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In this paper we explore several indices that are based on the idea of decomposing prices or
volumes and quantities, into a time component and a goods component. Our interest is in the
time component which is viewed as a price index; the goods component is a nuisance
parameter. The indices we consider can be viewed as derivatives of an idealized price index of
the Geary-Khamis type. Among the derivatives there is the time product dummy index. There
are several others which also may be of interest. In particular we look at an incremental price
index, which could be used for a flash HICP, using both past and recent data. We also consider
conditions for the existence of a GK index.

Introduction

The aim of the present paper? is to study an class of price indices which have in common that
they are based on a decomposition of prices in a time component and a product component. The
time component can be interpreted as a price index.

The motivation for writing this paper is twofold. In the first place it want to present an interesting
and important class of price indices. The GK? index, an important member of this class, is being
used for the CPI?) and HICP* at CBS, for an increasing number of goods.>) The second reason for
writing this paper is to provide a motivation for the choice of a time series model in case of a
flash HICP, which is a short term predictor of the HICP (see [2]). To model a price index series one
can simply postulate a time series model that is fashionable and seems appropriate. But this
approach is somewhat ad hoc. The incremental approach to the GK index, yielding a motivated
choice for a time series model based on a price index. Of course, for a price index different from
the GK index, the incremental approach would result in a different time series model.

Apart from this, the incremental approach has the advantage that the past is summarized in a
few parameters that can be used to estimate the price index for the next period, which can be
attractive if past data are never revised,® e.g. as a policy principle.

The price index we start with is an idealized version of the GK-index. It is an idealized version
because it requires future knowledge, and knowledge (deep) into the past, which one can never
have. So this idealized index can never be used. It is useless as such, but it serves as a starting
point for deriving other, realistic price indices. These indices form a family of GK-type indices. As
it turns out, TPD”) indices can be viewed as members of this family. A variant of this index is
defined using a structural time series model. To this family of indices also belong incremental
indices, that are updated every month as soon as new estimates for the last month become

The views expressed in this paper are those of the author and do not necessarily reflect the policies of Statistics Nether-
lands. The author is grateful to Frank Pijpers and Sander Scholtus for reviewing it.

2 Named after R. Geary (cf. [4]) and S. Khamis (cf.[5]).

3)  Consumer Price Index.

4 Harmonized Index of Consumer Prices.

5)A. Chessa introduced the QU-method (see e.g. [3]), where QU stands for ‘Quality adjusted Unit value’ . This refers
to a class of price indices that includes the GK-index. The QU-method is applied to a temporal setting, whereas the
GK-index was developed in the context of international comparisons. These differences, however, do not affect the
formal properties of the index, and only involve interpretation.

Except to correct gross mistakes.

7} Time Product Dummy.
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available. Some of these indices are of use for an investigation for an improved flash CPI (see [2]),
using a time series approach.

The remainder of this paper is organized as follows.

In Section 2 we describe the setting to which the indices that we consider in this paper are
supposed to apply to: a dynamic population of goods.®) Typical for such a population is that
goods appear, are available for some time in the market, and disappear. Possibly they are
replaced by other, similar products. But it is typically not known if this is the case, and which item
replaces which disappearing item. Therefore we consider the items as independent and the only
way to link them is via GTIN® or by using common characteristics. For the goods, the assumption
is that the prices are available, as well as some metadata and GTIN number, which can be used
for linking items. In case of scannerdata we have information on turnover and quantities sold.
This information can be used to derive prices of (aggregates of) goods for a time interval (which
also might be an aggregate), and also to weigh prices. For webdata we only have metadata and
prices, but no information on turnover.1©)

In Section 3 we consider an idealization of the GK index. It is useless in practice but very well
suited to derive various price indices in the GK family of price indices. The situation we are
dealing with is comparable to that in survival analysis, which is about handling censored data
about life spans of persons (unobserved births, deaths, etc.). But in our case we deal with items
that are introduced at one point in time to a market and after some time disappear from it, for
instance because they are not produced (goods) or delivered (services) anymore.

Price observations of the goods in the population we consider start at some point in time and our
observations start at a later time. This presents us initially with a left-censoring problem, as we
do not know when some goods (the censored ones) entered the market. Supposing that we
follow the population of goods in which we are interested for long enough, we see that items
disappear form the market (they ‘die’) or new ones are introduced to it (they are ‘born’).
Sometimes the ones that have died re-emerge, differently packaged, possibly in a bigger or
smaller bottle, box, etc. but essentially the same product, but at a higher (unit) price. This holds
for most (if not all) populations of goods: they are dynamic and items come and go constantly.
Each good has a finite lifespan. At the end of our observation period, we see the goods that are
on the market but we do not always know when they disappear from it (‘they die’).?) This is a
right-censoring problem. These censoring problems concern genuine problems because they
cannot be solved as they concern ‘unknowable’ information. This implies that, in practice, the
exact price indices can never be known; they can only be approximated.

8)  In the sequel we shall talk about goods, in which we are mainly interested, and do not mention services. But this does
not mean that they are necessarily excluded from the theory. They are just not explicitly mentioned. But ‘goods’ could
also include certain services as well.

9 Global Trade Item Number, which is an identifier for trade items. Former name: EAN = European Article Number.

10} This is comparable with the information obtained in traditional price taking by price takers that visit brick-and-mortar

shops. Apart from being less labour intensive than price taking, web scraping can yield (much) more data, more

frequently. This is a mixed blessing. On the one hand one has a lot of price information. On the other hand, this
information is not always useful and it is better to discard some of it. But how to separate the wheat from the chaff?

The present paper, however, is not the appropriate place to elaborate this issue.

Sometimes goods disappear for a short period from the market and reappear. So when a good disappears from the

market one cannot always know whether it is absent temporarily or forever. Only after some time it is clear whichever

is the case. Theoretically speaking one can never be sure that an item that is absent for some time will be reintroduced.

In practice, however, at some point it is highly unlikely that it will appear on the market again.

11)
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In Section 4 we consider existence issues of the GK-index: under which conditions does such an
index exist? We show that the question can be transformed into an existence problem in a linear
algebra setting, which also can be used to provide an answer.

In Section 5 an incremental version of the GK index is considered. This index follows quite
straightforwardly from the GK index. It is to be seen as a step in the direction of a price index
based on time series, which does not seem to be typical for this area. For instance in [1] not a
single index is considered that is derived from a time series model. It is not the case that such
series are not suited for such models.

In Section 6 GK-type indices are derived using optimization models. They follow from replacing
the equalities that are used to define the GK-index by a target function that is minimized. In this
case the requirements are rather approximate equality than exact equality. In fact several object
functions are defined, an unweighted and a weighted one. Inspired by these optimization
models, other such models can be defined. They can be chosen in such a way that we move in
the way of a TPD index.

In Section 7 the TPD-type indices are considered. They also decompose prices into a time and a
product component, but in a different way than the GK index. Unweighted as well as weighted
variants of TPD are considered. The unweighted variant is the standard variant. Also a variant is
discussed where the time component is split into a year and a month component, which yields a
seasonal model. In fact, this type of model can be compared to a structural time series model
with a trend (year component), a season (monthly component) and noise (what remains).

In Section 8 the main findings of this paper are briefly presented, with some hints about topics
that could be elaborated in future work.

The paper is completed with a list of references.

Setting: Dynamic population of
goods

In the present paper we assume that we are dealing with a dynamic population of goods. The
goods are assumed to have been divided into homogeneous classes. The lowest level is the GTIN
level. From this level onwards classes of goods can be formed by aggregation. How these classes
are actually formed is not of importance here. The classification used is assumed to be fixed. As
the population of GTINs is dynamic, the composition of the classes can be dynamic. This should
not be of concern, unless there are some fundamental changes to a class due to introduction of
essentially new items. Although this may happen in practice, we consider it to be an exception.
In the paper we concentrate on less dramatic changes, that do not require special measures. We
denote individual GTINs as well as classes of GTINs collectively as goods.

We assume that prices of goods are observed at the GTIN level, either by using scanner data or

by using price information collected from the internet by special bots, or web scrapers. These
modes of observation typically involve large amounts of data: many items and daily observations
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Figure 2.1 Lifespans M; as line segments of an entire population of goods i over all
time. t denotes the time dimension and a the goods dimension.

over the time window considered. This allows that price indices can be computed at finer levels

of detail, both for the goods and the time units.*?)

We assume that the observed prices are used
to compute averages per class and per month.'3) In case scanner are used information about
turnover of goods is available. This information is lacking in case of web scraped data or data
obtained via price takers.'® In this paper we sometimes assume that turnover is available to

weight the prices and sometimes we do not.

We use the following notation in the present paper. For good i the set M; denotes the period (in
months) in which good i is on the market, that is, the lifespan of good i.) Aj denotes the goods
that are on the market in month j. For good i and month j v;; denotes turnover, q;; quantity and
pij price, with v;; = pi]-qij.”) Such information is available in scanner data, which contain
(aggregates of) items that can be said to belong to class i sold in a given month j, along with
descriptive (or meta-)information about these goods. This information is used to classify the
goods.

The setting sketched so far assumes that time extends arbitrarily far back into the past as well as
into the future. See Figure 2.1. That is not a realistic assumption. In practice we have a time
window W with a limited number of months. Ay, denotes the set of goods that are on the
market in period W .18 See Figures 2.2 and 2.3. Figure 2.2 shows the information that can be
known (inside W) and that can not be known (inside the grey areas), and that is in fact missed
when working with items alive in W. Figure 2.3 only shows the information that is known in /.
The items that ‘live” entirely outside W, either in its past or its future, are left out. For the items
that can be observed in W only the portion inside W is shown. This illustrates that if one wants

12) This is in sharp contrast to the traditional mode of observation by price takers visiting brick-and-mortar shops: the

observations are once every month and involving a relatively small number of goods. Besides, the price taking process
is not error-free.

In the future the CPI may be based on finer time units than months. The data'® would allow it. But there must be a
demand for such data. For the moment we stick with the month as time units for the CPI.

In these cases one either proceeds by computing unweighted price indices, such as the Jevons price index, or one uses
proxy weights from another source.

If a good is temporarily out of the market we discard this. This yields a consecutive sequence of months when the
good was not unavailable. In the complementary months in W the good was not on the market, which is comparable
to being dead. Temporarily not on the market is like being dormant.

All these quantities are averages, say of all items belonging to that type of good i sold in month j.

Starting with a window W and looking at the set of item that are alive in W, i.e. for which W n M; # @, is quite
natural. But one could just as well start with a set of objects £ and consider the smallest period in which they all ‘live’,
i.e. Ujeq M;. But this is not an approach that we take in the present paper. Here, the time window W is leading.

13)
15)

16)

17)
18)

CBS | Discussion paper | January 27,2020 5



t

Figure 2.2 Lifespans of a population of goods and time window W. The grey blocks
symbolize the past (before /) and future (after ), which are unknown. The data that
can be known (in W) and that are unknown (in the grey area) are shown. Indicated
are: data that cannot be observed in I (black), uncensored = completely observed in
W (blue). Some data are censored with respect to I/: left-censored (yellow),
right-censored (green) or doubly censored (purple).

to compute the average lifespan of items in the population studied, one faces the problem of
censored information. As to the goods present in W, they can be divided into three subgroups:

1. left-censored,
2. right-censored,
3. left- and right-censored.

We put
W|=w (1a)
ay = |Awl, (1b)

where | - | denotes the count function, which yields the number of elements of a (finite) set.

In the sequel parameters a; and 7; are used in different models. Hence the meaning of these
parameters depends of the model in which they appear.

To illustrate the presence or absence of goods on the market consider Figure 2.4 concerning
items in a web shop on a daily basis. It is clear that most items shown in Figure 2.4 are not
available every day in the time period shown. This picture also illustrates that it is not so easy to
determine, on the basis of the scraped information only, whether an item is temporarily not
available or permanently, that is, is taken from the market. This can only be judged after some
time has elapsed.'®

19) The same problem exists in case one has to decide whether a company has temporarily low activity or has stopped its
activities altogether. Or in case of a person, that can be temporarily unemployed (e.g. being between jobs) or for a
longer period, in which case unemployment benefit may be required as a substitute for an income from a job.
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Figure 2.3 For time window I/ the items in A}, are shown as well as the portions of
the information known about them. For good i € A, the observed part of the lifespan
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Figure 2.4 Items of a web shop present (black rectangle) or absent (white rectangle)
in a period of time (half a year). The data was collected by a web scraper that daily
scraped the contents of the shop’s website.

5]t

[

3 GK-type price indices

3.1 GKprice index

We start our investigation with the following ‘idealized’ GK price index:

Yiem, Vij/Tj

“= Yjem; dij 2a)

S ZiEAj Vij (2b)
T Liea, @ity

my =1 (2c)
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The first remark is that this is a price index that can never be evaluated, as it assumes knowledge
of all products that currently exist, have ever existed or will exist in the future. It is impossible to
possess such knowledge. It is only possible to have information about products on the market in
a limited (finite) time window W/

The first of the equations in (2) defines an average price for good i over its lifespan M;. One
cannot simply add the monthly turnovers. Instead, one should discount each month with the
appropriate monetary value (r; for month j), with reference to a fixed month, in our case month
1 (with m; = 1).2%) The second equation defines a price index for month j as the ratio of the
turnovers in terms of real money and the time-averaged prices of each of the goods.

Equations (2) describe an unrealistic situation assuming complete knowledge about past and
future price information about goods. However, from (2) we can produce the following
approximate price index that actually can be computed:

w,A
W, Ay ZjEW vij/ﬂj i
af W= (3a)
ZjeW qij
Dieay Vij
np A = S (3b)
AW
Yieay, % " Qi
my M =1, (3c)

where we have stressed the dependence of the parameters a and  on the sets W and Ay, .
Normally we will not stress these dependencies to avoid overburdening the notation. We then

simply write
% jew Vi /)
a; = jew YVij/Tj (4a)
ZjEW qij
Sica, Vi
nj = _i€Aw Y (4b)
ZiEAW aiqij
m, =1 (4c)

The dependence of the parameters on the choice of W and Ay, should not be forgotten,
however, even if not explicitly indicated. The fact that the dependence of Ay, on W is not
suppressed, is to stress that the set of goods selected depends on the choice of W.

The system of equations (4) yields a price index that can actually be computed, in the sense that
the information that is needed is realistic. In fact, it remains to be shown that (4) has a solution

under certain conditions, and which they are.

Note that (4) is invariant under scaling g;; = ¢q;; and v;; » &v;; for & > 0. This scale invariance
property of the gs and vs is shared by all variants considered in the present paper.

20) The ;s are comparable to exchange rates, not between different countries, but between different months in a single
country.
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3.2

Typically, equations like (4) are solved iteratively. In practice, convergence is typically rapid,
provided a solution exists. 2)

The indices computed in (4) are in fact with respect to reference month (= base month) j = 1. By
using transitive closure we can extend the definition to any pair (j, k) with j, k € W, as follows.
7; in (4) is in fact 7y, that is the index with base month 1 and current month j. Let k be another
month in W, so that index 1, = 1. Assuming transitivity, we define the index 7 using:

T = Ty jTj = Mg = T (5)

Hence, using (4) and (5), we find:

Ty ZieAW Vik ZiEAW aiqix
T[jk = — = . (6)
T Yieay Vij Lieay %idij

(6) is the ratio of a value index and a (modified) quantity index, in the sense that the quantities
are weighted with the as as specified in (4).

An approximate GK-type price index

Denominator and numerator in both equations in (4) can be viewed as ratios of arithmetic
averages. Instead of such averages we can take geometric averages in numerator and
denominator. But now we should be careful. We should only consider those goods-months
combinations (i, j) for which q;; > 0 fori € Ay, and j € W. We define

Mi={j € W|q;; >0} S M, fori € Ay, (7)
and

Aly = {i € Ay| qij > 0} S Ay, forj € W. (8)
We put

21) A solution need not exist. For instance in (the extreme) case that there is no turnover of any of the goods considered,
in some month. In more common situations a solution is likely to exist, however.
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mt = MY, (9a)

= Z mi, (9b)
i€,

aly = 4|, (9)

aw =) aly. (9d)
jemi

We then arrive at the following set of equations, using the notation introduced in Section 2 and
in (9):

a; = | |(%)mi/’ﬁ, (10a)
JEM! ]
Dij. g Jaw
T = (. (10b)
! i
LEAJW

loga; = =y Z (Iogpij - Iognj), (11a)
jEM?
j
a
logm; = a_W Z (Iogpl-j —log ai). (11b)
v ical,

From (11a) and (11b) the following equations for the ms and the as can be obtained:

mt mt aly
"y Z log p;; -y Z T Z logp;j — Z loga; |, (12a)

loga; =
jemt jeMt icAl, ieAl,
ajy aly mt
logm; = — logp;; — — — log pi; — logm; |. (12b)
ay £ ay La m\ La yasy
i€Al, €4, jem! jem!

Solutions to equations (12a) and (12b) can be obtained iteratively (provided they exist). We shall
not go into this matter here, as it leads us too far away from the main theme of the paper.
Anybody interested in this subject can take it from here.
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3.3
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Figure 3.1 Aggregating goods over time (from months to quarters) and into broader
product categories.

Aggregating the GK index

The GK price index is suitable for aggregating both in the time and in the goods dimension. This is
the case because the index is defined in terms of the (observed) variables ‘turnover’ and
‘quantity’, which are both additive variables??23) The variable ‘price’ (being the ratio of
‘turnover’ and ‘quantity’) does not have this property. Most price indices are defined in terms of
‘price’ and ‘quantity’, and so do not behave so nicely under aggregation over time as well as over
goods as the GK price index does.?*) In Figure 3.1 a situation is depicted where items are
aggregated over time and over product groups. Shown are months grouped into quarters and
goods lumped into broader categories. Taken together, they results in coarser period—goods
combinations. The formulas 3 can be applied, suitably adapted to the new situation. Turnover
and quantities can be obtained by aggregation over the newly formed periods—goods strata.

Existence of a GK price index

The existence of a GK price index is by no means certain. In the present section we want to find
conditions that guarantee the existence of a GK price index. We present a method based on
linear algebra that leads to formal criteria for the existence of a GK price index.

We start our analysis with the observation that (4) can be written as a set of linear equations:

22)  additive measures, actually.

23) |n[1], Section 7.4.1 the GK price index is presented as part of a class of strongly additive methods for computing price
indices.

Examples of such price indices are those named after Laspeyres, Paasche, Fisher and Tornqvist, to mention but a
few well-known ones. In these indices prices at different periods are weighted with observed and chosen quantities.
Observed prices times observed quantities yield (what could be called) observed turnovers; if these had actually been
observed, they could have been used. What obstructs additivity of the price index formula is that observed prices
times chosen quantities (from the reference period) are used to yield synthetic turnovers, that cannot be observed.

24)
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a;q;. — Z kjvij =0, (13a)

jew

Z aiqij - KjU‘j =0. (13b)

iEAy

wherek; 2 1/mjforj=1,..,[W|=wandk; 21,q; £ Xy qjandv; = ZieAW vy for
i= 1, ey IAwl = aw.

In matrix form (13) reads:

Al =0, (14)
where
a1 o - 0 V11 V12 vt Thw
0 qz. - 0 V21 V22 vt T
0 0 “ bay | “Vay1 “Vay2 0 “Vayw
A = (15)
911 921  Yaya —VU4q 0 0
9w Qow qg_w,w 0 0 _v-aW,W
and
a
®q,,
{= , (16)
K1
KW

Note that A in (15) is a square block matrix, with in the upper right corner —V, where V is the
matrix of turnover, and in the bottom lower corner Q, the matrix of quantities sold. If we delete
the column in A corresponding to k; = 1/m; = 1 as well as the final row in A4%%), we can write
(13) in matrix form as

BI® =1 (17)

25) | (15) the entries in this column and row have been colored red.
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where

1>

Kw

is a vector of parameters to be estimated. B is a square matrix of order ay, + w — 1. The vector
n is a known (ay, + w — 1)- column vector, which is minus the column in A that corresponds to
parameter k4 (the (w + 1)-st column). If we assume that the turnover in each month is nonzero
(and in particular, in month 1) n is a nonzero vector. We have

V11
V21

vaw,l
(19)

=
>

V.

We may assume that the (rather weak) condition

v, >0 (20)

holds. This is the case iff2¢)

v;; > 0, for at least one i. (21)

Note that v.; > 0 holds iff g. ; > 0. Condition (20) (or condition 21) implies that 7 # 0. They
also imply that B is invertible?”) and n # 0—as we shall assume—we can solve (17) for {°:

® =871 (22)

Condition (20) (or condition (21)) also determines when a GK price index (4) exists.

26)
27)

If and only if.

The columns in A and hence in B are independent. However, the rows in A are dependent: adding those in the
top blocks yield the same result as adding those in the bottom blocks. However removing one row implies that the
remaining rows in A are independent, which also holds for those in B.
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5 Incremental GK index

5.1 Window updating and bi-temporality

In the approach so far the time window W was fixed and all parameters in the index formula
used are estimated simultaneously, in one run. But this is not how it is usually done in practice.
Instead the index would be updated every month when new price information becomes
available. This means that the index is computed incrementally, in a monthly recurring iteration.

There are several ways in which the windows used can be updated. Let W = {c, ..., d} with
¢,d € Nand ¢ < d. We present some examples to illustrate this window updating process. The
last month of the previous year serves as the reference month for the first month of the next year.

— Incremental window: W = {c, ...,d} = {c, ...,d + 1}.

— Sliding window: W ={c, ..., d} = {c+ 1, ...,d + 1}.

— Yearly incremental window: Within each year the window is incremented every month until
the final month is reached. In the next year the window is built from scratch. The sequence of
windows is {(j, D}, {(, 1), (,2)}, ... {G, D), ... (G,12)}, {(j, 12),G + 1, 1)}, ...,
{G+1,1),..,(J +1,12)}, etc.

Because the information is updated every month, the incremental approach has, in principle, the
possibility to use new information about previously used data: it is possible to correct errors in
data obtained in previous months. Or data that were missing before have become available and
could be used, in principle. However, it is not certain that this updating can actually be done in
practice.?®) Often the statistical office responsible for the compilation of the CPI (and HICP and
flash HICP) has a policy that an index value once published is never replaced by an updated
version, unless a serious error was made, which, obviously, has to be rectified. But this is an
exception and therefore we shall not consider it here.

Without this publication restriction we need two time intervals: one time interval to indicate
when a fact was true in the real world (e.g. when a certain item had a certain price, or a certain
attribute) and another time interval to indicate when this was known. In the language of
temporal databases the first time interval is called the ‘valid time’ and the second time interval is

the ‘transaction time’2®)

So far we have only used ‘valid time’. If we want to use ‘transaction time’ (= ‘decision time’) we
need to introduce a new parameter. We will write it as a superscript. However, in the discussion
below we shall keep it simple: we shall not assume that previous knowledge has to be revised.3?
The important point is that the formalism can cope with such revisions.

So the incremental approach not only implies another way to compute the index, it also allows
one to make use of updated information, such as corrections of previously provided figures or

28) That is updating published figures. But one can update internal data that are not published. They could be used to see
to which extent the results based on rectified and updated data differ from the published results.

29 |n the world of temporal databases there is also a third time period: the ‘decision time’. This is the time period during
which a fact stored in the database was decided to be valid. But we assume that ‘transaction time’ and ‘decision time’
coincide.

30)  Because this would require to actually invent an incident that has to be rectified.
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5.2

new information that was unknown before.3?) It is a policy decision to use this information to
correct previously published figures, or not. If publication policy forbids one to do so, one could
use this information in the background, for comparison with published index values. The
incremental approach makes it easy to incorporate updates, we said. This does not mean that
the ‘one go’ approach cannot cope with them. It can, of course, by recomputing the entire index
series for the updated information. It is a computational issue rather than a principled one.

The index using incremental windows

We assume that we are dealing with incremental windows. This option is chosen mainly for
convenience: the formulas are less complicated to present. In practice one would probably
choose for a sliding window, or a yearly incremental window. The approach then is similar to the
one given below. But the formulas are a bit more complicated. We also assume that the set of
goods A remains the same over time. This choice was also made to make the formulas less
complicated. In practice this is only a good approximation if the time period considered is not too
big. In general it is not a realistic assumption. But assuming a dynamic population would again
increase the complexity of the formulas.

We then can write the equations in (4) as:

X jeww Vij /Tj

al = , (23a)
' ZjeWW q;ﬂ]{
Yieay Vi)
W= —fw Y (23b)
=1 (23¢)
For the (w + 1)-st month we have the following system of equations:
1 1
wHl _ ZJ'EWW“ VE’F /n}(” "
a; - Z w+1 ’ ( a)
jEWW+1 q”
w+1
wit . Zieaw Vi (24b)
/ ZI.EAW alyv+1qr]{+1
=1 (24c)

Separating terms with old (up to and including month w) and those with new results (concerning
month w + 1), we can write the equations in (24) as follows:

31) Which is used to replace missing values by regular values.
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w+1 w+1 w+1 w+1
Dieww Vi /TP H vl /T

+1 J
0(;” = w w+1 ’ (253)
Yieww A T diw+1
w+1
wet _ _ Zicay iy (25b)
T[j - Z a,w+1 w+1’
ieay i 4ij
w+1
w+1l _ ZI:EAW vi,W+1 25
Tw1 = ¥ w+1l  w+1 (25¢)
ieay i T Aiw+
mi =1 (25d)

If we assume that previous results do not need to be corrected at time w + 1 (so that, in

w+1l _

particular, 7} n}fv) we can write (25) as

1 1
ZJ-EWW vl /m + vl /Tt

1 w+1
alW+ = w w+1 ’ (266)
Zjeww 4i7 + Qw1
mptt =my, (26b)
w+1
Wil EiEAW Viw+1
Tw+1 = ) wH+l w+1 ’ (26c¢)
ieay % Qiws1
] = 1. (26d)
We can rewrite a'** as follows
ieww v /T vl mwil
w4+l _ w1 ZJEWY ") w+1) Jiw+1/tw+1
HAREK ) Z—w+(1_¢i ) (27)
jeww 4ij w+1
where
w
ZjeWW 4q;j

W+l a
P A

: (28)
ZjeWW q{; + qm\jil

Because 0 < ¢}”+1 < 1 we have that (28) is a convex combination of a component depending on
past data (up to and including month w) and a component with data from month w + 1, the
current month:

w+1

w+1l _ Lw+l

pi,w+1 - _w+1 (29)
qi,w+1

for i € Ay In (27) this price is divided by the price index value 751, which is unknown during

month w 4+ 1 but that we can estimate on the basis of the (partial) information available. We

take a closer look at T/ t1 as defined in (26) and express it in ’past’ and "present’ components:
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Z UW+1
w+1 _ iEAW L,w+1

MTw+i = '
Tiea, [BF al + (1— o) plrty /miit] alety

(30)

We can produce estimators for these parameters a and m, in particular for 7%, derived from

the recursions.

The idea is that we try to predict estimates for month w + 1 while the data for that month are
being collected, using the partial information available at the moment of forecasting (or rather,
nowecasting), as follows. We start with estimating the weights:

Zjew 41 (31)
ZjeWW q:/;/ + (?:/,\/Jil

hw+l —
L

These estimates use ‘old’ information’ (up to and including month w) as well as new one (month
w + 1, yielding an estimate ¢}/, of q}"_’vﬂl, the amount sold of goods in subgroup i in month

w + 1 as far as this month has ‘unfolded’. So this is a preliminary forecast based on the data for
month w + 1 that have been collected so far. As the month progresses this estimate gets better

and at the end of the month will yield the figure that is produced in the regular CPI production.

The next quantity we consider is

AW+1

h 2 Piw+1

AW+l _ fw+1l w w+1 ,

arrt = tral + (1 - ¢p*t) AW (32)
w+1

where %11 is an estimate of the price of goods in subgroup i and in month w + 1 in progress.
Most of the components it contains are known, except Al f1. We compute this quantity later.
For now, we substitute (32) into (30) and obtain

Aw+1
AWt ZiEAW Viw+1 (33a)
w+l =™ Tw+1,w ‘WH+1] aw+1 aw+1) aw+1
ZiEAW[ Prray + (1= QP Bt /AwiT) Gt
w+1
= pw+l AM(4;+1 Wt1’ (33b)
By ™+ G /i
where
Ayt = Z O (34a)
€AW
1 _ w1 wAw+1
By = ) Grtiaratit, (34b)
€Ay
w+1 _ Tw+1) aw+1 Aw+1
Cw = Z (1_¢i )pi,w+1qi,w+1' (34c)
iEAw
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Solving (33) for /1 we obtain:

w+1 w+1
Ay —Cy

~ 1 _ -
a//-tl - w+1 (35a)
BW
aw fw+1law+1l aw+1
_ Zi=1 i Piw+19iw+1 (35b)

aw fw+1,waw+1
i1 ¢ diw+1

The reasoning above shows that the definition of the GK-index in fact includes a starter to a time
series approach, by considering an incremental approach were the current observation period is
extended by one month. In the approach above, we did not correct the observation period at the
back, where the oldest observations are. This might in fact be preferable, as one does not want
to use too much historic information when computing the index. In this case we would have
obtained a sliding window instead of an incrementally growing window. Also there is the issue of
the length of the window: if it is too long, the past is weighing too heavily; if it is too short, more
recent information gets too much weight and relevant older information is not used at all. So
there is a trade-off to be found: a balance between old and new information. The problem is
well-known in the context of time series analysis. A similar problem in density estimation exists:
Using a wide window around a point p is likely to catch a sizable number of observations, but is
not very well suited for measuring the density at p. Taking a smaller window increases the
‘locality’ of the density estimate at p, but has the drawback that it possibly contains too few
observations, resulting in an inaccurate density estimate at p.

Optimization models inspired by
the GK-index

In the present section we want to explore another kind of generalization of the GK index, namely
one based on optimization models. This generalization is of interest as it leads naturally to the
TPD index, which is a well-known index. It is discussed in Section 7.

In the remainder of this section we want to consider several object functions for optimization
models, inspired by the GK-index (4). Optimizing them leads to price indices that can be viewed
as intermediaries of the GK-index and the TPD-index. Several models are presented, also
depending on the information that is available (volumes, quantities or prices). In case of scanner
data turnover as well as volume of the sales are available (from which prices can be derived for
different aggregations of goods and time periods), whereas in case of web scraping only prices
are known, for which aggregations are restricted to unweighted cases. These are only
approximations to the weighted cases, where the importance of goods based on sales is taken
into account, which is the proper way to weight them.

The first object function we consider is the following: 32

32 For all the models implied by the object functions in the present section a constraint that holds is that 7r; = 1. This is
tacitly assumed.
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2

Z. X U"/T['
( jew( Vij /ity ai> , (36)
&, \ Ljewia ij
where

This is to be minimized for the as and rs. The meaning of the parameters is as in the GK-index
case: the as are time averaged prices and the 7s are price indices. It is to be understood that
m,=1. In case of (36) the goods have the same weights. This is a bit odd if the goods are sold in
different quantities. But this is easy to remedy by introducing appropriate weights &; for i € A.
For instance, we can take ; proportional to

w= Y w, (38)

JjewW[i]
so that
v;.
$i = ot (39)
where

V. = Z vij' (40)
€Ay, JEW]i]

The following object function can then be used instead of (36):

2

Xjewi) Vij/Tj
Z fi(ﬁ - . (41)
i€ jew(i) 9ij
Incidentally, in this model the months are considered equally important. This seems to be a

reasonable assumption if the turnover of the various goods considered is comparable for each of

the months in W.

This assumption also leads us to the following object function:
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2

> (D Y "

& \Zieay () %dij

where

Ayljl={i € Ay | v;; > 0}, (43)

the set of goods in A that were actually sold in month j.

However, in some cases some months may actually be more important than other months
because they had a larger turnover. As above we could introduce a weight based on turnover.
We could take such a weight, 4; for month j, proportional to v.; = ZieAm vy

<

_ 2

where v.. is as in (40) and use as the following object function:
ZieA[j] Vij
ZAJ'(Z- . —n,-> : (45)
= iea[j] %idij

Formulas (36), (41), (42) and (45) can be applied in case volumes and quantities are available. In
case only prices are known (e.g. in webscraped data) we cannot use these object functions.
Instead we could use:

2
().
(per \ T

P={)) €Ay X W | p;; > 0}, (47)

which is the set of goods in Ay, on the web that were on the web site at least once in period W. 33)

33) Whether it is a good idea to compute a price index only using prices and no weights based on turnover, is another
matter. Our interest here is on the possibility to compute quantities that are at least lookalikes of serious price indices.
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Formula (46) can also be used as the starting point for object functions that can be used in case
volume and quantity information is available, possibly in the form of proxy information.3

Assuming such weights can be computed, the following object function can be used instead of
(41):

2

p. .
Z & (i —ai> : (48)
& T
@@.)er
A variant of formula (48) is

2
Z Ellj<%—ﬂ]> ) (49)

@E.)er

A variant of object function (49) is:

2

Z $idj (pi - ai) ) (50)
(i.DeP i

A variant of formula (48) is

(i.NeP %

An alternative to (48) and (49) is the following object function, where the as and s play a
symmetric role:

2

fi%’( Pij —1) ) (52)

iTj

@E.)er

In case no weights are available, one can of course use

% ()
(ipep N

34) For instance, if turnover information is available for a similar shop, or for a branch in retail.
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7.1

Finally, we have the following object function, which is a variant of (52):

2
&y (pij — aimj)”, (54)
@L)HEP

where &; and 4; are as in (39) and (44), respectively. With object function (54) we are close to
the TPD index, which we shall deal with in Section 7.

For the present section we have achieved our goal, namely to show how the GK-index and the
TPD-index can be linked, by presenting a series of optimization models that can be used to
compute various price indices. These price indices can be viewed as intermediate forms between
the GK-index and the TPD-index. We could elaborate and study each of these indices, but as this
is not the goal of the present subsection. We leave the subject with this insight, and move on to
the next group of price indices, the family of TPD-type indices.

TPD-type indices

Standard TPD index

Comparing the approach above with that for the TPD method may suggest to look at an
optimization method to define an index. In case of the TPD method the model assumption is

Dij = YT €, (55)

where p;; > 0 is the observed price of good®® i in month j, y > 0 is a constant, m; > 0isa price
component that varies over time, a; > 0 is a parameter that varies over the product groups
(COICOPs) and can be seen as a factor to adjust the 7;s. These are parameters to be estimated.
€;; > Ois an error term. We can interpret 77 as a price index with base month 1, if we take

;= 1forj=1.

Taking (natural) logarithms on both sides of the equality sign in (55) yields:

logp;; = logy + loga; + logm; + log &;;. (56)

A common way to estimate the parameters in (56) is by minimizing the sum of squares of the log
error terms:

35) This can be a GTIN or a group of GTINs that form a natural unit, and that has, e.g. the property that it exists for a long
time, even if the GTINs that it consists of change over time.
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7.2

2 2
Z (Iog sl-]-) = Z (Iogpij —logy —loga; — Iognj) . (57)

@.Her @t.)er

In Section 7.2 a weighted variant of (57) is presented, as an alternative.

Another possibility is to use the L!-norm, which yields

> logeyll = > lllogpi; — logy — loga; — log . (58)

@@.)eP @@.)er

An advantage of using an L-norm is that the estimates tend to be more robust.

Minimizing (57) yields estimates for the parameters log y, the log ;s and the log 7t ;s and hence
fory, the a;s and the 7s.

Our interest is actually only in estimating the values of the 7;s, as they are price indices. The
other parameters, i.e. ¥ and the ¢;s, can be viewed as nuisance parameters in our application.
We can get rid of them by considering price ratios of a good i in two different months, say j; and
J2, as (55) yields:

Pij, _ Tj,

o . Sz (59)
P 1T+ 1S,

pl,h J1

where &, j, is an error term. By taking (natural) logarithms we could still estimate the ;s using
an optimization procedure, which minimizes the error term, that is

2 2
Z (Iog fiju'z) = Z (Iog pij, —logp;j, +logm; —log thz) . (60)
I€AW . J1.)2EW L.j1.J2
Weighted TPD index

The object function (57) is unweighted: each contribution to the sum has equal value. If turnover
is available as a variable, it is preferable to weight each contribution. The following variant of
object function (57) is a linearly weighted target function

2 2
Z Wi (Iog el-j) = Z Wi (Iogpij —logy —loga; — Iogrtj) , (61)
(NE @i.)EP
with suitably chosen weights w;;.

A weighted version of (57) is
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2 2
Z Vij (Iog si]-) = Z Vij (Iogpij —logy —loga; — Iognj) . (62)
@L.)ep @.j)er

A weighted variant of (58) is

vijl|log ;|| = Z vij||logp;j — logy — loga; — log ]| (63)
(LpHeP (i,j)eP

We can also take (59) as a starting point and consider a weighted version of (60), resulting in

2 2
Z Wi, (108 €0j,,) = z Wi, j, (108 Pij, = l0g pij, + logmj, —log;,) .
L€Aw,j1,J2€W L€Aw,j1,J2€W
(64)

as a target function.

It is also possible that for a pair of months j;, j, an item is not available in both months. In fact,
the items that are available depend on the pair of months considered.

The idea is now to average the price ratios (59) over the set 4; ;, for each pair jy, j,. This

1J2
averaging is done by taking the weight of subgroup i as well as the distance of j; and j, into
account, using, for instance, the following definition for the weights:

n (65)
w;i ;= —
W2 4 |y — ol

where v; is the turnover of good i.3®) Note that the weights defined in (65) are inversely
proportional to the distance of the months in a pair and proportional to the turnover.

For fixed good i and months j; and j, we can consider price ratios. Let

Awlv J2] £ Awlia] N Aw 2] (66)

We want to approximate price ratios p;, /p;;, averaged over A[jy, j,] by ratios of price indices,
using (65) as weights, combined in the following model:

36) |n some suitable period of time. It does not make sense to use a lot of old turnovers if one wants to be current. On
the other hand, using only fairly recent turnovers does not do justice to the average turnover of a good over time.
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7.3

L. A\ Witz
Pij, _ Tjy 7
o = 2) 0 M (67
Pij, - o\

i€Ay [j1.Jz2]

where the n; ;, ;. s are error terms. The procedure is like before: take (natural) logarithms to the
left-hand and the right-hand side of (67) and look for those 7;’s that minimize the object function

2 .
g (log nijljz) . We save the details.

TPD-model with trend and seasonal components

In model (55) each month u has a separate parameter p,,. There is no notion that there are
seasonal effects within a year. But often in economic data it is appropriate to assume that a
phenomenon is described by a trend and a periodic or seasonal component.3”) So if month yu is
represented by a pair (j,m), where j denotes the year and m € {1, ..., 12} the calendar month,
we can decompose p,, in a yearly price pjl and a monthly price p¥¥:

. =plpH. (68)

pJ]- can be viewed as a yearly trend and p,,, as a monthly adjustment factor.3® We thus obtain an

adjusted TPD model with a yearly trend and a monthly cycle:3%

Pajm = YPSPI DI €ajm (69)

containing a trend, a seasonal component and a product component. If the time window
contains |W| months, and |W| = |W| div 12 + |W| mod 12, then the number of parameters in
model (69) is |[Ay/| + |W| div12+ 12+ 1 = |Ay,| + |W] div 12 + 13, for |W| = 12. Model (69)
can be linearized by taking (natural) logarithms left and right of the equality sign. The parameters
in model (69) can then be estimated by minimizing the target function:4%

Z (log eqjm)? = Z (10g Pejm — logy — log p§ — logp} — log pii)?. (70)

a,jm a,jm

In Table 7.1 we have shown a situation with a time window W of 50 months, so there are data of
four full years of prices, and for two months in year 5. The data in month 50 is assumed to be
incomplete. Hence it is written in red, to distinguish it from the other months in W.

37)
38)

We consider months as the seasonal units of time.

It would have been possible to use 4 seasons instead of 12 months, or another subdivision of the year, provided there
is enough data to estimate the parameters.

In state space models for economic data one often assumes that they consist of a trend component, a seasonal com-
ponent and a noise component, combined in a linear model.

We take the unweighted variant. A weighted variant can easily be formulated.

39)

40)
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l H Jan \ Feb \ Mar \ \ Dec ‘

Y1l 1 2 3 .. 12
Y2 13 14 15 | .. 24
Y3 25 26 27 | .. 36
Y4 37 38 39 | .. 48
Y5 49 50 - -

Table 7.1 Price data: the months 1, ..., 49 are complete and month 50 (final month) is
incomplete.

To estimate the parameters for model (70) one can proceed in a similar fashion as in case of the
TPD model, as the adjusted model is a refinement of the TPD model.

The estimates from (70) yield the trend and seasonal components of a price index J;,, defined as
follows:

Tip = vivl DM, (71)

forj=1,2,..andm=1,2,...,12 with

1
= (72)

ol
sothatJ;; = 1.

Another approach to produce a price index based on optimizing (70) is the following. One first
estimates the parameters as above. Then the estimate for log p,, say log pg, is used to adjust the
prices py jm for the goods component:

Pajm (73)
Pa

where p, = exp(log pg)-

In the next step we use model (70) again to estimate the various components again. As the prices
are (somewhat) corrected for the influence of the goods, we expect the estimates for the p§s to
be closer to 1 for all goods a. Repeating this procedure yields estimates for log pJJ- (j=12.)
and logp¥ (m = 1,2,...,12) as well as for log y. The latter estimate can also be obtained by
calibrating the price index estimates, by assuming that p{ =1and p‘l"’ = 1. This yields estimates
of a price index like (71), but with the trend and seasonal components replaced by the nt" iterate
for p/ and p", for some, sufficiently high, n.
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8 Discussion

In this paper we have discussed several methods to compute price indices that are all variants or
generalizations of an idealized GK index. Within this family we also have the TPD-index. The main
aim was to show which indices can be derived from the idealized GK-index. These indices are
presented without trying to pick a favorite, as it is not clear that there is an obvious winner. But
as closely related indices it is interesting to see the results they produce when applied to the
same data and compare them.

It is clear that there is an abundance of indices of the decomposition type available. In practice
the choice for a suitable index is limited by the circumstances: the variables that are available
(volumes and quantities or only prices), the frequency of the data collection, the publication
schedule adopted (in case of using incremental estimates), etc.

Several of the generalizations led to time series models: the incremental model (for nowcasting)
and the seasonal TPD model. The seasonal TPD-model in Section 7.3 can be seen as a structural
time series model (see [?]), but it is arrived at in a different way. A product parameter acts as a
nuisance parameter. In a typical TPD model one would first aggregate over the various product
groups to obtain average monthly prices, which are then used to model the time series and, in
particular, estimate the components for trend and season.

One of the goals of this paper is to push ‘standard’ price index theory in the direction of time
series models. The application we have in mind is the flash HICP. The current version does not
use historical data. In [2] a proposal is made for a new version of this estimator using historical
data exclusively or additional to current data. One can use time series models as they are
typically used in all kinds of applications (such as MA, ARMA, ARIMA, Kalman-filter, etc), but
which are not particularly geared to the price index application. As the present paper shows it is
also possible to come up with models inspired by price index theory itself. This is easily achieved
by using an incremental approach to price index computation.

When modeling a price index series as a time series, on can always use a direct method which
models the prices themselves as the quantities to model. But in some cases, time series of
turnover and quantity data are available from which one can compute the prices. The availability
of these series is also assumed for the GK-price index. In this case one can also proceed to model
value and quantity series using time series modeling, and compute series for prices from these
series. In [2] this is not attempted. There is no guarantee that this approach will give better
results, but as the approach is rather obvious, it is inviting to investigate it.
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