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Summary

Producing reliable, undisputed statistical figures is the backbone of national statistical
institutes. When administrative data are used in the production of statistics, the
accuracy is often mainly determined by so-called non-sampling errors. For statistics
that are published by domain, classification errors in the domain codes are an
important example of a non-sampling error. Quantifying the effect of non-sampling
errors on statistics is often difficult in practice.

In previous work we have developed approaches to evaluate the effect of
classification errors on the bias and variance of estimated domain totals, both
analytically and by means of a bootstrap method. In this paper, we extend both
approaches to estimated growth rates. Here, a more complicated model for
classification errors is needed to account for the relation between errors made at
different points in time. An important practical question is how to estimate the
unknown parameters of this classification error model. We illustrate this in detail for
a case study on the effect of errors in the classification of businesses by industry
(NACE code) on the bias and variance of quarterly turnover growth rates for the
Dutch car trade sector.
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1. Introduction

National statistical institutes (NSls) often publish statistics that involve a classification
of the population units into some domains. As a running example in this paper we
will consider business statistics on turnover that are published by industry. (Some
other examples will be mentioned in Section 10.) In these statistics, each business is
classified into one industry according to its main economic activity. In European
countries, since 2008, the NACE code Rev. 2 classification is used (Eurostat, 2008).
Assigning a single NACE code to each business is not an easy task, since statistical
units often have multiple activities, some of which are ancillary (such as holding
activities). Eurostat (2008, Chapter 3) provides rules on how to derive a single NACE
code for a statistical unit given certain input information, such as the set of economic
activities and their relative importance. Throughout this report, we consider the true
NACE code of a statistical unit to be the code that would be obtained when these
rules are applied correctly, using error-free input data.

Many NSls have a general business register (GBR) with an enumeration of all
statistical business units. For each unit the values of a few background variables are
given, including the NACE code. This GBR is in turn compiled from one or more
administrative sources that usually contain legal units, their NACE codes and
ownership relations between those legal units. The observed NACE codes within the
GBR often deviate from the true ones, i.e., classification errors occur. A number of
reasons can be given for this. Firstly, the statistical unit may be wrongly derived from
the underlying legal units due to erroneous or missing information. Secondly, some
error may have occurred when the legal unit was registered. In the Netherlands, this
registration is held by the Chamber of Commerce (CoC). During registration, the legal
unit or the person at the registration desk of the CoC may make an error. Thirdly, one
or more of the legal units underlying the statistical unit may change their activities
but fail to report this to the CoC. Fourthly, the rules to derive the main economic
activity might not have been applied correctly, for instance because the available
information on the relative importance of the multiple activities of a statistical unit
was not accurate enough.

A natural question is how classification errors in the observed data affect the
accuracy of published statistics. Van Delden et al. (2015, 2016b) developed methods
to evaluate the effect of classification errors on cross-sectional statistics. As an
application, they investigated the effect of NACE code errors on estimated total
turnover levels by industry. They considered both an analytical approach and a
bootstrap approach to estimate the bias and variance due to classification errors. In
this report, we will extend both approaches to evaluate the effect of classification
errors on growth rates. For NSIs, quarterly turnover growth rates are an important
short-term indicator for the economic business cycle.

In this report, we begin by developing an analytical approach. In Section 2, generic
analytical approximations to the bias and variance of a growth rate are derived based
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on a Taylor series. Specific versions of these expressions are then worked out for
quarter-on-quarter growth rates and for year-on-year growth rates; as will be
explained there, the practical context for these two cases is different at Statistics
Netherlands. The special case of levels and growth rates for a binary classification
(two classes) is treated in Section 3, as relatively simple analytical results can be
obtained for this case which arises often in practice. In the remainder of this report,
we focus on problems where the classification has a (potentially much) larger
number of classes. We will introduce several simplifying assumptions to derive
approximate expressions that can be applied more easily in practical situations than
the generic expressions of Section 2. These assumptions do not necessarily simplify
the mathematical content of these expressions, but they do lead to expressions that
are easier to compute. We also discuss how to estimate these analytical
approximations in practice. We start with a full treatment of quarter-on-quarter
growth rates within the same year (Section 4), before proceeding to the more
complicated case of year-on-year growth rates (Section 5). Readers who are only
interested in the main ideas of the proposed method may wish to skip some of the
detailed derivations in these two sections.

As an alternative to the analytical approach, a bootstrap approach is developed in
Section 6 to estimate the bias and variance of growth rates as affected by
classification errors. For practical applications, both the analytical and the bootstrap
approach require the specification of a classification error model. A particular model
that can be used in conjunction with both approaches is introduced in Section 7. In
Section 8, a small simulation study is conducted to verify whether bias and variance
estimates obtained by the analytical approach and bootstrap approach are in
agreement. Subsequently, Section 9 discusses an application of both approaches to a
case study on real data: evaluating the accuracy of quarterly turnover growth rates of
Dutch car trade industries due to NACE code errors in the Dutch GBR. Finally, some
conclusions and questions for further research are discussed in Section 10.
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2. Accuracy of growth rates

2.1 Notation and set-up

Consider a population of units that is divided into strata, where the total set of strata
is denoted by Hy,; = {1, ..., M}. In this paper, we will focus in particular on the case
where a population of businesses is divided into industries based on economic
activity (NACE code) as derived in a GBR. Moreover, we will consider dynamic
populations that change over time, both in terms of births and deaths and in terms of
units whose stratum changes over time. Let U*? denote the population in quarter q
of year t. The starting year of the computations is denoted by t = T;, and the
following years by Ty + 1, Ty + 2, etc.

For each quarter g, each active unit (business) i has an unknown true industry code
s{' = g and an observed industry code §;"? = h, where g, h € Hy. At Statistics
Netherlands, the true and observed industry codes are kept constant during a year so
that the same frame can be used for intra-annual and annual statistics. This is called
the coordinated industry code. Between 31 December of year t — 1 and 1 January of
year t, the true and observed industry codes are updated for all units that are
present in both quarter 4 of year t — 1 and quarter 1 of year t (continuing units). We
stress that, for quarters within the same year, sit‘q and §it'q do not change.

Due to classification errors, some of the observed industry codes may differ from the
true ones. Those classification errors may affect the publication figures. In this paper,
we consider the simple case where classification errors are the only errors that occur.
In particular, we assume that the target variable (turnover) is observed for all units in
the population. This can happen, e.g., when administrative data are used (cf. Section
9). In this paper, we do not consider the effect of measurement errors in the
observed target variable.

We are interested in changes in quarterly turnover per industry. First denote the true
total turnover for industry h € Hyy in quarter q of year t by ¥,'9 = Yeya ay iy,

where yit'q denotes the turnover of unit i in quarter q of year t and (for each h)

1 ifs™ =h,
af{? = I(Sit'q = h) ={ _ ltq

0 ifs;” # h.
In practice, Y, is estimated by 7,7 = Yeyea @y 7y, with @57 = 1(3/? = h). In the
remainder of this paper we will drop t and use a single time index g in the notation
unless both indices are needed to avoid confusion.

We denote the turnover ratio between quarter q and an earlier quarter g — u as

G =Y, /v,I7", where u = 1 gives the ratio with respect to the previous quarter
and u = 4 the ratio with respect to the same quarter in the previous year. Gfl”q_u is

CBS | Discussion Paper | October 2019 7



estimated as G, = 1,7 /¥,7". The corresponding growth rates (relative changes)

areexpressedas g/ 7 " = G —1and gt =GP - 1.

We would like to assess the bias and variance of "' as an estimator for g/ ?™*:

B(g1"™) = B(g17™) — g1,
v(gi™) = £|(ap - B(at™) ]

In this paper, we will pursue two different approaches to estimate this bias and
variance: using analytical approximations and using a bootstrap method. Both
approaches require the specification of a model for the classification errors that
occur in the GBR over time. In the present section, we begin by deriving general
formulae for the approximate bias and variance of g"* ™", making only minimal
assumptions about the error model. Specific approximations will be derived later for
quarter-on-quarter and year-on-year growth rates under certain model assumptions.

2.2 Generic bias and variance approximations for growth rates

Throughout this paper we will consider the true industry codes as fixed and the
observed industry codes as stochastic, in line with Kuha and Skinner (1997).
Classification errors in the observed industry codes at a given time point are
supposed to be independent across units. For a given unit i, the classification errors
that occur in §iq over time may be dependent. In fact, it is likely that classification
errors in the GBR are correlated strongly over time, since most units are not
monitored actively and remain assigned to the same industry until new information
arrives. The model that will be introduced in Section 7 reflects this dependency.

Let U? and U?7" denote the target populations in quarters g and ¢ — u, and let
Ul = U97% n U denote the overlapping part of these populations, i.e., the units
that exist in both quarters. Later, we will also use the notation U1 ™7 =
Ua="\UZ ™" for units that died between ¢ —u and q and U7 " = UN\UZ™™1 for
new-born units between g — u and q. Note that U4™% = U™ vy Ul ™% and U1 =
ulm™tuuiT,

Under the assumptions made so far, the following approximate expressions may be
derived for B(g7"™) and V(g% ™"):
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R 1 [ o —UN2y, f Ag—
B~ G L0V

S ag)| + (G - )
i€y ™

e
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(@)L T &
H(Ey Yy (yﬁ-ufv(aq-u
ieyq—uv
- 2(‘;‘;11,4—7«! Z yiq_ dz: “ a?u)]
ieud™*1
Faa-u _ E(%]) _ Yieva ¥ E(ay;)
YT EETY T Sl B @Y

where C(.,.) denotes a covariance. These approximations are based on Taylor series
expansions; a full derivation is given in Appendix A. In the remainder of this paper,
we will denote the bias and variance approximations to the order used in (1) by
AB(GF"™) and AV (gF"™"), respectively, where the A denotes ‘approximate’.

The approximate bias AB(g;"™") and variance AV (g§}"*™") are functions of
v(al™),v(al), c(al™ al), E(al™) and E(&},). The precise form of these
components will depend on the way the classification errors are modelled and on the
specific application. The specific application determines, for instance, if and how the
classification errors for overlapping units between the two quarters are correlated.

For the second term G,"™" — G in AB(g}""™"), it is interesting to note that

Faa-u _ vl + B(%)}) _ .y 1+ RB(V1) _ paa-u 1+ RB(V,1)
" v+ B(RTY) vt 1+RB(RITY) " 1+ RB(RITYY

where RB(Y,) = B(Y,7)/Y,! denotes the relative bias of ¥,/ (and similarly for ¥,/ ).
If it is reasonable to assume that RB(¥,) = RB(¥,l™"), then it follows that G, ™" =
G, In other words, if the relative bias of the estimated turnover levels does not
vary much between quarters, the bias of the growth rates will be dominated by the

first component of B(gq A= u) between square brackets — in expression (1).

In the next two subsections, we will derive explicit expressions for AB(gZ = u) and
AV( G~ u) based on (1), for the special cases u = 1 (quarter-on-quarter growth
rates, Subsection 2.3) and u = 4 (year-on-year growth rates, Subsection 2.4). Here,
we still do not make restrictive assumptions about the classsification error model,
other than the above-mentioned convention of coordinated industry codes in the
Dutch GBR. The resulting formulae are very general but too complicated for practical
use at NSIs. Simplified expressions, based on particular model assumptions, will be
derived in Sections 4 and 5.
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2.3 Bias and variance approximations for quarter-on-quarter
growth rates (u = 1)

The case of a quarter-on-quarter growth rate within a single year is relatively simple
when the industry codes are coordinated. We may then assume that siq = siq_1 and
87 = 877" for all units that exist in both quarters (i € UZ~").

We suppose that the classification errors in §L.q_1 (andin §L.q for units that occur only
in U?) are described by a transition matrix P} = (pjy;), with pj,; =

P(§iq_1 = h|siq_1 = g). Here, the superscript L stands for level, since these
probabilities determine in particular the accuracy of the estimated turnover levels 17,?
(van Delden et al., 2016b). Table 1 illustrates the form of the level matrix Pi’“. Note
that, for the moment, we allow that each unit i has its own level matrix; hence, the
introduction of such a matrix to describe classification errors involves no real loss of

generalisation (yet).

Table 1. Transition probabilities (subscript i omitted) for level matrix PF.

True Observed industry

industry
1 2 M
1 P11 P12 Pim
2 P51 D32 DPium
M pﬁn pzlfaz P1I\?1M

. q-u __ q-u q-u ~q-U _ sAq-U ~AqQ—U
Define the vectors af " = (af; ", .., af; )T and @/ ™ = (af[ ", ..., a5, ")  foru €
{0,1,4}. For each unit i, these vectors consist of M — 1 zeros and 1 one. By analogy to

Burger et al. (2015, p. 502), the following properties can be derived for i € U971:

E(@™) =®HTal™",

V(@) = diag[(PH)"af "] - (P diag(af ™) PL. ‘2’

In particular, it holds that

M
~q—-1\ _ q-1_1
E(ay") = Z Qg; Pghi-
g=1
q-1 M q-1_1, M a-1(.1L \2
V@) =) v ) al (k) )
g=1 g=1
M q-1_1 L
= Z agi pghi(l - pghi)-
g=1
For units that exist in both quarters (i € Ug~"%), @/ has the exact same expectation
and variance as ﬁf_l. Furthermore, for these units C(dzi_l, ay) = V(d,zi_l). For

units that occur only in U, the expressions for E(@; ) and V(@) are similar to (2),
but with a?~" replaced by a?. From (2) and (3), it follows that
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M
5q—1 -1 Aq—1
E(Y,f ) = Zieu‘l—l <3’iq Z E(a Zm )
q-1 M q-1_L
- Zieuq—1 <yi Zg %gi pgm> (4)

qa\yM
=<q,q-1 _ Zieuq(yi Zg:l gipghi)
- a-1ym  a-11 Y
Z:L'EU‘Z'1 (yl g= agl pghl)

and also that
M
-1 ~ -1y2 1
DOrVGE) = D6 ) ekl )
ieyda-1 ievq-? g=1
and
-1 ~q—1 ~ 1 1 1
Y oyhyie@itag) = Y |68 Z ag ph(1 = ph) |
ieug_l'q ieug_l'q
where G777 = y7 /397! denotes the individual turnover ratio of uniti € U 9.

Applying these results to (1), we obtain the following approximate expression for the
bias of g4

1 _ —.a— -
AB(GIT) = (Bl B + (617 - ),
B
B;[Igl—l — z (qul 1 qu 1)( a- 1) z gl 1P§m(1—P§hz)"
lEUq 1q
B’?bq_l =G z (7 1) Z Zl 1P§m(1—P§m)‘.
eyl "1

with E(%77") and G77"" as given in (4). Also, recall that U7 = U9-1\UZ ™. The
bias approximation consists of three components: for continuing or overlapping units

(subscript 0), for dead units (subscript D), and a correction term involving all units.

Similarly, for the approximate variance of g,‘{'q‘l we obtain from (1):
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1
Aq,q—1Y _ q,9-1 q,q9-1 q9-1
AV(get) = VotV T+t Vg ),

[E(%H]
M
— - — —17\2 —1\2 —
Vh%q t= Z (G;lm 1_qu'q 1) (J’iq 1) Zagi lp;hi(l_pghi)‘
g=1

ieyd M
-1 =q,q—1\2 -132 S -1 @)
Vh%q Z(G;lm ) Z (yiq ) Zagi p;hi(l_pghi) )
eyl g=1

M
Z (Yiq)z Z aZingihi(l - Plg}hi)‘-
g=1

P
lEUB

q,9-1
Vip

In the derivation of the component V497" in this expression, we used the fact that
continuing units i € Ug_l‘q occur in all three parts of expression (1) for Av(g,‘{'q‘l)

with v(al) = V(dfu-_l) = C(dzi_l, a;;), and that furthermore

(yiq)z + (62"1_1)2(3’?—1)2 - ZGg'q_lyl'q_lyiq

= [(qu'q—l)z + (é}?'q—l)Z _ Zé;lz,q—lciq,q—l] (yiq_l)z
a0 T,

T

The variance approximation consists of three components: for continuing or
overlapping units (subscript 0), for dead units (D) and for new-born units (B).

2.4 Bias and variance approximations for year-on-year growth
rates (u = 4)

We will now consider the case of a growth rate between a quarter and the
corresponding quarter of the previous year (u = 4). The results in this subsection
also apply to a growth rate between the first quarter of a year and the fourth quarter
that precedes it, but in that case all instances of g — 4 should be read as g — 1. In
both situations, it does not necessarily hold that s = s * and §7 = §77* for
continuing units, and we therefore have to consider the additional effects of changes

in true and observed strata.

In the case of a growth rate that involves a yearly transition, expressions (2) and (3)
from Subsection 2.3 still apply — with some trivial modifications — to the

e . . AQ—4 . . A
classification errors in siq . Expressions of the same form also apply to errors in §

i
for units that do not occur in U9~* (new-born units). For continuing units i € Ug_4'q,
the quantities E(ay;), V(a?,) and c(a);*,a,) also depend on the effects of

changes in classification errors between g — 4 and gq.

In addition to the level matrix of Subsection 2.3, we introduce a second transition

matrix to describe the distribution of classification errors in §; for continuing units:
C _ (C f c — ad _ q-4 _ qa _ 1, ad9—4 _

P = (ngzhi): with Pgkini = P(si = h|si =gs5 =k3§ "= l). Here, the

superscript C stands for change. This matrix describes how the probability of

observing a particular code in g for unit i depends on its true and observed codes in
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q — 4 and on its true code in q. We assume that this probability does not depend on
any other variables (for instance, true or observed codes at times before q — 4).
Apart from this assumption, the introduction of this matrix entails no loss of
generalisation, since each unit i can have its own matrix. Further model assumptions
on the change matrix will be introduced in Section 7.

It will be useful below to introduce a special notation for the following probabilities
that are derived from a combination of P and P: piiin: = PuPgiini and Pyini =
M ]p)gfdhi. For continuing units, the quantity P;}im‘ can be interpreted as a transition
probability between the true industry code g in quarter g — 4 and the observed
industry code h in quarter g, given that the true industry code in quarter q is k. To
see this, note first of all that

LC  _ L . C
Pgkini = PgiiPgkini
=P =Us! T =g) P8 =nls! " = g5 = k8T =1)
=P8 =1|s " = g,s7 =k) P(§q =h|s{i=g,s1 =ks"=1)
=P(5 ™ =1,87 =n|s]” 4—g, =k).

In the third line, we used P(37™* = h|s!™* = g) = P(3/ " = h|s/™* = g,s = k)
since errors in ¢ — 4 are not supposed to be affected by true events in q. Thus, ]P’f;izhz
represents the joint probability of observing an industry code [ in quarter ¢ — 4 and
an industry code h in quarter g, given that the true code is g in quarter g — 4 and k
in quarter g. Hence, it follows that

M
pgihi = zl_lpﬁzhi =P(3 = h|5iq_4 =g, =k), (8)

the probability of observing an industry code h in quarter g, given that the true
industry code is g in quarter ¢ — 4 and k in quarter q. Note that, for continuing units,
it must hold that Y3, piin; = 1.

With the help of some matrix algebra, the following expressions can be derived for

continuing units i € Uq +4 (see Appendix B for details):

q -4 _q
ahl) Z Z gl aklpgkhl’
g 1 k=1
a?*qd __LC
ahl) Z 12 gl aklpgkhl(l pgkhi)' (9)
g
~q—=4 ~q al” —4 q _ L LC
(ahl ’ahl) Z _1Zk . Agi akl gkhhi pghipgkhi)'

Note that, under the assumption that §iq_4 and §/ are independent of each other
conditional on the true industry codes in both quarters (i.e., independent
classification errors across years), it holds that

Phinni = P57 = 81 = h|s/™" = g,s] = k)
=P(7 " =hls7™" =g, 57 = k) P(§] = h|s/ ™" = g,5 = k)

_ L . LC
= Pgni Pgkni
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and hence by (9) that C((’i —* dzl) = 0. However, as noted above, this assumption is
not realistic for industry codes in the Dutch GBR.

Using the expressions in (9), we can again evaluate the different components in (1).
For the bias, the following results are obtained analogously to (4):

q 4 q—4 q-4_ L
-3 )
4
E(Yq) Zl ugd” 4q<yl Zg 1Zk 1 Z; azmléihl)

(10)
" Zusuq 4 <yl Z glpgm)
<qa-+ _ _E(0)
tEETY

Note that in the expression for E(?,f), a distinction is made between continuing units
and units that are new in quarter q. For the latter group of units, the classification

errors in quarter q are described again by a level matrix. (Note: At this point, this can
be done without loss of generalisation, because the probabilities pflhi are unit-

specific, which leaves open the possibility that the level matrix for a new unit in
quarter q differs from the level matrix in quarter g — 4 for a continuing unit.
However, we will later introduce the assumption that the level matrix does not vary
between two subsequent years.)

In addition, we find from (5) and (9):
z o ()

ieyqd—+
M
—4N\2
= z (yiq 4) z ;l 4p§hl(1_p§hi)‘!
g:

ieyq—4 (11)
~qQ—4 ~q
EUq 4q C(ahl ’ ahl)
= 9.9-4(,,a-4 q L LC
= Z a-4q [Gi (y ) Z Z gl. akz(]pgkhhl pghipgkhi) ,
ieud ™ g=1
where G7™* = y /397" denotes an individual turnover ratio, as before. Thus,

expression (1) for the approximate bias of gg “4~* pecomes:
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4B = (yq e BB T -6

B = Z i Z st 4[qu “Doni(1 = Phni)
ieug_4'q
M
q—4
_quq Zakl(pgkhhl pghlpgkhl)l
k=1

M
BT =Gt ) |0 ) e 4P§m(1—r’§m)‘,
g:

icd—44
lEUD

(12)

with E(%,7~*) and 6,77 as given in (10).

For the variance, we need the following expression in addition to (10) and (11), which

follows from (9):

[ M M
Yomva) = > |Gy YD el el (1 -
ievq ievd ™| g=1k=1
+ Z (yl) Z gnghl(1 pghz) .
ieud ™|

Here, again, a distinction is made between continuing units and new-born units.
New-born units in quarter g are treated the same way as in Subsection 2.3.

Expression (1) for the approximate variance of g“,‘{ * how yields:

P;im’)

Aqq4 qq4 a,9-4 q,9—4
)_ hO +]/hD +[/hB )’

E (Yq Dl
W=, O Z {(Gﬁ’“'4)2p§hi(1—r’§m)

lEUq +q
+Zakl (qu 4) nghl(l p;ihi)

4 4
— 26T G (Pl — pghipgghi)]]’

A e R Y 1 )Z 0l Pni(1 = k) |.

ieuq—4.q

= |08 Z 0t (1 = D) |

iepd—44
lEUB

(13)
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3. Special case: two classes

In the next two sections, further approximations will be derived to the general
expressions for the approximate bias and variance of growth rates §*~* and g4 ~*
given in Section 2, under specific model assumptions about classification errors.
Some of the resulting expressions are still rather complicated, although they can be
implemented on a computer in a straightforward manner. This complexity is partly
due to our focus on industry codes in the Dutch GBR, which take on many different
values (M =~ 300). It is therefore instructive to first examine some results for a

simpler case that involves a binary classification variable (M = 2).

This binary situation arises often in practice, whenever units are classified according
to a single domain of interest. Some recent examples at Statistics Netherlands
include: whether a business has a webshop or not (Meertens et al., 2018) and
whether a business is innovative or not (Van der Doef et al., 2018). Both of these
examples involve machine learning classifiers that are trained on a labeled set
(supervised learning). In such applications, a direct estimate of the level matrix P’ is
provided by the confusion matrix of the classifier applied to the test set.

Note: we will state all results in this section without proof, as they are special cases of
more general results that will be derived in subsequent sections.

When M = 2, all true and observed codes siq and §iq can take just two possible
values: Hry = {1,2}. We assume without loss of generality that the code 1 indicates
that a unit belongs to the domain of interest. Hence, we are interested in the bias
and variance of the observed growth rates g7~ = (V;1/7,7™") — 1. We note that in
this special case it always holds that aj, = 1 — af; and @7, = 1 — a.. To keep the
example as simple as possible we will also assume in this section that all units have
the same level and change matrix: P} = PL and Pf = P for all i. In particular, we
assume that the probabilities in these matrices do not change over time.

First consider a growth rate between two periods during which the true and
observed codes do not change. To remain in line with the notation in the rest of the
paper, we will denote this growth rate as g%, Similarly, we will use §7?~* for the
case where the codes may have changed. The general formulas for the approximate
bias and variance of gf""l are given by (6) and (7). In this particular situation, the

level matrix P% is a 2 X 2 matrix which can be written in the format

pL — ( P 1- P1L1)
- 1 —pk L ’
P22 P22

since the probabilities in each row have to sum to 1.
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Define the domain-specific sums of squares K ™ = ¥;cya-u aZl._u(yiq_u)2 foru €
{0,1,4} and define the domain-specific cross-products for continuing units X;b"_l =

ZiEUQ—l.q Zi_lyiq_lyiq. For the special case considered here, it can be shown that
o

Gaa-1 _ E(%) _ piYy + (1 = pp)Yy
BT phYT A - pr)Y

and

_ 0a— Y
AB(gf'q 1) = <qu‘q - Yq1—1> +
1

0410 - 441 a- -1 (14
ph (1 = ph)[GPT KIT — X3 + ph (1 - pR[G1 T kST — x84
— .2

[pflqu T+ (1- pliz)Yzq 1]
and
0012 o_ 0o _
AV(Aqq_l) p11 (1 = piy) [(qu.q 1) K{ ' + K — 26" 1beq 1]
91 = 1 112
[pflqu + (1 - péZ)YZq ] (15)

=q,q—1 2 -1 =q,q—1 q—
| P o) [(6F Y K kg 200 g

_ PRy
[pflqu '+ (1- pliz)Yzq 1]

These expressions are special cases of the general formulas (39), (40) and (41) that
will be derived below from (6) and (7).

For the growth rate gf'q“‘ we also have to consider the change matrix PC. In the
notation of Appendix B, these probabilities can be arranged in a 23 X 2 matrix as
follows:

p1C111 1- p1c111
p1C121 1- p1c121
p1Cz11 1- p1cz11
p1czz1 1- p1czz1
pzc111 1- p2C111
pzc121 1- p2C121
P11 =P

c c
PI221 1 — Pz221

PC =

Note that, again, the probabilities in each row have to sum to 1. In total, there are (at
most) 10 distinct parameters involved in P* and P¢. We can easily derive the
corresponding probabilities Pi%;, = PhiPgin and Poin = Phian + Pyian that were

defined in Section 2. This yields:
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P11 Pifiz
P2 Pifez 1
P11 Pisiz
Pi52  Pisa2 _ ¢!
P51 P5iaz 1
P5521 D552z
P5511 D551z 1
P5521 D552z
and

pif1  Pita

Pisi  Pise

Pi51 D5t

P35 D552

piipfian + (1 = pi)pfio
_ Piipiz1n + (1 = pi)P2a
(1 = p32)P5111 + Pr2P5121
(1 = p3)P5211 + P52P521

Pi1Pii11 P (1 = piise)
= pipiize (1= pi) (1 = phia)
Pi1Pi211 P (1 = pir1e)
—piPiazr (1= pi) (1 = pha)
= p5)p5i1 (1= p5) (1 = pfiaq)
P32P5121 P32(1 = pSi21)
—p5)P5211 (1= p5) (1 = phriq)
P32P5221 P32(1 = p5r21)

pi1(1 = pfi11) + (1 = pi) (A = pfi21)
pi1(1 = pir11) + (1 = pi) (A = pir2)
(1 = p32) (1 = p5111) + 052 (1 = pGi21) |
(1 = p32) (1 = p511) + P52 (1 = p5221)

Note that the probabilities in the latter matrix again sum to one in each row; i.e.,

Paiez = 1 — iy forall g, k € {1,2}.

In addition, we define the following turnover sub-totals (for g, k € {1,2}):

- quk_ou (with u € {0,4}) denotes the total turnover of continuing units i €

with s = gand s = k;

q-44
UO

Y% denotes the total turnover of new-born units i € U~ *? with s/ = k;

— Y,;" denotes the total turnover of dead units i € Up ¥ with s{ " = g.
Note that Y,/ = Yl ' + YU + YT and Y] = V)i, + Vb + V. Similarly, we
partition the sums of squares K,/ * and K] as K * = Ko + Ko + Ky and

q _ 14 q q ot a.9-1
Ky, = Kiko + Ko + K- Finally, as a variation on the cross-product X, = we

R q
define X, = Zieug“W Ay WY

Using this notation, it can be shown
~q,9—4 __ E(?lq)
1 - cq—4
E(7,™)

-4 _q  q-4 4

Yi-

that

[p%flqulo + p%2C1Y1qzo + plif1yzq1o + plig1yzqzo] + [p1L1Y1Zg +(1 - p%z)yqu]

pf1Y1q_4 +0- pliz)yzq_4

1A

=<q,9—4 pq.q—4 qa.9-4
G1 B1 - C10

AB(gf'q_‘l) = <leq'q_4 - ya—*
1

qu,q—4 = ph(l - p%1)K1q

q—4 q—4 q—4
Clqoq = (]P)ﬁn - P{“1P1L1C1)Xf1% + (p%gn - Pf1P1L2C1)X1qz%
q—4
+ [P35, — (1 - péz)pliﬁ]x;%
q—4
+ [P35, — (1 — péz)péfl]X% ,

+ )
) [pflyf Y4 (1- péz)yzq 4]

— + p%Z (1 - p%Z)K§_4r (16)
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and

VI v~ 2G
[101L1Y1q_4 +(1- Péz)yzq_‘}]z
Vﬁ'q_4 = pr1(1 = piy) [(Gvf'q_4)2K1(1_4 + Kqu]
+p52(1 — p32) [(qu,q—zt)qu—zt + quB] ’
V2q1'g_4 =pia (1 - P111) 110t pisi (1 — pfzc1)K1qzo
+ 55 (1 - p211)K2q1o +p35:(1 — 35K 220’

AV(geT) =

(17)

with Cféq_4 as defined in (16). These expressions are special cases of the general
formulas (53), (58) and (63) that will be derived below from (12) and (13).

The above formulas can account for any type of dependence between the
classification errors that occur in periods g — 4 and g, as expressed by the
probabilities P57, and paf;. For the special case that errors at different time points
can be considered independent, it was already noted in Section 2 that Ip)gfdl =
Pi1Defa and hence that €L7% = 0in (16) and (17). Moreover, it then follows from
(8) that

Pgin = P(8 = hls{™" = g, = k) = P(§' = hls{ = k) = pi.

Using this, it can be shown that the above expressions now reduce to:

Gaa-4 _ E(?1q) _ P{“1Y1q +(1- P%z)yzq
' E(77Y)  phy ™"+ (1 —phy,

and

q—4
Yl

an(g+-4) = (0571 - 1)

B - 18
+ Grat pi:(1 — pr)K; "+ (1 - P5)K, * (18)
! )
Y 0 phr
and
L —-pi) ((jq'q-4)2Kq—4 4 KO
AV( ~q,9- 4) P11 P11 5 | 1
% 2
L Yq—4+ 1t Yq_4
P11 ( P22) ] (19)

pzz(l_pzz) [(qu 4) K}~ 4+Kq]

[pnyq 4 1- pzz)Yq 4]

Comparing expressions (18) and (19) to expressions (14) and (15), if we ignore the

difference in notation between g — 4 and g — 1, it is seen that the only difference is
that the terms involving cross-products are absent in (18) and (19). For non-negative
target variables y, such as turnover, it holds that X2/~ > 0 and X£%™" > 0. Hence,
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all else being equal, the variance in (19) (under an assumption of independent errors
over time) is at least as large as the corresponding variance in (15) (under an
assumption of no change in errors over time).

We conclude this section by remarking that the above expressions contain

population parameters that are unknown in practice. Details on how to estimate
these bias and variance formulas are discussed for the general case in Subsections 4.5
and 5.4.
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4. Practical bias and variance
approximations for quarter-
on-quarter growth rates

4.1 Introduction

Expressions (6) and (7) in Subsection 2.3 for the approximate bias and variance of a
quarter-on-quarter growth rate gg'q‘l are exact to the order of approximation in the
Taylor series, but the number of unknown parameters pghi in these expressions is
very large, because each unit i has its own level and change matrix. These
expressions are therefore too complicated for practical use at NSls. In this section, we
will derive further approximations to (6) and (7) by introducing some simplifying
assumptions about the nature of the classification errors. In Subsection 4.2, we start
with a stable population and a very simple model that may be unrealistic, but which
leads to simple expressions for the bias and variance that can be interpreted easily.
We then proceed to a more realistic version of this model in Subsection 4.3. Finally,
births and deaths are re-introduced into the model in Subsection 4.4. In practice, for
a given application with real data, we cannot directly compute the expressions for
the expectations, bias and variance, since we do not know the true stratum that the
units belong to in the different quarters. The estimation of the bias and variance in
practice will be treated in Subsection 4.5.

4.2 Stable population and a single probability parameter

4.2.1 Assumptions and notation
In order to derive simpler bias and variance approximations, we begin by making two
strong assumptions:

Al. The population for the quarters g — 1 and q is stable, i.e., there are no births and
deaths, so U9~1 = U =y,

A2. All units in the population are correctly classified with probability p, and all
misclassified units are divided uniformly over the remaining industries. Thus, all units
have the same level matrix P} with elements given by

p ifg=nh,
L

Pgni = 1- b .

— ifg#h
mMm-1 9
In the literature on linkage errors, a model with a matrix of this form is known as an
exchangeable linkage errors model (Neter et al., 1965; Chambers, 2009). In the
context of classification errors, Burger et al. (2015) studied the accuracy of estimated
turnover levels under a model of this form. We can immediately reproduce one of
their results by applying assumption A2 to our expression for E(?,?_l) in (4):
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P _ _ ~1-p
E(Y’? 1) - Zieuq—l yiq ' [agi lp + (1 B agi 1) M — 1]
q-1

_ 1-p
q-1
= E A . (20)
P iev]™t Vi M-1 ieva-h\u i

=Y+ (1 -V,

with

ya-1 _ vat-y
m M-1

where Y47% = Zg”zl Y:qq_” denotes the total turnover in quarter g — u (u € {0,1,4})
for all units in the population. Also, U,‘Z_l C U?71 denotes the sub-population of units
in stratum h according to the true classification. Note that 17('1__,3 denotes the true

average quarterly turnover across all strata in the population except h.

Similarly, we find that

E(?i?) = pY’? + (1 - P)Y(q_h).
q
va Yq -y, (21)
Ch o M—-1

and hence that

, E(%H oYy +(-pYl, )
aq-t o Zhl TR h
E@TYH oY+ -p)YE)

To shorten the notation in the remainder of this section, it is useful to introduce a

: q,q9-1,
pseudo-residual e,;” ":

q-1 aq-1  =qq-1\. q-1 =q,q-1. q—1
G (e ) A s (23)

(Recall that G~ = y7/y?™".) It will also be useful to have shorthand expressions
for the sum and the sum of squares of a generic variable z for all units in (true)
stratum g:

_ q-1 _
Sq(z) = Zieuq—l Ay Zi, 9= 1,..,M,

-1
§5,(2) = Zieuq_l Tz, g =1, M.

(24)

We also define a sum and a sum of squares over all units in the population:

S(2) = Zieuq—lzi = ijlsg @)

M
58(z) = z? = 5S.(2).
ieyqa-1 ' g=1 g
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. oq-1 o4 " .
Finally, analogous to Y(_h) and Y(_h), we define:

_ S(z) =S,

Si-my(2) = —(Zz/[ — ;(Z)’
_ SS(2) — §S,(2) (25)
SS(_h)(Z) = T

Note that 17('1_;3 =S and ¥, = S pn (.

4.2.2 Bias
Under assumption Al from Subsection 4.2.1, the approximate bias AB(gz'q_l) in

formula (6) reduces to:

AB(g*™)
_ Zieva |G - G Tyl ph(1 - Pint) |

E0T (26)

+ (G = 6.

Next, using assumption A2 and the notation introduced above, we find that the
numerator of the first term in the above expression is equal to

1\ g _ Sy 1-p 1-p
_,aq-1\, a-1| q-1 _ _ a1 _
Zieu‘l‘l( €hi )yi [ahi p(1—p)+ (1 QAp; )M 1 (1 M= 1)]
=p(1 — p)Sp(—el ¥ 1y1)

1-p 1-p “1_g- a-1. g—
| A S B L]

1 1- & -1_g-1
= - {p(l —p)Sp(ef*yT) + (1 —p) (1 - M—_pl> Scmy(en®™y1 )}

and thus that

AB(g"™™)
= (G =6

_a-» [psu(en "y ) + (1~ H} Sem(efd ™ty )]
B

(27)

]

with E(727") given by (20) and

g o +A-pYl, vl

Gt -G = -
-1 -q—1 -1
pY, "+ A -pYL, vl

according to (22). We also used the shorthand notation from (24) and (25). Note that,
forallg =1, .., M,

ST = D e = e - a0

S
ieyd-1 ievq-1
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Expression (27) shows that the approximate bias AB(gz'q_l) varies as a function of
the key characteristics p, S, (e 'y%™1) and S(_ny (e~ y971). It is not difficult to
see that when p — the probability of correct classification — goes to 1, AB(gZ'q_l)
goes to zero. Furthermore, when the growth rates of the individual units within the
target stratum h vary more, the pseudo-residuals ;%" and S, (e/"?*ya~1) will
become larger and so, when all other characteristics remain equal, the absolute bias
will also increase. Likewise, when units outside the target stratum vary more, then
f(_h) (e,‘f'q_lyq‘l) becomes larger and (all else being equal) so will the absolute bias.
Finally, we remark that expression (27) for AB(gZ‘q_l) consists of two components: a
term G971 — G that follows directly from the bias in turnover levels 77" and
?,f and an additional bias component due to variations in individual turnover growth
rates. We already noted in Subsection 2.2 that the second of these components will
dominate the bias in the growth rate if the relative bias in turnover levels does not
vary much across quarters.

4.2.3 Variance
For the approximate variance AV(gZ‘q_l) we find that, again under assumption Al
from Subsection 4.2.1, formula (7) reduces to

Av(grh)
g CINZ, 12 _
B Yieya-1 [(G;Z'q ' G 1) ! 1) Y1 aZi 1Pl§m(1 - Pléhi)] (28)

B )

Next we use assumption A2 and proceed along similar lines as for the bias to obtain:
Av(grat
q- 1-—- 1-— a- -
(- p)SSu(ef ™) + 5= (1-37=5) [55(ef*™) = s8u(ef )]

B

and hence

a- 1-p\es -1
(1-p) pSSp(ef ™) + (1 - SSmy (e
V(50 = p [p n(en™) ( M= 1) -n (er )]’ (29)

[E@]

with E(777") given by (20). Here, we used the shorthand notation for sums of
squares defined in (24) and (25). Note that, forallg =1, ..., M,

- — —17\2 — 1  s=aa—1\27 g—1\2
SSy(ef ) = Y alM (el Y = D el (6T = G (0

ieyqa-1 ieyqa-1

It is instructive to write the numerator of (29) in a slightly different form:

1- 1- __
[ = psSu(ef )] + 1 - D [- =B (1 -2 =E)SSm(efa )] 6o
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This shows that the numerator of the above variance approximation consists of M
terms, corresponding to the contributions of the M industries: the target industry h
has a contribution of p(1 — p)SSh(e,‘f’q_l) and each of the (M — 1) remaining

. . T LAYy 9.q-1
industries has the comparable contribution —— (1 - m) SScn(e®™).

According to (29), the variance approximation varies as a function of p, SSj, (e;f'q_l)
and SS(_p (e97). It is easy to see that when p approaches 1, AV(gi?™") goes to
zero, which stands for the situation that there are no classification errors. In addition,
when the growth rates of the different units in the target stratum h vary more,

SSp, (e,‘f’q_l) increases and so will the variance. The same holds for the individual
growth rates of units outside the target stratum.

4.3 Stable population and multiple probability parameters

4.3.1 Assumptions and notation

The above assumption A2 that all units in the population have the same level matrix
of classification error probabilities and that, moreover, the probabilities in this matrix
can be described by a single parameter p, is not realistic for the Dutch GBR. We will
now relax this assumption in two steps. (For the moment, we retain assumption Al
that the population is stable; this assumption will be relaxed in Subsection 4.4.)

The first step acknowledges that some units are more likely to be classified in their
correct stratum than others, for instance because of the amount of attention paid to
these units during the construction and maintenance of the GBR. In practice, the
largest and most complex units are checked more carefully than the smaller ones. For
this refinement, van Delden et al. (2016b) introduced the concept of a probability
class. The population U971 is partitioned into probability classes Ulq_l, . Ug_l, with
U7 U v Ui = Ut and U nUdT = g forallc # d. Allunits i € UZ ™ are
supposed to have the same level matrix P} = P., that is, the probability classes are
homogeneous with respect to the classification error probabilities. We now obtain
the following version of assumption A2:

A2’. The population consists of probability classes Uf_l, ) Ug_l. All units in
probability class ch_l are correctly classified with probability p., and all misclassified
units in probability class ch_l are divided uniformly over the remaining industries.
Thus, all units in probability class ch_l have the same level matrix P% with elements
given by

p. ifieUi tandg=nh
Pléhc= 1_pc
M-1

ifieUI  andg #h

It is not difficult to show that, with assumption A2 replaced by assumption A2’, the
following bias and variance approximations are obtained instead of (27) and (29):
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AB(gy"™) _
_ §=1[PCY;?C + (1 - pc)y(q—h)c] Y}?

S:l [chf?c_l + (1 - pc)y(q_;sc] YP?_l
e _ q.9-1, g-1 _1-p\& .9-1, g-1
c:l(l pc) [pcshc(eh y ) + (1 M — 1) S(—h)c(eh y )]

(zo, [pra + @ -po? L )

(31)

and
V(g
_ 1-— — _
_ S:l(l - pc) [pcSShc(e;z‘q 1) + (1 - M—_p{> SS(—h)c(eg‘q 1)] (32)

) (5, [t + a—porst )

Here, ¥,1 " = Yyt al7ly?and v = Lieus al~'y? denote the stratum
turnover levels within probability class ch_l. We have also generalised the notation
from Subsection 4.2.1 to operate within probability classes:

q-u q-u M q-u _ yq-u
Yoo =Yy _ Zg=1 ch Yo

Sq-u 3
Ylne = M—1 M—1 , u=0,1,
SgC(Z) - Zieyq—l agi_lzi’ g = 11"'1M:
& S+c(z) - Shc(z) Ag/l=15gc(z) - Shc(z)
= = 33
Se-ne(2) =1 T : (33)
SSQC(Z) - Zieuq_l a‘gi_lziz’ 9= 1,..,M,
<o §S+c(2) — SSp(2) 2274=155gc(2) — SSpc(2)
SS-nye(2) = = .
M-1 M-1

A second step towards a more realistic classification error model is to acknowledge
that, within each level matrix P%, not all diagonal probabilities need to be equal to a
single value p,, and also the off-diagonal probabilities need not all be equal to each
other. In the context of the GBR, the diagonal probabilities can differ because in
some industries it is more difficult to classify units correctly than in other industries.
Also, the off-diagonal probabilities can differ because certain types of
misclassification are more likely to occur than others; e.g., wholesale traders are
more likely to be misclassified as retail traders than as banks. Hence, in principle all
elements of P could be different.

To keep the bias and variance expressions manageable in practice, we do want to
limit as much as possible the number of parameters needed to describe each matrix
PL. [If all elements of PX were left free, then hardly any simplification of expressions
(6) and (7) would be possible.] As a compromise between simplicity and accuracy, we
propose the following. For each true industry g there exists a subset of possible
observed industry codes H,; {1, ..., M} for which specific classification probabilities
p’g“hc apply. It is assumed that g € H, so the diagonal probabilities are always
included in this subset. The subsets H; are supposed to capture all ‘significant’ cases,
i.e., all industry codes h that have a relatively large probability of being observed
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when the true industry code is g. In other words, it is assumed that each probability
Pléhc with h & H, is small, so that 0 < Zheﬂg pghc < 1. In addition, the subsets H,,

should be chosen as small as possible; in particular, each |}[g| should be much
smaller than M. For ease of notation, we will assume here that the same subsets Hy

apply to all probability classes, but this assumption is not strictly necessary and it is
not difficult to generalise the results below to probability-class-specific subsets 3.

We can define an indicator I, = 1if h € H, and Iy, = 0 otherwise. From the point
of view of an observed industry code h, these indicators define a subset of the true
industries: G, = {g|Igh = 1} = {g|h € }[g}. This subset consists of all true industries
g for which the classification probability p’g‘hc is ‘significant’. The remaining
probabilities p’éhc with g € Gy, for a given observed industry code h are not
necessarily equal to each other, but they are all close to zero. This suggests that they
may be approximated by their mean value (from the perspective of the observed
stratum h), which is (p%y. — Xgeg, Ponc)/(M = 1Gn 1), with pky. = X0 ply.. Note
that pk,. # 1in general. (The exchangeable errors model of assumption A2 is an
exception.)

This leads to the following, final version of assumption A2:

A2”. The population consists of probability classes Uf_l, . Ug_l. All units in
probability class ch_l have the same level matrix P% that can be approximated well
by a matrix PX with elements given by

Phpe ifie U and g € G,
ﬁf?hc = Pinc — 2ge6n pﬁnc
M — |G|

ifieuf " andg € G,

Note that, by definition, PX can only be an approximation to the real level matrix P%,
because the rows of f’;L do not necessarily sum to 1. In what follows, we will use
more shorthand notation that partly generalises (33):

ﬁ(L—gh)hc = Plihc - z Plg}hc:
g

. €Gn 4—u
Y—,q—u — Y+C B Z.gEgh ch u=01
e MoJonl h (34)
5—, (Z) _ S+c(z) - degh Sgc(z)
(e M=1Gi
ﬁ _ (Z) — SS+C(Z) - degh SSgc(Z).
(e M= 1G,l

4.3.2 Bias
Starting again with expression (4) and proceeding along similar lines as in (20), we
obtain the following approximation to E(f’,?_l) under assumption A2"':
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Pl
_ qg-1 -Gn)hc
M EPIC Ty (35)

c [ <L
-1, P(-gnhe - -
L q-1 h q-1 q-1
ply Y-t g IR | yamt Z Y,
Zl Z ghc'gc M_lghl +c gc
c
c=1

c=1|g€Gn 9EGh

L q-1 | =L pa-1
Z Z pgthgc +p(—gh)th(—gh)c ’
| IEGR

where we used notation defined in (34). Note that in the second line of (35) we used
that ¥ jeq, agi_l =1-Ygeg, agi_l since each unit observed in h belongs to one true

industry code g. Analogously, we also obtain:

(64
Va4 o L q ~L va
E(Yh) ~ z Z pgthrgc + p(—gh)th(—gh)c ’
c=1|9g€Gn

- ¢ L q ~L va
=<q,q-1 _ E(Y’?) _ Zc:l [degh pghcygc + p(—gh)hcy(_gh)c]

h T g1y -1, = sq-1 |
E(Yh ) §=1 [ZQEghpghCquﬁ +p(L—§h)th(q—gh)c]

(36)

To approximate the bias, we can still use (26) as a starting point. We can proceed
analogously to Subsection 4.2.2 and the derivation of (35) to obtain eventually:

e L va 4 #L 74q
=1 [deghpghcyrqc+p(—gh)hcy(_gh)c] B Y,?
I L ya-1 =L 7a-1 q-1
D=1 [295§h pgthgc + p(—gh)hcy(—gh)c] Y,
,q—1
Yi-1 B!
{ e L yd-1 4 5L ya-1 }2'
Ye=1|2ge6n PoncYge  + Dlgpyne (=Gn)e (37)
q-1 a-1. g—
BT = phne(1 = e ) Soelef ™ y1)
9EGh

)
~ P—ghe \ & 1 gl
L h f
+ P(=gp)he <1 M= 1Gnl S(—Qh)c(ezq y1 1)'

AB(gr ™) =

4.3.3 Variance

To approximate the variance, we can use (28) as a starting point. Again by proceeding
along similar lines as in Subsection 4.2.3 and using approximation (35), we eventually
find the following approximation formula:
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q—1
2o Ve
(25, [Soeon Phne ¥ + B gone et ]}
c=1|2g€Gn Pghc¥gc p(—gh)hc (=Gn)c

VI = 3 Pl (1 phn)SS,e(ef ) 39
9geGn

<,
~ P(-gnhe \ << -1
L h q.9
+ P(-gphe <1 - M =16, SS(—Qh)C(eh )

AV (g =

Analogous to (30), each term Vh‘i‘q_l can also be written as
q-1
D [Phne (1 = phnc)$Sye (e ™)

9EGh . ;
P(-gwone P-ghe \ =< aq-1
+ (M — |G| [ 1-— SS._ e, .
( gh) M_lghl M_lghl ( gh)C( h )

Thus, it is still true that — within each probability class — each industry has a similar
contribution, namely pk,. (1 — pk,.)SS,c (e ") for ‘significant’ industries g € Gy,

L L
Pl-gpne [ ; _ P(=Gn)re \ oo a.q-1 : :
and M= (Gn] 1 M—lor] SS(_gh)c(eh ) for each of the other industries g & Gj,.

4.4 Dynamic population and multiple probability parameters

4.4.1 Assumptions and notation

We will now drop assumption Al from Subsection 4.2.1, that is, we will allow for
changes in the population between the quarters ¢ — 1 and g. This means that we can
no longer ignore the terms in the bias and variance approximations in Subsection 2.3
that concern dead units (i € UZ~"?) and new-born units (i € U~ ). In this section,
we will retain assumption A2”. So far, we have defined the probability classes only
for units in the population at time g — 1. We now assume that new-born units at
time q are also assigned to a probability class. By extension of assumption A2”, it is
supposed that the level matrices for the new-born units can be approximated well by
the same matrices that apply to units in U9~. We also assume that units do not
switch probability classes between g — 1 and g. This is a realistic assumption for the
Dutch GBR for quarters within the same year.

In what follows, we will re-use much of the notation developed in the previous
subsections. We will use the convention that turnover levels, sums and sums of
squares that were defined previously for a stable population now refer to all relevant
units that exist at a given point in time. Thus, for instance, Y,/ includes the turnover
of continuing and new-born units in quarter g that belong to probability class ¢ and
industry h. If we want to restrict a population quantity to the subset of continuing
units, deaths or births, we add a subscript O, D or B, respectively, to that quantity.
Thus, for instance, ¥;L = ¥,2  + V1 and it = vt + 710t

4.4.2 Bias
If the population is not stable between quarters g — 1 and g, all terms in the bias
approximation in formula (6) are relevant:
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1 <
A1) = ey (B 4 B ) + (6177 = 617

[E(7)]

The component E(?,f_l) can be approximated by expression (35) as before, and
(G771 — G71) can still be approximated as in expression (36):

c L q ~L V4
FOA1_ caa-1 De=1 [degh Pgne¥ge + p(—gh)hCY(—gh)C] _ Yf? (39)
h h ~ c L q-1 ~1, 7q-1 q-1
Yoo [degh Pgnc¥ge =+ P(—gmhcy(—gh)c] 0

using the notation convention introduced above. It remains to evaluate the two
q-1 q-1
components B11" and B,

The component B}?(',q_l refers to continuing units. To approximate this term, we can

adapt B2~ from expression (37):

¢
B;qu_l ~ _Z Z Pléhc(l - Pjhc)Sgco(eZ’q_lyq‘l)

c=1|g€Gn
~
- Pi-gne \ & 1
L h q.9 -
+ P(—gphe <1 T M= 1Gnl S(—Qh)CO(eh y1 1) )

where S.0(e "' y771) and S(_g,).0 (e y971) are now computed using only the

units in U2~"%, It is important to note that the pseudo-residual e* ™" is still given by
(23), using the overall G97*.

Finally, the component BLZ™" for units in UZ™ "7 in (6) has a similar form to BLY ™. It
is not difficult to see that we may therefore write:

c
BT = G D Pt = Phne)SSpen 007D

c=1|9€Gn

I
~ P6he \ == _
L h
+ P gphe (1 M= 1G] SS(—gh)cD(yq Bl

Combining these three expressions, we find the following approximation for the total
bias:
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(64 L q ~L va
Zc:l [deghpghcygc+p(—gh)th(—gh)c] _ Y}?
¢ L ya-1 =L pa-1 q-1
Zc:l [degh Pghc Yrgc + p(—gh)hcy(—gh)c] Yh
(64 BQ:q_l
c=1"hc
(25, [Soeon Phne ¥t + Blogonc T, ]}2
c=1|2:g€Gn Pghclgc p(—gh)hc (=Gp)c

,q—1 ,q—1
B;‘Zcq = Z pghc(l - pghc)BS;cq
9EGR

AB(g1"") ~

~
- P(—gnhe \ 5eq.q-1
L _ h a.9
+ P(-gphe <1 M — |Gyl BS(—Qh)C’
BSET = Speo (e 7y 1Y) — GTISSyp (D),

BS{4 . = Sccgeo(en ™ y1™) = GFTISS g0 0.

(40)

Note that we can combine the contributions of the continuing and dead units into
two single terms, because these contributions are linear in Sy (ez‘q_lyq‘l) and

SSgep 71), and in S_g, .0 (eg'q_lyq‘l) and S5(_g,)cp 771, respectively.

4.4.3 Variance

If the population is not stable between quarters g — 1 and g, the variance

approximation in formula (7) consists of three components:

1
4,q9-1 q,9-1 4,q9-1
P Vo "tV F Vs )

Av(gy™) = BT

The component I/;l%‘q_l refers to continuing units. To approximate this term, we can

adapt V,297" from expression (38):

9EGh

c
,q-1 aq—
V;L%q ~ z lz pghc(l - pghc)ssgco (eiczl K 1)
c=1

M — |Gyl

~L
- P—gpnc \ == -1
L h a9
+D(—gpne (1 — == | 55 geo(en® )|,

again using the convention that 5SSy, (e ™") and SS(_g,)c0 (e~ ") are computed

using only the units in U3~ "%,

For the remaining two components, we can again use that they are similar in form to

the corresponding component for continuing units, which we have just evaluated.

The component for dead units Vh%'q_l may therefore be approximated by

c
i (G DD (1 = Plne)SSyep )

c=1|g€Gn

~1
P(—gpne

~L == _
+ P(—gh)hc (1 - M — |gh|)55(—gh)cn(yq 1) )

and the component for new-born units V;l‘gq_l may be approximated by
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(64
Vh(gq_l ~ Z Z pghc(l - P]g“hc)SSch(}’q)

c=1|9g€Gn

~ [
5 Pl-gnne \ <o
L h

+ P(gpone <1 Mg, ) Semes D)

Combining these three expressions, we find the following variance approximation:

e q,q9-1
Zc:l ]/hc

2 )
e L ya-1 =L pa-1
{Za:l [ZQEgh pghcygc + p(—gh)hcy(—gh)c]}

Av(giT) =

q-1 q—
VT = ) P (1= Pl Vi
9EGR .
+ ~1 1— p(—gh)hc Wq,q—l (41)
P(~gn)he M — |Gyl (=Gn)e’

ngéq_l = SSgCO (eg,q_l) + SSch (Ef?,q_lyq_l) + SSch (yq),
7cd49-1 _ ¢¢ q,9-1 NS ~q,9—1 -
VS(—Qh)C - SS(—gh)CO (eh ) + SS(—Qh)CD (Gh y4 1)

+ SS(—gh)cB (yq)

Note that, again, we can combine the contributions of the different subsets of units
into two single terms, because the expressions are linear in the sums of squares.

4.5 Estimating the bias and variance

4.5.1 Introduction

The bias and variance approximations for g,‘i""l that have been derived above
depend on the true turnover totals per industry. Of course, in practice, these will be
unknown. We will now discuss how to estimate these expressions for the bias and

. ~q,q—1
variance of g%,

The bias and variance approximations also depend on the classification error
probabilities Pljhc- Here, we will treat these as known parameters. In practice, they
have to be estimated as well, for instance from an audit sample of units for which the
true industry codes are known (see Section 7 on classification error models and
Section 9 on a case study). Although this introduces uncertainty in the estimated bias
and variance of the observed growth rates, it does not affect the bias and variance
values themselves, since gg'q‘l does not depend on these estimated parameters. In
this paper, we will ignore the additional uncertainty due to estimating the
parameters of the classification error model. See Meertens et al. (2019a) for a
Bayesian approach that accounts for parameter uncertainty.

A natural starting point in the estimation procedure is to calculate an estimate of the
ratio of the expectations, G,‘Z'q_l, based on expression (39):
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~ L =
= [degh PoneVge + p(—gh)hcy(q—gh)c]

Gt = = (42)
e L $49-1 4 =L ya-1
Zc:l [degh pgthgc + p(—gh)th(_gh)g]
with, foru € {0,1}, V7" = Ly ag; “y! ™" and
oq-u
Sq-u — degh Y
Cne = 1G4l

Note that, since we have assumed that classification errors are the only errors that
occur, the total turnover in each probability class, Y,/ ", is observed without error.

4.5.2 Bias
To estimate bias approximation (40), we replace all unknown quantities by their
observed values:

Zg=1 [degh pghc?gqc + ﬁ(L—gh)hc)_/(q—gh)c] Y,?

c L {4q-1 ~I, cq-1 pa-1
Zc:l [degh pgthrgc + p(_gh)hcy( gh)C] Yh
Bq.q—l

AB(g7) ~

- 2’
C' L ©vq9-1 ~L ya-1
{ c=1 [degh pghcygc + p(—gh)hcy(—gh)c]}

Z pghc(l pghc)BSqq ! (43)
9EGh ;
~ ﬁ(_g )he \ Seq.q9-1
L h a9
+ P gryne (1 Mg, ) B Cene

ﬁ;éq_l = gco(eqq 1yq 1) qu 1S3 cD(yq b,
BSH = S geo(@ 7 ya) = G SS Lgrep (7Y

Here, (?,‘Z’q_ is given by (42) and the observed pseudo-residual &:7~ " is defined as
~q,q—1 ,q—1 Sq,q9-1 -1 Sq.9-1_q-1
e’ = (qu =G )yiq =yl =Gy (44)

For continuing units, the estimated sums and sums of squares are defined for an
arbitrary variable z97* with respect to quarter ¢ — u (u € {0,1}) by:

~ —un AqQ—U,_q—Uu _
Sgco(zq v = Zieuqo_l'q g z; , 9= 1,..,.M
5 _ Ste0(Z9™) = Y geg Sgeo (277
St-gweo @) = == —ﬁ;ghhl N
_ 2g=154c0 (Zq_”) — Ygegn Sge0 (27
—_ | | )
o g o qguh (45)
SSch(Z )_ Uq 19 gz (Z ) o M,
= _ 5S4c0(z7™™) = Ygegy SSgeo (297
SStgmeo@1™) = == ﬁ;ghhl =
Zg 15 cO(Z _ )_degh ch(Zq_u)
— |Gl '
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The definitions for new-born units and dead units are analogous, with O replaced by
B and D, respectively. Note that, analogous to Y *, the total sums S, (z97%) and
SS.c.0(z97%) in (45) are over fixed sets of units. Whether the outcome of these sums
is also error-free depends on the variable z9~%; for instance SS, .o (y9™1) is known
but S,.0(7 1y971) is estimated.

4.5.3 Variance
Variance approximation (41) can be estimated by:

c_ V\q‘q—l
w(a) ~ o

c R A DN oo |
{Zc=1 [deghpghc gc +p(—§h)h0 (—Qh)ﬁ]}

B = phne(1 = b V35
9geGn

+ L 1— ﬁ(L—Qh)hC ﬁq,q—l (46)
Peemne\" 7 M~ 1,

(=Gn)e’
V300" = 5350068 7") + S3yep (G171 y971) + 5340597
gc gcO\*h gcD h y gcB vy
W(q—qg;)lc = g(—Qh)CO (é’?.q—l) + g(—Qh)cD (G‘r‘z‘q_lyq_l)
+ g(—gh)CB(yq)'

where é,‘f‘q_l is given by (44) and we use the notation defined in (45).

4.5.4 Final remarks

In the above formulas, we have estimated the turnover totals Y. per industry

h and probability class by their observed counterparts ?,?C_u. In practice, these are
biased due to the presence of classification errors. Since the expectation of f’,fc_u is
approximated by

oa-u\ L q-u ~L vq—u
E(V ") = z Pgnc¥ge ~ + D=gncYgye
9EGh
its bias is approximately given by
oq-uy __ q-u q-u ~L va—u
B(th ~ (Pfme - DY, + Z pghcygc + p(—gh)hcy(—gh)C' (47)
9EGn\{h}

From this, it follows that (?;f‘q_l in (42) may also be biased. As a first-order
approximation, we find:

. (éq'q_l) g Yo [degh PgneTge + ﬁ(L—gh)th(q—gh)c]
h pa-1 = pa-1
25:1 [degh p;hc Yoo  + p%—gh)hc Y(—Qh)c]

N 25:1 [degh pgth(?qu) + 2L#—Qh)th (Y(q—gh)c)]
25:1 [degh Péth(?gllc_l) + ﬁ%—gh)hCE (17(‘1_911)0”

Now using that E(V,L™") = Y,I™* + B(V,L"™") and
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B(7r ) = it - deghE (Tge "
|Qh|
_r - degh gc ~ Zgegn BTt "
- = 1Ga]
— pav deghB(quﬂ_u
Ge M — 1Gnl

we obtain:

E (5,‘3"*‘1)

~L
~ = p( Gr)he >
Cc q L q q
Zc:l [degh péhcxgc + p(—gh)hcy(—gh)c + degh (Pﬁhc }llghl B(Yg )

ZS:l [degh péhcl@qc_l + 5(L—gh)hc?(q__gi)c + degh (plg}hc P( g}i)gh:o B(Yq_l)]
FO2) + 22 e (v ~ 242 ) 532
~ E(7I) + 2, [degh <p§hc - p('g’i)g"cl) B(PS" 1)]
E(97) {1 +¥5, [degh (p’ghc _ Bt g’ig’i) IZ“EY,?)]}
E(%) {1 + 3 [degh <p§hc - E(Lf’fglg) i%’;g }
1+ ZE:l [degh <p§hc - Ip;__g}igl: ) i‘%%}))

1
Pigne \ B(Tge.
1+ ZS=1 [degh (pghc - }llghcl) E(Yq 1)
h

= ;a1

Thus, if for all g € G, it holds that

B(ge) BT ")

E(R) B

then E (Gcg’q_l) ~ G9! and so G is an approximately unbiased estimator for
G,f'q_l. If the industries g € G, all have similar quarterly growth rates, then this
relation may be expected to hold. If these industries have widely different growth

rates, then this relation need not hold and the bias in 5,‘1”1_1 could be substantial.

In addition, the above bias and variance estimators may be affected by the fact that

1 1 1
the observed residual 197" = yd — G971y~

depends on the estimated G777,
and that the sums and sums of squares are computed over groups of units that may
be misclassified. In theory, the resulting bias in the estimated bias and variance could
be substantial. In practice, we believe that this bias may be limited because in the
probability classes that contain the largest shares of turnover, pk;,. is close to 1 for all
target industries and the remaining pjy, (g # h) are small. In this case, B(?hqc_l) ~0

by (47).

CBS | Discussion Paper | October 2019 35



5. Practical bias and variance
approximations for year-on-
year growth rates

5.1 Introduction

The bias and variance approximations (12) and (13) derived in Subsection 2.4 for a
year-on-year growth rate g,‘{'q“‘ (or a quarter-on-quarter growth rate between the
fourth and first quarters of two different years) involve sums with a separate
contribution for each unit in the population. In Section 4, we were able to reduce
similar expressions for the case of a within-year quarter-on-quarter growth rate to
expressions that involve separate contributions for a limited number of groups of
units, by introducing assumptions about the level probabilities Péhi- In this section,
we would like to do the same for the bias and variance of a yearly growth rate. This
requires additional assumptions about the transition probabilities péihi as well as the
underlying ‘diagonal’ probabilities P57y [Recall that pi,; = XLy Poini- We note
that the probabilities Ip)lé?clhi with | # h do not occur separately in expressions (12)
and (13).] As will be seen below, these assumptions do not necessarily simplify the
mathematical form of the bias and variance expressions, but they do reduce the
number of parameters that need to be estimated as well as the amount of
computation that is needed to evaluate the bias and the variance in practice.

In Subsection 5.2, we begin by introducing some simplifying assumptions about Pfyim’
and [p)gihhi. The resulting bias and variance approximations are derived in Subsection

5.3. Estimation of the resulting expressions is discussed in Subsection 5.4.

5.2 Assumptions and notation

Assumption A2” of Section 4 is also relevant for year-on-year growth rates. Recall
that this assumption involves so-called probability classes, where units in the same
class are homogeneous with respect to the level matrix PiL. We will now extend the
definition of these classes to the change matrix P{ of Subsection 2.4. For simplicity of
notation, we will assume that the same division of units into probability classes
applies to both the level and change matrices.

In Section 4, we could realistically assume that continuing units remain in the same
probability class between g — 1 and g within the same year. The same assumption
cannot be made as easily for continuing units between g — 4 and q. In practice, there
will be some units in the GBR that change between probability classes at the yearly
transition. It is not desirable to introduce separate terms in the expressions below to
handle all possible changes between probability classes. We will therefore assume
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here that all continuing units are assigned to a single probability class for both

periods ¢ — 4 and q. We denote these classes as U, 9, ..., U 9.

In practical applications, a procedure is needed to handle units that change between

probability classes. Two simple, approximate solutions are:

— assigning each unit that changes between g — 4 and q to the probability class
Ufo_4’q that has the least favourable classification error probabilities;

— assigning each unit that changes between g — 4 and q to one of the two
probability classes at random.

With the first solution, the uncertainty due to classification errors is more likely to be

overestimated than underestimated, which may be advantageous for some

applications. However, in practice it may sometimes be unclear which of the two

probability classes contains the least favourable probabilities. The second solution

has the advantage that it is possible to evaluate the effect of this approximation on

the estimated uncertainty by repeating the random assignment multiple times and

comparing the resulting bias and variance estimates. We will therefore use the

second solution in our application.

From the assumption that all probabilities are constant within a probability class, so
that PF = PL and Pf = P forall i € UL ™, it follows immediately that k%, =
L =pk pS.and ptl, . = pkE. =M pL pC .. for all units in probabilit
Pgkhhec = PghcPgkhne Pgkni = Pgkhc 1=1 PgicPgkinc p y
class Ufo_4'q. For the probabilities pf]hc, we can apply assumption A2” to reduce the

number of parameters within each probability class. We will now introduce a similar
assumption for pjiy. and Piiyn.. [Note that this is sufficient, because the

probabilities in PS themselves do not occur separately in expressions (12) and (13).]

The probabilities pyy. and Pginn. refer to a stratification of the units in each

probability class in terms of (siq_4, s{,81) = (g, k, h). Potentially, this concerns M>

strata for each probability class, which could be a very large number. (Recall that for
the Dutch GBR, M =~ 300.) Moreover, most of these strata contain a limited number
of units; in fact many of them may be empty. The approximations that follow are
important to increase the stability of the bias and variance estimates, to reduce the
computational workload, and to improve the interpretability of the probabilities.

As we will be evaluating the bias and variance of a growth rate for a given observed

industry §iq = h, we consider h fixed in what follows. For a given h, we consider four

q-4 _q aq).
i SiS

— diagonal cases: (sq_4, s{,31) = (g, g, h), forg € {1,..,M};

i i

types of combinations of (s

(these are cases where the true industry code does not change)

— cases within column h: (siq_4, s{,81) = (g, h, ) with g # h;
(these are cases where the true industry code changes and the observed code in q
is correct)

— cases within row h: (siq_4, s, 31) = (b k, h) with k # h;
(these are cases where the true industry code changes and there is an error in the
observed code in q, but the same code would have been correct in q — 4)

— all other cases: (siq_4, s{,87) = (g, k, ) withg # handk # hand g # k.

l

CBS | Discussion Paper | October 2019 37



(these are cases where the true industry code changes and there is an error in the
observed code in q, and the same code would also have been erroneous in q — 4)

Within each type, we can distinguish special combinations, i.e., combinations of
(siq_4, s{1,8") that occur relatively often. For these special combinations, we will
reserve separate terms in the bias and variance approximations. For all other

combinations, we will approximate the actual probabilities p’éihe and ]P’f;ihhc by

average values. This is similar to assumption A2” for the level matrix.

In Subsection 4.3, we introduced the subsets H, c {1, ..., M} of industry codes that
are observed relatively often when the true industry code is g. We will re-use these
subsets here. In addition, we introduce the subsets Ky C {1, ..., M} of true industry
codes that occur relatively often in quarter g for units with true industry code g in
quarter q — 4, given that the industry code changes between g — 4 and q. Note that
the latter condition implies that g & X(.

We now define the special combinations for each of the four above-mentioned types
as follows, for a given observed code 3/ = h:
— diagonal cases: (s7 % s7,37) = (g, g, h) is special when h € H;
(the combination of true and observed codes in q has to occur relatively often)
— cases within column h: (s7%,s7,37) = (g, h, h) with g # h is special when h €
Ky
(the combination of true codes in q — 4 and q has to occur relatively often)
— cases within row h: (siq_4, s{,81) = (h,k, h) with k # his special when k € %;
(the combination of true codes in q — 4 and q has to occur relatively often)
— all other cases: (siq_4, s{,31) = (g, k, ) withg # handk # hand g # kis
special when both k € X, and h € H.
(the combination of true codes in q — 4 and q, as well as the combination of true
and observed codes in q both have to occur relatively often)

All combinations that do not satisfy the relevant condition do not count as special.

For a given h, we define Iy, = 1if (g, k, h) satisfies the relevant condition to count
as a special combination, and I, = 0 otherwise. Next, we define 7}, =

{(g, k): Igkn = 1}, the subset of all pairs (g, k) that constitute special combinations
for the observed stratum h. Note that this is similar to the way we defined G, for the
level matrix in Subsection 4.3. Again, we suppose that the number of special
combinations |T;,| is small in comparison to the total number of ordered pairs M2.

In the bias and variance formulas below, we will encounter probabilities pgc

wni and
]P)f;ihhi for a fixed observed industry code §L.q = h. To simplify the computation of
these formulas, we propose to approximate these probabilities as follows. For all
pairs (g, k) € Ty, separate probabilities pjiy. and Phinn. are used for all units in
probability class c. For the remaining pairs (g, k) € 7}, where these probabilities are

supposed to be small, we compute the total remaining probability:
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M
~LC _ . LC c _ c c
P(=miphec = Pi5he — Z Pf;khc = Z Z Plg}khc - Z p;khc’

(g.k)ET, g=1k=1 (g.K)ET,
M M (48)
~LC _ . LC c _ LC LC
Pnprhe = Prinhe — Z Pgkhhe = Z Z Pgkhhc — Z Pgkhhc-
(9.k)ET, g=1k=1 (9.k)€T,

We then divide this total remaining probability mass uniformly over the remaining
pairs, to obtain an approximate probability parameter:

Poine  if(g.k) €T,
~LC _ ~LC

Pgkne =3 P(=Ti)he
—— if(g,k) &7,
we i) TR ET o)
]P)éihhc if (9, k) € Ty,
~LC ~LC
Pgknhe =y P(=si)hne
—2—— if(g,k) &7,
ME— 7] (9,k) €Ty
Note that for all (g, k) & T;, it holds that:
LC = @%ETh)hhc _ Z(g,k)efh Ip)g(l:chhc Z(g,k)efh p;ihc _ ﬁéfTh)hc = plc
gERRE M2 — Tyl ME—|Tyl T ME— Tyl M2 T O

in this sense, the two approximations are in line with each other [cf. (8)].

We thus obtain the following additional assumption for continuing units between
q—4andgq:

A3. The population of continuing units consists of probability classes
Ui, L, udo ™. Al units in probability class U, *? have the same probabilities
Pafenc and Pyinn. that can be approximated well by gy and Bgnn, in (49).

5.3 Approximate bias and variance formulae

5.3.1 Preliminary results

We begin by deriving approximations to E(%,{ "), E(¥}) and GJ9™* =
E(2)/E(777") under assumptions A2” and A3, based on the exact expressions in
(10). The expression for E(Y’,?_4) involves only probabilities from the level matrix.
We can therefore proceed analogously to the derivation for E(?,f_l) in (35) to

obtain:

c
S5q—4 —4 ~ Tq—4
E(Yi? ) ~ Z Z p;th"qu + pé‘—gh)hcy(q—gh)c . (50)

c=1|g€egGn

Here and elsewhere in this section, we will re-use the notation that was introduced in
Section 4 for quarterly growth rates, with minor variations if necessary.
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For E(?,f), the expression in (10) consists of two terms, the first of which is an

expectation over continuing units and the second an expectation over new-born
units: E(V,1) = E(%,L) + E(V,). The term E(Y,L,) again involves only the level
matrix, and it follows analogously to (50) that

c
E) = D 0| D ohneita + Plgone gpen | (51)

c=1|9g€Gn
in obvious notation.

The term E( 0) involves probabilities pgkm Using assumption A3, we find:

(64
N ) M M —4
P4 = E § ya E E al~*a? ke
ho _ i i kit’gkhc
eyl *d g=14=k=1 %
q -4 _q _LC
§ § E a;p
i kit/gkhc
lEUq 4q g g

(g,k)ETR
~LC
P(=m)he
q-4 _q h
+(1- z Qg Ay 7MZ—|Th| (52)
(9.k)€ET,
< 8
_ (= Th)’w q q
—z Z nghcygkco oz Yo = Z Ygkeo
M? — [Ty
c=1|(g.k)eTy (g.k)ET,
e T
— LC ya ~LC 7
= Z Z pgkhcygkco +p(—Th)th(—Th)c0 :
c=1 _(g,k)ETh

In the third line, Yy}, = Ticyt-4a al~*a,y denotes the total quarterly turnover in

g
q for all continuing units in probability class ¢ that belong to the stratum g in quarter
q — 4 and to the stratum k in quarter g. These turnovers are computed only for the
combinations (g, k) that are listed in J;,. In the last line,

q a
7a _ Yiveo = Lighoer, Yoico
(=Tp)cO — M2 — |Th|

denotes the average value of the total quarterly turnover Y., ‘gkeo across all subsets of

continuing units in probability class ¢ for combinations (g, k) that are not listed in 7},.
As noted before, there are M? — |7;,| such combinations.

Combining (51) and (52), we obtain:

5y
E(T]) = Z Z nghcygkco + P “Ti)he ( 7eo T Z PoncY, ch
c=1|(g.k)ET, 9EGh

<1, 74q
+ p(—gh)hCY(—gh)cB :
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Furthermore, it follows from this expression and (50) that

GIIt ~ -
c q-4 | ~L va—4
25:1 [degh p;th:gc + p(—gh)hCY(—gh)C]
e
x Le vl o+ 1%
Pgknetgkeo p( The ! (~Ty)c0 (53)
c=1|(g,k)ET}
L q 5L %
+ Z PgncYger + D-gnc¥(~gcn
9EGn
5.3.2 Bias

The bias approximation in formula (12) consists of three components:

1 <
AB(I1™) = o (B 4 B + (67 - 6,

[E(7 )]

An approximation for the term ﬁ,?‘q_4 - G;f‘q_4 follows directly from (53). The
component B ~* refers to continuing units (U2 ~*7). In the derivation of
AB(g*™"), it was possible to write the corresponding component B/ ~* as a single
expression in terms of a pseudo-residual. For B,’qu_4, this is unfortunately not
possible, and we have to consider two separate sub-terms:

q.9-4 _ q.q—4 q.9-4
BhO B +Bh02 ’

q.9—4 Ga E q—4 E q-4_L L
BhOl ( ) gz pghl pghi)'

ieud 4 (54)

q.9-4 _ _ q—4 q L LC
Bpo, = Z Vi ZZ akl. gkhm pghipgkhi)'

iepyd—%4 =1k=
iU, g=

The first sub-term only involves the level matrix, and we can proceed in a similar
fashion as for E(72~*) in (50) to obtain:

Boy fx qu 42 Z Pljhc(l - pﬁnc)SSgco 0™

c=1|9g€Gn

- Plgune
L P-gpne
+ D gpne <1 M= |G, SSgeco ™|

Here, $Sy.0(y?™*) and §S_g,)c0 (77 ™*) denote sums of squares as defined

previously in Subsection 4.4.

The second sub-term B,‘f‘oqz_4 in (54) is slightly more complicated, because it involves
on the one hand probabilities pj;; and on the other hand probabilities pj,; and
Pginni- FOr Dgni, We have defined a partition of the industries into G, and its

complement, while for the other two probabilities we have defined a partition of
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pairs of industries into 7, and its complement. Here, both partitions are relevant. We
therefore need to define a more elaborate partition of pairs of industries into four
subsets:

A1n ={(9,5): g € Gn, (g, k) € Tp};
Aron =1{(9,k): 9 € Gn, (g, k) € Tp};
Aoin = {(9,5):9 € Gn, (9. k) € Tn};
Aoon =1{(g,5): g € Gn, (g, k) ¢ Tp.}-

(55)

Note that every pair (g, k) belongs to exactly one of these subsets.

Using this partition in combination with assumptions A2” and A3, we can
approximate B"* as follows:

¢
q.9—4 q-4, q a?™*aqd L . LC
BhOZ ~_Z Z Yi Vi Z gL akz(]pgkhhc pghcpgkhc)
c=1 ieugg4'q (9. k)EA 1R
q-4 _q (<LC L =LC
+ Z Agi i\ Pgknne — pghcpgkhc)
(9.k)EA10n
q-4_q LC =L LC
+ Agi akl(pgkhhc_pghcpgkhc)
(9.k)EAQ1R
q-4_q LC ~L =LC
+ Z Ag; akl(pgkhhc_pghcpgkhc)
(9.k)EAoR
¢

= _Z Z (pZihhc - pghcpgihc)sgkco 1y
c=1 (g,k)Ec/lllh

B P
—Tn)hhe L —Tn)he -4
+ T . N (e a))
< 17 Pghe yr2 _ |Th|> gkco Yy
(gK)EA10R
p( —Gn)hc —
+ z <pgihhc - }llg | gihc Sgkco(yq 4yq)
(gK)EAG1R

~LC ) ~LC
Pnpnne P-gne P(=7i)he —4
+ Mz_lTl_M_lgle_lTl SgkCO(yq yq)
(g.k)EAGoR h h h

== Z Z (pZihhc - pghcpgihc)sgkco 1y

c=1|(g.k)EA 1n

—4..q
~ ~ gch(yq J’)
+ Z (p€fﬂ"h)hhc pyhcpécfh)hc)

—7
(9 K)EA0n 1|
P( —Gp)he _
b (b gy ) Sreo 074 )
(9.K)EAp1R

~L
~ P(—gne |Agonl
LC h OLC
<]P)( Twhhe T 1G] Pgiyre | 3z 1771 |7, |S(ﬂ00h)co(y YD)

Here, we used the following extension of the shorthand notation defined in (34):
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_ a-4_q
Sgkco (2) = Zieufg4'q Agi Az,
s _ X(gk)edoon Sgkco (@) Si100(2) — X(g k)e(As1pUd1onUA0rn) Sgkeo (Z)
a0 @) == = [Aoon]

]

with z denoting an arbitrary variable. Note that, by (55),

|c/l00h| =M?* - |c"l11h| - |c/l10h| - |‘A01h| =M?* - |Th| - |ch10h|-

. _ |Aoonl _ 1 _ I|Aionl .
In practice, the factor y;, = 2T, 7] is supposed to be close to 1.
Combining the two sub-terms, we find the following approximation to B,‘f‘q_4:

c

B;llbq_4 ~ Z Ei?‘q_‘l— z pghc(l - pghc)SSgco (yq_4)
c=1 9EGh
- Pl-gpne
+ D gune <1 - }IIQ | SS(<mc0 @™
h
- z (péihhc - Pléhcpf;ihc)sgkco Ty
(g.k)EA11R
_ 56
~LC gch (yq 4yq) ( )
(]P)( Tihhe — pghcp( Th)hc) T
h
(g.K)EA10n
Pl_g)he
G B
- z (Ip)g(l:chhc - Wpf]ihc) Sgkco (yq 4yq)
Gnl
(g.K)EAQ1R

~L
~ P(-ghe . = _
(IP)fCTh)hhc _M—_}llghlp(L—CTh)nc YrSagon)co V? *y) ¢

The term BJ¥~* in (12) refers to units that no longer exist in the new quarter
(Ug_4‘q). An approximation to this term can be derived completely analogously to

B=*. We obtain:

4

qu 4 G z Z pghc(l pghc)s cD(yq
=1 |g€Gn (57)
_ P( -Gph
+ B gpne <1 - TQ:I)SS( smep @I |-

Combining all terms from (56) and (57), we obtain the following approximation to
AB(ge™):
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AB(7")

Q

~4.9-4 _ ~q.9—4
Gh Gh

=<q,9—4 yC q.9—4 c q.9—4
Gh c=1 th - Zc=1 Cth

2 )
e L q—4 ~I va—4
{Zc=1 [degh pgthgc + p(—gh)hCY(—gh)C]}
q—4
S (1 D )5S
9gEGn

<],
~ P(-ghe \ 5eq.q-4
L h q.9

+ PCgpone <1 TM =G, BS Cge

BSJT™ = 58500 (0T ™) + SS,ep (7T,
i A T 0geD] )
BS& % e = SS-1eo ™) + 8S(gep @1, (58)

q—4 _ —
C;ZC% - Z (pg(l:chhc - pghcpgihc)sgkco (yq 4yq)
(g.k)EA11R

+

q,9-4
th

Sgrco YT *y )
~LC L =LC gkcO
+ E (Ip)(—Th)hhc - PghoP(-Th)hc) M2 — |7, ]
h
(g.K)EA10n

~L

P(—g Yhe _

+ Z (Ip)g(l:chhc - _h p;ihc Sgkco (yq 4yq)
M — |Gyl

(g.k)EAQ1R

<1
~ P(=gphe . = _
+ <p€ETh)th - mpffrh)hc YaStagomco @y,

with G?~* approximated by (53). Note that, similar to (40), we have combined some
of the contributions to AB(gg'q_4) from continuing and dead units into two single

components BSL,‘;C'Q_4 and B_S(q_‘%;;. In (58) the terms BZ9* involve the contribution

of the level matrix, concerning quarter ¢ — 4 for dead and continuing units, and the
terms C;Zc'%_4 involve the contribution of the level-change matrix, concerning both
quarters for the overlapping units.

5.3.3 Variance
The variance approximation in formula (13) consists of three components:
av(gy ) =

1
q.q9-4 q.q9-4 q.q—4
P Voo "tV Vs )

[E(7)

The first term refers to the continuing units (U2 ~*?). We can write ;%77 =
q.9-4 9.9-4 .9-4
Vaior ~ tVeoz  FVhgz -, With

M
0.q9-4 _ (59,942 q-4)2 q-4_1 L
Vho1 _(Gh ) Z (Yi ) Agi pghi(1 pghi)'
: q-4.q =
ieu, g=1
M M
a.9-4 _ q)2 q-4_q _LC _ L LC
Vhoz = Z ) zzagi akipgkhi(l pgkhi)' (59)
ievd ™4 g=1k=1
M M
4q9-4 _ _5xqq-4 q-4,q -4 q ( LC _ L _LC
Vios = —2G, Z Yio Y Zzagi aki(]pgkhhi pghipgkhi)'
ievd™4 g=1k=1

The first of these sub-terms involves only the level matrix. By a derivation that is

Bq'q_4

almost identical to the one for B, ;; * in Subsection 5.3.2, we obtain:
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c
_ —a g—4n2 —
Gt = (G YD phne( = Phne)SSye0 01
c=1|9€Gn

<1,
- P(—gne \ == _
L h
+ P(-gphe <1 - M =[Gyl SS(—Qh)co(yq 9

The second sub-term V52 ~* in (59) involves probabilities pL,;. Here, we can
proceed in a similar way as for E(?,fo) in (52) to obtain (in by now obvious notation):

%1%3_4 ~ z z pf)ihc(l - p;ihc)ss‘gkco (}’q)

c=1|(g,k)ET}

~LC
~ PCrpne \ ==
+ péffh)hc <1 TMz = |, SS(—Th)CO(yq) :

The third and final sub-term ¥, in (59) is, again, slightly more complicated,
because it involves all probabilities pgp;, Pgn; and Phinni- Using the same partition

of pairs of industries into four subsets (55) that was used in Subsection 5.3.2, we can
derive analogously to the approximation for B, ~* that:

q—4 ~q,9—4 -
Vh%g ~ _26;11 ! z z (p;ihhc - p;hcpf]ihc)sgkco (yq 4yq)
c=1|(g,k)EA11p

Sgrco YTty )
~LC L LC gkcO
+ (p(—?‘h)hhc - pghcp(—ﬂ"h)hc) W
h
(9.K)EA10n

)

P(-gwne -

+ § (pgihhc — = plin | Sgkco Ity D)
M — |G|

(g.K)EA1R

<1,
~ P(=ghe . = _
LC h LC
* (p(_Th)hhc B M — |Gyl P(-7)he yhs(ﬂooh)co e 4yq)

c
=261 ) G,
c=1
with C4* as defined in (58).

Combining the three sub-terms, we find the following approximation to V;l%q_‘}:
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c

= DD Pl = Phne)SS0e0 0

c=1 JEGH

~ I,
~ P(-ghe \ << -
+ p%—gh)hc <1 - M — |gh| SS(—gh)co (yq 4)
(60)
+ Z Phine(1 = Dhfinc)SSgkco (¥®) — 2GR~ L™
(g,K)€ET

~LC
P(=miphe \ ==
~LC h
+ pé‘—Th)hC <1 - M2 _ |Th|>55(—Th)CO(yq) .

The remaining two terms in (13) are now straightforward. The term thgq—4 refers to
units that no longer exist in quarter g (U ~*?). Analogously to V;29~*, we find:

(64
Vst = G e (1= e )$S0en 07

c=1|g€Gn
PG o
) —Ghe \ o -
+ P(—gp)ne <1 - M — |gh|) SS(—Qh)CD(yq 4) .
The term V,297* refers to new-born units (U2 ~*7). For this term, we find:
¢
V;gs;q_4 ~ Z Z pghc(l - péhc)SSch(yq)
c=1|9€Gn (62)

~L
- P-gwnc \ ==
L h
+ p(_gh)hC <1 - M _ |gh|) SS(—gh)cB(yq) .

Upon combining (60), (61), and (62), we obtain the following variance approximation:

(64 q,9—4 q.9-4 _ 5~9.9-4,~q,9—4
~q,9—% C=1(Vlhc + V2hc0 2Gh ChOc
Av( ) ~
In =~ 2’

¢ q-4 | =L pa—4
{Zc:1 [degh pghcygc + p(—gh)hcy(—gh)c]}

1/1%3_4 = Z pghc(l - pghc)VS;éq_4
9EGh

~L
~ P-gnne \ 7caq-4
L h q.49

+Dgpne (1 TM=|G,l VSConer

‘/2(230_4 = Z Pléihc(l - p;ihc)SSgkCO o7
(g.k)ETH

(63)

~LC
+ DCriyne <1 - %) SSmco YD,
VS~ = 88500 (G ™ y 1) + 8Syop (G ™'y T™*) + 884 (),
VSEE e = S5 gmeo (G yT™*) + 55 gen (G4 *y77)
+8Sgee (0D,

with C47* as defined in (58).
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5.4 Estimating the bias and variance

To estimate the bias and variance formulas in Subsection 5.3, we can proceed in a
similar way as in Subsection 4.5. Define:

~L,
50,q—4 pedd—4 | = P—gnne \ =2q.q-4
B;lch = Z pghC(l - pghC)BS;Cq + pé_gh)hc <1 M _}igh| BS(q—qgh)C’
9EGh

Eg;éq_4 = ﬁgco (yq—4) + ﬁch (yq_4):
BS) = SSgco I+ SS—gep ™,

(=Gn)e

Aq,q—4 A —

C;ZC% = Z (pg(l:chhc - pghcpgihc)sgkco (yq 4yq)
(g.k)EA 1R

Sgrco T *y9)
~LC L =~LC gkcO
+ Z (Ip)(—Th)hhc - pghcp(—Th)hc) M2 — |Th|

(g.k)EA10n
ﬁé“_g )he &
+ Z <]P)lfﬁchhc - p;ihc) Sgkco (VI *y )
M — |Gyl
(g.K)EAY1R

<1
~ P(-ghe . & _
+ <p€ETh)hhc - M_—}llghl péf?'h)hc YrS(Agon)c0 (1~ *y9).

Then the bias in (58) can be estimated by:

q
Y
P
1

S4q9-4vye  pIq9—4 c 994
Gh Zc=1 th - Zc=1 Cth

{ e L a4 4 5L ya—+ }2'
Ye=1 degh Pghctge +p(—§h)hc (=Gr)c
1

AB (g7 = 61" -

+

ch.q—‘l _

~ 2
c L 9a4—4 4 5L ya—4
{ZC=1[Zg€ghpgh¢Y.vgc "‘p(—gh)hcy(—gh)c]} (64)
(64

c o4 sLC  pa
X Z Pgkne¥gkco T D=myneY(“gco
c=1|(g,k)ET}

L v L va
+ z pgthch + p(—gh)hﬁy(—gh)CB
9EGh

Sq,0—4 Sq.q9-1
Gy, Gy,

Here, is defined analogously to in (42), and the estimated sums and

sums of squares are defined analogously to (45).

Similarly, the variance in (63) can be estimated by:
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c 534-4 | 739—4 _ »R9.9—4 Aq,q—4
C=1(Vihc +VthO ZGh Cth )

w(gi) =

e I pa—4 ]}2’
Zc=1 degh Pghctge P—gpne (=Gn)e

7a.d4- Ted.q-4
BE47 = phne(1 = Pl ) V33
9geGn
~ 5(—9 dhe \Saq,q-4
L h q.q
+ D gnne <1 =g, S Ceme
I72(;1’30_4 = p;ihc(l - pgihc)g\s‘gch (yq) (65)
(9,%)€ET e
PCripne | =
~LC h
1——""—)55_ 1),
+ p(—Th)hc< Mz — |Tn|) 7o D)
ngéq_4 = §§ch (Gﬁ‘q_4yq_4) + §§ch (E}?‘q_4yq_4) + ﬁch oD,
==q9-4 _ == Sq,q—4 _ = Sq,q—4 _
VS Gme = SSc-gnyco (G;fq v 4) +S5S-gpyen (Gh v 4)

+ S8 es YD,

with ég‘q_4 as defined in (64).
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6. The bootstrap approach

In this section, we will consider an alternative approach to estimate the bias
B(g*™") and variance V(g;"*™") due to classification errors, based on a parametric
bootstrap method. We extend the bootstrap method developed in Burger et al.
(2015) and van Delden et al. (2016b) for turnover levels to growth rates.

To model the occurrence of classification errors in the observed industry codes,
including their dependence over time for continuing units, in Section 2 we introduced
two transition matrices: the level matrix P} = (pjy;), with pjy; =

P(3/7 = h|s/™ = g), and the change matrix P{ = (pSin:), With DS =

P(37 = n|s/™* = g,s7 = k, 377" = 1). The relation between the true and observed
industry codes for the first two years is illustrated in the left part of Figure 1.

In the bootstrap approach, we start by simulating the situation of the first
quarter ¢ = 1inyeart = T,. (For clarity, we revert to using the double time index
here.) For ¢ = 1 we apply the transition matrix P/, as in van Delden et al. (2016b), to
the observed §it'q, which results in a new industry assignment variable denoted by
8791 That is to say, we consider realisations of the alternative classification error
model given by:

P(5;°7=h|3/"=g) = P(3/" =h|s/"=g) =pl (t=T).
For the other quarters in year T, each unit retains the same industry code, so §i*t'q =
h. For any new-born units again transition matrix PiL is applied to derive §l.*t'q. Next,
for continuing units in the first quarter of the next year (t = T, + 1, g = 1) we apply
transition matrix P to obtain §;“ (with t = T, + 1) given the values of 5,9, 5/
and §l.*t_1‘q. Thus, likewise to Pl-L, we consider realisations of the alternative
classification error model

P(3=h

i =

at—-1,q9 _ at,q _ axt—1,q __
S, =9,8" =k§; =1

— at,q __ t-1,q9 _ tq __ At—1,q _ _..C
= P(Si = h’lsi =95 =k$ = l) = Pgkini-

q

These new codes §i*t' are again kept fixed for the remaining quarters in year t =

Ty + 1. The right part of Figure 1 illustrates the bootstrap for the first two years.

reality bootstrap

To, To+1, aTo, aTo+1,
Sioq —_— sio a §/09  —— alotld

AN N

ATy, ATo+1, ~*Tp, A*To+1,
PiL S'oq —_— &To q pP¢ PL 8, 00— &To q pP¢

L L L L

Figure 1. Classification errors over time: reality versus bootstrap.
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We continue this procedure for t = Ty, T + 1, ... as a Markov chain, in the sense that
estimates for the quarters within the current year t depend on values of the previous
year t — 1, but not of earlier years. Next, we define: &9 = I(3;%? = h) for all t and
q in the period under consideration.

The above bootstrap procedure is repeated a large number of times, say R. Denote
the bootstrapped stratum indicators in the r™ round by d;ﬁr (where the time index t
is now suppressed again). We obtain the sequence of bootstrapped turnover levels in
industry h: ¥,.7 = ¥cyq @, /. From this, we derive the sequence of growth rates

G = 7,7 /¥, 77" — 1 (u = 1,4). Based on these replicated growth rates, the bias

and variance of the original estimated growth rates g,‘f“‘” are then estimated as

follows (Efron and Tibshirani, 1993):

Br(gn®™) = ma(gy™ ™) — gn "™ (66)
R
~ _ 1 0 O— O
V;(g’?q “) “R- 12{‘%2“1 Y- mR(ghq'q u)}Z; (67)
r=1

: A*Q.4-UY _ p-1yR  A*44-u
with mg(g,7%™") = RT1XR_, gpi7™.

With the bootstrap approach, there is no appreciable difference in complexity
between estimating the bias of a growth rate with respect to the previous quarter
and with respect to the same quarter in the previous year. This is clearly different for
the analytical approach (compare Sections 4 and 5). Furthermore, the bootstrap can
also be used to estimate the bias and variance of other statistics than growth rates,
completely analogously to (66) and (67). With the analytical approach, bias and
variance approximations have to be derived separately for any new type of statistic.
Thus, the bootstrap may offer some practical advantages for bias and variance
estimation. The main drawback of the bootstrap in comparison to the analytical
approach is that it requires much more computational effort and memory. For large
populations, dedicated hardware may be required to execute the bootstrap in a
reasonable amount of time. Note that, in principle, parallel processing of the
bootstrap resamples can be used to reduce the overall computation time.
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7. Classification error models

7.1 Introduction

In this section, we introduce specific model assumptions about classification error
probabilities. These will be used in particular in the case study of Section 9, about the
effect of errors in NACE codes in the Dutch GBR on estimated growth rates of
turnover per industry. In this application, the total number of industries in Hp; is
large (M = 300). We restrict ourselves to estimating the accuracy of growth rates for
a subset of nine target industries. We do take the effect of misclassifications between
target and non-target industries into account. In what follows, we use H = {1, ..., H}
to denote the set of target industries, for which we want to estimate B(g"*™*) and
V(gF"™), and Hpy\H to denote the other industries.

We will introduce assumptions to further restrict the number of unknown
parameters in the level matrix P} and the change matrix Pf, in Subsection 7.2 and
Subsection 7.3, respectively. This is relevant for both the analytical approach of
Sections 2-5 and the bootstrap approach of Section 6. In fact, to estimate the
probabilities in these matrices, we propose to use audit samples of units for which
both §iq and siq are observed (see Section 9). As such an audit sample is typically
small, parsimonious models are needed for the classification error probabilities.

7.2 Model assumptions for the level matrix

An approach to model and estimate the transition matrix PiL has been described
previously in van Delden et al. (2016b), so we only discuss this briefly here. The idea
is to divide the level matrix into three parts: (1) the diagonal elements within H (h =
1, ..., H); (2) the off-diagonal elements within {'; and (3) the rows and columns that
belong to Hy, \H . The latter set of strata is initially collapsed to one stratum,
denoted as stratum H + 1; see Table 2 (and compare with Table 1).

Table 2. Transition probabilities for level matrix P}, collapsed version.

True Observed industry
industry
1 2 H H+1
1 p%l p1L2 p1LH pf,H+1
2 p%1 péz P%H pli,H+1
H Ph1 Dh2 e Phu pll-‘I,H+1
L L L L
H+1 Pr+11 PH+1,2 Pa+1H  PH+1,H+1
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7.2.1 The diagonal elements

For the diagonal elements within J, we propose to estimate the probability m; of
unit i to be classified correctly, m; = P(§L.q = g|siq = g), by means of a logistic
regression on a number of independent variables (McCullagh and Nelder, 1989):

n.
log (1) = Bo + Burus + =+ By (68)
L

In the application to industry codes in van Delden et al. (2016b), three independent
variables were used for each business: its size class (based on the number of
employees), the number of legal units of which it consists (as registered at the
Chamber of Commerce), and its observed industry code in the GBR. The probabilities
1; were estimated using an audit sample of units with observed industry codes in the
target set H that was drawn on 1 July 2014, further referred to as the ‘2014 audit
sample’. For the 2014 audit sample’, those three variables described the m;
sufficiently well (van Delden et al., 2016b).

7.2.2 The off-diagonal elements

For the off-diagonal elements, the starting point is 1 — m;, which stands for the
probability that the observed industry code is misclassified. Given that a unit is
misclassified, we assume that the probability distribution over the other observed
industry codes can be written as (van Delden et al., 2016b):

L

1—7Ti

P(5! =n|s! = g,3] # g) = =y(g,h), (g#h),  (69)

where the conditional probabilities (g, h) are the same for all units. So in contrast
to the diagonal elements, we assume that the off-diagonal elements do not depend
on any property of the unit, such as its size class, other than its true industry code. A
log-linear model may then be used to describe the numbers of misclassified units in
the off-diagonal cells. To further reduce the number of parameters, van Delden et al.
(2016b) suggested to group the off-diagonal cells into a limited number of clusters

q = 1,...Q, where cells within the same cluster are supposed to have a comparable
probability of misclassification. This leads to a non-saturated log-linear model:

Q

logmg, =+ ity + ) 8409, Witsiqy, (g # ), (70)
q=1

where m, denotes the expected number of units with (s;/ = g,5; = h) and

Oq (g, h) is a 0-1 indicator that equals 1 for those cells that belong to cluster q. Having
estimated this log-linear model, we can estimate ¥(g, h) by ¥)(g, h) =

Mgn/ Xin' =g Mgn', With Mg, = exp{@l + Gy + 23=1 84(9, M3} (g # h). See van
Delden et al. (2016b) for more details.

7.2.3 The last row and column (non-target strata)

Next, we consider the overall probabilities p,LHLh and p’g“ﬂ+1 in the last row and
column of Table 2. Units in the last row are classified within the target set of

CBS | Discussion Paper | October 2019 52



industries H but in reality belong outside this set. Such units can occur in an audit
sample that is drawn from H as observed in the GBR, so the corresponding
probabilities p1L1+1,h can be estimated from this sample, e.g., using the log-linear
model (70). (Recall that the probability p,’;ﬂ‘h only stands for the total probability
that a unit which in reality does not belong to the target population is observed in
stratum h of the target population. How to divide this probability over a range of
specific industries is treated in the next subsection.) Units in the last column, on the
other hand, belong to one of the target industries in reality but are observed in one
of the (many) non-target industries. Direct estimation of the probabilities Pg,yﬂ in
the last column would therefore require an additional, infeasibly large audit sample
from Hp \H as observed in the GBR. Instead we propose an indirect approach to
approximate the probabilities in the last column, given that we have estimated the
probabilities in the last row.

Let B = YH_1 Ny y41/2h=1 Nis1,n denote the (unknown) ratio between the total
number of “missed units” in the true industries {1, ..., H} and the number of “excess
units” in the observed industries {1, ..., H}. As noted above, the sum Y.f_; Ny, , can
be estimated from the ‘2014 audit sample’. For a given value of B, we may then
estimate the sum Zgzl Ng 41 asB Yh_1Nyy1n. We propose to approximate B by
the corresponding ratio of observed yearly transitions in the GBR, which is the ratio
between the numbers of units that enter and leave the target industries. Given an
estimate for Zgzl Ny 141, We can estimate the probabilities plg;_HJr1 using the log-
linear model (70); see van Delden et al. (2016b) for details. In that paper it was
assumed that B = 1.

7.2.4 Consequences for bootstrapping

For the bootstrap simulations, the probability pg ;41 = P(8; € Heu\H|s; = g)
refers to the event that a unit from a given target industry g is observed in an
unspecified industry outside the target set (“missed turnover”). There is no need to
specify the observed industry code for these units in more detail, as they do not
contribute to the bootstrap turnover replicates ?,ff for the target industries.
Likewise, the probability pf,, , = P(§; = hls; € Hgy\H) refers to the event that a
unit from an unspecified industry outside the target set is observed in a given target
industry h. For this “excess turnover” we do require a further specification, because
these units contribute to the bootstrap turnover replicates ?;rq for the target
industries. Moreover, the properties of such a unit may depend on its actual industry.

For the case study to be discussed below in Section 9, van Delden et al. (2016b) found
that erroneously included units originated from a wide range of non-target industries
with different turnover distributions. In that paper, it was assumed that the relative
number of units from each non-target industry g € Hy,;\H that are erroneously
observed in a given target industry h € H is proportional to the number of
corresponding yearly transitions observed in the GBR. The associated excess turnover
values were obtained simply by drawing from a log-normal distribution. The latter
step is not easily extended to time-related classification errors because in the current
study we need a time series of turnover values for each unit. Therefore, we introduce
an alternative approach here.
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We propose to make use of the actual units in a given year that according to the GBR
were observed outside the target set. These units encompass the empirical
distribution of (potentially) erroneously observed units within the target industries.
Within each bootstrap iteration, we extend our observed population of units by
drawing a bootstrap sample (with replacement) from this empirical distribution. We
do this in such a way that the number of erroneously observed units is 1/B times the
number of missed units of that industry in the current bootstrap resample. Note that
for these units we use a non-parametric bootstrap in this step.

The procedure can in principle be repeated for multiple years. However, for practical
reasons, we will limit the procedure to sets of two subsequent years. The reason is
that the simplifications we used to handle the missed units and the erroneously
included units become less realistic over time.

For the analytical approximations, we also need to specify a detailed set of
probabilities p’éh for g € Heyn\H and h € H. The solution we used for the case

study will be discussed in Section 9.

7.3 Model assumptions for the change matrix

7.3.1 The model

The probabilities pSn; = P(37 = hls?™ = g,s{ = k, 517" = 1) in the matrix Pf
can be grouped into four situations (A-D), given the values for siq_4, siq and §iq_4. We
take the true industry code in the current year, so siq, as the starting point. Next we
consider whether the true industry code is the same as the one in the previous year

(s§ = s7*, situations A and B) or not (s{ # s/~ ", situations C and D). Further, we

regard whether last year’s observed industry code is now correct §iq_4 = siq
(situations A and D) or not §iq_4 * siq (situations B and C). The logic behind this
approach is that the GBR aims to obtain the currently correct industry code when the
codes are updated between December and January. Thus when the previously
observed industry code is now correct (§iq_4
the observed industry code, so the correct transition would be §iq = §iq_4. However,

= siq), there is in fact no need to change

when §iq_4 * siq the GBR should change its observed industry code into the true
value: §7 = sf and §7 = 577"

In summary, we have the following four situations (see also Table 3):

-4 Aq—4 . . .
A.s! =s'""and §77" = s: “no change in true industry, the previously observed

code is now correct”;
-4 Aq—4 . : ;
B.s! =s/""and 377" # s/': “no change in true industry, the previously observed
code is now incorrect”;
-4 Aq—4 . . .
C.s! #s? " and 377" # s: “change in true industry, the previously observed
code is now incorrect”;
-4 Aq—4 . . .
D.s{! # s/ "and §7" = s/': “change in true industry, the previously observed
code is now correct”.
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Within these four situations different events may occur. When 8% = §97* we say that

the observed industry is UNCHANGING (event U). In case the observed industry code

changes (89 # 897%) there are several possibilities for the transition $§97* — §9. Each
of these has a certain probability of occurrence, depending on the situation. We
model the probability for §9 % §97* for three events:

— NOTICE (N) a true change in industry. We denote the probability of this event —
given that s7 # s97* — by py. When this event occurs then §7 = 59,

— RESTORE (R) an industry error that was present in g — 4 (for instance when the
true industry code had changed in the past but that change was not noticed in the
GBR at the time). The probability that this event occurs — given that s¢ = s97*
and $§97* # s97* — is pp. When the event occurs then §7 = 59,

— SPURIOUS CHANGE (S) of the observed industry. This event can occur under any
condition, with probability ps. The newly observed industry code §9 is drawn
from a transition matrix with elements p(j, k) = P(87 = k|37™* = j, S occurs)
where p(j,j) = 0. This event covers all changes without a clear explanation.

Table 3. Four situations for s7*, s and $9°*.
Sit. si7* g4 a4 Possible events Probability
Nr. 81 Event
A J J J Jj U 1-ps
2 ke S pspU, k)

(1 —pr)A —ps)

B j j k 1 k U 1 — prDs
pr(1 —ps) + (1 — pr)psp(k,j)
2 j RorS 1 — prps
(1 = prlpsp(k, D)
3 l S 1 — prps

(1 —py)A —ps)

C j l korj 1 'korj U 1 — pyDs
pn(1—ps) + (1 —py)psp(k, 1)
2 l Nor$S 1—pnyps
(1 —pn)psp(k,7)
3 r S 1 —pyps
D j k k 1 k U 1-ps
2 LS psp(k, D)

Legend: grey = no change in true industry, blue = change in true industry, green = correct observed
industry, red = incorrect observed industry. The colouring of $97* and §4 is relative to the value of s9.

For each of the four situations, the different events that may occur are shown in
Table 3. For instance, in situation A, after the transition $7=* — $9 the observed
industry code may be correct (§9 = s9), corresponding to event U, or incorrect (89 #
s%), corresponding to event S. Notice that event R can occur only for units in situation
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B. Event N only applies to units in situation C.? Events S and U can occur for any unit.
We further assume that events N, R and S occur independently, with the restriction
that at most one event can occur in the transition from g — 4 to q. The probability
that two (or more) events occur simultaneously is small anyway, but the model
becomes easier to analyse if we simply exclude that option.

We have worked out the probabilities of different possible events within the
situations A-D, in terms of the three parameters py, pg and ps. The result is shown in
the final column of Table 3. Note that within each of the situations A, B, C, and D, the
probabilities sum to 1. From these probabilities, all corresponding elements of the
matrix P{ can be derived. A single formula for all elements of Pf under the model
defined in Table 3 is provided in Appendix C, using matrix notation.

In the description of the model so far, we have assumed a single set of parameters
(pr, P, Ps) and p(j, k) that applies to all units in the population. A more realistic
version of the model is obtained by dividing the population into probability classes
U% "9 as defined in Subsection 5.2, and assuming that all units i € U%*7 have the
same parameters (Prc, Pner Psc)- This form of the model will be used in the case
study in Section 9.

7.3.2 Estimating the parameters

The model for Pf of Subsection 7.3.1 can be estimated from an audit sample where
for each sampled unit the values for §7, $7~* and s, s7~* are available. We propose
to estimate only the parameters py, pr and ps from the audit sample. Since the
events are rare, a small audit sample is insufficient to estimate all of the conditional
transition probabilities p(j, k). Instead, we approximate all p(j, k) by the relative
frequencies of observed changes within the GBR. So we assume that the p(j, k) for
the true industry codes are close to those of the observed industry codes.

The parameters py, pr and ps can be estimated by maximum likelihood (ML) under a
multinomial distribution for the number of observed events of each type for each
situation in Table 3. Maximising the likelihood function of the observed data directly
is complicated, because there are two cases for which it is not clear from the
observed values which event occurred (see Table 3): event R or S for “Situation B —
Possible event 2” and event N or S for “Situation C — Possible event 2”. By introducing
two latent binary variables that indicate which event occurred in these situations, we
obtain a complete-data likelihood function that is easy to maximise. An Expectation-
Maximisation (EM) algorithm (Little and Rubin, 2002) can then be used to obtain ML
estimates for py, pg and ps.

In this case, the EM algorithm works as follows. For notational simplicity, we assume
that the probabilities are estimated for a single probability class. Denote the number
of sampled units (within the probability class) for situation X € {4, B, C, D} as ny.

1 For units in situation D, doing nothing actually has the same effect as event N. Somewhat arbitrarily, we
restrict the event N to apply only to units in situation C. It turns out that this greatly simplifies the
estimation of the model.
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Further, let n = n, + nz + n¢e + np denote the total sample size and let ny be the
number of sampled units with § Aq ~t §iq. The estimated population equivalents
(after multiplying by the sampllng weights w;) are N = N, + N3 + N + Np and N,,.
As a further specification, let N, Ng,, N¢, and Np, denote the weighted number of
sampled units for which possible event x within a given situation is observed,
according to the numbering of events in Table 3; hence, e.g., Ny, = Y'2_; Ny,

To initialise the EM algorithm we use starting values p = N, /N¢, i = Ny, /Ny
and p® = (N, + Np;)/ (N, + N)). Next, the following E and M steps are repeated
in turn until the parameter estimates for py, pr and ps have converged.

E step. Given the current parameter estimates pN , p}(:) and ps , compute

My = Mp(p”, ps”)

(T) (r)
= Z w, [1=ps ] (71)

pe [L-p] +[1 —pfz’)] (877, 87)

iEsp:

N
Si _Si

and

M = Mc(pyy,ps”)

z )[1 (r)]
= Wi —= = T - (72)
_ pl(v)[ ()]+[1 ()] ()p(sq -4 q)

where Mér) and Mér) denote the expected numbers within situation B2 and C2 (given
the current parameter estimates) where the first event occurs (R or N).

M step. Given the expected numbers Mér) and Mér) from the previous E step,

compute
N ?f)éﬂ L - M5” — Méf)]m __
Mc [N_MB (; Afc ]trgNC _(Igc ](N _NO)
p}(;+1) = —5— ?Z)B [N(;MB :Mc ](T) S— (73)
MB [N_MB _Mc ]+[NB_MB ](N_NO)
PP+ = Ny —MP — M

o (€3] @
N — MB - MC
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8. Simulation study

8.1 Introduction and set-up

To test the validity of the analytical formulas derived in Sections 4 and 5 in a realistic

setting, we conducted a small simulation study. The target population for this study
consisted of three strata (M = 3) and two probability classes (C = 2).

The population was constructed by sampling from the Dutch GBR. In particular:

The two probability classes were constructed by assigning all units with fewer
than 20 employees to the first class and all other units to the second class.

The three strata were constructed by selecting 50 units at random from each
probability class in each of three particular industries in the Dutch GBR. Thus, the
total number of units in the population was 3 x 2 x 50 = 300. The selection was
restricted to units that existed and remained in the same industry and probability
class for all eight quarters in 2014 and 2015.

By construction, the above population does not contain any units that change
between strata. To simulate change, the original industry code in 2015 was
changed arbitrarily to one of the other codes for 10 randomly selected units in
the population. Thus, these units change from one stratum to another between
the fourth quarter of 2014 and the first quarter of 2015.

We examined three different set-ups to generate turnover values for the units in the

target population:

a.

Use the actual observed turnover values of the selected units for eight quarters in
2014 and 2015.

Use the actual observed turnover values of the selected units for eight quarters in
2014 and 2015, but construct the population using only "simple" units (see
Section 9 for details on the distinction between “simple”, “complex” and “most
complex” units in the Dutch GBR).

Draw turnover values from a normal distribution.

For set-up (c), the eight quarterly turnover values for each unit were drawn from a

multivariate normal distribution N (u, X), with different parameters for each stratum

and probability class. For probability class 1, the mean values p in the three strata are

shown in Table 4 and the standard deviations for stratum 1, 2 and 3 were chosen as

5, 7 and 10, respectively. The corresponding parameters for probability class 2 were

found by multiplying pu by 2 and multiplying the standard deviations by V2. The

remaining elements of X were constructed by setting the correlation between the
turnover of the same unit in quarters q, g, € {1,2, ...,8} equal to (0.90)!91~ 4z
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Table 4. Mean values of normal distributions for probability class 1 under set-up (c).

Quarter \ Stratum 1 2 3
2014Q1 50 70 100
2014Q2 52 68 105
2014Q3 50 70 110
2014Q4 52 68 115
2015Q1 55 75 120
2015Q2 57 71 125
2015Q3 55 75 130
2015Q4 57 71 135

Figure 2 shows boxplots of the resulting turnover distributions under the three set-
ups, for each stratum and probability class, with the values for all eight quarters put
together. It is seen that the original turnover distribution (set-up (a)) is extremely
skewed, so that the total turnover is dominated by a few units. The restriction to
"simple" units under set-up (b) reduces this skewness only to a limited extent. For
set-up (c), the turnover distributions are symmetric by construction.

1 2 3 1 2 3
8e+08- .
1 +07-
Be+08- Se07 -
5 5 ;
. '
> =3 -
6e+07- I
g 4e+08- 8 I |
c £ 3 I |
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Figure 2. Boxplots of turnover distribution (all eight quarters) for each stratum

(1,2,3) and probability class (1,2), for different set-ups. Top row, left panel: set-up
(a). Top row, right panel: set-up (a), with turnover values of largest unit in stratum
3 excluded. Bottom row, left panel: set-up (b). Bottom row, right panel: set-up (c).

For each set-up, a single population was created by the above procedure. Next, using
this population as the target population, observed stratum codes with classification
errors were introduced according to the model of Section 7. For the first year, the
following level matrices were used for the two probability classes:
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0.20 x 0.50 0.80 0.20 x 0.50

( 0.90 0.10 x 0.70 0.10 x 0.30>
Pl =

1 ]
0.30x 0.30 0.30x0.70 0.70

0.05 x 0.50 0.95 0.05 x 0.50

0.95 0.05x 0.70 0.05x0.30
PL = .
0.05x 0.30 0.05x0.70 0.95

Note that this amounts to using the following matrix of conditional off-diagonal
probabilities ¥ (g, h) as defined in (69):

- 0.70 0.30
(O.SO - 0.50).

0.30 0.70 -

For the transition to the second year, the following probabilities were assigned to the
events NOTICE, RESTORE and SPURIOUS CHANGE for the two probability classes:

(Pr1,PN1,Ps1) = (0.10,0.16,0.01),
(Pr2> Pn2s Ps2) = (0.70,0.80,0.001).

For the spurious changes, the transition probabilities p(j, k) were set equal to the
corresponding conditional off-diagonal probabilities 1 (j, k). Note that the above
classification error probabilities are in line with the idea that the observed stratum
codes of larger units (i.e., units in probability class 2) are checked more thoroughly
than those of smaller units (i.e., units in probability class 1). The chosen parameter
values are in line with the case study described in Section 9. The values of probability
class 1 and 2 resemble those of case study probability class a and c respectively, see
Table 11 in Subsection 9.4.

For each set-up, we first estimated the true bias and variance of the turnover growth
rates g~ and g~* (h € {1,2,3}) by Monte Carlo simulation. We generated R =
10,000 random sets of observed stratum codes for the population from the above
classification error model and computed the observed growth rates for each set.
Since the true growth rates g~ and g/*~* were known, the true bias and variance
could be estimated analogously to (66) and (67), without additional bootstrapping.
We then computed the analytical approximations AB(gi?~") and AV(g*™") from
Subsection 4.4 and AB(g""™*) and AV(g?~*) from Subsection 5.3. Since the
number of strata was small in this study (M = 3), we did not define subsets of 'non-
significant' probabilities to be replaced by an average probability (i.e., we included all

strata in G, and all pairs of strata in 7},).

Note that, as the true stratum codes were known in this simulation study, we did not
have to estimate any of the unknown quantities in the analytical formulas. Thus, we
could compare the analytical formulas to a Monte Carlo simulation of errors, both
evaluated on the true population data. In practice — in particular in the case study of
Section 9 — this would usually not be possible and instead we could then compare
the estimated analytical formulas to a bootstrap simulation of errors, both evaluated
on the observed population data. Since the two situations are equivalent (cf. Figure
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1), we expect that they would lead to similar conclusions about the agreement
between analytical approximation and direct simulation of bias and variance.

8.2 Results

For set-up (a), Figure 3 shows a comparison between the bias and standard errors of
growth rates according to a direct simulation and according to the analytical
formulas.
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Figure 3. Comparison of bias (triangles) and standard errors (circles) in each stratum
(1,2,3) based on direct simulation (solid black lines) and analytical formulas (dashed
blue lines) for set-up (a). Top: quarter-on-quarter growth rates. Bottom: year-on-
year growth rates.
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It is seen that the analytical approximation is often substantially different from the
simulated true bias and standard error, in particular for the year-on-year growth
rates g,‘{'q“‘. The two approaches do agree to some extent on the shape of the
development of the bias and standard errors across quarters, but they often disagree
on the level. For the standard errors, the formulas yield overestimates in strata 1 and

2 and underestimates in stratum 3 (which contains the largest turnover values).

Figure 4 shows the same results for set-up (b). Recall that the only difference with
respect to set-up (a) is that complex units (typically with large turnover values) are
not included in the population any more.
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year growth rates.

CBS | Discussion Paper | October 2019 62



It is seen that the analytical bias and variance approximations now agree much more
closely with direct simulation. This suggests that the bad performance of the
analytical formulas for set-up (a) may be related to the extreme skewness of the
turnover distributions under that set-up.

This suggestion is confirmed by the results for set-up (c) shown in Figure 5: when the
y; values follow a normal distribution, the analytical bias and variance
approximations are in close agreement with the outcome of direct simulation. This
result holds both for quarter-on-quarter and year-on-year growth rates.
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Figure 5. Comparison of bias (triangles) and standard errors (circles) in each stratum
(1,2,3) based on direct simulation (solid black lines) and analytical formulas (dashed
blue lines) for set-up (c). Top: quarter-on-quarter growth rates. Bottom: year-on-
year growth rates.
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Figure 6. Comparison of relative bias (triangles) and coefficient of variation (circles)

for turnover levels in each stratum (1,2,3) based on direct simulation (solid black

lines) and analytical formulas (dashed blue lines). Top to bottom

and (c).

set-ups (a), (b),
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Finally, Figure 6 shows results for the accuracy of quarterly turnover levels under
each of the three set-ups. We have plotted the relative bias RB(Y,!) = B(Y,!)/Y,!

and the coefficient of variation CV(¥,') = [V(¥,7)/Y,]. Itis seen that, in contrast to

the above results for growth rates, for level estimates the skewed turnover
distributions of set-ups (a) and (b) do not have an adverse effect on the accuracy of

the analytical approximations.
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9. Case study

9.1 Introduction

In this section we describe an application of the analytical and bootstrap approaches
to estimate the bias and variance of growth rates in a case study on the short-term
statistics for a small economic sector: car trade (NACE G45). Parts of this case study
have been described before in van Delden et al. (2016a and 2016b). Within car trade,
there are six publication cells for which short-term statistics estimates are published
and there are nine underlying industries. Based on those nine industries all
publications of Statistics Netherlands on car trade that use turnover (short-term
statistics, structural business statistics, National Accounts) can be produced.

We begin by introducing the various data sets used in this case study (Subsection
9.2). The classification error models introduced in Section 7 were used for this study.
The estimation of these models is discussed for the level matrix in Subsection 9.3 and
for the change matrix in Subsection 9.4. The resulting bias and variance estimates for
the growth rates within car trade are shown in Subsection 9.5.

9.2 Data

The Dutch short-term statistics on turnover are derived from two data sources on
businesses. More specifically, the data concern businesses as statistical units, known
as enterprises. Value Added Tax (VAT) data are used for all fiscal units that can be
linked uniquely to an enterprise in the Dutch GBR (“simple units”); in practice, these
are mostly smaller units. For the remaining enterprises (“complex units”), Statistics
Netherlands conducts a census survey on a monthly or quarterly basis. Thus, the two
sources are complementary and together cover the entire car trade population in the
GBR. For the present application, we used turnover data for eight quarters in 2014
and 2015.

Table 5 shows the average number of units and quarterly turnover (for 2014 and
2015) observed in the nine car trade industries. The industries are listed in
descending order of average quarterly turnover: the largest industry within car trade
is industry code 45112 and the smallest industry is code 45194.

In practice, classification errors with respect to NACE code in the GBR can be
detected as part of the editing process during regular statistical production. The focus
of editing is usually on the largest units. As a rule of thumb, subject-matter experts
frequently inspect the largest 25 units in each industry and make corrections if
needed, so that we may assume that the NACE codes of these units are correct.
(Below, the production editing of these largest units will be referred to as
“supplemental editing”.) In addition, a special team has been set up at Statistics
Netherlands to ensure consistency between statistical outputs for units that belong
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to an enterprise group with a complicated (international) structure (“most complex
units”). We also assume that the NACE codes of these most complex units are
correctly observed.

Table 5. Number of units and quarterly turnover (in millions of Euros) per car trade
industry (average values for the period Q2 2014 — Q4 2015).

Industry  Description of economic activity Number of units ~ Turnover

45112 Sale and repair of passenger cars and light 18618 7961
motor vehicles (no import of new cars)

45111 Import of new passenger cars and light 157 2910
motor vehicles

45310 Wholesale and commission trade of 1961 2194
motor vehicle parts and accessories

45191X Sale and repair of trucks and trailers 1329 1202

45200 Specialised repair of motor vehicles 6022 687

45401 Wholesale and commission trade of 446 374
motorcycles and related parts

45402 Retail trade and repair of motorcycles and 1246 150
related parts

45320 Retail trade of motor vehicle parts and 841 89
accessories

45194 Sale and repair of caravans 363 79

The classification error models of Section 7 for the level and change matrix contain a
number of parameters that need to be specified and estimated. For this we used, in
addition to data that were available from the GBR, two audit samples of units for
which the true NACE code was determined by experts. Both audit samples were
drawn from the observed car trade population according to the GBR, from the
subpopulation of simple units only.

The 2014 audit sample. The first audit sample was drawn from the population in the
GBR of 1 July 2014. We therefore refer to this sample as “the 2014 audit sample”.
From each of the nine car trade industries, 25 units were drawn at random. The
observed NACE codes in the GBR were used as strata. A NACE code specialist
reviewed the activities of the enterprises and determined the true (current) NACE
codes, using information on the website of the enterprise and contacting the
enterprise by telephone if more information was needed. A subject-matter specialist
then checked the results of the NACE code specialist, and the two auditors were
asked to come up with one final true NACE code for each unit in the audit sample.
This sample was used previously by van Delden et al. (2016b) to estimate level
matrices. Below, we will expand on their results and assume that the resulting
estimated level matrices can be applied to all quarters in 2014 and 2015.

The 2015 audit sample. The second audit sample was set up to not only provide data

for a level estimate of the amount of NACE classification errors, but also to estimate
the relevant probabilities for the change matrix. The sample was drawn from the car
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trade population in the GBR of 1 July 2015. A detailed description of the design of this

sample can be found in van Delden et al. (2016a). The sample was again stratified by

observed NACE code, but each stratum was subdivided into four substrata which
were referred to as audit strata (AS). These AS depend on the combination of

observed industry codes of 1 July 2014 and 1 July 2015:

— AS 1: continuing units for which the observed industry code in the GBR has
changed between 1 July 2014 and 1 July 2015;

— AS 2: continuing units for which the observed industry code in the GBR has not
changed and there is a relatively large probability that the observed code contains
an error in at least one of the periods;

— AS 3: continuing units for which the observed industry code in the GBR has not
changed and there is a relatively small probability that the observed code
contains an error in at least one of the periods;

— AS 4: new-born units between 1 July 2014 and 1 July 2015.

The demarcation of AS 1 and AS 4 followed directly from the observed GBR data. The

distinction between AS 2 and AS 3 was made on the basis of a model with

background variables that predict the presence of an error in the observed industry
code; see van Delden et al. (2016a) for details. For each observed industry code, the

sample consisted of 33 units, with 10 units allocated to each of AS 1, AS 2 and AS 3,

and the remaining 3 units allocated to AS 4. Given the relative sizes of the audit strata

in the population, this implies that AS 1 and AS 2 — which contain the most relevant
information for estimating the change matrix — were severely oversampled.

The 2015 audit sample used the same auditors as the 2014 audit sample. For the
2015 sample, the auditors were asked to determine both the true current NACE code
and the true NACE code of 12 months earlier. For the code of one year earlier they
could make use of the internet archive (‘archive.org’) or contact the enterprise.

To collect the relevant information, we had to conduct the above audit samples
specifically for this case study, because Statistics Netherlands no longer has a regular
GBR quality study. Some other countries (for instance, Switzerland and Croatia) do
conduct such quality studies or collect data on the quality of the GBR as part of their
regular statistical production. These countries may be able to use the resulting data
to specify and estimate the input parameters of the bias and variance formulas,
without the need for collecting additional audit data. In the future, we aim to
investigate alternative ways to estimate the input parameters also at Statistics
Netherlands (see Section 10).

9.3 Input parameters for quarter-on-quarter growth rates

9.3.1 Probability classes and their probabilities

To apply formula (43) for the estimated bias and formula (46) for the estimated
variance of a quarterly growth rate, the following input is needed:

— the division of units into probability classes ¢ = 1, ..., C;

— for each observed industry code h within car trade, the subset G, c {1, ..., M};
— the classification error probabilities pghc (for g € Gp) and ﬁ(L—gh)hc-
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In van Delden et al. (2016b), eleven probability classes were distinguished for

substantive reasons. However, some of these classes actually had the same level

matrix PL. By merging these cases, we obtained five distinct probability classes:

1. simple units with fewer than 10 employees (EMP) that consist of at most two
legal units (LU);

2. simple units with fewer than 10 EMP that consist of at least three LU;

3. simple units with 10-19 EMP, complex units with fewer than 20 EMP, and most
complex units with fewer than 10 EMP;

4. simple units with at least 20 EMP, complex units with 20—49 EMP, and most
complex units with 10-19 EMP;

5. complex units with at least 50 EMP, most complex units with at least 20 EMP, and
all units in supplemental editing.

It should be noted that a unit that is part of supplemental editing always belongs to

probability class 5, even when it satisfies the definition of one of the other classes.

In estimating the level matrices P, van Delden et al. (2016b) distinguished between
rows and columns within car trade and misclassifications between car trade and
other economic sectors:

true \ observed car trade industries other industries
car trade industries ( within car trade missed )
other industries erroneously included outside car trade

For probability classes 1 and 2, the classification errors probabilities “within car
trade” were estimated from the 2014 audit sample, using a logistic regression model
for the diagonal elements and a log-linear model for the off-diagonal elements, as
described in Subsection 7.2. The level matrix for probability class 5 was assumed to
be an identity matrix; that is, it was assumed that no classification errors occur for
units in this class. The level matrices for probability classes 3 and 4 were obtained by
interpolating the matrices of classes 2 and 5; see van Delden et al. (2016b) for more
details.

Table 6. Estimated probabilities for the diagonal elements of the level matrix within
car trade (values taken from van Delden et al., 2016b).

Probabilit
y True industry code
class
=
(] - o — o - (] o <
— — — [e)} o o o (o] [o)]
— — m — o < < m —
n n n [Tp] [Tp] [Tp] [Tp] [Tp] [Tp]
< < < < < < < < <t
1 097 010 093 0.84 093 044 092 048 0.83
2 0.88 002 0.75 053 074 0.15 0.73 0.16 0.52
3 095 095 095 095 095 095 095 095 0.95
4 098 098 098 098 098 098 098 098 0.98
5 1.00 1.00 1.00 100 1.00 1.00 1.00 1.00 1.00
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Figure 7. Estimated conditional probabilities for the off-diagonal elements of the
level matrix (taken from van Delden et al., 2016b). Each row adds up to 1.

The estimated probabilities for the five probability classes as found by van Delden et
al. (2016b) are summarised in Table 6 and Figure 7. The table contains the diagonal
elements (probability of correct classification), which differ by probability class. The
figure contains the conditional probabilities of misclassification, given that a
classification error occurs; under the model, these probabilities are the same for all
probability classes.

From the information in the table and figure, one can compute all elements of the
level matrices PL for the components “within car trade” and “missed” in the above
diagram. For instance, the probability that a unit in probability class 2 with true
industry code 45112 is correctly classified is 0.88 and the probability that this unit is
misclassified with industry code 45200 is (1 — 0.88) x 0.36, so about 0.04.

Figure 7 also contains “overall” conditional probabilities for the “erroneously
included” units, with the non-car trade industries collapsed into one industry
“Other”. In van Delden et al. (2016a, 2016b), the components “erroneously included”
and “outside car trade” of the matrix P} were not computed explicitly at a more
detailed level. Here, we estimated these detailed probabilities by a slightly different
approach, while still re-using some results from these previous studies.

First, for probability classes 1 to 4 we estimated the overall probability that a unit
with true industry code outside car trade is misclassified into a car trade industry.
(For probability class 5, this probability is assumed to be zero.) Van Delden et al.
(2015, Appendix A.2) estimated this probability across all probability classes as
0.000625. Here we applied the same approach for each probability class separately,
which yielded similarly-sized probabilities. Next, within each class, by multiplying the
obtained probability with the conditional probabilities in the last row of Figure 7, we
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obtained estimates of the unconditional probabilities that a unit with true industry
code outside car trade is erroneously classified into a specific car trade industry.

Secondly, within probability classes 1 to 4, we computed the average number of units
in each industry as observed in the GBR, across the four quarters in 2014; we denote
these numbers as N.. For each probability class, by multiplying the total number of
units outside car trade (de}[m“\}[ Ny.) by the above unconditional probabilities in
the last row of the collapsed level matrix, we obtained approximate expected
numbers of non-car trade units that are erroneously included in each car trade
industry. Table 7 shows the resulting approximate expected counts for each
probability class. The total number of units observed outside car trade in each
probability class — averaged across four quarters in 2014 — is shown in the last row.

Table 7. Expected numbers of units with true industry code outside car trade that
are observed in a car trade industry, for probability classes 1 to 4.

Observed industry code PC1 PC2 PC3 PC4
45112 151.2 18.8 2.4 0.6
45111 3.5 0.4 0.1 0.0
45310 20.0 2.5 0.3 0.1
45191X 76.6 9.5 1.2 0.3
45200 182.0 22.7 2.8 0.8
45401 48.5 6.0 0.8 0.2
45402 23.2 2.9 0.4 0.1
45320 52.5 6.5 0.8 0.2
45194 34.6 4.3 0.5 0.1
Total misclassified 592.2 73.8 9.3 2.5

Total outside car trade 940 839.3 28 420.3 25211.3 20978.0

Finally, for specific true industry codes outside car trade, we computed the
probabilities that they are observed in a car trade industry. In theory we should
compute these probabilities for each of the industry codes outside car trade (i.e.,
Hea\H). Based on observed yearly transitions in the GBR, van Delden et al. (2015)
identified a set of 54 industries that covered, for each of the car trade industries, at
least 70 per cent of the total number of yearly outflowing units to industries outside
car trade. For ease of computation, we restricted attention to this subset of non-
target industries. In what follows, we denote this subset of 54 industries as ;. and
the other non-target industries as Hyest, 50 Hryy = H U Hgpec U Hiest-

The relative contributions among the 54 industries to the total number of
erroneously included units in car trade industries are given in Figure 8. The numbers
in this figure were estimated from the observed yearly transitions in the GBR; see van
Delden et al. (2015) for more details. To illustrate the use of the figure, consider non-
car trade units in probability class 1 that are misclassified in industry 45112.
According to Table 7, we expect 151.2 units with true industry code outside car trade
to be misclassified in this car trade industry. The first column of Figure 8 specifies the
relative distribution of these 151.2 units across the non-car trade industries. Thus,
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about 0.04 x 151.2 = 6 units in true industry 47300 are expected to be misclassified in
industry 45112, etc.

Finally, these industry-specific expected numbers of misclassifications (say ngp,., with
g € Hgpec and h € ) were translated into classification error probabilities by

dividing them by the total number of units in each non-car trade industry (averaged
over 2014): pjy. = Ngpe /Ny, for g € Hypec and h € H.
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Figure 8. Relative frequencies of the “erroneously included” units observed in car
trade by true industry code (taken from van Delden et al., 2015). Each column adds
up to 1. The industries outside car trade in 3, are listed in descending order of

average turnover.
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9.3.2 Defining the G, groups

After the computations in the previous subsection, we have obtained a level matrix
P’ for each of the five probability classes. This matrix contains the probabilities

Pléhc = P(§iq = h|siq = g) for units i in probability class ¢, for all combinations of g
and h. Under assumption A2” in Subsection 4.3, for each observed industry code h €
H we may select a small subset Gy, of special cases for which p;,. within PZ is
considered separately, and use an average probability for all cases g & G,. Recall that
the idea behind this assumption is that it will simplify the bias and variance
computations and also make the bias and variance estimates more stable. In our
situation the use of a small subset G, does not simplify the actual estimation of the
parameters, since we compute these simplifications after we have first estimated all
parameters. However, if the computations show that parameters can be combined to
a great extent whithout affecting the accuracy outcomes, then it may help in future
to simplify the parameter estimation also. To test this idea in practice, we applied it
to this case study with different selections for G;,. Recall that for simplicity we
assumed that the same groups G, apply to all probability classes. Therefore we
included industries as special cases if they appeared to be important for at least one
probability class.

Let h € H be a car trade industry. To decide whether to include g € H,e in the

subset G, we focused on two properties:

— the magnitude of the probability pf]hc;

— the expected number of units with true industry code g that are misclassified in
industry h.

We defined criteria to find the cases with the largest probabilities and the largest

expected numbers of misclassified units (see below) and applied these criteria to the

estimated probabilities from the previous subsection. An element of the level matrix

was selected as a special case if it satisfied at least one of these criteria, for at least

one probability class.

For the first criterion, we used pf]h‘max = max Pgnc and selected as special cases
[

those combinations with pf]h‘max > 0.05:

Gh1 = {g|pgh,max > 0'05}'

The second criterion requires some more explanation. To obtain an expected number
of units with true industry code g that are observed in industry h, we multiplied each
Pléhc by the number of units in industry g (according to the GBR). Let f;,. denote a
normalised version of these expected numbers, with 224:1 fgne = 1for each h and
each probability class c. Finally, we computed f;, max = max fyp for each h € 3(.
c

For a given h € H, large values of fy, max correspond to true industry codes g for
which relatively many units are expected to be (mis)classified in target industry h (for
at least one of the probability classes). Therefore, we defined

Gna(@) = {g|fgh,max > (Z},
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for some chosen cut-off value a. By decreasing @, more elements of the level matrix
are selected as special cases. For the results to be discussed below, we tested the
values ¢ = 5%, a = 2% and a = 1%. Finally, we combined the two criteria to

obtain G (@) = Gpr1 U Gpa(@).

Table 8 displays results of the application of the two criteria to our case study on car
trade. We have omitted the industry codes g for which all f; ;4 Were smaller than
1%. The first nine rows in the table correspond to industry codes within car trade. In
addition, there were fourteen industry codes outside car trade (of the 54 codes
within 3{s..) where units have a relatively large probability to be misclassified into
(at least one of) the car trade industries.

Table 8. Selection of groups based on the two criteria. Rows indicate true industry
codes g; columns indicate observed industry codes h. Cells with pf]h‘max > 0.05

are highlighted in boldface (criterion 1). Cell values denote f ;j, ;mqx (criterion 2),
with value ranges indicated by cell colours: less than 1% (no colour); 1-2% (faint
blue); 2-5% (light blue); 5% or more (dark blue). Only rows with at least one value
of f ghmax above 1% are shown.

Industry 45111 45112

45191X 45194 45200 45310

45320

45401 45402

45111 0.005 0.026 0.034 0.018 0004 0.018 0.023
45112 0.019 [0:147. 0.002 0.013
45191X | 0.044 0.004 0.031 0.016 0.004 0.020
45194 0001 0.002  0.010 0.002 0.028 0.009
45200 0.000 | 0.050 0.006 0.008 0.032

45310 | 0,020 0.002 0011 0.014 0.007

45320 0001 0.002 0010 0.016 0.006

45401 0001 0.001 0007 0011 0.05 0.001 0.007

45402 0.000 0.000  0.001 0.002 0.001 0.000 0.002

46100 0000 0.002 0007 0.008 0.001 0.002 0.001 0.025 0.003
46499 0.000 0.000  0.000 0.000 0.001 0.001 0.001 0056 0.000
46690  0.000 0.000 0016 0.000 0.002 0.003 0000 0.012 0.001
47641 0000 0.000  0.000 0.000 0.000 0.000 0.000 0.019 0.009
47790 0000 0.001  0.003 N0:070] 0.001 0.000 0.000 0.000 0.002
47910  0.000 0.002  0.010 0.045 0.005 0.003

49410 0000 0.001 0011 0.000 0.003 0.001 0000 0.012 0.001
52210  0.005 0.000 0.000 0012 0000 0000 0.001 0.000 0.001
70200 0.000 0001 0010 0012 0001 0002 0.000 0.000 0.001
71120 0.005 0.001  0.000 0.000 0.002 0.000 0001 0012 0.001
73100  0.000 0.001  0.001 0.004 0002 0000 0.000 0.012 0.000
74100X 0.005 0001  0.000 0.000 0002 0.001 0.001 0.019 0.002
77100  0.000 0.001  0.009 0.000 0002 0.000 0001 0012 0.001
95000  0.000 0.000  0.004 0.000 0.003 0.000 0.000 0.012 0.001

The results in this table illustrate that the two criteria complement each other to
some extent. For instance, for target industry 45200 the first criterion selected six
industries (45111, 45191X, 45194, 45200, 45320, and 45401), including three which
were not selected by the second criterion for any of the above choices of « (45194,
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45320, and 45401). The latter three industries contain relatively few units, so their
contributions to 45200 in terms of fyj, mqy are necessarily small. Conversely, the
second criterion selected an additional industry (45112) that was not selected by the
first criterion. This industry is relatively large in terms of units, so it may have a
sizeable contribution to 45200 in terms of misclassified units, even when the
associated misclassification probability is relatively small.

Furthermore, it is interesting to note that there are many combinations (g, h) with g
and h both within car trade that were not considered ‘special’ by the above selection
criteria. Moreover, the number of ‘special’ cases to be included in G, (@) varied
considerably between target industries: from three special cases for target industry
45310 to twenty special cases for target industry 45401 (with a = 1%).

Having selected the groups G, = G, (), we retained the classification error
probabilities pf,hc for g € G, from Subsection 9.3.1 and we replaced the probabilities
pf,hc for g € G, by their mean value 5(L-gh)hc according to assumption A2” in
Subsection 4.3. In this application, we restricted the latter computation to the nine
car trade industries and the 54 non-car trade industries shown in Figure 8.

Table 9. Original estimated level matrix for simple units with fewer than 10 EMP
that consist of at least three LU.

Industry 45111 45112 45191X 45194 45200 45310 45320 45401 45402
45111 0.02464 0.23808 0.12070 0.05446 0.28666 0.03152 0.08275 0.07647 0.03657
45112 0.02108 0.87576 0.01872 0.00057 0.04446 0.00033 0.03044 0.00080 0.00038
45191X 0.01110 0.04343 0.53162 0.00993 0.05230 0.00575 0.01510 0.01395 0.00667
45194 0.00032 0.04450 0.02256 0.51882 0.05358 0.00589 0.01547 0.01429 0.00683
45200 0.00003 0.16968 0.00179 0.00081 0.74087 0.01653 0.04339 0.00114 0.00054
45310 0.00279 0.01090 0.00553 0.00249 0.01313 0.74832 0.13381 0.00350 0.00167
45320 0.00031 0.04289 0.02174 0.00981 0.05164 0.27259 0.16433 0.01378 0.00659
45401 0.00039 0.05343 0.02708 0.01222 0.06433 0.00707 0.01857 0.14569 0.28974
45402 0.00007 0.00954 0.00484 0.00218 0.01148 0.00126 0.00332 0.14704 0.72769
46100 0.00000 0.00300 0.00091 0.00036 0.00055 0.00035 0.00007 0.00073 0.00013
46499X 0.00000 0.00140 0.00000 0.00000 0.00075 0.00036 0.00014 0.00339  0.00000
46690 0.00000 0.00061 0.00180 0.00000 0.00082 0.00060 0.00003 0.00033 0.00006
47641 0.00000 0.00450 0.00000 0.00000 0.00132 0.00000 0.00000 0.00396 0.00294
47790 0.00000 0.01761 0.00753 0.06421 0.00755 0.00182 0.00072 0.00000 0.00195
47910 0.00000 0.00984 0.00357 0.00562 0.00562 0.00185 0.03083 0.01127 0.01035
49410 0.00000 0.00137 0.00186 0.00000 0.00186 0.00017 0.00000 0.00047  0.00004
52210 0.00146 0.00415 0.00000 0.00668 0.00000 0.00000 0.00085 0.00000 0.00038
70200 0.00000 0.00038 0.00027 0.00012 0.00012 0.00008 0.00000 0.00000 0.00001
71120 0.00007 0.00045 0.00000 0.00000 0.00066 0.00003 0.00008 0.00022  0.00002
73100 0.00000 0.00026 0.00021 0.00021 0.00128 0.00005 0.00000 0.00043  0.00000
74100X 0.00021 0.00187 0.00000 0.00000 0.00126 0.00023 0.00024 0.00095 0.00016
77100 0.00000 0.00888 0.00855 0.00000 0.00571 0.00034 0.00082 0.00286 0.00025
95000 0.00000 0.00377 0.00605 0.00000 0.01414 0.00000 0.00000 0.00406 0.00069
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Table 10. Approximated level matrix for simple units with fewer than 10 EMP that
consist of at least three LU (G, based on a@ = 1%). Grey text indicates non-special
cases. The last row refers to 40 other industries outside car trade.

Industry 45111 45112 45191X 45194 45200 45310 45320 45401 45402

45111 0.02464 0.23808 0.12070 0.05446 0.28666 0.00110 0.08275 0.07647 0.03657
45112 0.02108 0.87576 0.01872 0.00057 0.04446 0.00110 0.03044 0.00080  0.00038
45191X 0.01110 0.00506 0.53162 0.00993 0.05230 0.00110 0.01510 0.01395 0.00667
45194 000006 0.00506 0.02256 0.51882 0.05358 0.00110 0.00077 0.01429 0.00046
45200 0.00006 0.16968 0.00225 0.00018 0.74087 0.01653 0.04339 0.00114 0.00046
45310 0.00279 0.00506 0.00553 0.00249 0.00412 0.74832 0.13381 0.00350  0.00046
45320 000006 0.00506 0.00225 0.00981 0.05164 0.27259 0.16433 0.01378 0.00046
45401 0.00006 0.05343 0.00225 0.01222 0.06433 0.00110 0.00077 0.14569 0.28974
45402  0.00006 0.00506 0.00225 0.00018 0.00412 0.00110 0.00077 0.14704 0.72769

46100 0.00006 0.00506 0.00225 0.00018 0.00412 0.00110 0.00077 0.00073  0.00046
46499X 0.00006 0.00506 0.00225 0.00018 0.00412 0.00110 0.00077 0.00339 0.00046
46690 0.00006 0.00506 0.00180 0.00018 0.00412 0.00110 0.00077 0.00033  0.00046
47641 000006 0.00506 0.00225 0.00018 0.00412 0.00110 0.00077 0.00396 0.00046
47790 0.00006 0.00506 0.00225 0.06421 0.00412 0.00110 0.00077 0.00012  0.00046
47910 0.00006 0.00506 0.00357 0.00562 0.00412 0.00110 0.03083 0.01127 0.01035
49410 0.00006 0.00506 0.00186 0.00018 0.00412 0.00110 0.00077 0.00047  0.00046
52210 o0.00006 0.00506 0.00225 0.00668 0.00412 0.00110 0.00077 0.00012  0.00046
70200 0.00006 0.00506 0.00027 0.00012 0.00412 0.00110 0.00077 0.00012  0.00046
71120 0.00006 0.00506 0.00225 0.00018 0.00412 0.00110 0.00077 0.00022 0.00046
73100 0.00006 0.00506 0.00225 0.00018 0.00412 0.00110 0.00077 0.00043  0.00046
74100X 0.00006 0.00506 0.00225 0.00018 0.00412 0.00110 0.00077 0.00095  0.00046
77100 0.00006 0.00506 0.00225 0.00018 0.00412 0.00110 0.00077 0.00286 0.00046
95000 0.00006 0.00506 0.00225 0.00018 0.00412 0.00110 0.00077 0.00406  0.00046
other 0.00006 0.00506 0.00225 0.00018 0.00412 0.00110 0.00077 0.00012 0.00046

As an illustration, Table 9 shows the original level matrix P} for the second
probability class (simple units with fewer than 10 EMP that consist of at least three

LU) and Table 10 shows the corresponding matrix P* for the largest set G, (@ = 1%).
Cells that contain approximate probabilities based on ﬁ(L—gh)hc are printed in grey.

9.4 Input parameters for year-on-year growth rates

To apply formula (64) for the estimated bias and formula (65) for the estimated
variance of a year-on-year growth rate, the following input is needed in addition to
the parameters in Subsection 9.3:

— for each true industry code g € {1, ..., M}, the subset X, < {1, ..., M} of industry
codes such that industry g has relatively many yearly transitions to an industry in
¥y (in reality);

— the probabilities (Pge, Pne, Psc) for each probability class c;

— the matrix R of yearly transition probabilities as observed in the GBR.
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For this case study, the matrix R followed directly from the observed yearly

transitions between NACE codes in the GBR. The probabilities pg,, py., Psc Were

estimated by van Delden et al. (2016a) based on the 2015 audit sample (excluding

the audit stratum of new-born units). Four probability classes were distinguished,

which are unfortunately not identical to the five probability classes listed above for

the level matrix. The four probability classes are:

a. simple units with fewer than 20 EMP;

b. simple units with 20-49 EMP, complex units with fewer than 20 EMP, and most
complex units with fewer than 10 EMP;

c. simple units with at least 50 EMP, complex units with 20-49 EMP, and most
complex units with 10-19 EMP;

d. complex units with at least 50 EMP, most complex units with at least 20 EMP, and
all units in supplemental editing.

Table 11 shows the estimated probabilities for these four probability classes as found
by van Delden et al. (2016a). The values for probability class a were found by applying
the EM algorithm from Subsection 7.3.2 to the data from the 2015 audit sample, with
sampling weights that varied by observed industry code (see van Delden et al.,

20164, for a detailed discussion). The values for probability class d were fixed under
the assumption that these units are always classified correctly. Finally, the values for
probability classes b and c were obtained by a linear interpolation between the
values for probability classes a and d.

Table 11. Estimated probabilities for the probabilities py., Pn., Ps. of the change
matrix within car trade (values taken from van Delden et al., 2016a).

Probability class Parameter
Pre DPne Dsc
a 0.043 0.159 0.00054
b 0.362 0.439 0.00036
c 0.681 0.720 0.00018
d 1.000 1.000 0.00000

From the estimated parameters pg., Pner Psc @and the matrix R, the probabilities
PSine = P(37 = h|s?™ = g,s! =k, 377" = 1) for units in each probability class can

be computed using the expressions in Table 3 or Appendix C.

Once the probabilities in the level and change matrices have been estimated, the
corresponding probabilities ]P’Zihnc = péhcpgkhhc and p;ihc =X Péchgkhzc can be
derived. This does require that we define probability classes within which both the
level and change matrix are constant. For this case study, these probability classes
may be obtained by taking the intersection of the five classes defined for the level
matrix and the four classes defined for the change matrix. This yields seven
probability classes in total; see Table 12. In the remainder of this section, the term
probability class will always be used refer to this classification into seven classes.
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Table 12. Relation between final probability classes and classes defined for the
level and change matrix separately.

Probability class (final) Probability class (level)  Probability class (change)

1 1 a
2 2 a
3 3 a
4 3 b
5 4 b
6 4 o
7 5 d

In this way, we have obtained estimates of the probabilities p;ihc and anqinnc for
each of the seven probability classes for all combinations of g € H U Hpec, k €

H U Hgpec and h € H. Under assumption A3 at the end of Subsection 5.2, these
probabilities can be simplified by defining subsets 7}, of special cases based on G, (for
the level matrix) and X, (frequently occurring true industries in quarter q given true
industry g in quarter g — 4). We introduced several variants of G, above in
Subsection 9.3.2. For simplicity, in this case study we did not investigate the
additional effect of choosing different variants of K ; instead we simply defined

Ky = (H U Hgpec)\{g] for all g. This implies that the probabilities 5%, and Phinne
were only simplified according to assumption A3 based on Gj,.

9.5 Results

9.5.1 Comparison of analytical approach and bootstrap approach

Using the estimated parameters from Subsection 9.3 and Subsection 9.4 as input, we
estimated the bias and variance of the observed turnover levels and growth rates for
the nine car trade industries between the first quarter of 2014 and the fourth quarter
of 2015. We applied the analytical method, using expressions (43) and (46) for
quarter-on-quarter growth rates within the same year, expressions (64) and (65) for
other growth rates, and using the bias and variance expressions in van Delden et al.
(2016b) for turnover levels. For the results in this subsection, we used the most
detailed approximation, with all industries treated as “special cases”. We also applied
the bootstrap method from Section 6, with R = 10000 replications. This seemed to
be a sufficient number of replications to obtain stable bias and variance estimates in
all industries; at 5000 replications the variance estimates for the smallest industry
(45194) had not fully converged yet.

All computations were done in the R environment for statistical computing. The
bootstrap was run using parallel processing on seven cores; it took several days to
run all replications. Analytical formulas were computed on a single core in minutes.

Figure 9 and Figure 10 compare the results for the bootstrap and analytical method,

for quarter-on-quarter growth rates and year-on-year growth rates, respectively. We
have plotted the bias and the standard error (both in percentage points).
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Figure 9. Comparison of bias (triangles) and standard errors (circles) of quarter-on-
quarter turnover growth rates for nine industries in car trade, based on bootstrap
simulation (solid black lines) and analytical formulas (dashed blue lines).
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Figure 10. Comparison of bias (triangles) and standard errors (circles) of year-on-
year turnover growth rates for nine industries in car trade, based on bootstrap
simulation (solid black lines) and analytical formulas (dashed blue lines).

Figure 11 compares the corresponding results for the quarterly turnover levels. Here,
we have plotted the relative bias RB(Y,) = B(¥,!)/Y,! and the coefficient of

variation CV (V1) = /V(?}f)/Y,f (both in percentages).
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Figure 11. Comparison of relative bias (triangles) and coefficient of variation
(circles) for quarterly turnover levels for nine industries in car trade, based on
bootstrap simulation (solid black lines) and analytical formulas (dashed blue lines).

For growth rates, it is seen that the results of the bootstrap and the analytical
approximation were usually in close agreement, in particular for quarter-on-quarter
growth rates within the first year. For growth rates that involve quarters from
different years, the two approaches agreed less well for some industries. From the
results on simulated data in Section 8, we conclude that these differences can be
explained by the skewness of the turnover distribution. In general, when the two
approaches differ, we consider the bootstrap results as more reliable since they are
not based on a Taylor series approximation.

For the turnover levels in Figure 11, the two approaches yielded results that are
virtually identical for most industries. Again, the largest deviations occurred for the
bias for quarters in the second year. The magnitude of the relative bias and
coefficient of variation for each industry in Figure 11 also agrees quite well with the
corresponding results of van Delden et al. (2016b), who applied an earlier version of
the bootstrap with the same input parameters to turnover levels within car trade for
a different period in time (the first quarter of 2012 to the second quarter of 2014).
Note that larger coefficients of variation occur for industries with smaller total
turnover levels.

9.5.2 Comparison of analytical approximations based on different G,

In this subsection, we will compare the results for different analytical approximations
based on the selection of special cases in Gj,. Recall from Subsection 9.3.2 that we
defined three variations of G, (@) = Gp1 U G, (@), where industries were included in
Gno (@) only if they were expected to contribute at least @« = 5%, @ = 2% or a =
1% of the total number of misclassified units in industry h (for at least one
probability class). The original analytical results in Subsection 9.5.1 were obtained
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without such a selection mechanism. In general, we expect the approximation to get
closer to the results in Subsection 9.5.1 as a decreases.

Figure 12 and Figure 13 show the estimated bias and standard error, respectively, for
quarter-on-quarter growth rates based on different selections of special cases. Figure
14 and Figure 15 show the same results for year-on-year growth rates.
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Figure 12. Comparison of analytical bias approximations of quarter-on-quarter
turnover growth rates for nine industries in car trade, based on different selections
of special cases: no selection (black); selection based on 1% criterion (blue);
selection based on 2% criterion (green); selection based on 5% criterion (red).
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Figure 13. Comparison of analytical standard error approximations of quarter-on-
quarter turnover growth rates for nine industries in car trade, based on different
selections of special cases (colors as in Figure 12).
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Figure 14. Comparison of analytical bias approximations of year-on-year turnover

growth rates for nine industries in car trade, based on different selections of special

cases (colors as in Figure 12).
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Figure 15. Comparison of analytical standard error approximations of year-on-year
turnover growth rates for nine industries in car trade, based on different selections
of special cases (colors as in Figure 12).

Both for quarter-on-quarter (Figure 12) and year-on-year growth rates (Figure 14), it

is seen that the bias estimates are often rather sensitive to the selection of special

cases. As expected, the most inclusive selection criterion based on a = 1% leads to

bias estimates that are closest to the original analytical results from Subsection 9.5.1,

but even for this choice the differences are often substantial. By contrast, for the
estimated standard errors (Figure 13 and Figure 15) it is seen that the choice a = 1%
yields results that are close to the original analytical results from Subsection 9.5.1.
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Moreover, the estimated standard errors with a = 2% are mostly close to these
results as well, with a few exceptions.

Figure 16 and Figure 17 show the same comparison for the relative bias and
coefficient of variation of the quarterly turnover levels. Here, it is seen again that the
selection of special cases has a large influence on the analytical bias approximation,

whereas the analytical variance approximation is less sensitive to this selection.
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Figure 16. Comparison of analytical approximations to relative bias of quarterly

turnover levels for nine industries in car trade, based on different selections of

special cases (colors as in Figure 12).
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Figure 17. Comparison of analytical approximations to coefficient of variation of

quarterly turnover levels for nine industries in car trade, based on different
selections of special cases (colors as in Figure 12).
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9.5.3 Analytical approximations based on a uniformity assumption

In practice, it is difficult to get accurate estimates of all parameters of the
classification error models based on a relatively small audit sample. This holds in
particular for the off-diagonal elements of the level matrix. The number of such
elements increases quadratically with the size of . An alternative, rather crude
approach could be to estimate only the diagonal probabilities of the level matrix, and
assume that the misclassified units are distributed uniformly over the other codes.
(Essentially, this is assumption A2’ from Subsection 4.3.1.) It is interesting to see to
what extent the analytical bias and variance estimates are affected by this
approximation.

To test this, we have repeated the computation of the estimated level and level-
change matrices outlined in Subsection 9.3 and 9.4, but this time with the conditional
off-diagonal probabilities Y (g, h) in Figure 7 — as defined in (69) — all replaced by

Y (g, h) = 1/9. Note that this value is chosen in order to satisfy the restriction that
Ynzg ¥(g, h) = 1forall g. The remaining steps of the computation of the
classification error probabilities were left unchanged. As an illustration, Table 13
shows the resulting estimated probabilities for the rows of the level matrix
corresponding to car trade industries for the second probability class; this table may
be compared to the original estimates in Table 9. Note that the diagonal elements
are the same in both tables.

Table 13. Estimated level matrix for simple units with fewer than 10 EMP that
consist of at least three LU, using uniform conditional off-diagonal probabilities.

Industry 45111 45112 45191X 45194 45200 45310 45320 45401 45402
45111 0.02464 0.10837 0.10837 0.10837 0.10837 0.10837 0.10837 0.10837  0.10837
45112 001380 0.87576 0.01380 0.01380 0.01380 0.01380 0.01380 0.01380 0.01380

45191X 0.05204 0.05204 0.53162 0.05204 0.05204 0.05204 0.05204 0.05204 0.05204
45194 0.05346 0.05346 0.05346 0.51882 0.05346 0.05346 0.05346 0.05346 0.05346
45200 002879 0.02879 0.02879 0.02879 0.74087 0.02879 0.02879 0.02879  0.02879
45310 0.02796 0.02796 0.02796 0.02796 0.02796 0.74832 0.02796 0.02796 0.02796
45320 0.09285 0.09285 0.09285 0.09285 0.09285 0.09285 0.16433  0.09285 0.09285
45401 009492 0.09492 0.09492 0.09492 0.09492 0.09492 0.09492 0.14569 0.09492
45402 003026 0.03026 0.03026 0.03026 0.03026 0.03026 0.03026 0.03026 0.72769

As the level matrix is especially relevant for level estimates, we begin by comparing
the results of the two analytical approximations for the estimated quarterly turnover
levels. Figure 18 shows the estimated accuracy of the turnover level estimates for
both sets of estimated probabilities. It is seen that the estimated coefficients of
variation (circles) using the uniformity assumption were reasonably accurate for the
five industries with the largest total turnover, but less accurate for the remaining,
smaller industries. The bias estimates (triangles) with the uniform assumption were
less well-behaved.
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Figure 18. Comparison of relative bias (triangles) and coefficient of variation
(circles) of quarterly turnover levels for nine industries in car trade, based on
estimated (blue) or uniform (red) conditional misclassification probabilities.

To put these results into perspective, we computed the weighted average diagonal
probability in each car trade industry, taking into account the share of turnover for
each probability class; see Table 14. It is seen that the size of the deviation for the
coefficients of variation in Figure 18 correlates reasonably well with the average
diagonal probability: the largest deviations occurred for industries with the smallest
average probability of correct classification. For the relative bias, the association is
less clear.

Table 14. Average diagonal probability per car trade industry, weighted by turnover
share of probability classes (averaged over Q2 2014 — Q4 2015).

Industry  Average diagonal probability
45112 0.970
45111 0.984
45310 0.977

45191X 0.948
45200 0.946
45401 0.948
45402 0.925
45320 0.715
45194 0.836

The results for turnover growth rates are shown in Figure 19 (quarter-on-quarter
growth rates) and Figure 20 (year-on-year growth rates). Here, it is seen that the
uniformity assumption mostly led to accurate standard errors (circles), even for the
smaller industries. Moreover, in the cases where the standard errors based on the
uniformity assumption deviated substantially from the original analytical standard
errors, they usually provided a conservative estimate of precision. The bias estimates
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(triangles) were also quite accurate for the largest industries, but more erratic for the
smallest industries.
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Figure 19. Comparison of bias (triangles) and standard errors (circles) of quarter-on-
quarter turnover growth rates for nine industries in car trade, based on estimated
(blue) or uniform (red) conditional misclassification probabilities.
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Figure 20. Comparison of bias (triangles) and standard errors (circles) of year-on-
year turnover growth rates for nine industries in car trade, based on estimated
(blue) or uniform (red) conditional misclassification probabilities.
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10. Discussion

In this paper, we have presented analytical approximations and a bootstrap approach
that can be used to estimate the bias and variance of growth rates by domain when
random errors occur in the classification of units to domains. We have focussed in
particular on an application to growth rates of turnover by industry (NACE code)
when the classification of businesses in the GBR is affected by errors. In practice,
each year the observed NACE code changes only for about 3 to 4% of all units in the
GBR. Given the estimated classification error probabilities in Table 6, it follows that
many errors in the observed NACE code persist over time, so that classification errors
in this variable are strongly correlated over time.

Both approaches made use of a model for random classification errors. The model
describes both the occurrence of classification errors at a single point in time (in
terms of a “level matrix”) and their development over time (in terms of a “change
matrix”). The model is generic in the sense that it can accommodate classification
errors between all domains, with possibly different error probabilities for each pair of
domains. In principle, the error probabilities may also vary across units. In practice,
one would usually allow the probabilities to vary only as a function of background
variables (cf. the probability classes we introduced in Section 4). Although we have
focussed on NACE codes in this paper, the same model could in principle also be
applied to other classification variables. More restrictive classification error models
can be obtained as special cases, for instance an exchangeable errors model (cf.
Subsection 4.2.1) or a model that assumes that errors at different time points are
independent. Several types of classification error probabilities occur as unknown
parameters in the model that have to be estimated in practice.

NSlIs have some flexibility in applying the approaches discussed in this paper. The
formulas that have been derived in Sections 4 and 5 are actually a family of bias and
variance approximations, in which the number of parameters can be varied by
defining narrow or wide probability classes. By increasing the number of distinct
parameters, the bias and variance approximations should become more accurate in
theory, but it may be difficult or expensive to estimate these parameters in practice.
Moreover, the resulting bias and variance estimators may become unstable due to
uncertainty in the estimated parameters. Conversely, if the number of distinct
parameters is kept small, there may be some loss of theoretical accuracy, but it may
be easier to obtain accurate estimates of the required parameters and the resulting
bias and variance estimators may be more stable.

Results on simulated data in Section 8 showed that the analytical approximations and
the bootstrap method should give similar outcomes for the bias and variance of
growth rates when the target variable being aggregated has a distribution that is not
highly skewed. In particular, this is true when one is interested in changes of
population counts over time. When the target variable has a very skewed distribution
(as in the case of turnover), the two approaches should still give similar results as
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long as the units with the largest values have a small to negligible probability of being
misclassified. The results on real data in Section 9 confirmed this. In practice, the
assumption that the largest or most influential units are classified with high accuracy
in statistical production usually seems reasonable.

When the two approaches give different results, we consider the bootstrap to be
more reliable because it is not based on a Taylor series approximation. Compared
with the bootstrap, the main advantage of the analytical approximation is that it is
much simpler to compute. The analytical approach could therefore be used to
evaluate the effect of a potential improvement to a statistical process “on the fly”,
which, for large populations, would not be possible with the bootstrap. With the
current state of computing technology, bootstrapping for large populations may
require parallel processing and dedicated hardware. In addition, the analytical
formulas provide an easy way to interpret the (approximate) causes of bias and/or
high variance — e.g., which are the most influential misclassification patterns
between domains —, and thereby indicate potential ways to improve an estimator.

In the case study of Section 9, the required parameter estimates were derived from
estimated classification error probabilities in previous studies. These estimates were
based on audit samples of businesses, historical data on observed transitions
between industries in the GBR, and interviews with experts. So far, we have focussed
on a small subset of the NACE domain (car trade, consisting of nine target industries).
In order to be able to extend our approach to larger sections of the NACE domain,
audit samples should be avoided when possible. A question for future research is
therefore whether error probabilities can be estimated without recourse to an audit
sample. One option might be to collect paradata on misclassifications as part of the
editing process in regular production. Here, selectivity of the paradata may be a
problem, as production editing tends to focus on the most influential observations.
Another idea is to try to obtain an alternative classification of enterprises to
industries from a source that is independent of the GBR, for instance a text mining
algorithm that is applied to information on the websites of the enterprises. From
these (at least) two independent sets of observed industry codes, classification errors
could be modelled by a latent class model (Biemer, 2011). The estimated error
probabilities from this model could then be used as input for the analytical or
bootstrap approach in this paper.

The above-mentioned choice on the number of required model parameters depends
in particular on the choice of probability classes and of groups G, and X, that occur
in the bias and variance formulas. In our application, we have re-used the probability
classes from a previous study. The groups were defined afterwards, based on the
initially estimated probabilities. An alternative approach could be to define the
groups beforehand — e.g., using expert knowledge and/or historical GBR data — and
to incorporate these groups explicitly in the estimation procedure for classification
error probabilities. For instance, the groups G, could be used in a log-linear model for
the level matrix (cf. Subsection 7.2.2 and van Delden et al., 2016b) or in the above-
mentioned latent class model. The latter approach seems to be more natural for new
applications.
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In practice, the bias and variance estimators in Subsections 4.5 and 5.4 involve
replacing unknown domain totals by their observed versions which are known to be
biased due to classification errors. Therefore, in general, these estimators of the bias
and variance are biased themselves. It can be shown that the bootstrap estimators
for bias and variance suffer from the same theoretical bias; cf. van Delden et al.
(2016b). It is not clear yet whether this bias is large enough to be problematic for
practical applications. Furthermore, the accuracy of the estimated bias and variance
also depends on the accuracy of the estimated classification error probabilities. We
did not take this into account here; in principle, this could be done by extending the
bootstrap method to include the uncertainty in the classification error probabilities.
Meertens et al. (2019a) proposed a Bayesian method to evaluate the effect of
classification errors which takes the fact that the error probabilities are estimated
into account in the posterior distribution of the estimator.

The focus of this paper has been on growth rates by industry code, but the same
analytical approach could be applied to other domain statistics that are affected by
errors in the assighnment of units to domains. The only restriction is that the target
parameter can be written as a function of domain totals that can be approximated by
a Taylor series. Consider a target parameter of the general form 6, = f(th, ...,XQh)
where X,;, denotes the total of a variable x,, for domain h and f is a function of
which the first- and second-order partial derivatives are supposed to exist. The target
parameter is estimated by 8, = f(Xyp, ..., Xon), with X, the observed version of
Xg4n that is affected by classification errors. Then, in analogy with the derivation in
Appendix A, it can be shown that

Q Q
~ 1 0% f SN
B@) =5 Zﬁ (s - n) € (Rans £) + £ (s i)

q=1r

-0

h
Q Q
~ of of SN
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q=1r=1

(74)

with pt,, = E(X,5,). The covariances C(X,p, X,1) and expectations E (X, ) can be
evaluated under a classification error model such as that of Section 7. The precise
form of the resulting bias and variance approximations depends on the assumptions
in this model. Alternatively, the bootstrap approach of Section 6 can be readily
applied to statistics @h of this form, and potentially even to statistics that are not
linearisable by a Taylor series, such as domain medians (Efron and Tibshirani, 1993).

As a possible example of a different application, suppose that one is interested in
statistics on persons classified by education level. An interesting target parameter
could be the average monthly income per number of hours worked, for each
education level. Suppose that administrative data on education, income (x,) and
number of hours worked (x;) are available for all persons, but that the observed
education levels are prone to classification errors. The bias and variance of the
monthly income per number of hours worked for persons with observed education
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level h follow from (74) with 8, = X;,/X,. In fact, modelling the classification errors
for this example would be much simpler than for the growth rates we considered in
this paper, since it does not involve changes over time.

Having estimated the accuracy of estimated growth rates due to classification errors
in actual statistical production, one may find that the accuracy is insufficient for some
domains. It is then natural to wonder how the accuracy could be improved, i.e., how
the effect of classification errors on those domains could be reduced. Two different
approaches are: computing a bias-corrected estimator using the estimated bias, or
improving the accuracy by editing observed codes at the micro level.

For the first approach, Meertens et al. (2019b) examined the accuracy of several bias-
corrected estimators for a case study. The accuracy of the estimator is not
guaranteed to be improved by this approach: the bias estimator itself may have a
large uncertainty and — as noted in Subsections 4.5 and 5.4 — it may be biased in
practice. The micro-level approach was examined for turnover levels by van Delden
et al. (2015, 2016b). They simulated the effect of an additional editing effort to
correct individual classification errors, where the number of units to be edited was
either distributed evenly across target industries or assigned proportionally to the
estimated mean squared error per industry. It was found that this additional editing
effort did not always improve the accuracy of estimated turnover levels for each
industry. In particular, a proportional assignment of units does not necessarily work
well, because the error in a domain total is also affected by units that belong to that
domain but are misclassified in other domains. More research is needed to develop
an efficient and effective strategy for improving the accuracy of domain estimates
under classification errors.
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Appendix A. Derivation of (1)

In this appendix to Subsection 2.2, approximation (1) for the bias and variance of a
generic estimated growth rate under classification errors will be derived. —

Bias
To obtain a formula for the approximate bias of the estimated growth rate g™ =
G — 1, we will make use of a second-order Taylor expansion. [At least a second-

order Taylor expansion is needed to evaluate the bias of any estimator, because the
contributions of the first-order terms are zero; cf. expressions (A2) and (A3) below.] A
second-order Taylor expansion of the function f(u,v) = u/v in a neighbourhood of
the point (ug, vy) yields:
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Using (A1), the second-order Taylor expansion of g™ = 1 /¥, — 1ina
neighbourhood of the point (E(f’,f), E(?,f_u)) is given by:
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From (A2), we obtain the following second-order approximation to E(gg'q‘u):
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where V(.) denotes a variance and C(.,.) denotes a covariance. To simplify the
notation, let G, = E(V,1)/E(V,7™"). The bias B(g;""™") can now be written as:
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Expression (A4) can be refined further by making use of the assumption that
classification errors are independent across units. The variance V(¥,! ") can
therefore be written as:

VIR =V (DA =D Lo, s
ieyq—u ieya-u

Furthermore, recall that ¥,/ *, ¥,] partly refer to different sets of units. We can write:
Sq-U _ oq-u , Oq-Uu 5q-u _ ~q-U_q-Uu oq-u _
Yy " =TYisgp + Ynop Where Yygpp = Zieug‘“'q Ay Yy andYyop =

AA7U AU i D pa 04 pq 44 4
Zug’“'q ay; y; . Llikewise, V' =Y, cor + YV, p Where Vo = Zieug'”'q a,;y; and

Ve = Xya-wa vl The covariance C (¥, 7, can therefore be written as:
o

W (AR AD Nl AN AN AN AN
SEP
= C(YP?OLP' YF?OLP)
= ~q—u_q-u ~q .. q
=C (zieug"”’q Gni Vi ’Zieug_”'q ay;y; ) (A6)

_ q-U_. g A0-U Aq
= Z g-ug Vi Vi c(ay ™, ap,)-
ievd™

Combining (A4), (A5) and (A6), we obtain:

1
Garau q-Uy217(g97w
[E(?,f'“)]z{ B D OV

B Z q-uq vy c(an aZi)} + (G =6,
€U,

B(g1) ~

where furthermore E(7, ™) = Yicya-uy? “E(@];") and G =
Yicva VIE(@}) / Ticva—wy{ “E(}"). This yields the expression for the
approximate bias in formula (1).

Variance

For the variance we make use of the first-order Taylor expansion of a ratio. The first-
order Taylor expansion of the function f = u/v in a neighbourhood of the point
(ug, vy) vields (cf. expression (A1)):

u U u v u, 1 Ug
Mt vyt 1 to) -
v Uy vy 2
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Using (A7), V(g;""™) can be approximated as follows:

V(@) = v(6) )
() L freo B0 g

E(R™) E@TOL BT
1

Seagor )

E(Yq “?

{ (P9) + (I v (9074 — Gq'q‘“c(?,?‘“,?,?)}

)+ (G V(T = 26 (Tl o)}

E(Yq “) {
E(Yq u) { (yz)V(ahL)
+ (G’ Z v (ag
ieyq—u
Sagy, e al)]
U

where in the fifth and sixth line we used (A5) and (A6). This yields the expression for
the approximate variance in formula (1).
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Appendix B. Derivation of (9)

We start by writing Pf = (pgklhi) as a two-dimensional matrix. Let the rows denote
all possible combinations of (g, k, ) and the columns denote all possible h; this
makes P a M3 x M matrix. The M X M sub-matrix of P that applies to units with
sf™* = g and s = k is denoted as Pf,. [Note that the two remaining dimensions in
31

this sub-matrix refer to §;' ~ = [ (rows) and §iq = h (columns).] The matrix PL-C

consists of these blocks of rows, and we suppose that they are ordered
lexicographically, so starting with Pfj;,, Pfj;,, etc., and ending with Pfjy,,.

Since the true strata s~ * and s/ are considered fixed, it will be useful to have a
short-hand expression for the matrix that selects the M X M block E-Clgk from Pf that
actually applies to unit i, given the values of siq_4 and siq. It is not difficult to see that

this sub-matrix is given by
¢ = APS,withA; = (@ ® a?)’ @1, (B1)

where I, denotes the M X M identity matrix and @ denotes a Kronecker product.
The operation of pre-multiplying Pl-c by the M X M3 matrix A; selects out the M rows
of Pf that correspond to (g, k, 1) with g = siq_4 and k = s/, i.e., exactly those rows
that apply to unit i. It follows from formula (B1) that

M M
Cc _ q-4_q pcC
Iy = Z Z Agi A Pijgi- (B2)

g=1k=1

The matrix II = A;P{ contains the relevant transition probabilities from §7~* to 7,
just like P} contains transition probabilities from s?~* to $7~*. By analogy to (2), this
implies that

E(af|s™) = mp)ai™,

G| Ag— . ~g— . g — B3
v(@l|s?™) = diag[(m&)"a?~*] — (mf)" diag(@? ~*) mg. (83)

Using standard expansion rules for conditional expectations and (co)variances, we
obtain from (2) and (B3):

B(@) = 5[5 (@

5§79 = @HT®H ai™ (B4)
and

v(@l) = E[v(@i|s! )] +V[E@]|3!™)]
= E{diag[(mf)"a{ "] — )T diag(a ") mf} + v ai "
= diag[(MF)" (P} a!~*] — (ME)T diag[(P}) al | ¢ (B5)
+ @) {diag[(PH)Ta! "] — (PD)T diag(al~*) PI}II!
= diag[(E)" (P af™*] — (ME)T (PH)" diag(a!~*) PFIIf
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and

c(ai™ a’) = E[c(@?*,afls? )] + c[E(@?™
= 0+ claf™, ey al)
=v(al~*)nf
= {diag[(P)Ta{"*] — (PF)T diag(a{*) P}}mI{.

574, B(al]s )]

(B6)

Since af_4 is a vector with one element equal to 1 and all other elements equal to 0,
_ _ N

it holds that diag(a; 4) =al 4(a‘iZ 4) . For the derivation below, it is useful to re-

write (B5) and (B6) as follows:

v(a?) = diag[(MH)" (PHTa?™*] — (MO (PHY al"*(al™*) PITIS,

B7
c(ai™* af) = diag[(PH)Ta! "] I¢ - (PiL)Taf_4(af_4)TPiLHiC. (67)

Thus, E(@f) is equal to (TIF)7 (PF)"a?* according to (B4) and this quantity [as well
as its transpose (a?” 4) PLTI¢] also occurs in V(@f) and (@ ~*, @?) according to
(B7). In fact, (ME)T (PX)Tal~* is a column vector of length M of which the elements

are given by [cf. (B2)]:
4 M 4
[(HC)T(PL)T ; ]h=z q (PLl'[C)gh
=Z [Z Pau Z] 1Zk ) }ql 4aZLp]Cklhl:|
:Z Z q4sz PED s
g=1 k=1 Yi Ui/, _ PgiiPglani
4
PRI

q4q4

(B8)

In the third line, we used the fact that a,

gl *In the last line, we used the notation nghl > pgklhi =31 pg”pgk,hi
defined in Subsection 2.4.

—Owhenjigand(a =

It follows directly from (B4) and (B8) that
M M
E(ay) = [(HiC)T(PiI“)Ta?_4]h = Z 2 ag;4a2ipgihi'

Similarly, it follows from (B7) and (B8) that

M M
§ § q-4_4q LC _ E § q-4_4q LC
ahl) gl aklpgkhz agi akngkm

g=1k=1 g=1k=1

The second term can be re-arranged as:
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M M 2

2 M M
-4 q LC _ q-4 q . LC q-4_q (,LC 2
i MiPgkni | = Z Agi Zakipgkhi = Zzagi aki(pgkhi) ’

g=1k=1 g=1 k=1 g=1k=1

M=
[:43

where we again used that af_4 and a{ are vectors with one element equal to 1 and
all other elements equal to 0. Thus, we find that

M M
V(al) = > >l alphn(1 - phin)

g=1k=1

Finally, for the covariance between dfu._4 and dfu., it follows from (B7), (B8) and (B2)

that

M M M M
~q—4 ~q Y\ _ q-4 L oy _ q-4_1 q-4_q _LC
C(ahi ’ahi)_zagi Pgni (i Dpn Zagi Pgni Zzagi AyiPgkhi
g=1 g=1 g=1k=1
M M M M
_ q-4 L q._c _ qa-4_1 q_LC
_Zagi pghizakipgkhhi zagi pghizakipgkhi
=1 k=1 g=1 k=1
M M M M
_ q-4.q _LC  _ a-4.q L _LC
= zagi i Pgkhni zzagi AyiPghiPgkni-
g=1k=1 g=1k=1

This completes the derivation of the three expressions in (9).
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Appendix C. Summary of the
classification error model of
Table 3 in matrix notation

The model for pS = P(57 = h|s{ ™ = g,s! =k, 3]~ = 1) defined in Table 3 can

be summarised as follows in terms of the matrix IIL-C = Al-PiC introduced in (B1)-(B2):

nf = n¢(af ", af)
= (e a%{diag(a?) A + [1,, — diag(a?)|B(a®)}
+[1- (@™ af| {diag(af) A + [1, — diag(af)]C(aD} (c1)
= [1,, — diag(a])] {(af“4)TafB(af) + [1 - (a?_4)Ta?] C(a?)}
+ diag(af) A,

with

A=1ly +1PS(R =L,
B(a) = (1 - P01 - ps)IMT + (1 - pa)psR
+pr(1 — ps)1y(af) ] ) (C2)
1
c(af) =1 —-[A =P =l + 1 = piIpsR

+pv(1— Ps)lM(a?)T],

where furthermore R is an M X M matrix that contains the observed transition
fractions pj;, from the GBR, with p;; = 0 on the diagonal, and 1, is an M vector with
all elements equal to 1.

Note that the inner product (a?_4)Taf is equal to 1if s7~* = s and equal to 0
otherwise. Expressions (C1) and (C2) therefore follow from the description in Table 3
by observing that diag(a;) A + [1,, — diag(a])|B(a}) is the form of II{ when

s§~* = s and diag(al) A + [1,, — diag(af)]C(a?) is the form of II¢ when s/ ~* #
siq. It may also be noted that the matrix A contains the probabilities that hold (for
any unit) under Situations A and D in Table 3, and the matrices B(a?) and C(a?)

contain the probabilities that hold for unit i under Situations B and C, respectively.

The notation l'll-C = l'lc(a?_4, af) in (C1) highlights that the change matrix depends
on i only as a function of af_4 and af. In other words, units with the same values of
q-4 q-4

s/ " and siq have the same probabilities ngmi- Since s;

— q _
i =gands; =kare

already included as indices in the notation of these probabilities, we can remove the
index i and write pgyin; = Pgrin-
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Explanation of symbols

Empty cell Figure not applicable
Figure is unknown, insufficiently reliable or confidential
* Provisional figure
ok Revised provisional figure
2017-2018 2017 to 2018 inclusive
2017/2018 Average for 2017 to 2018 inclusive
2017/°18 Crop year, financial year, school year, etc., beginning in 2017 and ending in 2018
2013/°14-2017/'18 Crop year, financial year, etc., 2015/°16 to 2017/°18 inclusive

Due to rounding, some totals may not correspond to the sum of the separate figures.
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