
Pythagoras’s Theorem to regression (A.8), we get

P;_1 = var(K.e;) + Py, (A.9)
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A3

which is identical to (A.6); recall var(K;e;) = K:X;P;_; and B — b; is orthogonal to e;.

Additional Proofs for Theorem 3.1

We start proving E(s2,) = a2. Assume without loss of generality f; = 1. Write e, as
e, =Yn—Xpby =y, — anp —Xp (bn - bp)
- ep) ( —XpKqeq )
= + ) (A.10)
( 0 (Ig = XqKq)eq
where we used (3.8). Since e;,e,, = tr(e,e;,), three components are to be examined. First,
E(epep) = (p — k)o?. (A.11)

Second, using (3.12), we get

tr{var(X,Kseq)} = tr (X,K X V,X;,) 02 = tr (KgXg) 02, (A.12)
where we used tr(AB) = tr(BA). Third,
E{Q, — X,K,)e e, (I, — X,Ko)'} = tr (1, — X K, ) o2 A.13
tr {(q_qq)eqeq(q_qq)}_tr(q_qq)a- (A.13)
Note E{(l; — XgKq)eqe,} = 0?1, because E(eqey) = 0% (XqVpX, +1g) and hence by (3.9),

E(Kqeqey) = 0°VpXy; recall Fy = I, Combining (A.10)-(A.13) yields E (e, e,) = (n — k)o? and
hence, R, is met; recall tr(A) = tr(A"). This concludes the proof.

Next, we prove E(s%,) = 02{1 + 0(1/n)} when v is set to zero. Definey = (e;,, u:I)’ and

6 = X,Kqu,. Settingv = 0, we get e; = u, and it is seen from (A.10) that e,, =y — §. Hence,
e e, =y'y +8'6 — 2y'8. Definey, = u, and 8, = X,K,u,. Subsequently, using

tr(AB) = tr(BA) and K, = V,,X; [see (4.6b)], we get

EQy'y) = E{(p — k)sép} + E(uguy) = (n — k)o?
E(8'8) = tr E(ugXgVn X, X,V Xgug) = atrV, Vit
E(y'8) = E(y20) = tr E(ugX,VyuXgqug) = aztrVan_l.

Hence, E(sZ,) = 02{1 + 0(1/n)}; note V,,V;* = 0(q/n) under the assumptions.
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