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Summary

Record linkage aims to bring records together from two or more files that belong
to the same statistical entity such as an individual or a business. In this paper, we
focus on incorrectly linked pairs which result from records in two or more datasets
being linked incorrectly due to errors, missing values or changes over time in the
variables that are used in the matching procedure. It is well known that naively
treating a probabilistically linked file as if there are no linkage errors leads to
biased inference. We present two approaches for compensating for linkage error
when analysing a two-way contingency table for categorical data where one
variable is coming from one file and the second variable is coming from the other
file. One approach is an unbiased correction and we show that this often equates
to the approach used by Chipperfield and Chambers (2015) under the
exchangeable linkage error model, which is a widely used model for linkage errors
and the one that we will adopt in this paper. The other approach is a biased
correction, but which often leads to lower mean square error than the unbiased
approach.

Under the exchangeable linkage error model, we will study the following
fundamental questions: can a compensation approach for linkage error improve
on the naive approach, where linkage error is not compensated for, and, if so,
under what conditions? To this end, we will compare the compensation
approaches to the naive approach. We will examine these three approaches in
detail, both by means of an analytical study as well as by means of a simulation
study. In particular, we examine estimation errors, bias, variance and mean square
error of the three approaches. We show in this paper that the approach to take for
a given situation depends on the characteristics of the table and whether the table
shows dependent or independent attributes, and more specifically whether the
particular cell of the table has a positive, negative or no association.

Keywords
probabilistic record linkage, exchangeable linkage error model, contingency tables,
linkage error correction

The views expressed in this paper are those of the authors and do not necessarily
reflect the policies of Statistics Netherlands. The authors would like to thank
Arnout van Delden for his helpful comments on an earlier version of this paper.
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1. Introduction

Record linkage aims to bring records together from two or more files that belong
to the same statistical entity such as an individual or a business. The seminal paper
by Fellegi and Sunter (1969) provides a framework for probabilistic record linkage
and resulted in decades of research on linking datasets. In the official statistics
framework, the first large-scale record linkage exercises were between census and
coverage surveys. At Statistics Netherlands, probabilistic record linkage has, for
instance, been applied to link health insurance data to the Netherlands Twin
Register, community pharmacy records to a birth cohort study, and the Dutch
Population Register and the Employment Register (see Van Grootheest et al.,
2015).

Given the increasing use of administrative and new forms of data being used in
statistical systems there is an increasing need to continue to develop and research
record linkage approaches and in particular, there is a growing emphasis on
accounting for linkage errors in statistical analysis. In a linked dataset there are
two types of errors: incorrectly linked pairs which may potentially incur bias in
statistical analyses and missed links which impacts on coverage and potential bias
if those missed links differ in their characteristics from the found links. For
instance, linkage error in linked health insurance data and data from the
Netherlands Twin Register may lead to incorrect conclusions with respect to the
statistical effects of health care.

In this paper, we focus on incorrectly linked pairs which result from records in two
or more datasets being linked incorrectly due to errors, missing values or changes
over time in the variables that are used in the matching procedure. Throughout
the paper, we will assume that both datasets contain the same units and the aim is
to link all of them (one-to-one linkage).

It is well known that naively treating a probabilistically linked file as if there are no
linkage errors leads to biased inference. There has been early work on
compensating for linkage errors in regression models, see Scheuren and Winkler
(1993 and 1997) and Lahiri and Larsen (2005). Chambers (2009) proposed bias-
corrected linear regression coefficients and Kim and Chambers (2012a, 2012b) also
looked at more general models using estimating equations. Chipperfield et al.
(2011) and Chipperfield and Chambers (2015) focused on categorical data and
proposed an unbiased method for compensating for linkage errors.

Our focus in this paper is also on categorical data. We follow the Chambers (2009)
assumption of the exchangeable linkage error model and this is described in
Section 2. The error rates for the exchangeable linkage error model can be
estimated by sub-sampling linked pairs and manually checking for errors in these
linked pairs. In addition, bootstrapping approaches have been proposed, see
Winglee, Valliant and Scheuren (2005) and Chambers and Chipperfield (2015). We
assume that the linkage error rate is known under the exchangeable linkage error
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model and we address the problem of how to compensate for the linkage error
when the variables of interest are categorical.

We present two approaches for compensating for linkage error when analysing a
two-way contingency table where one variable is coming from one file and the
second variable is coming from the other file that are linked through a probabilistic
record linkage process. One approach is an unbiased correction and we show that
this often equates to the approach used by Chipperfield and Chambers (2015)
under the exchangeable linkage error model. The other approach is a biased
correction, but which often leads to lower mean square error than the unbiased
approach. Under the exchangeable linkage error model, we will study the
following fundamental questions: can a compensation approach for linkage error
improve on the naive approach, where linkage error is not compensated for, and,
if so, under what conditions? To this end, we will compare the compensation
approaches to the naive approach. We will examine the three approaches in detail,
both by means of an analytical study as well as by means of a simulation study. In
particular, we examine estimation errors, bias, variance and mean square error of
the three approaches.

Results show in this paper that the compensation approach to take for a given
situation depends on the characteristics of the table and whether the table shows
dependent or independent attributes, and more specifically whether the particular
cell of the table has a positive, negative or no association.

Section 2 provides the motivation for correcting for linkage errors in contingency
tables with a small toy example and defines the two compensation approaches
based on the biased and unbiased correction techniques. In Section 3, we present
theoretical results on which approach outperforms the naive approach in terms of
the estimation error in individual cell values, depending on the type of association
of the cell value. Section 4 shows theoretical results of the bias and variance of the
cell values under the naive and compensation approaches. All theory is tested in
Section 5 in a simulation study based on a set of tables with dependent and
independent attributes and varying cell associations and, in particular, we show
the impact of the naive and compensation approaches on statistical tests of
independence. We conclude in Section 6 with a discussion.
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2. Methods

In this section, we first describe the record linkage problem and the effect of
linkage errors on contingency tables. We also introduce the exchangeable linkage
error model (see Chambers, 2009), and the three approaches that we will study in
this paper: the naive approach and two correction approaches. These three
approaches will be examined under the exchangeable linkage error model.

We briefly describe a fourth approach proposed by Chipperfield and Chambers
(2015). As already mentioned in the Introduction we will show that this approach
is basically the same as our unbiased correction approach under the assumptions
made here.

2.1 Notation and terminology

In this paper we focus on a basic record linkage problem. We suppose that there
are two data files A and B of n records (n = 2), containing variables (x,y) and
(x,z), respectively. We are interested in estimating the contingency table of the
categorical variables y and z. To do this, the two datasets first need to be linked
on the common variable(s) x. It is assumed that both datasets contain the same
units, i.e., linkage is one-to-one.

For the purpose of constructing the contingency table of y and z, variable y in the
first dataset can be coded into dummy variables as a binary n X | matrix Y, where
J is the number of categories of variable y. The elements of this matrix are y;; = 1
if the unit in record i of the first dataset belongs to category j of variable y, and
yij = 0 otherwise. Similarly, variable z in the second dataset can be coded as a
binary n X K matrix Z, where K is the number of categories of variable z. After
linking the two datasets, the | X K target contingency table is then given by T =
Y'Z (where ' denotes taking the transpose of a matrix), with typical element tik =

n
2i=1YijZik-

During the record linking process, linkage errors may occur. Since both datasets
contain the same entities, random linkage errors can be represented by a random
permutation of the order of some units in the second dataset. As a result, instead
of Z we observe Z* = CZ, where, due to the random linkage errors, Cis a
stochastic permutation matrix of order n. That is to say, each row and each
column of C contains exactly one element equal to 1 and all other elements equal
to 0. The target contingency table is observed as T* = Y'Z* = Y'CZ, with typical
element £, = Y7, y;; (X7, cizy). In reality, C would be unobserved, and

correction for linkage error is non-trivial.
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Example

To illustrate the above notation, we consider an example withn = 10 and
variables y and z that both have two categories. Suppose that the two dummy
variables are:

o
I
N
SR
o
o
o
o -
o -
o
- o
_ o
_ o
\_/\

and
Z=(1111000110)
0000 1 110 0 1/°
The true contingency table of y and z is therefore:

T=vz=(} )

2 1

For the purpose of this example, we suppose that linkage errors occur according to
the following permutation matrix:

OO OO OO O OO
[eNeleoleololoNoBol ™)
[N eNeoleololeoNel ==
RO OO OO OO oo
OO O OO RrRr OO OO
OO OO RrRrR O OO oo
O OO PRrPR OO OO oo
OO PR OO OO OoOO0o
O RrRPr OO OO OO oo
SO OO OO R OOO

Thus, the 4th and 10th unit in the second dataset are permuted and the other
units are linked correctly. Hence,

s 0 (1110000 1 1 1
Z_CZ_(0001111000)

and the observed contingency table is given by

3 4

T=vz=(;

) £Y'Z

We assume that the linkage errors, and hence the permutation matrix C, are
stochastic. Since we want to focus here on the effect of linkage errors on
estimators, we treat Y and Z as fixed. It is easy to see that, in the presence of
random linkage errors, the naive estimator T* = Y'Z" is biased for the true
contingency table. Namely:

E(T*)=E(Y'CZ) =Y'E(Q)Z=Y'QZ (1)
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which in general is not equal to T = Y'Z. Here, Q = E(C) denotes the matrix of
linkage error probabilities, with typical element g;; = Pr(c;; = 1), where Pr
reflects the stochastic process by which C is generated. Note that all rows and
columns of Q must sum to one, under the assumption that linkage is one-to-one.

As seen in (1) and below, the matrix of linkage error probabilities Q plays a key
role in estimators that compensate for linkage errors. In what follows, we will
assume that Q is an n X n matrix with each diagonal element for the probability of
a correct link equal to, say, g and each off-diagonal element equal to § =

(1 —-¢q)/(n—1). That is to say,

q & & 5§ &
/6q8 55\
)

(=9
Q
S

\5 § 8§ - q & /
6§ 6 &6 - &8 ¢
In matrix-vector notation, a matrix of this form can be written as:

Q=gql+6(uu’ -1, (2)

where u denotes the n vector of ones and I the identity matrix of order n. This
corresponds to a simple, but widely used model for linkage errors that is known as
the exchangeable linkage error model (Chambers, 2009). Despite the apparent
simplicity of the model, we believe that it provides important insights into the
properties of various compensation approaches for linkage error, and that these
insights are also useful for more complicated linkage error models.

In practice, the exchangeable linkage error model is often applied within blocks
defined by a common variable x in files A and B, with possibly different values of g
for different blocks.

We will make the weak technical assumption that

1/n<qg<1. (3)
The left inequality implies that the linking process is at least better than linking the
records completely at random. The right inequality rules out the trivial case where

the linkage process is deterministic and perfect (g = 1). For future reference, we
note that a matrix Q of the form (2) has an inverse of the form

-1 _ 1 _ _ _ I}
Q {(n—DI-(1 - q)uu’} (4)

ng—1

and that (3) implies that 2 — én > 1. The left inequality in assumption (3) is
needed to ensure that this inverse exists.
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2.2 Correcting for linkage errors

In this paper, we consider several estimators to correct for linkage errors:
a. T? = (QY)'Z*, an estimator that uses the Q matrix;

b. TB¢ = Y'Q~1Z*, an estimator that uses the inverse of the Q matrix;

c. T¢C proposed by Chipperfield and Chambers (2015) (see below).

The idea of the first approach is that (CY)'Z* = (CY)'CZ = Y'Z = T. The second
equality follows from the fact that C is a permutation matrix so C'C = L. By
replacing the unknown matrix C in this expression by its expectation Q, we obtain
T? = (QY)'Z".

The idea of the second approach is that Y'Q™1Z* is an unbiased estimator for the
true contingency table of y and z. Namely:

E(Y'Q1Z%) = E(Y'Q™LCZ) = Y'Q'E(QZ=Y'Q'QZ=Y'Z=T.
We use the superscript BC to indicate that this is a bias-corrected estimator.

The approach of Chipperfield and Chambers (2015) applies the following additive
correction to the naive estimated contingency table:

TCC =Y'Z" +Y'(1- QA (5)

with A€ = YII®C, and [I€C is an estimate for the J X K matrix I of conditional
probabilities 7j, = Pr(z = k|y = j). Chipperfield and Chambers (CC) proposed to
estimate IT°C by the following iterative algorithm:

1. Start with [T, based on the naive estimate T, = T*: compute I, = D;T,,
where D, is a diagonal matrix with the row sums of T, on the main diagonal.
Let h = 0.

2. Compute a new estimate according to (5): Ty41 = Y'Z* + Y'(I — Q)A,, with
A= YI,,.

3. Compute a new estimate for IT: I, ; = max{Dy},Ty41,0}, where Dy, ; is a
diagonal matrix with the row sums of T,,;.; on the main diagonal and the
maximum is taken element-wise.

4. Stop when the estimates have converged. Otherwise, let h = h 4+ 1 and return
to step 2.

Upon convergence the algorithm yields II¢ and ACC. Note that the truncation in
step 3 is built in to prevent the occurrence of estimated conditional probabilities
outside the interval [0,1].

The CC derived estimator (5) is a bias-corrected estimator, under a slightly
different framework that also treats y and z as random variables. They considered

the bias of Y'Z* conditional on Y and assumed that C and Z are conditionally
independent given Y. Under this assumption, it follows that:

E(Y'Z* —Y'Z|Y) = Y{E(C|Y) - DE(Z|Y) = Y'(Q — DYIL
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Example (continued)

Suppose that in the above example with n = 10 the Q matrix is given by (2) with
q = 0.91 and therefore § = 0.01. For the first alternative estimator T%, we then
find:

T = vz = —(

— 312 388):(3.12 3.88)_

288 12 2.88 0.12

In this example, this approach adjusts all entries in the contingency table a bit in
the right direction.

For the second alternative estimator T2¢, we find:

~
=~

TBC = y'Q~1Z* = 1(258 372)

s (oon 372 (2.8667 4.1333 )

3.1333 —0.1333

This is worse than the naive estimate T* = Y'Z*. In fact, all entries in the
contingency table TEC are further from the true entries in T than T*. Note also
that the entry in the second row and column of TZ¢ is negative, which is not
acceptable for a contingency table.

The procedure of CC yields

HCC —

o (0.4109 0.5891)
1.0000 0.0000/°

from which the following estimate is obtained:

3.1237 —-0.1237/°

This estimate is quite close to the bias-corrected estimate TEC. In particular, it has
the same undesirable properties in this example.

The similarity of the estimates T?¢ and T in the above example is not a
coincidence. In fact, the following property can be shown.

Theorem 1. For random linkage errors that are described by a matrix Q of the form
(2) that satisfies assumption (3), if the truncation in step 3 of the algorithm of CC is
never used, then this algorithm converges to the solution T = TBC,

The proof of this theorem is given in Appendix A.1. The above example illustrates
that even when the truncation step is used in the algorithm of CC, the resulting
estimated contingency table is still close to the bias-corrected estimate based on

Q.
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Given Theorem 1, we will focus on the first two estimators, since in practice the
properties of T¢C are similar to those of TE¢. This was confirmed by our
simulation study where we obtained the same results for the two estimators;
hence, we do not show the former estimator in Section 5.
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3. Theoretical results on
estimation errors

In this section we examine the errors of the single entries in estimated
contingency tables under the exchangeable linkage error model. We begin by
introducing some further notation, and then examine the Q and Q! correction
methods in turn.

3.1 Further notation

Consider a single entry of the true contingency table T: tj;, = (Y'Z)j, = y]’-zk,
where y; denotes a column of Y and z; a column of Z. The corresponding entries
of the estimated tables T*, T?, and TZ¢ are

f]*k = (Y,CZ)]k = y]'-CZk,
t9 = (YQ'CZ);, = yQ'Cz,
ie = (YQ'CZ) i = yjQ " Cz.

: : s _ g . Q _2Q BC _
Denote the errors in these entries as ek = Lk — Yk €k = Lk — ik, and e =
£BC _¢. .
jk jk*
* !
ejk =y;(C— Dz,

=y;(Q'C— Dz, (6)
jk - YJ(Q 1C - I)Zk

Since the estimators T and TZ¢ are intended to correct for Iinkage errors, it
might be reasonable to expect that | h

running example of Section 2 with n = 10 it was seen that in fact | ejk
all entries in the target table. The aim of this section is to derlve necessary and
sufficient conditions for the inequalities | k| < | k| and |

Section 4, we will compare the bias and variance of the different estimators.

As is noted in the proof of Theorem 1 (see Appendix A.1), the marginal counts of
the contingency table of y and z can be obtained from the separate data files and
are therefore not subject to linkage errors. (This can also be seen in the running
example of Section 2.) We denote the marginal count for category j of variable y
byr; = y]’-u = u'y;. Similarly, we denote the marginal count for category k of

variable z by s, = Z;u = u’z; where u denotes the n vector of ones as before.
It will be useful below to distinguish between three different cases, based on the

sign of the quantity nt;; — r;s,. Note that, if there is no association between the
dummy variables y; and zy, it holds that
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With this in mind, we will call the variables y; and z; positively associated when
ntj, > 155y, negatively associated when nt;;, < rjsy, and not associated when

ntjx = 1jSk. It should be noted that this association type refers to an individual cell
value in a table and not to a measure of association for the table as a whole.

3.2 The Q-adjusted contingency table
For the estimator T¢ = Y'Q'CZ, the following result is derived in Appendix A.2.

Theorem 2. For random linkage errors that are described by a matrix Q of the form

(2) that satisfies assumption (3), e]%| > when one of the following two

eikk
conditions holds:
a. ntj, > rjSk (positive association) and 'E]?"k satisfies
TjSk ntjk - TjSk .
n 2—=6n '
b. nty < 15k (negative association) and t]f*k satisfies
nt, — ;S 1;S
jk Jok 2 Jj2k
— <t < — (8)
2—6n Jk n

, with equality holding only at the endpoints of (7) or

<t <tp+6 (7)

Ly + 6

Q %
In all other cases, e]-k| < |e]-k

(8) and in the special case nt;, = r;sy (no association) for f;‘k = tjk-

Example (continued)

To illustrate the result stated in Theorem 2, we revisit the example from Section 2.
This example concerns a 2 X 2 contingency table with fixed marginal counts (as
noted above), which has just one degree of freedom. To study the effect of linkage
errors on this table it therefore suffices to consider just one of the entries,

because the errors e in all entries will be equal up to a sign change (as could be

seen in the numerical results from Section 2). Here, we will focus on the upper left
entry t;; = 4.

In this example, it holds that n = 10, 7y = 7, s = 6. Since nty; = 40 < 42 =rysy,
the case of negative association applies here. The relevant condition (8) is given by

42

2
4——<tf; <—

190

The observed table has £;; = 3, which lies outside this interval. Hence, for this
particular observed table we find that |efl| < |e{1l, which was verified directly in
Section 2.2. (In fact, ej; = —1 and e, = —0.88.)

Moreover, since f{l has to be an integer, the above condition is satisfied only
when £7; = t;; = 4. Thus, if we consider all 10! = 3628800 possible permutation
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matrices C for this example, the conditions from Theorem 2 are satisfied only for
those permutations that yield an observed contingency matrix that happens to be
equal to the true contingency matrix. (A non-trivial illustration of such a
permutation for this example would be one that permutes only the 1st and 2nd
units.) We conclude that, for the table in this example, adjusting by the Q matrix
will improve the estimation error except in those instances where the observed
table happens to be error-free.

Note that the true value tj; is contained in the relevant interval (7) or (8) in

Theorem 2. Thus, according to this theorem, adjusting the observed contingency
table by the Q matrix increases the error in particular when the observed value fj‘k

happens to be close to the true value tj;

3.3 The bias-corrected contingency table
For the estimator TB¢ = Y'Q™1CZ, the following result is derived in Appendix A.3.

Theorem 3. For random linkage errors that are described by a matrix Q of the form
(2) that satisfies assumption (3), e]BkC| < when one of the following two
conditions holds:
a. ntj, > 1;5i (positive association) and f]-*k satisfies
;S nty, — ;S
ok s jk — 'j°k
=<t <ty —6————;
n Jk = ik 2-6n
b. nty < 15k (negative association) and t]f"k satisfies
nti, — 1Sk n T)’Sk
ty — 06— =< tr < L= 10
J 2—6n k= (10)
In all other cases, |efi’| = |ej\|, with equality holding only at the endpoints of (9) or
(10) and in the special case nt;x = 1jsy (no association) for 'E]f‘k = tjk-

*
e]-k

(9)

Example (continued)

To illustrate the result in Theorem 3, we again use the example from Section 2,
withn = 10,7, = 7,s; = 6, and t;; = 4. The observed table has £;; = 3. As noted
above, we are in the case of negative association. Since fi"l <tjpand2-46n>1,
it follows immediately that |ef| > |ef,|, because the lower bound in (10) is
strictly larger than t;;. Thus, according to the theory, adjusting the observed entry
by means of the Q™! matrix increases the error in this example. It was seen in
Section 2.2 that this is indeed true (e;; = —1 and eZf ~ —1.1333).

In fact, we have checked the conditions of Theorem 3 for all 10! possible
permutation matrices C for this example, and found that they were never satisfied.
Thus, a striking and unexpected result for this example is that the bias-corrected
estimator increases the absolute size of the error in the estimated table compared
to the naive estimator in every possible instance. The estimator TZ¢ is
theoretically unbiased over repeated draws from the linkage error model, with the
error being sometimes negative and sometimes positive, but it increases the
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absolute size of the error for every possible realisation. In other examples, the
bias-corrected estimator may perform better than the naive approach.

From the similarities in the conditions of Theorem 2 and Theorem 3, it is easy to
derive the following interesting connection between the behaviour of the bias-
corrected and Q-adjusted estimators.

Corollary 1. For random linkage errors that are described by a matrix Q of the form
(2) that satisfies assumption (3), whenever |e]BkC| < it must also hold that

Q
|eik| >

*

*

Proof. First suppose that there is a positive association and condition (9) holds. In
this case

ntj, — 1Sk
2—6n
Therefore, it follows from (9) that
;S nti, — ;S ntj, — ;S
Sk s jk T 'jok jk — 'jok
<t <tp - =<ty +—F—s—

2—06n

Hence, condition (7) is satisfied and it follows from Theorem 2 that |eJ%| >

ek |-
In the same way, it can be shown that when there is a negative association,
condition (10) implies that condition (8) holds and it follows again from Theorem 2

that [efy| >

ej*k . Since these are the only two possible scenarios where |eﬁf| <

, the result is established. [ ]

| e

Note that the converse statement of Corollary 1 does not hold: it is possible to find
Q * BC
cases where both |ejk| > |ejie| and |efi¢| =

*
ejk .
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4. Theoretical results on bias and
variance

In this section we derive analytical results on bias and variance for our three
estimators for a contingency table T = Y'Z. Obviously, this automatically also
leads to analytical results for the mean square error of these estimators.

4.1 Bias

We already noted in Section 2.2 that the estimator TZ¢ is unbiased for the true

contingency table T = Y'Z, whereas the observed contingency table T* = Y'Z* is

biased in general. In fact, the bias of T* as an estimator for T is seen to be:
B(T*)=E(Y'CZ)-Y'Z=YE(QZ-YZ=Y'(Q-DZ

Using the fact that

q
I_I —
— ('~ D)

Q-I=@-DI+

a (au’ — nl),
n 1

we find for an individual entry f]f*k in the observed table that

£* ! q ’ I
B(tjk) =y;(Q—Dz, = myj(uu —nDz;, = —8(ntj, — 1jsK). (11)

The corrected estimator based on the Q matrix also yields a biased estimator,
since

E(T?) =E{(QY)'CZ} = Y'QE(C)Z = Y'Q'QZ.
Therefore:
B(T?) =YQQZ-YZ=Y(QQ-DZ
which is non-zero in general since Q'Q # I except in the trivial case where Q = 1.

For an easy comparison of the bias of the individual entries fj(‘l?c and fj‘k, it is useful

to consider the associated error ej(;{ = y]'-(Q’C — 1)z, defined in (6). We note that

QC—1I=qC+ _z(uu’C—C)—I

n
= ﬁ{(nq -1DC+ (1 —-qguu'C—(n— DI}

1 :
=—{lng - DC+ (1 - Puu’' - (n - DI}
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nq—l

1-gq
(C ) + 7 (uu’ — nl).

In the third line, we used property (16) from Appendix A.2, which says that uu'C =
uu’. It follows that

B(&) = E(e k)

nq—

1-aq_,.
Y, i(Q—Dzy + m}’j(uu —nhzy
n— t;k) + B(ffk)
ng—1
= — (1 + — )6(ntjk —rjsk),

where we used (11) in the third line.

In summary:
B(&) = —8(ntj. Tjsk)
B(fﬁc) = — (1 1;q )5(n - rjsk), (12)
B(Ef

From (12) we can draw several general conclusions about the bias of these
estimators:
— Since 0 < ng —1 < n—1byassumption (3), it always holds that

[B(&3)] = [B(Eic)l = [B(EE)| = 0.

That is to say, the Q-adjusted estimator is at least as biased as the naive
estimator, and the naive estimator is (obviously) at least as biased as the bias-
corrected estimator.

- B(fﬁ() and B(ffk) have the same sign, which is completely determined by the

type of association: the bias of these estimators is positive for entries with a
negative association (ntj, < rjsk) and negative for entries with a positive
association (ntj, > 1;5i). In the special case that nt;; = 1;jsy, the bias of these
estimators is zero.

— For given values of n and g, and assuming that B(ffk) # 0, the bias ratio

B(fﬁc) _ 1+nq_1
B(ffk) n—1

is invariant for all entries in any contingency table. Furthermore, under
assumption (3), this ratio always lies between 1 (for g { %) and 2 (forg T 1).

Thus, although in absolute terms the bias of B(f]%) and B(f}’k) is maximal when

gl %, the relative bias of B(fj(‘,?() compared to B(f]fk) is maximal when g T 1.
Furthermore, for large n this bias ratio tends to 1 + q.
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Example (continued)
For the example from Section 2 with n = 10, the bias of the observed contingency
table T* is:

o) vz (55 22 D= (% )

The bias for the alternative estimator T is:

~ 4.038 2.962 4 3 0.038 —0.038

Q = ! ! — = — =
B(T ) YiQQ-Dz (1.962 1.038) (2 1) (—0.038 0.038 )
which is indeed larger than the bias of the uncorrected estimator. More precisely,
the bias increases for all entries by the same factor

ng—1_  10x091-1_

+ +
n—1 9

4.2 Variance

To analyse the variance of the estimators T*, T?, and TEC, it is useful to re-

examine the errors e}, ]k and e deflned in (6). It holds that:

]

= YJI(C - l)zk'
o _Nq— 1-
e = — y](C — Dz, + —yj ‘(uu’ — nl)zy, (13)

gc_ N— 1
€jk —myj'((:—l)zk—

—q
— 1yj(uu — nl)zy.

The expression for eﬁ{ was derived in Section 4.1. For e}, ik, We used expression (6).

For eic, we used expression (20) from Appendix A.3.

Now using that Var(i; ) = Var(ej; ) = Var(y;Cz;) (and similarly for the other
estimators), we can conclude immediately from (11) and (13) that

Var(t,) = Var(y]'Czk)

1)?
var(E,) = o gy Var(vjCz), (14)
( )2

Var( tBC —( v

Var(yJCzk)

Thus, in order to compute the variance of all three estimators, it suffices to
compute the variance of the quadratic form y]'-Czk. Using a result from Chambers

(2009), the following approximation for large n is derived in Appendix A.4:
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Var(yjcze) ~ a1 - @) (1-22) g + A= LE[1- (-] (13

By substituting this expression into (14), large-sample approximations are
obtained to Var(f]-*k), Var(fﬁ{), and Var(fﬁc). We demonstrate the approximation

of the variance in (15) in the simulation study described in Section 5 and compare
the variance for the case of the naive approach to the empirical variance obtained
from the study in Appendix B.

From (14) we can draw two general conclusions about the variance of these
estimators:
— Since 0 <ng —1 < n—1byassumption (3), it always holds that

Var(£f€) > Var(t;,) > Var(£%).

That is to say, of the three estimators considered here, the bias-corrected
estimator and the Q-adjusted estimator always have the largest and smallest
variance, respectively. Note that the reverse order was found above for the
bias.

— For given values of n and g, the variance ratios

var(ii)  (ng - 1)?
Var(t,) (n—1?’
Var(t3°)  (n—1)?

Var(ty,)  (nq— 1)?

. . L . 1 .
are invariant for all entries in any contingency table. For g l =, the variance of
fQ tends to zero, whereas the variance of t ¢ explodes. For q T 1, the variances

of the three estimators all converge to the same value. Furthermore, for large n
these variance ratios tend to g2 and 1/q?2, respectively.

4.3 Mean squared error (MSE)

We can combine the bias formulas in (12) with the variance formulas in (14) to
obtain expressions for the MSEs of the three estimators under linkage errors:

MSE(j;,) = 6%(ntj, — rjsk)z + Var(y;Czy),

. ng — 1\? - 1)
MSE(tﬁ() = (1 + p— ) 8% (ntjy — sk) —1y2 ———-Var(y;Cz),
(n-1)? ,
MSE( BC = mVar(ijzk).

Which of these estimators has the smallest MSE depends on the value of
Var(y]'-Czk) and may therefore differ between applications.

CBS | Discussion Paper | January 2020 19



5. Simulation study

In this section, we present a simulation study to demonstrate the theoretical
findings shown in Sections 3 and 4.

The simulation is based on a dataset of 300 records and two error matrices Q of
size 300%300, the first with 0.9 on the diagonal and all off-diagonal equal to
0.1/299, and the second with 0.8 on the diagonal and all off-diagonal equal to
0.2/299. We generated an auxiliary variable x~N(20,10%) and two target
variables z~N(20,15%) and y = 20 + 2x + 1z + €, where e~N(0, 4%). We also
generated: w~N(40,302). We then discretized y, z and w to 5 categories each
and converted them to vectors of dummy variables denoted Yy, Z; and W,
respectively. The 5X5 table defined by Yé’,Zg has dependent attributes (y? =
96.57,p < 0.0001) and the 5x5 table defined by Y; W, has independent
attributes (xy? = 7.32,p = 0.9666). Note that these tables have high power to the
statistical test of independence. The dataset was split into two files: File A contains
the vector Y, and matching variables and File B contains the vectors Z; and W,
and matching variables.

For each of the error matrices, we generated 1000 permutation matrices using the
unbiased zero-restricted controlled rounding for 2-dimensional tables according to
the procedure of Cox (1987) and presented in Willenborg and De Waal (2001). The
procedure control-rounds the Q matrix to base 1 according to the probabilities
provided in this matrix and ensures that there is a one in each column/row and the
rest of the entries are zero. The expectation of these generated permutation
matrices therefore equals the corresponding Q matrix of the exchangeable linkage
error model (2).

For each of the 1000 permutation matrices, we linked a row of file A with the row
of file B according to the indicator 1 of the permutation matrix. Note that for the
0.9 error matrix, this resulted in 90% of the links being correct and 10% of the links
being incorrect in expectation and similarly for the 0.8 error matrix, 80% of the
links are correct and 20% of the links are incorrect in expectation. On each of the
1000 linked files, we then reproduced the 5X5 tables of Y, Z, and Y, W, according
to the following:

a. naive approach: Yé’,Zg and YéWg without any correction

b. Q approach: (QYy)'Z, and (QY,)'W,

c. Q' approach (bias-corrected): Y;Q 'Z, and Y;Q"'W,

d. Chipperfield and Chambers (2015) approach described in Section 2.2.

In accordance with Theorem 1, the Chipperfield and Chambers (2015) approach
gives similar results as the Q™1 (bias-corrected) approach throughout, and hence
we do not show these results below.

Table 1 contains the percentage of cases out of the tables produced from the 1000

linked files where the naive approach is expected to perform better than the Q
and Q! (bias corrected) approaches for each of the 25 individual cells of the
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table. In other words, Table 1 contains the percentage of times that |e]%| > |ejk| or
|eﬁf| > |ej*k| respectively in the individual cell. These percentages correspond to
the bounds defined in Theorem 2 for the Q approach and the bounds defined in
Theorem 3 for the Q™1 (bias corrected) approach. Note that the bounds described
in the theorems depend on whether there is a positive association, negative
association or no association for the individual cell value and these are denoted in
the column labelled ‘Ass. Type’. The percentages are provided separately for the
error matrices with 0.9 and 0.8 on the diagonal and for the dependent attribute
table (variables y and z) and independent attribute table (variables y and w). Each
of the individual cells show different percentages for when the naive approach
outperforms the alternative approaches depending on the type of association of
the cell. For example, under the dependent table, cell Ry X C5 is on the boundary
of the bounds described in Theorem 2 and Theorem 3 and therefore, the naive
approach is never better than the Q approach but always better than the Q™1
(bias-corrected) approach.

Focusing on the tables derived from the dependent attribute table, the smaller
error level defined by 0.9 on the diagonal of the error matrix has generally more of
a chance that the naive approach will outperform the other approaches compared
to the larger error level defined by 0.8 on the diagonal in almost all the cells. In
other words, when the error is small, the naive approach is likely just as good as an
alternative approach when the table has a dependent attribute. Furthermore, for
the 0.9 diagonal error matrix and the dependent attribute table, the average
percentage where the naive approach outperforms the alternative approaches
across all cells is about 75% under the Q approach and 66% under the Q! (bias-
corrected) approach. For the 0.8 diagonal error matrix and the dependent
attribute table, the average percentage where the naive approach outperforms
the alternative approaches across all cells is about 70% under the Q approach and
about 55% under the Q! (bias-corrected) approach. These findings in Table 1
provide some evidence that when the original table has dependent attributes
(small p-value for the Chi-square test of independence) and the linking process has
a relatively high error rate, the best approach for correcting for linkage error is to
use the Q™! (bias-corrected) approach. Nevertheless, we will show in the next
evaluation based on the statistical properties of the approaches that even the Q1
approach is (slightly) outperformed by the naive approach.

Focusing on the tables derived from the independent attribute table, the smaller
error level defined by 0.9 on the diagonal of the error matrix has generally more of
a chance that the naive approach will outperform the other approaches compared
to the higher error level defined by 0.8 on the diagonal of the error matrix, similar
to the case for the dependent attribute table. Furthermore, for the 0.9 diagonal
error matrix and the independent attribute table, the average percentage where
the naive approach outperforms the alternative approaches across all cells is
about 58% under the Q approach and 88% under the Q™! (bias-corrected)
approach. For the 0.8 diagonal error matrix and the independent attribute table,
the average percentage where the naive approach outperforms the alternative
approaches across all cells is about 42% under the Q approach and about 86%
under the Q™! (bias-corrected) approach. These findings in Table 1 provide some
evidence that when the original table has independent attributes (large p-value for
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the Chi-square test of independence) and the linking process has a relatively high
error rate, the best approach for correcting for linkage error is to use the Q

approach.

Table 1: Percentage in each cell entry of the 1000 tables produced from
the linked files where the naive approach outperforms the respective
alternative approaches based on Q and Q! (bias-corrected) and the type
of association (labelled ‘Ass. Type’) of the cell entry (denoted by R; X Cy,
where jis therow, j=1,..,5 and kis the column k=1, ...,5)

Cell Dependent Attributes Independent Attributes
position | Ass. | 0.9 0.8 Ass. | 0.9 0.8

Type | Q Q' Q Q™! | Type Q Q' Q Q!
R, XC, | pos 92.8 | 587 | 911 | 348 | pos 80.1 | 80.0 | 648 | 72.8
Ry xC, | pos 955 | 441 | 996 | 424 | neg 66.7 | 100.0 | 44.7 | 100.0
R, xC; | equal | 0.0 100.0 | 0.0 100.0 | neg 799 | 785 | 60.9 | 75.2
R, xC, | neg 974 | 613 | 971 | 328 | neg 715 | 788 | 553 | 74.0
Ry X Cs | neg 98.4 | 451 | 1000 | 43.8 | pos 775 | 702 |671 | 566
R, xC, | pos 875 | 583 | 862 | 384 | neg 55.1 | 100.0 | 33.7 | 100.0
R, xC, | pos 784 | 660 | 676 | 583 | pos 52.3 | 100.0 | 32.4 | 100.0
R, X C; | pos 777 | 661 | 675 | 573 | neg 454 | 100.0 | 29.0 | 100.0
R, xC, | neg 43.8 | 1000 | 28.0 | 100.0 | neg 37.5 | 100.0 | 26.0 | 100.0
R, X Cs | neg 90.7 | 433 | 985 | 435 | pos 60.6 | 783 | 434 | 77.8
RsxC, | pos 47.1 | 100.0 | 27.2 | 100.0 | neg 787 | 676 | 69.2 | 585
Ry X C, | pos 415 | 100.0 | 245 | 100.0 | pos 451 | 100.0 | 28.8 | 100.0
Ry X C; | pos 794 | 615 | 757 | 447 | pos 57.8 | 778 | 435 | 80.4
R;xC, | pos 37.1 | 100.0 | 23.5 | 100.0 | neg 35.8 | 100.0 | 20.0 | 100.0
R; X Cs | neg 775 | 532 [ 748 |39.0 | pos 36.4 | 100.0 | 19.6 | 100.0
R,xC, | neg 853 | 59.1 | 824 | 421 | neg 46.1 | 100.0 | 25.2 | 100.0
R,XC, | neg 873 | 520 | 874 | 315 | neg 482 | 100.0 | 28.8 | 100.0
R,XCs | neg 615 | 79.6 | 451 | 77.8 | pos 578 | 788 | 416 | 788
R,xC, | pos 788 | 558 | 794 |372 | pos 52.8 | 793 | 335 | 830
R, X Cs | pos 791 | 515 | 772 | 385 | neg s44 | 793 | 36.8 | 827
Rs X C, | neg 100.0 | 58.6 | 100.0 | 26.1 | pos 855 | 642 | 822 | 456
Rs X C, | neg 97.4 | 573 | 96.0 |31.0 | neg 54.5 | 100.0 | 35.6 | 100.0
Rs X C; | neg 94.7 | 573 | 932 |315 | neg 49.2 | 100.0 | 28.3 | 100.0
Rs X C, | neg 463 | 1000 | 25.8 | 100.0 | pos 442 | 100.0 | 23.3 | 100.0
Rs X C5 | pos 96.9 | 255 | 100.0 | 29.3 | neg 792 | 631 | 700 | 543

We now turn to the statistical properties for the 0.9 and 0.8 error matrices and
according to whether the table has dependent or independent attributes. Table 2
presents the empirical MSE for the naive approach, and the relative difference
from the naive approach for the alternative approaches, for example for the Q
approach: (MSE — MSE™4v¢) /MSE™*V¢ Negative values mean that the
alternative approach performs better than the naive approach in the individual
cell. Similarly, Table B1 of Appendix B presents the standard error component of
the empirical MSE and Table B2 of Appendix B presents the bias component of the
empirical MSE.
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Table 2: Empirical MSE of the cell entries across tables from 1000 linked
files according to the 0.9 or 0.8 error matrices and dependent or
independent attributes on the original tables for the naive approach; and
the relative difference from the naive empirical MSE for the Q and Q1
approaches. We denote row by R; where j =1,..,5 and column by Cj,
where k=1,...,5

Cell Row | Dependent Attributes

0.9 0.8
¢ G Cs C, Cs ¢ & & Cs Cs

Naive: R, | 1.05 1.57 0.85 0.96 1.57 1.66 2.38 1.15 1.53 2.30
R, | 1.19 1.11 1.16 1.14 1.73 1.72 1.59 1.57 1.54 2.56
R; | 1.08 1.21 1.34 1.37 1.76 1.56 1.65 1.96 1.88 2.58
R, | 1.19 1.42 1.25 1.57 1.91 1.81 2.13 1.75 2.34 2.63
Rs | 1.02 1.07 1.13 1.11 2.58 1.63 1.66 1.66 1.60 4.26
Q: R, | 0.22 0.36 -0.10 0.28 0.36 0.29 0.51 -0.20 0.38 0.54
R, | 0.12 -0.02 -0.02 -0.10 0.28 0.20 -0.04 -0.03 -0.19 0.43
R; | -0.10 -0.10 0.03 -0.10 0.06 -0.19 -0.19 0.05 -0.19 0.09
R, | 0.10 0.19 -0.09 0.08 0.08 0.14 0.29 -0.17 0.15 0.12
Rs | 0.32 0.29 0.24 -0.10 0.48 0.43 0.40 0.36 -0.19 0.60
QL R, | -0.02 -0.12 0.11 -0.05 -0.13 -0.04 -0.22 0.25 -0.12 -0.25
R, | 0.02 0.08 0.08 0.11 -0.08 0.02 0.17 0.18 0.24 -0.15

R; | 0.11 0.11 0.06 0.11 0.04 0.25 0.25 0.14 0.24 0.10

R, | 0.03 -0.01 0.11 0.06 0.03 0.08 -0.03 0.24 0.07 0.10

Rs | -0.10 -0.08 -0.05 0.11 -0.22 -0.19 -0.11 -0.08 0.24 -0.39

Cell Row | Independent Attributes

0.9 0.8

¢ G G Cs Cs ¢ C; C; Cs Cs

Naive: R, | 0.80 0.68 0.84 1.02 1.13 1.11 0.96 1.22 1.43 1.55

R, | 0.88 0.94 1.09 1.29 1.30 1.24 1.30 1.48 1.78 1.84

R; | 1.11 1.08 1.33 1.51 1.50 1.58 1.51 1.86 2.03 2.18

R, | 1.12 1.16 1.35 1.53 1.60 1.54 1.46 1.88 2.27 2.22

Rs | 1.07 0.90 1.05 1.25 1.25 1.53 1.16 1.44 1.73 1.82

Q: R, | -0.06 -0.10 -0.03 -0.06 -0.03 -0.11 -0.19 -0.08 -0.11 -0.05

R, | -0.08 -0.10 -0.09 -0.10 -0.07 -0.15 -0.20 -0.19 -0.20 -0.13

R; | 0.01 -0.09 -0.06 -0.10 -0.10 0.00 -0.19 -0.14 -0.20 -0.20

R, | -0.09 -0.10 -0.09 -0.08 -0.08 -0.18 -0.20 -0.16 -0.17 -0.15

Rs | 0.05 -0.10 -0.09 -0.10 -0.01 0.10 -0.20 -0.18 -0.19 -0.03

Q. R, 010 [011 [008 | 010 | 009 | o022 |025 |o021 |021 | o018

R, | 0.10 0.11 0.11 0.11 0.10 0.23 0.25 0.25 0.25 0.22

R; | 0.07 0.11 0.09 0.11 0.11 0.16 0.24 0.24 0.25 0.25

R, | 0.11 0.11 0.11 0.11 0.11 0.24 0.25 0.24 0.24 0.23

Rs | 0.05 0.11 0.11 0.11 0.08 0.09 0.25 0.25 0.25 0.17

From Table 2, we can see from the negative values for which of the cells of the
table the MSE of the alternative approach is smaller than the MSE of the naive
approach and therefore outperforms the naive approach. For the dependent
attribute table on the top half of Table 2, both the Q and Q™! approaches have
approximately the same number of cells with negative values although they are
appearing in different cells. Adding up the relative differences across the 25 cells
of the table for the dependent table, under the 0.9 error matrix, the Q approach
has a total of 2.78 and Q! approach has a total of 0.30 whilst for the 0.8 error
matrix, the Q approach has a total of 3.56 and Q™! a total of 0.983. Clearly, the
more error in the linked data, the higher the overall total difference in favour of
the naive approach. Based on the original table with the dependent attribute, the
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Q approach has larger total difference compared to the naive approach and the
Q! approach smaller total difference compared to the naive approach, but all are
positive and there is no evidence that the alternative approaches outperform the
naive approach when the table has a dependent attribute.

For the independent attribute table on the bottom half of Table 2, the Q approach
is clearly outperforming the Q! and the naive approaches with all cells having
negative values meaning that the MSE is always smaller under the Q approach
compared to the naive approach. Adding up the relative differences across the 25
cells of the table for the independent attribute table, under the 0.9 error matrix,
the Q approach has a total of -1.75 and the Q! approach has a total of 2.51 whilst
for the 0.8 error matrix, the Q approach has a total of -3.49 and the Q™! approach
a total of 5.60. The larger the errors in the Q matrices, the higher the overall total
difference in favour of the Q approach. Clearly, the Q compensation approach,
which has a large negative total difference, is the best approach.

We can examine the consistency of the results between Table 1 and Table 2 by
comparing the individual cell values in Table 1 to corresponding cell values in Table
2. As an example, we consider cell R, X Cy4. This cell in Table 1 shows that under
the 0.9 error matrix for the Q compensation approach and dependent attributes
table, 43.8% of the tables generated show that the naive approach performs
better than the Q approach. In Table 2 we find that the MSE is indeed lower for
the Q approach with a relative difference of -0.10% from the naive MSE. On the
other hand, we can see in Table 1 under the cell R, X C,that 100% of the tables
generated show that the naive approach performs better compared to the Q1
approach. In Table 2 we find that the MSE is higher for the Q! approach with a
relative difference of 0.11 from the naive MSE. Other consistencies can be found
and hence we find that the bounds in Theorems 2 and 3 and the type of
association of the cell as well as whether the table has dependent or independent
attributes can provide useful a priori information regarding which approach is the
best approach to compensate for the linkage error.

In Figure 1 we show results of the Chi-square test for independence on each of the
tables derived from the 1000 linked files for the dependent attribute table with
box plots of Cramer’s V and the p-values from the statistical test, respectively, for
the naive, Q and Q! approaches. The horizontal lines in the box plots show the
true values. The figure on the left is for the error matrix with 0.9 on the diagonal
and the figure on the right is for the error matrix with 0.8 on the diagonal. The Q1!
approach is outperforming the other approaches demonstrating that there would
be little error in rejecting the null hypothesis of independence. The same holds for
the naive approach. Under the Q approach, however, there are many instances
where we would fail to reject the null hypothesis at a 0.05 significance level,
particularly where the error matrix has 0.9 on the diagonal.
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Figure 1: Cramer’s V and p-values for a Chi-square test of independence
for the 1000 linked files under the dependent attribute tables. True
Cramer’s V =0.2835, True p-value <0.0001
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In Figure 2 we show results of the Chi-square test for independence on each of the
tables derived from the 1000 linked files for the independent attribute table with
box plots of Cramer’s V and the p-values from the statistical test, respectively, for
the naive, Q and Q™! approaches. The horizontal lines in the box plots show the
true values. The figure on the left is for the error matrix with 0.9 on the diagonal
and the figure on the right is for the error matrix with 0.8 on the diagonal. When
the original table has an independent attribute, we see clearly that the Q approach
is outperforming the other approaches demonstrating that we would have no
error in failing to rejecting the null hypothesis of independence under this
approach. This is not the case for the Q™! approach where there may be many
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instances where we would reject the null hypothesis at a 0.05 significance level
under both error matrices.

Figure 2: Cramer’s V and p-values for a Chi-square test of independence
for the 1000 linked files under the independent attribute tables. True
Cramer’s V =0.0781, True p-value= 0.9666
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6. Discussion

The main finding of this paper is that it strongly depends on the kind of
contingency table one is dealing with to determine what is the best estimator, the
naive, Q or Q™! (bias-corrected) approach, for its cell values. For dependent
tables, i.e. tables where the target variables in the two data files are dependent on
each other, the naive approach performs just as well or even better than the two
compensation approaches. For strongly dependent tables, we therefore
recommend using the naive approach, without trying to compensate for linkage
error by either the Q or Q! approach when the error matrix has more than 0.8 on
the diagonal.

For independent tables, where the target variables in the two data files are
independent of each other, our results show a strikingly different picture. For such
tables, the Q approach outperforms both the naive approach as well as the Q1
approach. Especially, the Q=1 performs rather badly for such tables. Based on the
theoretical findings in Section 4, these good results of the Q approach for
independent tables may be explained by the fact that this approach reduces the
variance due to linkage errors, whereas the resulting bias is small when the target
variables are truly independent. For independent tables, we recommend using the
Q approach when the error matrix has more than 0.8 on the diagonal.

What remains to be examined is at what level of dependency the naive approach
performs better than the Q approach. This question may be very hard to answer in
general as the answer may be dependent on the precise relation between the two
target variables and the relations between the target variables and the common
variables.

Overall, the Q= compensation approach performs rather poor. For dependent
tables it is outperformed by the naive approach, for independent tables it is
outperformed by the Q approach. This is a surprising result, since it is the only
unbiased approach of the three approaches — the naive, Q and Q! — that we have
examined. Using an unbiased approach would intuitively be the most obvious
choice for many statisticians. However, in many instances the variance of the Q1
estimator is much higher than the variances of the naive and the Q estimator.

In theory, in between strongly dependent tables, where the naive approach
performs the best, and independent tables, where the Q estimator performs the
best, there may be some situations where the Q1 estimator performs the best. In
our simulation study, we have not encountered these situations. More research is
required to examine if there are indeed practical cases where the Q! estimator
outperforms the other two estimators, and if so, under which level or kind of
dependency.

In this paper, we have not derived analytical results for the three estimators with

respect to validity of the results of hypothesis tests for independence on data that
have been obtained by means of probabilistic record linkage. This is a topic for
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potential future research. However, we did examine the validity of the results of
hypothesis tests for independence in our simulation study. Those results suggest
that the validity of the results of hypothesis tests are largely in line with the results
with respect to the preservation of contingency tables. That is, for dependent
tables the naive approach leads to little error in rejecting the null hypothesis of
independence. For the Q approach, which performs the worst with respect to
preservation of contingency tables for dependent tables, we would fail to reject
the null hypothesis for such tables. In contrast to the results with respect to
preservation of contingency tables, the Q™! approach performs best with respect
to validity of the results of hypothesis tests for dependent tables. For independent
tables, where the Q approach performs best with respect to the preservation of
contingency tables, it also performs best with respect to the validity of the results
of hypothesis tests. Similarly, for independent tables, the Q~! approach performs
worst with respect to the preservation of contingency tables and it also performs
worst with respect to the validity of the results of hypothesis tests.

As we already noted in Section 2, we feel that the exchangeable linkage error
models allow important insights into the properties of various compensation
approaches for linkage error that are also useful for more complicated linkage
error models. Whether this is indeed the case, remains to be confirmed by
analytical or simulation studies. We leave this as a topic for future research.
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Appendix A. Proofs and
derivations

A.1 Proof of Theorem 1

Theorem 1. For random linkage errors that are described by a matrix Q of the form
(2) that satisfies assumption (3), if the truncation in step 3 of the algorithm of CC is
never used, then this algorithm converges to the solution T¢¢ = TEBC,

Proof. First of all, we observe that the row sums of T, = T* in the diagonal matrix
D, are equal to the marginal counts of the variable y, which are known from the
first dataset alone (without record linkage). Crucially, provided that the truncation
in step 3 of the algorithm of CC is never used, the row sums of Ty in later
iterations will remain equal to these known marginal counts, and therefore D;, =
D will remain fixed throughout the algorithm. In fact, it holds that D = Y'Y.

Hence, if the truncation if never used, then we may write the algorithm concisely
as:

Ah: YD_lTh,
T =YZ + Y (I-Q)A,.

Starting with Ay= YD~ 1T, = YD~'Y'Z* and carrying out the first few iterations of
this algorithm, it is seen that, for h € {0,1,2},
h
A= Z [YDY'(I-Q)]9 ;YD Y'Z".
g=0
Suppose that this expression holds for all iterations up to h. One further iteration
then yields:

Apy1=YDHY'Z* +Y'(I1—- QA}

h+1
=YD Y'Z* + Z[YD‘lY’(I -Q)9;YDY'Z"
g=1
h+1
= Z[YD‘lY’(I—Q)]g YD 1Y'Z*.
g=0

So, by induction, each Eh encountered during the algorithm can be written in this
form.

Define H = YD~1Y'. Clearly, H is symmetric. Using the above fact that D = Y'Y, it
is easily shown that H is an idempotent matrix (i.e., H> = H) and that YH =Y.
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Moreover, for the exchangeable linkage error model (2), it turns out that Hand Q
commute:

HQ = gH+ 6(Huu' — H) = gH + 6 (uu'H — H) = QH,

since uu’ is a matrix of ones which commutes with every symmetric matrix. By
extension, it also follows that H(I — Q) = (I — Q)H and [using expression (4)] that

HQ ! = Q !H.

By re-arranging the factors within each term, the above expression for ﬁhﬂ can be
rewritten as:

h+1 h+1 h+1
Apei=1 ) [HO - Q)Y tHZ" = (1 QYHYI ' HZ ={ ) (I1- Q)Y tHZ".

It follows that the algorithm converges in this case to a solution of the form
T = Jim T,=YZ +Y(1-Q) Z(I - Q)Y ;HZ".
g=0

Since assumption (3) implies that Q has an inverse, it follows from the Woodbury
matrix identity (see, e.g., Hager, 1989) that

da-Qr=a-a-oyt=q*
g=0

Therefore:

T =Y'Z"+Y'(I1-Q)Q 'HZ*
=Y'Z*+Y'Q 'HZ* — Y'HZ*
=Y'Z*'+YHQ'Z*-Y'Z*
=Y'Q 17"

In the third and fourth lines, it was used that Y'H = Y’ as noted above. In the third

line it was also used that H commutes with Q™. We conclude that, under the
assumptions made here, T¢¢ = T5C, ™

A.2 Proof of Theorem 2

As a starting point for the analysis of the estimation error in a Q-adjusted
contingency table T?, it is convenient to first derive the following lemma.

Lemma 1. For random linkage errors that are described by a matrix Q of the form
(2), the errors e;k and e]% satisfy the following identity:
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2 Ax 2k £*
G (ff’j*k)2 =—0 [Z(ntjk = 1510) (i — tjie) — 8 (i — rjsk)z]'

Proof. Since e, = y;(C — Dz, and eﬁ( = y;j(Q'C — Dz, from (6), it follows
immediately that

(ei)? = [y;(C — Dzi]'[y;(C — Dzi] = 2, (C— D'y;y;(C — Dz,
2 ! ! I ! !
(e2)” =z (QC-D'yy}(QC— Dz
Using the fact that (n — 1)§ = (1 — q), we find that
QC—-I=qC+5(mu'C—-C) -1
=(C—-D+6uu’ —C—-(n-1)C]
=(C—-1I)+ §(uu’ —nC).
In the second line, we used the fact that C is a permutation matrix and therefore

uu'C = uu'. (16)

Substituting the above expression for Q'C — I, we find that

2 , ,
(ef) = (efi)? + 8%z; (uu’ — nC)'y;yj(uu’ — nC)z,
+ 25Z,'((C — I)'yjy]'-(uu' — nC)zk_

Note that z; (C — I)'y;y;(uu’ — nC)z, = z;(uu’ — nC)'y,y;(C — Dz, since we
are dealing with scalar quantities. Hence,

(€2) = (ej)” = 6[224(C— D'yy)(uw’ —nC)z

(17)
+ 6z (uu’ — nC)"y;yj(uu’ — nC)z|.

Using the notation that was introduced in Section 3 (r; = y]'-u, Sk = Zi, tjy, =
yiZx and &, = y;Cz;), we find that

z;,(C— D'y;yj(uu’ — nC)z; = z;[Cy;yjuu’ — nC'y;y;C — y;yjuu’ + ny;y;C|z,
AL I £*
= 7}'5ktjk - Il(tjk,\) - T}'Sktjk + ntjktjk
(rjsk — ntp) (L — i)

and

zi(uu’ — nC)y;y;(uu’ — nC)z,

=1z [uu’y]-yj'-uu’ —nuu'y;y;C — nC'y;y;uu’ + nZC’yjy]'-C]zk

=7
s 2

= (nfjy —rysi)”

s e \2
?si — 2nrysits, + n?(E)

Substituting these expressions into (17), we find:
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2 L% hES £*
() = ()" = & [20756 = nEj) (Ei = to) + 6(nije —7y51)” |

The proof of Lemma 1 is completed by multiplying both factors on the right-hand-
side by —1. [ |

Theorem 2. For random linkage errors that are described by a matrix Q of the form
(2) that satisfies assumption (3),

e]%| > |e;‘k| when one of the following two
conditions holds:
a. ntj, > rjSk (positive association) and f]f"k satisfies
T'J'Sk nt]k - T"]'Sk .
n 2—=6én '’
b. ntj, < sy (negative association) and tjy, satisfies
nty, — 1S 7iS
Jk Pk oas jok
tjk+5w<tjk<7' (8)
, with equality holding only at the endpoints of (7) or

<t <tp+6 (7)

In all other cases,

Q *
ejk| < |efk
(8) and in the special case nt;, = r;sy (no association) for flf"k = tjk-

Proof. We start from the expression stated in Lemma 1. Applying the identity

~

nt}‘k — TSk = n(f]f"k - tjk) + (ntjk - rjsk) (18)

to this expression, we obtain the following alternative form:

2 AES 2%
(ef) - (ej*k)z =6 [Zn(tjk - "“jk)2 + 2(ntj — 15i0) (G — tjx))
— 52 (& — ti)” — 26n(ntp — 15ic) (Eic — i)
2
- S(ntjk - T']'Sk) ]
== [n(Z —&n)(t, — tjk)z +2(1 = on) (ntje — 13si) (G — tjxe)

2
— 5(ntjk — rjsk) ]
Hence, introducing the function
f@W) = n(2 — én)u? + 2(1 — 6n)(ntj, — 15 )u — 8(ntj, — rjsk)z,

it holds that

(ej(‘l?c)z - (ej*k)z = —8f (i — tin). (19)

Clearly, |ej<,2€| > |eji| if, and only if, f(f;k - jk) <0.

It is not difficult to check that f(u) can be factorised as follows:

f(w) =n(2—-:46n) (u +@) (u —

ntjk — T']'Sk)
2—6n

Thus, the quadratic polynomial f(u) has zeroes at the following points:
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ntj, — 7Sk
Uy =—-————,
n
ntjk - erk

U2 = 2—06n

Together with 2 — én > 1 > 0, this implies that f(u) < 0 for all u in between u;
and u,, and that f(u) > 0 for all u to the left of the left-most zero point and all u
to the right of the right-most zero point.

We now examine separately the three cases of no association, positive association,
and negative association as defined in Section 3.1.

Case 1: ntj = 1jsy (no association)

In this case, it is seen that u; = u, = 0, and hence that f(u) > 0 for allu # 0 (and
£(0) = 0). Thus, it follows from (19) that (e k) < (e k) with equality holding if,
and only if, tjk = tj) (in which case e]k = eJ = 0). We conclude that in this case

adjusting the observed entry of the contingency table by the Q matrix can only
decrease the error in the estimated entry, for any realisation of the permutation
matrix C. If the originally observed entry happened to be error-free, then the
adjusted entry will also be error-free (i.e., &}, = fﬁ( = tjg)-

Case 2: ntj > 1jSy (positive association)

In this case, u; < 0 < uy. Hence, f(u) > 0forallu < uy and u> uz, while

f(u) < 0forallu; < u < u,. It follows from (19) that (e]k) > ( k) when u; <

£ — tjx < u,. Re-arranging terms, we find that (e k) > (e k) if, and only if,

condition (7) holds.

If £, ik Is exactly equal to one of the endpoints in (7), then e% = ]k For all other

values of £, that do not satisfy condition (7), it holds that (ejk) < (e k) We

conclude that in this case adjusting the observed entry of the contingency table by
the Q matrix decreases the error in the estimated entry unless the permutation
matrix C happens to be such that the original observed entry satisfies (7).

Case 3: nty < 1jS (negative association)
In this case, u, < 0 < uy. Hence, f(u) > 0 for all u < u, and u > u4, while
fw) < 0 for all u, < u < u4. Analogously to Case 2, we find from (19) that

(e]k) > ( k) if, and only if, condition (8) holds.

Again, e % = e i if t ik is exactly equal to an endpoint in (8), and otherwise ( k) <

( k) We conclude that in this case adjusting the observed entry of the
contingency table by the Q matrix decreases the error in the estimated entry
unless the permutation matrix C happens to be such that the original observed
entry satisfies (8). [ |
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A.3 Proof of Theorem 3

As a starting point for the analysis of the estimation error in the bias-corrected
contingency table TZC, it is convenient to first derive the following lemma.

Lemma 2. For random linkage errors that are described by a matrix Q of the form
(2) that satisfies assumption (3), the errors e;‘k and e]BkC satisfy the following
identity:

(5" = ()’

- [Ge=0) 1]

1-¢n-1) .

R e S (it = 1350) (G = i)
1—gq z

+ (nq — 1) (ntjk - rjsk)z.

Proof. Under the assumptions of the lemma, the inverse of Q is given by
expression (4). Substituting this expression into eﬁf given by (6), we obtain:

1
e = A= D= (1L - uu'C— (ng — Djz,

== D= (- Quu = 1-n( - Qlze  (20)

n—1
ng—1

. 1-q ,
y;j(C—Dz, — myj(uu’ — nl)zy.

In the second line, we again used identity (16) from the proof of Lemma 1. Thus,
we find that

(eji)? = [yj(C — Dz ]'[y;(C — Dzy] = 2, (C— D'y;yj(C — Dz,
2

2 n—1 , , '
(&) = (7-=7) (e - DYy Dz,
1 - q 2 ! 1 ! ! ! (21)
+ (nq — 1) z;(uu' — nl)'y;y;(au’ — nl)z,
1-q9)(n-1) , SO
— ZWZR(C —D'yjyj(uu’ — n)z,.

Now again using the notation that was introduced in Section 3 (r; = y]'-u, Sk =
Z,\U, tjy = y;zi and £, = y;Czy), we obtain:

! ! ! 2% 2
z;,(C—D'y;yj(C— Dz = (£, —tjx) ",
I ! ! ! ! 2
zi(uu’ —nl)'y;y;(uu’ — nhz, = (ntjk — rjsk) ,
z;,(C— D'yjy;(uu’ — nDzy, = (& — tj) (158 — ntje).

2
Upon substituting these expressions into (21) and subtracting (e]-"‘k)2 from (eﬁf ,
the lemma follows immediately. [ |

CBS | Discussion Paper | January 2020 35



Theorem 3. For random linkage errors that are described by a matrix Q of the form

conditions holds:

a. ntj, > 155 (positive association) and f;‘k satisfies
;S ntj, —1;s
J°k jk — j°k
—< t <ty —0——;

n e 2 —6n
b. nt; < sy (negative association) and t]f"k satisfies
Nt — 1Sk px 1Sk

ti — §—1x  JTK tr < e

J 2—6n J n

(10) and in the special case nt;, = rjsk (no association) for f}‘k = tjk-

Proof. We start by applying Lemma 2. By observing that

1-q dn—1) 3 dn—1) 6
ng—1 n[l-6(n-1)]-1 m-1)-6én(n—1) 1-6n

and, similarly,

n—-1 (n—-1) 1
ng—1 (m-1)-6nn—-1) 1-6n

the expression for ( ) - ( k) in the lemma can be re-written as follows:

(ef)" = (e)” s
= [m - 1] (B = t)” + a—onyz (e = 755) (B = )

52 2
+ (1—on)2 (ntjk - rjsk)
26n — (6n)? 2 26 ax
~ o2 (e =) + A —on)? (ntjic = 3510) (Efie = )

52 2
+ (1— on)2 (ntjk - rjsk)

é . i
= Gz M@ = I (Ei = t) + 20t = 135 (B — )
+ 8(ntj — rjsk)Z]_

Hence, introducing the function
g) =n(2 — sn)u? + 2(nty — ris)u + 8(ntjy — r]-sk)z,
it holds that
(eﬁcc — (e Jk) 5n)2 7 9 — k)

Clearly, | ik | < | k| if, and only if, g( — tjk) <0.
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It is not difficult to check that g(u) can be factorised as follows:

Tltjk — T‘]'Sk Tltjk - T}'Sk
gw) =n2 —-6én) (u + —) (u + 6”)
Thus, the quadratic polynomial g(u) has zeroes at the points u; and uz = —u,,
with u, and u, as defined in the proof of Theorem 2. Moreover, since 2 — én >
1 > 0, it must hold that g(u) < 0 in between the two zero points, while g(u) > 0
for all u to the left of the left-most zero point and to the right of the right-most
zero point.

From here, we can proceed completely analogously to the proof of Theorem 2, by
considering separately the three cases of no association, positive association, and
negative association. The only additional observation we need is that, under
assumption (3),

From this, it follows that in the case of positive association (ntj, > 1;sy), it holds
that u; < uz < 0 and hence the relevant interval where g(u) < 0 is given by u; <
u < ug. Similarly, in the case of negative association (nt;;, < r;sy), it holds that

0 < u3 < uy and hence the relevant interval where g(u) < 0 is given by u; < u <
uq. By substitutingu = f}‘k — tjx into these intervals, conditions (9) and (10) follow
immediately. [ ]

A.4 Derivation of expression (15)

To derive expression (15) for Var(y]'-Czk), we begin by observing that:

Var(yjCz,) = E (y]’-Czk(yJ’-Czk)') — E(yjCzy )E(yjCzy )’
= E(yjCz,z;C'y;) — E(yjCzy )E(21.C'y;)
= ¥;E(Cz,2, C)y; — y;E(Czi)E (2, C)y;
= yj{E(Czz;C") — E(Czy)E (2, C)}y;
=y; Var(Cz,) y;.

To evaluate a similar variance, Chambers (2009) proposed to extend the
exchangeable linkage error model by the assumption “that the linkage errors
associated with two distinct records [in data file A] can be treated as
approximately independent”, arguing that this assumption is reasonable when the
number of records n is sufficiently large. In our notation, this assumption can be
summarised as follows (cf. Chambers, 2009, p. 49):

Pr(cmp = 1|Cil = 1)
=1l =m)I(=p)+I1{+m)I(+#p){qgl(m=p)+5l(m # p)}
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ifi=mandl=p
ifi=mand!l#p)or(i #mandl =p)
ifi#mandl#pandm=p
ifi#mandl#pandm #p

SHQ O =

Here, i, [, m, and p are indices over the records in the two datasets,
I(statement) = 1 if the statement holds true, and I(statement) = 0 otherwise.

Chambers (2009) showed that, under this assumption, the variance-covariance
matrix Var(Cf) for a general vector f can be approximated by:

Var(Cf) = diag{(l - q) [q(fi — ﬂz + ]ﬁ - (ﬂz]},

f=%;ﬁ-.
TD%Z;?,

where the neglected terms are of the order 0(1/n). Applying this to our situation
with f = z, and noting that z5 = zy and Y, 7y = sy, we find:

Var(Czy) = diag{(l —q) [q (Zik - S;k)z ko (S_k)z]}

n n
Y Sk Sk Sk)2
= diag{(1 - ) [oza (1-2%) + 2 - - () |}
Substituting this approximation into the above expression for Var(y}Czk) yields:

n

Var(y;Czy) ~ Z(l - q) [qzik (1- 2%") + %k -(1-q) (%k)z] yij

i=1
=;(1—CI) [CIZik (1_2%)"'%_(1_61) (%k)z]y”
= Q(l—Q)(l—z%k)tjk"‘(1_‘1)%_(1_(7)2(%)2%

=qa-p(1-2%) g +a-pLE[1- -]

In the second line it was used that yl-zj = y;j and in the fourth line it was used that
Yic1yij =1jand XiLg ViiZik = tik.
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Appendix B. Standard error and
bias components of the empirical
MSE (supplement to Table 2)

Table B1: Empirical standard error of the cell entries across 1000 linked
files according to the 0.9 or 0.8 error matrices and dependent or
independent attributes of the original tables for the naive approach, and
the relative difference from the naive empirical standard deviation for the
Q and Q1 approaches. We denote row by R; where j =1,..,5 and column

by C;, where k=1,...,5

Cell Row | Dependent Attributes

0.9 0.8

¢ G & Cy Cs ¢ G & C, Cs

Naive: Ry | 0.93 1.25 0.84 0.82 1.23 1.28 1.48 1.15 1.08 1.38

R, | 1.09 1.08 1.12 1.14 1.44 1.41 1.49 1.49 1.52 1.73

R; | 1.08 1.21 1.29 1.36 1.64 1.55 1.64 1.79 1.87 2.25

R, | 1.10 1.26 1.24 1.49 1.76 1.56 1.65 1.74 2.00 2.31

Rs | 0.83 0.89 0.96 1.11 1.81 1.05 1.18 1.21 1.59 2.07

Q: R, | -0.10 -0.10 -0.10 -0.10 -0.10 -0.20 -0.20 -0.20 -0.20 -0.20

R, | -0.10 -0.10 -0.10 -0.10 -0.10 -0.20 -0.20 -0.20 -0.20 -0.20

R; | -0.10 -0.10 -0.10 -0.10 -0.10 -0.20 -0.20 -0.20 -0.20 -0.20

R, | -0.10 -0.10 -0.10 -0.10 -0.10 -0.20 -0.20 -0.20 -0.20 -0.20

Rs | -0.10 -0.10 -0.10 -0.10 -0.10 -0.20 -0.20 -0.20 -0.20 -0.20

Q% R, | 0.11 0.11 0.11 0.11 0.11 0.25 0.25 0.25 0.25 0.25

R, | 0.11 0.11 0.11 0.11 0.11 0.25 0.25 0.25 0.25 0.25

R; | 0.11 0.11 0.11 0.11 0.11 0.25 0.25 0.25 0.25 0.25

R, | 0.11 0.11 0.11 0.11 0.11 0.25 0.25 0.25 0.25 0.25

Rs | 0.11 0.11 0.11 0.11 0.11 0.25 0.25 0.25 0.25 0.25

Cell Row | Independent Attributes

0.9 0.8

¢, C; G Cy Cs ¢ G & Cs Cs

Naive: R, | 0.79 0.68 0.82 1.01 1.11 1.08 0.95 1.18 1.38 1.47

R, | 0.88 0.94 1.08 1.29 1.28 1.22 1.30 1.48 1.78 1.79

R; | 1.07 1.08 1.30 1.50 1.50 1.47 1.50 1.84 2.03 2.18

R, | 1.11 1.16 1.34 1.53 1.59 1.53 1.46 1.85 2.24 2.18

Rs | 1.01 0.90 1.05 1.24 1.21 1.33 1.16 1.43 1.72 1.71

Q: R, | -0.10 -0.10 -0.10 -0.10 -0.10 -0.20 -0.20 -0.20 -0.20 -0.20

R, | -0.10 -0.10 -0.10 -0.10 -0.10 -0.20 -0.20 -0.20 -0.20 -0.20

R; | -0.10 -0.10 -0.10 -0.10 -0.10 -0.20 -0.20 -0.20 -0.20 -0.20

R, | -0.10 -0.10 -0.10 -0.10 -0.10 -0.20 -0.20 -0.20 -0.20 -0.20

Rs | -0.10 -0.10 -0.10 -0.10 -0.10 -0.20 -0.20 -0.20 -0.20 -0.20

Q% R, | 0.11 0.11 0.11 0.11 0.11 0.25 0.25 0.25 0.25 0.25

R, | 0.11 0.11 0.11 0.11 0.11 0.25 0.25 0.25 0.25 0.25

R; | 0.11 0.11 0.11 0.11 0.11 0.25 0.25 0.25 0.25 0.25

R, | 0.11 0.11 0.11 0.11 0.11 0.25 0.25 0.25 0.25 0.25

Rs | 0.11 0.11 0.11 0.11 0.11 0.25 0.25 0.25 0.25 0.25

From Table B1, we see that the relative difference from the empirical standard
error of the naive approach compared to the Q and Q! approaches are fixed for
each cell of the table (see Section 4.2). Under the Q approach we have smaller
standard errors compared to the naive approach and under the Q=1 approach
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standard errors are larger compared to the naive approach. We also observe larger
standard errors and larger differences in standard errors between approaches as
the error matrix introduces more linkage errors from 0.9 to 0.8 on the diagonal.
There is no difference in the standard error results on whether the original table
has dependent or independent attributes. These results confirm the theoretical
findings of Section 4.2.

Table B2: Empirical bias of the cell entries across 1000 linked files
according to the 0.9 or 0.8 error matrices and dependent or independent
attributes on the original tables for the naive approach, and the relative
difference from the naive empirical bias for the Q and Q! approaches. We
denote row by R; where j = 1,..,5and column by C;, where k=1,...,5

Cell Row | Dependent Attributes

0.9 0.8

¢ C; G Cs Cs ¢ C; C; Cs Cs

Naive: R, | 0.50 0.96 0.03 0.51 0.98 1.06 1.86 0.01 1.08 1.85

R, | 0.48 0.25 0.28 0.05 0.97 0.99 0.57 0.52 0.19 1.89

R; | 0.07 0.04 0.39 0.13 0.63 0.11 0.10 0.80 0.23 1.25

R, | 0.45 0.66 0.12 0.48 0.75 0.92 1.36 0.20 1.22 1.26

Rs | 0.60 0.60 0.59 0.06 1.83 1.25 1.17 1.13 0.18 3.73

Q: R, | 0.94 0.90 -0.10 0.95 0.86 0.78 0.82 -0.20 0.78 0.82

R, | 0.88 0.89 0.85 0.97 0.87 0.75 0.69 0.83 0.34 0.79

R; | 0.65 1.21 0.97 0.35 0.83 0.66 0.88 0.84 0.29 0.73

R, | 0.91 0.92 0.88 1.13 0.77 0.79 0.78 0.98 0.77 0.83

Rs | 0.88 0.89 0.87 1.08 0.89 0.74 0.81 0.81 0.53 0.77

QL R, | -0.96 -1.00 0.11 -0.94 -0.95 -0.98 -0.97 0.25 -0.98 -0.97

R, | -0.98 -0.99 -0.94 -0.93 -0.96 -0.93 -0.86 -0.96 -0.42 -0.99

R; | -0.72 -0.65 -0.92 -0.39 -0.92 -0.82 -0.89 -0.94 -0.37 -0.91

R, | -0.99 -0.98 -0.97 -0.75 -0.85 -0.99 -0.98 -0.78 -0.96 -0.96

Ry | -0.98 -0.99 -0.97 -0.80 -0.99 -0.92 -0.99 -0.99 -0.66 -0.96

Cell Row | Independent Attributes

0.9 0.8

¢ C; G Cs Cs ¢ C; C; Cs Cs

Naive: R, | 0.13 0.03 0.20 0.13 0.22 0.25 0.06 0.33 0.37 0.51

R, | 0.11 0.00 0.11 0.04 0.18 0.24 0.01 0.09 0.09 0.43

R; | 0.30 0.10 0.28 0.11 0.04 0.59 0.21 0.27 0.00 0.11

R, | 0.07 0.04 0.12 0.14 0.14 0.18 0.02 0.29 0.34 0.42

Rs | 0.34 0.03 0.08 0.07 0.30 0.76 0.11 0.14 0.12 0.62

Q: Ry | 0.95 1.44 0.83 1.21 1.06 0.92 1.08 0.91 0.73 0.79

R, | 0.81 11.1 0.49 -0.58 0.90 0.63 3.46 1.32 0.93 0.65

R; | 0.90 0.52 0.61 -0.04 1.21 0.81 0.37 1.25 3.66 0.67

R, | 1.20 0.67 1.13 1.08 1.18 0.81 2.94 0.78 0.75 0.64

Rs | 0.91 0.57 1.01 0.90 0.92 0.72 0.18 1.04 0.89 0.77

QL R, | -0.95 -0.40 -0.92 -0.65 -0.83 -0.85 -0.65 -0.86 -0.91 -0.99

R, | -0.90 10.3 -0.54 1.58 -0.99 -0.79 6.83 -0.35 -0.84 -0.81

R; | -1.00 -0.58 -0.68 0.04 -0.65 -0.98 -0.46 -0.43 2.58 -0.84

R, | -0.67 -0.74 -0.75 -0.80 -0.69 -0.99 1.68 -0.97 -0.94 -0.80

Rs | -0.98 -0.63 -0.88 -1.00 -0.97 -0.90 -0.22 -0.70 -0.89 -0.97

In Table B2, there is less bias under the naive approach for the error matrix with
0.9 on the diagonal compared to 0.8 on the diagonal. Also, the bias is smaller for
the table with independent attributes compared to the table with dependent
attributes. Table B2 also shows that the bias is larger under the Q approach
compared to the naive approach and smaller under the Q= approach compared
to the naive approach (see Section 4.1), which confirms that the Q=1 approach is a
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bias-correction approach. From the theory in Section 4.1, we expect to see a
relative difference in bias of -1 for the Q=1 approach in all scenarios. For the Q
approach the theoretical relative difference in bias is 269/299 ~ 0.90 and 239/299
~ 0.80 for the error matrices with 0.9 and 0.8 on the diagonal, respectively. The
simulated values in Table B2 are mostly close to these theoretical values, with
some larger deviations for cells where the denominator (the bias of the naive
approach) is close to zero. There is no clear evidence that the magnitude of the
bias changes as we move from smaller errors in the error matrix with 0.9 on the
diagonal compared to larger errors in the error matrix with 0.8 on the diagonal.

Table B3 shows the standard errors that are obtained from (14) using the variance
approximation in (15) applied to the tables with dependent and independent
attributes and error matrices with 0.9 and 0.8 on the diagonal from the simulation
study. Most of these values are reasonably close to the empirical values shown in
Table B1, especially given that the number of records in this application (n = 300)
is not that large.

Table B3: Analytical standard error [from (15)] of the cell entries across
1000 linked files according to the 0.9 or 0.8 error matrices and dependent
or independent attributes on the original tables for the naive approach.
We denote row by R]- where j =1,..,5 and column by C;, where k=1,...,5

Cell Row | Dependent Attributes

0.9 0.8

¢, C; G Cy Cs ¢, C; G Ca Cs

Naive: R, | 0.99 1.15 0.89 0.82 1.02 1.35 1.56 1.22 1.14 1.41

R, | 1.17 1.17 1.22 1.24 1.38 1.60 1.60 1.67 1.71 1.90

R; | 1.33 1.43 1.56 1.63 1.85 1.83 1.97 2.14 2.24 2.55

R, | 1.27 1.34 1.53 1.78 2.02 1.76 1.85 2.10 2.45 2.78

Rs | 0.76 0.86 0.93 1.19 1.57 1.07 1.20 1.30 1.64 2.15

Cell Row | Independent Attributes

0.9 0.8

¢ C; C; Cs Cs ¢ G G Cs Cs

Naive: R, | 0.84 0.74 0.89 1.05 1.12 1.14 1.02 1.23 1.45 1.54

R, | 0.97 0.99 1.20 1.39 1.41 1.33 1.36 1.66 1.92 1.94

R3 1.21 1.28 1.60 1.80 1.79 1.67 1.75 2.20 2.48 2.47

R, | 1.33 1.31 1.67 1.90 1.86 1.83 1.80 2.29 2.62 2.56

Rs | 1.08 0.93 1.15 1.35 1.29 1.47 1.28 1.58 1.86 1.78
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Empty cell

*

%k %k

2017-2018
2017/2018
2017/°18

2013/'14-2017/'18

Explanation of symbols

Figure not applicable

Figure is unknown, insufficiently reliable or confidential

Provisional figure

Revised provisional figure

2017 to 2018 inclusive

Average for 2017 to 2018 inclusive

Crop year, financial year, school year, etc., beginning in 2017 and ending
in 2018

Crop year, financial year, etc., 2015/°16 to 2017/°18 inclusive

Due to rounding, some totals may not correspond to the sum of the separate
figures.
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