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Summary 

The paper starts with the standard GEKS method, that is used to transitivize nontransitive price 

indices. Then several generalizations of the standard method are investigated. These genera-

lizations imply that the GEKS method can be used in more cases than in which the standard case 

can be applied. For instance, the standard GEKS method requires that for each pair of months in 

the reference period a price should be known. It is shown that this condition can be relaxed if 

the definition of the GEKS is slightly modified. The standard GEKS method uses geometric 

averaging. In the paper it is shown that other averaging methods can be used to obtain similar 

averaged results. Another generalization is to use different weights for the various months in 

the reference period. This result implies a local form of GEKS, in which only the prices of a 

neighbourhood of months of a reference month are used instead of the entire reference 

window. A local GEKS method is thought to be more attractive and flexible than a global one, 

such as the standard method. GEKS is a bit of a trick that works to produce transitive price 

indices. But there is no control over the goodness of fit. This would require the use of some kind 

of metric. In the paper it is shown that it is possible to give such a formulation, however. In fact 

this leads to the cycle method, another transitivizing method, proposed earlier by the present 

author. 

Keywords 

Transitive price indices, transitivizing method, transitivation, averaging, GEKS method, cycle 

method.  
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1. Introduction 

The aim of this paper is to consider several generalizations of the well-known GEKS method. 

This method is used to produce a transitive price index from a nontransitive one. The GEKS 

method was proposed by several individuals, starting with Gini from Italy, whose suggestion 

apparently was subsequently forgotten until it was rediscovered (much later) by Köves and 

Eltetö from Hungary and Sczulc from Poland. The GEKS method is named after these four 

individuals. 

 

In the recent comparative study of several competing price index methods (cf. De Haan et. al 

(2016) and Chessa et al. (2016)) also the GEKS method was used. It was not immediately clear 

how to implement this method in Stata. The author studied this problem, and proposed the 

method in Excel that is explained in Section 2. When writing up his method, he found that 

certain of the constraints used can in fact be removed. They led to various variants that seem all 

to be useful in practice. The current document records these results. This exploration also 

showed that the GEKS method can be generalized to the cycle method. In the author’s opinion 

this method is superior to GEKS, but not as simple to apply as the GEKS method (which can be 

applied easily in Excel, as the present report shows). But with special software (in R, for 

instance
1
), it should also be within reach of interested researchers.  

 

We start this paper with an exposition of the GEKS method. We also discuss how it can be 

computed using Excel. By considering the computational aspects the GEKS method (and the 

variants to be discussed) become more tangible. They also allow to actually compute the 

adjustments, rather than to fantasize on them when reading the descriptions of the methods. 

 

We state various conditions that are necessary to be able to apply the method, or several 

choices that have been made in defining the method. The variants we discuss later in the paper 

are all inspired by relaxing one or several of these conditions or properties, but keeping the 

main ideas. We thus obtain a number of GEKS-like methods. 

 

There exist other methods to transitivize a price index. We consider one of these to contrast 

with the GEKS method, namely the cycle method (CM).
2
 We do not give a full exposition of the 

cycle method here; only a brief description, to ‘prepare the mind’. It is intended as a gentle 

introduction to the cycle method for those coming from price index theory. The interested 

reader is referred to Willenborg (2017) for an extensive discussion of the cycle method. An 

earlier reference is Willenborg (1993)
3
, but this may not be so easy for price index specialists, 

who are probably not familiar with land surveying, which is the original inspiration for the 

present author (in a time when he was completely ignorant of price index number theory). 

 

 

 
1 The present author has been developing such software in R. The key step - calculating a cycle matrix - can be done in a 

surprisingly short script. 
2 It would be possible to consider another one based on optimal spanning trees (proposed by Hill). But as Willenborg 

(2016) tries to show, this method is not superior to the cycle method. It therefore makes no sense to consider this 
method here as well, as a contrast to the GEKS method. 

3 Uploaded to ResearchGate "the social networking site for scientists and researchers to share papers, ask and answer 
questions and find collaborators" (description from en.Wikipedia.org) 
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The paper is organized as follows. In Section 2 the standard GEKS method is discussed. It is 

shown how the definition of the method leads to formulations of the method that are attractive 

computationally (it is easy to apply in a spreadsheet like Excel, for instance) on the one hand 

and suitable for generalizations on the other. Numerical examples are given to demonstrate the 

working of the GEKS method.  

 

The standard GEKS method gives all indices that are used equal weight. This is not always 

attractive. One would perhaps like to give an index with base month and reporting month far 

apart a lesser weight than one where these months are close, say adjacent. In Section 3 such an 

extension of GEKS is discussed. In fact the section starts with a solution for another problem 

with GEKS, which is that the indices for all pairs of months should be provided. It is shown how 

one can easily side-step this restriction by suitably modifying the standard GEKS method. Also in 

that section it is shown that there is no need to used geometric averaging as in standard GEKS. 

With suitably chosen (small) adaptations one can use other averaging methods just as well. 

Some numerical examples are given to illustrate this point. And also that the calculations are 

still easy to perform in a spreadsheet program such as Excel. Furthermore in that section it is 

shown how one can deal with situation where not all price indices are known; some are missing, 

for whatever reason. This situation may apply in the spatial case, or the spatio-temporal case. 

This is discussed in a separate subsection, showing that GEKS (and the variants provided in the 

present paper) can be applied in a temporal, spatial or spatio-temporal setting. 

 

In Section 4 updating is briefly discussed for the GEKS method through an example, that should 

convey the underlying ideas so that it should be possible to apply the method in a general case. 

The ideas used are similar to those used earlier for the cycle method (cf. Willenborg, 2015). 

Updating is also a topic discussed more extensively in Willenborg (2017). 

 

To the present author, before he started writing the present paper, GEKS was a trick to produce 

transitive indices. But why it actually worked was a bit of a mystery (to him). By writing the 

present paper, his insight into this method has increased substantially. Variants and generaliza-

tions more or less suggested themselves. But also the feeling that the method would need a 

solid basis grew while writing the paper. What he was looking for was some kind of model, in 

particular an optimization model, from which the GEKS method would follow. In fact, while 

writing the report it became apparent that the formulation of the standard GEKS method given 

in Section 2 can be used for such a foundation. In the final section, Section 5, optimization 

models are given that generalize a certain property of the standard GEKS method. This new 

method is not precisely the same as standard GEKS but is a straightforward generalization (in 

fact yielding certain loglinear models). Also it became apparent, this optimization model is a 

step in the direction of the cycle method. It is shown how the cycle method generalizes the 

optimization models derived from the (standard) GEKS method.
4
 

 

 

 

 

 

 

 
4 The present document was reviewed by Sander Scholtus. 
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2. Standard GEKS method 

2.1 Preliminary remarks 

In the present document the GEKS method is the basic method that is considered. The variants 

to be discussed later use some of the basic aspects of the method, but discard certain others. So 

the variants can be considered different generalizations of the GEKS method.  

 

Not only the method is discussed in the present section but also its computation in Excel.
5
 

2.2 Description 

In this section we give a general description of the GEKS method, geared at its computation. In 

the remainder of this section we present concrete examples, showing how the GEKS index can 

be very easily calculated in Excel. 

 

We assume that a full price index matrix (PIM) 

 

  (

       

   
       

) (2.1) 

 

is given for a period          , where     is the price index with base month   and 

reporting month  .    is supposed not to have missing entries. Furthermore we assume that: 

 

–    satisfies the property that         , for all            . 

–        for all          . 

– The price index is nontransitive, that is, there are         such that           . 

 

The latter requirement is only to give the method a purpose. But it works when the input is a 

transitive matrix (and the adjusted PIM is equal to the original one). 

 

The output of the GEKS adjustment process is a PIM denoted by    that is transitive. That is, if 

the PIM is given by 

 

   (
   

     
 

   
   

     
 

), (2.2) 

 

then     
    

     
  for all        .    is obtained as follows: 

 

– Calculate the geometric mean for each column in  . Let the result for column   be 

denoted by    

 

 
5 In R would also be another option. But Excel is probably more easily accessible. 
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– Using these averages one can calculate the elements of   as follows:     
  

  

  
, for all 

           . 

 

It is immediately clear that    
    

    for all      , and that    
    all         . 

Transitivity follows from the special form of    
  , viz as a ratio of two separate quantities:  

   
    

  
  

  

  

  
 

  

  
    

 , for all        .  

 

These computations can easily be done in Excel, as the following example shows. The example 

is given in Excel not to promote the use of this package per se. It is only a very convenient as a 

tool to demonstrate small examples easily and conveniently (including the output). 

 

Remark The GEKS estimator is often defined in another way, namely as follows: 

 

   
  ∏ (      )

 

  
   , (2.3) 

 

which is the geometric average of ‘indirect’ price comparisons       , rather than the direct 

ones    . This definition tacitly assumes that the price indices for each pair       exist. We can 

rewrite (2.3) as follows: 

 

   
  ∏ (      )

 

  
    ∏ (

   

   
)

 

  
    

(∏    
 
   )

 
 

(∏    
 
   )

 
 

 
  

  
, 

(2.4) 

 

which is a ratio of the column averages    and   , or of price indices which have the same 

reporting month. Alternatively we can rewrite (2.3) as follows: 

 

   
  ∏ (      )

 

  
    ∏ (

   

   
)

 

  
    

(∏    
 
   )

 
 

(∏    
 
   )

 
 

 
  

  
, (2.5) 

 

which is a ratio of the row averages    and   , or of the price indices which have the same base 

month. Now in case of geometric averaging we have that 

 

      , (2.6) 

 

for         . That is, the column and row (geometric) averages of the PIM, are reciprocal. 

This is a property of the geometric averages. In Section 3.5 we shall use other forms of 

averaging, which lack this property. But still a GEKS-like method can be defined. 

 

Using (2.6) we can derive a third, symmetric, form for the standard GEKS price index, which is 

convenient in spreadsheet calculations: 

 

   
      , (2.7) 

 

for all            .The identities (2.5), (2.6) and (2.7) form the basis of the calculations that 

we perform in the present report. And they are also the basis for generalizing the GEKS method.  

■ 
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Example 2.2.1: Computation of GEKS 

Consider the     PIM implicit in Table 2.2.1. It is not transitive, as e.g.                 

             . The numbers in the blue fields are the geometric averages of the 

corresponding columns. The numbers the green fields are the geometric averages of the 

corresponding rows. Note that a column (geometric) average and its corresponding row 

(geometric) average are reciprocal values. This holds in general. It will be used here to calculate 

the adjusted price index. 

2.2.1 The input PIM.  

 
 

Table 2.2.2 shows the resulting table, with the adjusted PIM matrix included. It should be noted 

that taking a geometric average in Excel is a standard function.  

2.2.2 The resulting GEKS PIM matrix. 

 
 

The formulas used to calculate the elements of the adjusted PIM from the geometric column 

averages in Table 2.2.2 are shown in Table 2.2.3. The row averages (in green) are in column K, 

and the column averages (in blue) are in row 19. ■ 

 

This small example is only to illustrate the computation of the GEKS method. In the next 

subsection we consider an example with some real data. 

Example 2.2.2: Illustrating standard GEKS with real data 

The example we consider here is a bit bigger and contains ‘real’ data, that have been used in a 

study to compare various index formulas for various types of data. In fact the data used in the 

following example are about t-shirts, and the index used is a Törnquist index. For the 

computation of the GEKS index such details are of no importance, of course. Only the results 

are more realistic. The data in this example are also used for other examples in the present 

paper. 

 

In Table 2.2.5 the GEKS index derived from Table 2.2.4 is presented. 

 

The GEKS estimate in Figure 2.2.6 is actually very close to the original price index. The 

differences are exaggerated by the choice of scale of the vertical axis. 
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2.2.3  Formulas to compute the elements of the adjusted PIM from the geometric averages. 

 
 

2.2.4 Example with real data. In the right-most column and the bottom row are geometric averages of the corresponding rows and columns, 

respectively. 
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2.2.5 GEKS estimate based on the geometric averages in Table 2.2.4. 

 
 

 

2.2.6  Original data compared with standard GEKS estimates. 
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2.3 Properties and conditions 

The example of the GEKS method should give a clear idea of the working of the method for 

periods other than the 6 months period. The method is pretty straightforward to apply. But in 

order to apply it some formal conditions need to be met: 

 

–   should be complete, that is,     should be known for any            , 

–   satisfies the property that         , for all            , 

–       for all          . 

 

We briefly comment on these requirements. The first one can in fact be discarded while still 

being able to define a GEKS-like estimator. But this requirement can in fact be relaxed. It is still 

possible to define GIKS like method in case some of the    's are not known, as is shown in the 

sequel (see sections 3.2, 3.3 and 3.6). The latter two requirements are not very severe, and 

even pretty ‘normal’. These conditions can easily be met. However, the Carli price index is an 

example of a price index which typically violates the second requirement. 

An abstract view on GEKS 

The GEKS method is applied to produce transitive price indices from nontransitive ones. But if it 

is applied to a transitive index, it produces the index itself. See Section 3.4.3 for a proof. 

 

Looking at transitivizing methods like GEKS in a more abstract way we can remark the following.  

We start with considering an index at some interval of length  . We assume that the price index 

is represented by a square matrix  , its PIM, as in (2.1). 

 

The transitivization of an price index with PIM   is a mapping of   to a PIM     , which belongs 

to a transitive price index. The GEKS method provides a particular mapping  , which we shall 

denote by       , where   is the set of complete PIM matrices, that is, the matrices with the 

following properties: 

 

–    , that is,      , for all            , 

–      , for         , 

–     
 

   
, for all            . 

 

If we look at  

 

     (
             

   
             

)  (
        

   
         

),   (2.8) 

 

we find that it is an     skew symmetric matrix, that is              , where ‘ denotes 

matrix transposition. 

 

A subset of   is the set of transitive PIM matrices  , that is    . They satisfy the additional 

property that 
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    ∏       
   
   , (2.9) 

 

for    . 

 

If     then          . In fact, from (2.3) it follows immediately that a transitive PIM is a 

fixed point under this mapping, that is       , for    . For we have 

 

   
  ∏ (      )

 

  
   = (∏       

 
   )

 

  (∏    
 
   )

 

     ,  

 

where it was used that           , because of the transitivity of the price index. 

 

Therefore, for any    ,  (    )      , which can be rephrased by saying that   is idem-

potent. In plain words, it means that the GEKS method applied to a GEKS index yields the same 

GEKS index. This property holds for the generalizations of GEKS that we shall consider below as 

well. 

 

The extensions of GEKS considered below relax the condition that the PIM should be complete. 

For certain incomplete PIMs (i.e. with some elements missing), it is also possible to apply a 

GEKS-like transitivization. 

3. Weighted GEKS methods 

3.1 Preliminary remarks 

In the GEKS method the averaging period for each month is taken to be the entire time window 

that is being considered. This is not necessary, and probably not desirable in case this period is 

rather long. It is more attractive to look at shorter periods, that also can be accommodated to 

the individual months. This is a first example of using weights in GEKS (other than 1). Now the 

weights are 1 or 0. But one can even go beyond this and use more general weights. These 

weights can be used to indicate that price indices about months widely separated should be 

treated differently from those that are closer. Because this separation reflects itself in the 

amount of overlapping articles, it is reasonable to give indices concerning nearby months a 

higher weight than those concerning more widely separated months.  

3.2 Averaging periods 

In the GEKS method averages are taken of the indices in the entire period. It is, however, easy 

to produce a variant in which the averaging period is not fixed but variable. Important is that for 

each month   in the time window a unique averaging period    is associated. For simplicity we 

will assume that these averaging periods are – in the typical case -  of the same length and that 

the reference month is part of the associated averaging period. So we assume for typical 

months   and   that |  |  |  |, where | | indicates the size of set  . Typical months can be 

find in the middle of a time window. At the beginning or end of the window, we find atypical 
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months, in the sense that the averaging periods associated with these months are different 

from those of the typical months. They tend to be shorter, although that is a matter of choice. 

For a long period the influence of the typical months are dominating. We now present some 

examples illustrating various GEKS variants. 

Example: Four periods GEKS 

In Table 3.2.1 an example with averaging periods within a time window of one year are shown, 

as an example. The two months at the beginning and end have shorter averaging periods due to 

‘transient phenomena’ at the beginning and end of the time window. But these are considered 

as atypical. For the remaining months in the middle of the period (months 3 – 10) the averaging 

periods are of the same length and the reference month for such a period is in the middle. In 

fact, what the best length is of the ‘ideal’ averaging period is hard to say. One would not like to 

take a period that is too long, as a lot of information from far removed months is then taken 

into account. It is unclear that the  shortest sensible period (of length 3, except at the 

boundaries of the time window considered) is the best option. In fact, numerical results 

obtained below seem to contradict this. So one should probably look for periods that are 

neither too short nor too long. What periods to take requires some experimentation with real 

data.   

3.2.1 Averaging periods.  Reference months in red. 

 
 

Table 3.2.3 contains the GEKS estimates of the price indices based on the geometric averages of 

Table 3.2.2. 

 

The ability to use the means in the marginal to give new estimates for price index pairs that 

were originally known stretches to the possibility to provide it also for pairs for which the index 

was not known. In fact this is simply a result of applying transitive closure to an index that is 

transitive. If known for at least a spanning tree in the original price index digraph (PIDG)
6
, it 

allows to give values for all remaining arcs (ordered pairs of months) as well. 

 

 
6 The pairs of months in the time window for which price indices have been calculated form a directed graph, which I 

called the PIDG. The underlying graph is called the price index graph (PIG). These and other graph inspired concepts 
are more fully explained in Willenborg (2017). 
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3.2.2 Example with averaging periods as in Table 2.2.4, using geometric averages. 

 
 

 

3.2.3 Estimated price indices on the basis of averages of Table 3.2.2. 
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3.2.4 Four periods GEKS and the original price index. 

 
 

Remark It is possible to choose the reference period for a GEKS method in such a way that the 

last month of this period coincides with the reference month. This has the advantage that the 

GEKS index can then be computed as soon as the data for the current month become available. 

■ 

Minimal GEKS: numerical results 

The GEKS variant that we consider in the present section is called minimal GEKS because the 

averaging period used (of the typical months, that is away from the boundary) have minimal 

length, namely three months. Three months is minimum in the nontrivial case: the matrix has to 

be symmetric. This excludes periods of length 2. For periods of length 1 GEKS has nothing new 

to offer; it yields the same results.  

 

In Table 3.2.5 an example of a minimal GEKS situation is presented.  

3.2.5 Minimal GEKS for a window of 12 months. 

 
 

Using the scheme of Table 3.2.5 we present some results on real data (derived from Table 3.2.2, 

which in turn are derived from Table 2.2.4). The data used are presented in Table 3.2.6. The 

geometric averages per column or row are in the bottom row and right-most column. 

 

In Table 3.2.7 the estimates for minimal GEKS are presented, based on the geometric averages 

computed in Table 3.2.6. 
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3.2.6 Example of minimal GEKS. Data in Table 3.2.2 are used. Geometric column and row averages in bottom row and right most column. 

 
 

3.2.7 Minimal GEKS results based on Table 3.2.6. 
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For minimal GEKS it is feasible and illuminating to look at the symbolic expressions that the 

method produces. In principle, these computations can be carried out for any variant of the 

GEKS method, except that the symbolic expressions can be very long. In case of minimal GEKS 

the expressions are manageable. 

3.2.8 Minimal GEKS compared with the original data. 

 

Minimal GEKS: symbolic results 

In Table 3.2.9 an example is shown of a six month period. Some of the indices are shown, 

symbolically, as well as the row en column (geometric) averages. 

3.2.9 Minimal GEKS symbolic calculations 

 m1 m2 m3 m4 m5 m6  

m1 1              
    

 
  

m2     
   1            

    

 
     

 
 
  

m3       
   1          

    

 
     

 
 
  

m4         
   1       

    

 
     

 
 
  

m5           
   1      

 
   

 
  

   

 
 
  

m6             
   1 

    

 
 
  

 
    

 
 
      

 
     

 
 
      

 
     

 
 
      

 
     

 
 
      

 
     

 
 
      

 
  

 

 

In Table 3.3.1 the minimal GEKS expressions for the indices are shown, based on the symbolic 

geometric averages in Table 3.2.9. 

 

It is easy to verify directly that the adjusted index in Table 3.3.1 is indeed transitive. Also closer 

inspection of the expressions in Table 3.3.1 shows how non-intuitive they are in fact. Table 3.3.1 

brings to light how complex the method basically is, not so much computationally but in 

understanding how it actually works. 
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3.3 Weighted averages 

In Section 3.2 an extension of the standard GEKS method was considered in which the averaging 

period was tied to the month to which it was associated. This allowed to work locally, whereas 

the GEKS method works globally, that is, over the entire time window. Another aspect of the 

GEKS method is the fact that each input index is weighted with the same weight. This may be 

less attractive for price indices with base month and reporting month far apart. In the extreme 

case there may be no overlap in articles at all. In the less extreme, but still unattractive case, 

there may be a handful of articles present in both months. In the method of Section 3.2 such 

price indices can be left out of the weighting, by defining a more localized averaging period. This 

can be viewed as a situation where price indices have a weight 0 or 1. It is possible to consider a 

more general case were indices can be weighted with nonzero weights. In the cycle method the 

same kind of weights can be used, for exactly the same reason. 

Example: symbolic results 

In this example we illustrate weighted GEKS with symbolic computation. The situation concerns 

a 5 month period. In Table 3.3.2 the price indices are shown, weighted with weights    or   . 

The choice of the weights depends on the separation of the base and reporting month, which is 

either 1  (  ) or 2 (  ). We assume        . The exact choice has to be specified by the 

analyst. This requires some experimentation, probably, to find some suitable values. 

 

In the bottom row and the right most column the geometric averages of the corresponding 

columns and rows are given. 

 

In Table 3.3.3, symbolic expressions for the weighted GEKS price index are given.  
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3.3.1 Minimal GEKS price indices, symbolic expressions 

 m1 m2 m3 m4 m5 m6  

m1 1 
    

 
     

 
 
      

 
     

 
     

 
 
      

 
     

 
     

 
 
      

 
     

 
     

 
 
      

 
     

 
      

 
  

m2 
    

 
 
     

 
  

1 
    

 
 
     

 
     

 
 
      

 
 
     

 
     

 
  

   

 
 
      

 
 
     

 
  

   

 
  

   

 
 
      

 
 
     

 
  

   

 
      

 
     

 
 
  

m3 
    

 
 
     

 
 
     

 
      

 
     

 
 
     

 
  

1 
    

 
 
     

 
  

   

 
 
      

 
 
     

 
  

   

 
  

   

 
 
      

 
 
     

 
  

   

 
      

 
 
     

 
  

m4 
    

 
 
     

 
 
     

 
      

 
     

 
 
     

 
 
     

 
      

 
     

 
 
     

 
  

1 
    

 
 
     

 
     

 
 
      

 
 
     

 
     

 
      

 
 
     

 
  

m5 
    

 
 
     

 
 
     

 
      

 
     

 
 
     

 
 
     

 
      

 
     

 
 
     

 
 
     

 
      

 
     

 
 
     

 
  

1 
    

 
 
     

 
      

 
 
     

 
  

m6 
    

 
 
     

 
 
      

 
     

 
 
     

 
 
      

 
     

 
 
     

 
 
      

 
     

 
 
     

 
 
      

 
     

 
 
  

1 
    

 
 
  

 
    

 
 
      

 
     

 
 
      

 
     

 
 
      

 
     

 
 
      

 
     

 
 
      

 
  

 

 

3.3.2 Example of weighted price indices. The weights depend on the difference between the pair of months compared. 

 m1 m2 m3 m4 m5  

m1 1     
       

           

  
     

  
  

m2     
   1     

       
         

  
     

  
     

  
  

m3     
       

   1     
       

       

  
     

  
     

  
     

  
  

m4       
       

   1     
       

  
     

  
     

  
  

m5         
       

   1     
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3.3.3 Weighted GEKS based on the marginals of Table 3.3.2. 

 m1 m2 m3 m4 m5  

m1 1     

 
  

  
    

  
     

  
     

  
      

  
     

 
  

  
    

  
     

  
     

  
      

  
     

  
     

  
     

  
  

   

  
      

  
     

  
  

   

  
  

   

  
      

  
     

  
  

m2 
    

 
  

  
     

  
      

  
     

  
  1     

  
     

  
      

 
  

  
    

  
      

  
  

   

  
   

    

  
     

  
     

  
      

  
     

  
  

 

    

  
     

  
     

  
  

   

  
  

   

  
  

 
    

  
     

  
     

  
  

m3 

    

  
     

 
  

  
    

  
     

  
     

  
      

  
     

  
      

 
  

  
    

  
     

  
      

  
  1     
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3.4 Alternative ways of averaging 

In the previous sections geometric averaging was used as the method for averaging price 

indices. However, instead of geometric averages one could use other averaging methods, like 

arithmetic, harmonic, etc. There is no particular reason why geometric averaging should be 

used. Nor is there a compelling reason to look for alternative for taking geometric means. So it 

is interesting to consider a few examples where other averaging methods are used in order to 

see if there are significant differences. As the price indices do not vary wildly (they typically are 

bounded from below (0) and from above (say, 3, in a normal economic situation)  there is no 

particular reason to consider robust averaging methods, such as the median or trimmed means. 

But choosing them should be fine.  

 

It should be stressed that the choice of the averaging method used in GEKS is unimportant for 

obtaining transitive price indices. Any averaging method should be allowed, in principle. What is 

important to produce transitive indices is that ratios of these averages are used to derive the 

adjusted indices. 

 

We first look at arithmetical means. We take the data of Table 2.2.4 as input. In Table 3.4.1 the 

original data are shown, with the arithmetical mean of the columns (bottom row) and their 

reciprocals (in the right-most column). Note that the reciprocal values of the arithmetical means 

of the column averages are generally different from the arithmetical means of the correspon-

ding row values. In that sense the method of calculation differs from that for the geometric 

means in standard GEKS and the variants discussed above. 

 

On the basis of the averages in Table 3.4.1 we can calculate a GEKS index. The result is shown in 

Table 3.4.2. 
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3.4.1 Original data with arithmetical column averages in the bottom row and the right most column. 

 

 

3.4.2 GEKS estimates on the basis of the arithmetical column means in Table 3.4.1. 
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In Figure 3.4.3 the index based on the arithmetical column means of the original indices is 

shown, in comparison with the original indices. 

3.4.3 GEKS based on arithmetical mean of columns compared with the original 

price indices. 

 
 

Now we consider arithmetical row averages of the original data. In Table 3.4.1 they are presen-

ted in the final column. In the bottom row of this table the corresponding reciprocals of these 

averages are presented. 

 

In Table 3.4.2 the GEKS estimates based on the row averages are presented. Comparison with 

Table 3.3.3 reveals a difference with the GEKS estimate based on column arithmetical averages, 

but these differences are small. For practical purposes these differences are insignificant. 
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3.4.4 Original data with arithmetical row averages in the right most column and their reciprocals in the bottom row. 

 
 

3.4.5 GEKS estimates on the basis of the arithmetical row means in Table 3.3.2. 
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For this reason the plot of these indices compared with the original indices in Figure 3.4.6 looks 

indistinguishable from the plot in Figure 3.4.3, based on column averages. 

3.4.6 GEKS based on the arithmetical mean of rows compared with the original 

price indices. 

 

Example: HM-GEKS 

In the present example we have used the harmonic mean to compute column and row averages, 

that have been used, together with their reciprocal to compute the GEKS estimates. As input 

data we have also used those of Table 2.2.4. The results for the column averages are presented 

in Table 3.4.7, and those for the row averages in Table 3.4.8. As one can see, the results are very 

close. 

Example: median-GEKS 

In the present example we have used the median to compute column and row averages, that 

have been used, together with their reciprocal to compute the GEKS estimates. As input data 

we have used those of Table 2.2.4, as before. The results for the column averages are presented 

in Table 3.4.9, and those for the row averages in Table 3.4.10. As one can see the results are 

(again) very close. 
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3.4.7 Harmonic means of the columns used to compute the GEKS estimate of the data in Table 2.2.4. 

 
 

3.4.8 Harmonic means of the rows used to compute the GEKS estimate of the data in Table 2.2.4. 
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3.4.9 Median of the columns used to compute the GEKS estimate of the data in Table 2.2.4. 

 
 

3.4.10 Median of the rows used to compute the GEKS estimate of the data in Table 2.2.4. 
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Example: abstract GEKS 

Now we consider the case an otherwise specified averaging method is introduced for averaging 

rows or columns. It is also possible that the averaging method for the rows is different for  that 

of the columns. 

 

We start with Table 3.4.7, where a PIM is shown together with row and columns averages, 

computed in one way are another (that’s, is using some averaging method, not necessarily a 

geometric average). 

3.4.11 PIM with row and column averages 

             

        

             

         

 

In Table 3.4.8 is the GEKS-like price index shown, derived from Table 3.4.7, based on the row 

and column averages. These averages are determined in one way or another, and not 

necessarily using geometric averages as in standard GEKS. In order for this to be a price index 

we require that 

 

      ,  (3.1) 

 

for        . 

3.4.12 GEKS-like estimator for PIM of Table 3.4.11. 

                 

        

                 

         

 

We can write the interior of Table 3.4.12 more succinctly as follows: 

 

(

         

   
         

)  (

  

 
  

)           (

  

 
  

) (
 

  
   

 

  
)  (

 

  

 
 

  

)         . (3.2) 

 

This shows clearly that the method depends on   row or column averages. 

 

We can define two other GEKS-like price indices, using either row or column matrices. These are 

shown in Tables 3.4.13 and 3.4.14. 
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3.4.13  Result of the GEKS-like method applied to the row averages. 
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3.4.14 Result of the GEKS-like method applied to the column averages. 
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As a rule, the results shown in Tables 3.4.13 and 3.4.14 will be different. The question is only 

how much. 

 

One can use the matrices in Tables 3.4.13 or 3.4.14 as input for another round of ‘GEKSification’. 

We use geometric averaging in our example. What happens can be illustrated by taking one 

case of these two, say the one represented in Table 3.4.13. We then find the results as 

presented in Table 3.4.15. Here    ∏   
 
    

 
 , the geometric average of the column averages. 

3.4.15 Table 1. Marginals for the elements of Table 3.4.13. 
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If we use the marginals in Table 3.4.15 to calculate the corresponding GEKS coefficients, we find, 

after simplification, exactly same the results. This shows that the GEKS method applied twice to 

an index yields the same index after applying the method once.  

 

If instead of a geometric average we would have taken an arithmetic or an harmonic average, 

and used either the row or column averages, we would have reached a similar conclusion. In 

Table 3.4.16 the results is shown, were  ̅  ∑
 

  

 
    in case arithmetic averages were used to 

calculate the row averages, or  ̅  ∑
 

  

 
    in case the harmonic mean was used. In fact, the 

details of the averaging method are not important here. Important is that each row average is 

the product of the original row average (the   ’s) and a positive constant (that this should be an 

average is not important for the result). The reciprocals of these values should be put in the 

bottom row. Using these values will also yield the same matrix (of row average ratios). 

3.4.16 Matrix with arithmetical column averages (right-most column) and their 

reciprocals (bottom row). 
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      ̅ 

 

   ̅
 

 

   ̅
   

 

     ̅
 

 

   ̅
  

3.5 Dealing with missing index values 

As several examples above have already illustrated, the GEKS method can be extended in such a 

way that it is not required that all price indices are present in the input PIM. If one has 

(nontrivial) averaging periods for each month one can calculate averages and compute with 

these indices for the entire period, for every pair of months, even those for which there was no 

input. In fact, one can represent a transitive index with a minimum amount of information. A 

PIDG corresponding to a spanning tree is enough. 

 

We illustrate the use of GEKS here in case the PIDG is incomplete, meaning that for a subset of 

the pairs of months the price indices are known. We assume that the pattern of missings is 

symmetric with respect to the main diagonal. This means that if for the pair of months       

there is no index, there is also no index for the pair       either. The idea is that if     is known, 

so is     
 

   
. 

 

In Table 3.5.1 an incomplete PIDG is shown, derived from Table 2.2.4. The ‘holes’ is the matrix 

(corresponding to missing price indices) are symmetric, with respect to the main diagonal.  
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3.5.1 Incomplete PIDG with geometric row and column averages. 

 
 

3.5.2 Estimates on the basis of the geometric averages in Table 3.2.9. 
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Geometric row and column averages have also been given, in the right-most column and the 

bottom line.
7
 

 

Table 3.5.2 contains the estimates based on the averages in Table 3.5.1. 

 

The method used here is based on the same ideas of the GEKS method, except that averages 

are now taken for the indices that are present in a month. Because of the symmetry of the 

holes in the PIDG the row averages are reciprocals of the column averages, as is required to 

produce a transitive price index as in the GEKS method. 

 

The method above can be seen as a kind of imputation method. It is not exactly the same as it 

also changes original price indices. It produces a price index that is transitive. The transitivity 

makes sure that the missing values get a value as well. 

 

A drawback of this ‘imputation method’ is that in each month in principle the entire window is 

used, only using those indices that are present in a row or column. One would like to work more 

locally to achieve better results, more geared towards the local situation. In some cases this can 

be achieved by partitioning the PIDG, and applying the GEKS approach to the appropriate parts 

of the PIDG. 

3.5.3 Original data compared with the GEKS estimate based on the imputed 

GEKS (see Table 3.3.3). 

 

3.6 Spatial and spatio-temporal setting 

The GEKS method and variants above have been illustrated with examples from applications 

involving temporal indices. However, formally there is no difference between a temporal setting 

(concerning development of prices of articles in time) and a spatial setting (concerning price 

comparisons of a spatial regions (a province, a country) at a given point or period in time) or a 

spatio-temporal setting (involving the development in time of prices of articles in various 

regions or countries). In a more abstract formulation, one is in fact comparing ‘states’. A state 

can be the price of an article or a group of articles at a point or period in time, or the average 

price of prices of articles in a region, etc. Comparing pairs of states produces price ratios or 

 

 
7 The example is artificial. The holes are created for the sake of the example, to illustrate how the method works. With 

real data one could have real holes in long periods for months that are far apart. 
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price indices, etc. This yields a digraph where the states form the vertices and the price 

comparison relation yields the arcs. 

4. Updating with GEKS 

So far we have assumed that the data for a time window are all present and GEKS (whatever 

variant) can be applied in one go. In practice, however, information appears in piecemeal 

fashion, and price indices are usually updated as soon as the results for the last month have 

been processed. Typically, the publication policy requires that results that have been published 

earlier cannot be revised (except for blunders, which are exceptional to occur). So if we want to 

update GEKS estimates, we assume that earlier GEKS estimates are also fixed. Only the new 

results, concerning the latest month, can be adjusted.  

 

Updating is an issue it its own right. We only want to sketch in the present section how this can 

be done with the GEKS method. A full treatment is reserved for another report. The aim is to 

give the reader a feel of the approach by considering an example. We do not fill in every detail. 

But we trust that the attentive reader will understand the approach and is able to describe how 

it works in a similar situation. 

 

To illustrate updating with (a generalization of) GEKS we consider an example, with symbolic 

data. This is chosen to see better what it going on.  In this example we consider a time period of 

6 months to which  the information of a new month is added, month 7. The GEKS indices for the 

first 6 months have been calculated and are assumed to be fixed. The GEKS price indices for the 

first 6 months are represented by a linear PIDG, of MoM-price indices. 

 

The situation is presented in Table 4.1.1. The known information for the first 6 months of the 6 

month period are in black. They are the GEKS-indices for these months, represented by a linear 

PIDG. As the GEKS index is transitive the price indices for the remaining month pairs can be 

derived by transitive closure. The price indices related to the newest month (m7) in red. We 

assume that they are time reversible, that is        , for all        . Because the GEKS 

price indices for the first 6 months are fixed, we cannot expect that calculating updated GEKS 

indices using the new month 7 as a base or reporting month will produce the same GEKS indices. 

Therefore 6 correction factors   ,         have been introduced to correct for the differences 

with earlier GEKS estimates. The updated price indices involving month 7 are        and   
       

for its time reversal,        . 
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4.1.1 Update for the GEKS method with correction factors (CF). 

 m1 m2 m3 m4 m5 m6 m7 CF 

m1 1     
                  

m2     
  1     

                

m3       
  1     

              

m4         
  1     

            

m5           
  1     

          

m6             
  1         

m7                               1  

CF   
     

     
     

     
     

     

 

The idea of the correction factors is that they are used in the GEKS averages, and that the GEKS 

estimates for pairs of months (m1,m2), (m2,m3), (m3,m4), (m4,m5) and (m5,m6) yield the same 

estimates as before, namely     
 ,     

 ,     
 ,     

  and     
 , respectively (and their time reversals). 

This leads to a system of equations that the correction factors must satisfy: 
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(4.1) 
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4.1.2 Table with GEKS coefficients (GC) based on Table 4.1.1. 

 m1 m2 m3 m4 m5 m6 m7 CF GC 

m1 1     
                  √    

       
 

 

m2     
  1     

                √    
     

       
 

 

m3       
  1     

              √    
     

       
 

 

m4         
  1     

            √    
     

       
 

 

m5           
  1     

          √    
     

       
 

 

m6             
  1         √    

       
 

 

m7                               1   

CF   
     

     
     

     
     

      

GC 
√    

       
   

 √    
     

       
   

 √    
     

       
   

 √    
     

       
   

 √    
     

       
   

 √    
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From the system (4.1) we derive a linear system by taking (natural) logarithms: 
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  )

  
 

, (4.2) 

 

where the    , for         are expressions in terms of the GEKS indices and         , for 

       . So we have 5 linear equations with 6 unknowns. We can write the ‘solution’ of (4.2) 

– the  ’s - in terms of a single parameter   . This is easy to see if we start with the final 

equation and work backwards to the first one. To simplify matters we first multiply both sides of 

(4.2) by 12. We than can write the final equation as 

 

            , (4.3) 

 

from which we obtain 

 

        

 
  . (4.4) 

 

Taking the one but last equation 

 

            , (4.5) 

 

We obtain 

 

         . (4.6) 

 

If we continue in this way, and using previously obtained results, we get expressions for   ,    

and    in terms of   . So if we want a single solution we should choose a value for   . How 

should we do this? We should realize that a choice of this parameter determines the CF’s. So we 

should control the perturbation of the price indices            , keeping in mind that the first 

one of these could be modified the most and the last one, the least. One can use a linear object 

function 

 

∑     
 
   , (4.7) 

 

with      for        , to formally express the loss of the perturbations to each of the price 

indices            . It is reasonable to assume that a price index      is more reliable, and hence 

should be less perturbed, the smaller |   | is, that is the closer the base and reporting month. 

This would translate into weights that obey        . How these weights should actually 

be chosen requires some ‘playing with the data’ to get some feeling for the consequences of 

various choices. Minimizing function (4.7), which is actually a function of   , yields an optimal 

value   
 . From this we obtain in particular the optimal   

 value for    . This yields the corrected 
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value   
      that will be taken instead of the direct estimate      . Note that the factor   

  

contains information from the ‘observed’ price indices            . 

 

Remark With a similar reasoning one would be able to arrange the updating of the RYGEKS 

(Rolling year GEKS), which uses a sliding window of one year. We shall not elaborate this case 

here. It should be clear how it roughly works.   

 

Remark Updating with the cycle method uses similar ideas: update only the indices involving 

the newest arcs. However, we will also not elaborate this subject here. The interested reader is  

referred to Willenborg (2017) instead. ■ 

5. On to the cycle method 

The GEKS method is a bit of a trick to transitivize price indices. At best one can understand the 

heuristic reasoning behind (2.3). But personally I find the motivation unsatisfactory. There is 

also no control over how close the transitivized price index should be to the original price index. 

 

It would be more attractive to derive it from some model, such as an optimization model. In the 

present section we formulate an optimization model, using certain ideas from the GEKS method. 

The optimization model we present yields a variant of the GEKS method. In fact, it is formally 

similar to an optimization model leading to the time product dummy index. 

5.1 Loglinear models 

As a starting point for the model we take the equation (2.6) and (2.7) and forget about the 

meaning of the parameters they have there. We have  

 

   
  

  

  
 

  

  
. (5.1) 

 

Taking logarithms we obtain from (5.1): 

 

      
                         , (5.2) 

 

which is an expression linear in the logarithms of the  ’s or the  ’s. Which formulation we use 

of the two is irrelevant, of course, as they are equivalent. 

 

Inspired by (5.2) we now consider the following simple loglinear model to describe the price 

indices as functions of certain parameters   to be determined 

 

                , (5.3) 

 

where the    ’s are error terms. An optimization model to estimate the  ’s could be the 

following one, minimizing the sum of the squared error terms: 
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   ∑    
     ∑ (         )

  
     

 
   , (5.4) 

 

where we have written           . In case the errors terms are weighted, we could obtain the 

following optimization problem: 

 

   ∑       
     ∑    (         )

  
     

 
   . (5.5) 

 

Of course, there is no particular reason to choose (weighted) quadratic sums of the error terms 

to quantify the ‘costs’, except perhaps for computational reasons (‘ease of computation’). But 

other choices are also possible, and none of them is privileged. By choosing different metrics 

one gets different solutions, and hence different GEKS-like indices. 

 

In the models (5.4) and (5.5) it is tacitly assumed that for each pair of months       an index 

   is given, as in case of GEKS. But in fact there is no compelling reason to do so. If the indices 

are given for a subset of all possible combinations, a variant of the optimization model (5.5) can 

still be defined. In fact, this leads to the cycle model, as the next section tries to elucidate. 

5.2 Cycle method 

At first sight the GEKS method and the cycle method seem completely different. However, the 

previous section points at the link between the two methods. The cycle model generalizes the 

optimization models that are inspired by GEKS and discussed in the previous section, in parti-

cular model (5.5), which includes model (5.4) as a special case, of course. 

 

We assume that the ordered pairs of months for which the indices are known are defined by a 

PIDG. Let   be the set of arcs in the PIDG, and   be the set of points (months, say, in the tem-

poral setting). Now instead of (5.5) we assume the optimization model 

 

   ∑       
 

           ∑    (         )
 

       . (5.6) 

 

Note that in this formulation there is no talk of cycles. It seems as they are not needed. But in 

fact they are present, but implicitly. In fact, the sum in (5.6) is more complicated than it looks at 

first sight. The sum is over a subset of ordered pairs of indices, namely those pairs that define 

the arcs in the PIDG that is being used. 

 

The formulation at the basis of optimization model (5.6) is called the indirect formulation of the 

cycle method in Willenborg (2010), because it does not directly deal with the price indices 

associated with the arcs   of the PIDG but with its vertices. However, one can reformulate (5.6) 

in terms of the price indices to be adjusted. First, let          , so the sum in (5.6) can be 

rewritten as follows 

 

∑    (         )
 

        ∑    (       )
 

       . (5.7) 

 

The    ’s can be viewed as the adjusted    ’s. They have a nice property. Suppose that we start 

in vertex   on the PIDG. Associated with it is the as yet unknown   . Let   be a cycle which 

contains vertex  . Starting from this vertex and walking around in one direction implies that a 
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sequence of vertices in the PIDG is being traversed, in the order specified:                  , 

with         and such that           is an arc in the PIDG for        . We then have 

 

    

 

                        
        

                 
                 

   , 
(5.8) 

 

from which it follows that  

 

             
  .  (5.9) 

 

That is, the added  -values associated with the arcs on   equal 0. This is a condition on the  ’s 

that holds for any cycle in the PIDG. The question now arises whether we have to require this 

for all cycles in the PIDG? The answer is: No, it is sufficient to require it for certain subsets of 

cycles. These subsets are complete sets of so-called elementary cycles. They can be considered 

as bases of a finite dimensional vector space. They are usually not unique, as is the case with 

bases of vector spaces. Any cycle in the PIDG can be written as the ‘sum’  of a finite number of 

elementary cycles. The ‘sum’ is a special addition operator called the ring sum.  

 

At this point we refer the interested reader to Willenborg (2016) for further information on the 

cycle method, in order not to duplicate the discussion. In this reference the cycle method is 

explained in detail, but not starting from the GEKS estimator, as in the present document. 

Among other thing, it is shown there how an complete set of elementary cycles can be found 

(using spanning trees). 

6. Discussion 

The motivation for writing the present report was a research effort at CBS where a number of 

price index methods have been applied to a handful of scanner data sets, for direct comparison. 

GEKS and the cycle method were among these methods. But they were somewhat difficult to 

apply, as no software was readily available to do this. I set myself the task to do this, using Excel 

and R. For the cycle method an R script has been developed, but for a specific problem. 

 

When I started writing this report, GEKS was a method that I knew but was not familiar with. I 

knew how to apply it but I did not quite understand why it works. Why does it produce 

transitive indices? Why is it a useful method for this purpose? Earlier, I had developed the cycle 

method for the same purpose. This method I did understand (obviously), but the GEKS method 

(of which I had read in Balk, 2008), was a bit of a mystery to me. I also had a faint idea that it 

was a special case of the cycle method, but I did not understand how exactly.  

 

Writing the present report was instrumental for this and led to my understanding of both of the 

GEKS method and its relation to the cycle method. Once I understood the GEKS method, it 

turned out to be easy to compute it in applications using a spreadsheet program (like Excel), 

and to come up with all sorts of generalizations. One of these generalizations led to the link to 

the cycle method, as I had suspected to exist. 
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For the cycle method it was clear that it can be applied in the spatial, temporal and spatio-

temporal case. This is also the case with GEKS, although I myself am inclined to see it mainly as 

a method best suited for temporal applications. This does not mean that GEKS should be 

applied in all cases, as it has some restrictions, some of them pointed out below. 

 

I hope that the present report will be useful for others who know the GEKS method, but do not 

know the cycle method. As such it should be a gentle introduction to the cycle method, as 

gentle as I can hope to produce. And even if they are not interested in the cycle method, I hope 

that there are some results about GEKS and some of its variants that will spark their interest 

and increase their understanding of the method. And that reading the present report will 

increase their understanding of GEKS, as it did in my case writing it. 

 

I also hope that the present report conveys that the GEKS method is a nice method, but not a 

perfect one. For me, the nicest thing about the method is that it seems to be a first step in the 

right direction, but that further steps should be taken to get a fully satisfactory method. To wit, 

the GEKS method is unnecessarily restrictive in requiring that all price indices in a time period 

(or between all pairs of countries in a spatial setting) should be available. The present report 

shows that it is possible to produce variants of GEKS that work well when only a subset of the 

full set of price indices is known. This may result in a substantial reduction of effort to produce 

the input price index numbers: instead of being quadratic in the number of states (months, 

countries) it is linear number in the number of states. In case of comparing price parity of 

countries this may be a significant time saver. Also the fact that each index has equal weight in 

the GEKS method is not very attractive. One would like to differentiate between indices in terms 

of the distance of the states, say the number of months separating the base period from the 

reporting period. Those with a small separation should weigh more in the averaging method 

than those more distant. If they are too distant one would preferably not use them at all. The 

paper also shows that the choice in GEKS to use geometric averaging is not the secret behind 

GEKS. Also other averaging methods can be used. What makes that GEKS (and generalizations) 

work is that ratios of averages are used. 

 

In the recent years that I have been working and occasionally teaching in the area of price index 

numbers, I have become convinced that a good price index should be transitive. Many of the 

well-known classical price indices (Laspeyres, Paasche, Fisher, Törnqvist) are not. In my view 

these indices can be taken as a starting point and they can then be transitivized by a GEKS-like 

method or the cycle method. By applyng a transitivizing method to a  nontransitive index one 

can compare the original values to the adjusted ones and find out whether they do not deviate 

too much. If they do, the original index is perhaps better dismissed as untrustworthy. If an index 

is transitive it can be very compactly represented, for instance only by the MoM price indices. 

By transitive closure all other indices in the period can be computed. 

 

In the report updating for GEKS is also considered. The conclusion is that it is possible, but not 

worth the trouble, as the simplicity of GEKS is lost. Updating is better left to the cycle method. 

 

I consider the present paper as an effort to understand transitivizing methods for price indices. 

The GEKS approach is an idea for such an approach, or rather, in my view, the germ of an idea 

that needs further development and maturation. The present paper investigates a few aspects 

to this end. But there is still more to do. And there is also more to compute. For instance, to 

answer the questions how the methods fare for longer periods of time, and with price index 
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series that show more extreme variation than the relatively short and tame one considered in 

the present report? Only computation and experimentation - preferably with real data - can tell. 

This is also true for the choice of suitable weights. This requires extensive experimentation with 

real data, in order the get a feel for the right choice of these weights. What is ‘right’ is a matter 

of judgement. 
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Explanation of symbols 
 

 Empty cell Figure not applicable 

 . Figure is unknown, insufficiently reliable or confidential 

 * Provisional figure 

 ** Revised provisional figure 

 2014–2015 2014 to 2015 inclusive 

 2014/2015 Average for 2014 to 2015 inclusive 

 2014/’15 Crop year, financial year, school year, etc., beginning in 2014 and ending in 2015 

 2012/’13–2014/’15 Crop year, financial year, etc., 2012/’13 to 2014/’15 inclusive 

 

Due to rounding, some totals may not correspond to the sum of the separate figures. 
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